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1 Introduction

In this paper we consider the following Kirchhoff-type problem

{—(a +b [ IVulPdx)Au = f(x,u), inQ, (1.1)

u=>0, on 9§2,

where @ c RV, N > 3, is a bounded smooth domain. The problem (1.1) is related to
the stationary analogue of the equation

Uy — <a + b/ |Vu|2dx> Au = f(x,u) (1.2)
Q

proposed by Kirchhoff [8] as an existence of the classical D’ Alembert’s wave equa-
tions for free vibration of elastic strings. Kirchhoff’s model takes into account the
changes in length of the string produced by transverse vibrations. Equation (1.2)
received much attention only after Lions [12] introduced an abstract framework to the
problem. In recent years, the Kirchhoff-type problem on a bounded domain & ¢ RY
or on RY has been studied by many authors, see [1-3,5-7,9-11,14,15,17,19,21-28]
and references therein. To obtain the existence of solution by applying the Moun-
tain Pass theorem or Morse theory, the authors have to impose a 4-superlinear or
4-asymptotically linear growth condition on the nonlinearity. For example, Perera and
Zhang [17] considered the case where f(x, -) is asymptotically linear near zero and
asymptotically 4-linear at infinity; they obtained a nontrivial solution of the problem
by using the Yang index and critical group. For the cases when f (x, -) is 4-sublinear,
4-superlinear and asymptotically 4-linear at infinity, Zhang and Perera [26] obtained
the existence of multiple and sign changing solutions by using variational methods and
invariant sets of descent flow. He and Zou [5,6] obtained infinitely many solutions by
using the local minimax methods and the fountain theorems under the 4-superlinear
condition. Sun and Liu [20] obtained nontrivial solutions via Morse theory when the
nonlinearity is superlinear near zero but asymptotically 4-linear at infinity, and the
nonlinearity is asymptotically linear near zero but 4-superlinear at infinity. Recently,
Lietal. [9] discussed the existence of positive solutions to the 2-superlinear Kirchhoff
problem in RN, N > 3; they obtained at least one positive radial solution by using
truncation technique, Pohozaev-type identity and variational methods. Later, Zhang
et al. [28] considered the 2-superlinear Kirchhoff problem in a smooth bounded con-
vex domain; they established the existence of one positive solution using iterative
technique, Pohozaev-type identity and variational methods.

Motivated by Li et al. [9] and Zhang et al. [28], in this paper we consider the
2-superlinear Kirchhoff problem in a bounded smooth domain but not necessarily
convex. By using the iterative technique proposed in Figuereido et al. [4] and the
Mountain Pass theorem, one positive solution and one negative solution for (1.1) will
be obtained. Moreover, we will get a sign changing solution by combining the iterative
technique and the Nehari method.
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We make the following assumptions:
(H0) f e C'(Q x R, R) and there exista; > 0, p € (1, N£2) such that

fl, ) <a(+ 1177, Vx € Q.1 € R,
af .

W )
(H1) lim,—o L% = 0 uniformly for x € ©;
(H2) There exist constant & > 2 and 7¢ > 0 such that

where [/ =

0<OF(x,1) <tf(x,1),Yx € Q, |t| =1

where F(x, 1) = [j f(x,s)ds;
(H3) f'(x,1) > L% forallr #0,x € Q.
Our main result is the following theorem.

Theorem 1.1 Assume that (HO)—(H3) hold. Then, there exists a constant by > 0 such
that for any b € [0, bol, the problem (1.1) has at least three nontrivial solutions;
among them, one is positive, one is negative, and one is sign changing.

The paper is organized as follows. In Sect. 2 we will prove the existence of positive
and negative solutions for (1.1) by using the Mountain Pass theorem and the iterative
technique. In Sect. 3, the existence of sign changing solution for (1.1) will be proved
via the Nehari method and the iterative technique, and we will prove Theorem 1.1.

2 Positive and Negative Solutions

The aim of this section is to prove the positive and negative solutions for (1.1). We
consider only the existence of positive solutions for (1.1), and the existence of negative
solutions can be done by a similar argument.

Let E = HO1 (£2) be the usual Sobolev space equipped with the following inner
product and norm,

1

2
(u,v):/ Vu - Vudx, |ul| = (f |Vu|2dx> )
Q Q

Let

fx,n), ifr =0,

5t =
Frx. 1) {o, ifr <0,

and

t
Fi(x,t) =/ fy(x, s)ds,
0

then we can conclude easily that f (x, t) also satisfies (HO), (H1), (H2) for t > g
and (H3) fort > 0.
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1660 G. Liu et al.

For any given w € E, let us consider the following problem

{ —(@+b [o|IVwlPd0)Au = fy(x,u),  inQ, @2.1)

u=020, on 0%2.

Define 1,4 (1) by

1
Iw+(u)=5<a+b/ﬂ|Vw|2dx>/Q|Vu|2dx—/QF+(x,u)dx.

By (HO), I+ € C 2(E,R) is weakly lower semi-continuous, and it is clearly that the
weak solution of the problem (2.1) corresponds to the critical point of the functional
Iy+, see [18].

First, we prove that 1,4 (u) satisfies the (PS) condition.

Lemma 2.1 Assume that (HO), (H2) hold, then I,,+ (1) satisfies the (PS) condition.

Proof Let {u,} be a sequence such that |/,,4 (u,)| < M for some constant M > 0 and
I, 4 (up) — 0asn — oo. By a standard argument (see [18]), it suffices to prove that
{u,} is bounded. From (HO) and (H2), there exists Co > 0 such that

1
M +o(llun ) = Ly+(un) — 5(11/1;+(”n)» Un)

= (% - é)a/ﬂ |V’4n|2dx +/Q (%f-‘r(x»”n)un - F+(x,u,,)> dx

1 1 1
> (— - —) alluy, ||2 +f (—f.,.(x, upuy — Fy(x, Mn)) dx — Co
2 9 Uy >1o 9

1 1 2
= aljun||” — Co. 2.2
This implies that {u,} is bounded in E. O

Next, we prove that I,,4 has the geometry of the Mountain Pass theorem.

Lemma 2.2 Assume that (HO), (HI) hold, then there exist p > 0 and o > 0, which
are independent of w, such that for any u € E and |ul| = p,

Ly (u) > a.
Proof By (HO) and (H1), for any ¢ > 0, there exists C; > 0 such that
&
|G, 0| < S lul® + Celul P
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Choose ¢ small enough, by Sobolev inequality we have that

Lo (u) > ff |Vu|2dx—f Fy(x, u)dx
2 Ja Q

3/ |Vu|2dx—f/ |u|2dx—C6/ P+ dx
2 Ja 2 Ja Q
1

€ 2 ! 1
3 (a — )»_1) fluell= — Cg||M||p+

< ! 2
> (5= Cillul”™") ul 23)

v

v

\

where C /1 is a constant independent of w and A; is the first eigenvalue of —A. Since
a

p > 1, then we can choose p > 0 such that C,I,OP’1 < g-Leta = %pz,then by (2.3),
for all u € 3B, (0), we have that I,,; (u) > o. m]

Lemma 2.3 Assume that (HO), (H2) hold, then for any given positive function vg € E
with ||vg|| = 1, there exists T > 0 such that forall s > T,

Ly (svo) < 0.
Proof By (H2), there exist positive constants C1, Cy such that
Fi(x,0) = Cilt” = Ca.
Hence, for s > 0 we have

1
L (sv0) = 5 (a +b/Q |Vw|2dx> lsvoll2 —/QF+(x,svo)dx

1
— <a+b/ |Vw|2dx> sz—clﬁf lvgl?dx + 2|2,
2 Q Q

where |2] is the Lebesgue measure of €2, combining with 8 > 2, we conclude that
there exists 7 > O such that 1,4 (svg) < O fors > T. O

IA

Theorem 2.1 Assume (HO)—(H2) hold, then there exists a constant by > 0 such that
forb € [0, by], (1.1) has at least one positive solution and one negative solution.

Proof The proof will be divided into three steps.

Step 1 For any given w € E, (2.1) has a positive solution u,, with ||, || > c; for some
constant ¢; > 0 independent of w and b.
Let
cy = inf max I, (u), 2.4
w el ueg((0.1) w+( ) ( )
where

['={g e C(0,1], E) [ g(0) =0, g(1) = T'vo}.
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1662 G. Liu et al.

By Lemmas 2.1, 2.2, 2.3 and the well-known Mountain Pass theorem [18], ¢, is a
critical value of 1,4, so there is a u,, € E such that 1,4 (u,,) = ¢y and I;H (uy) = 0.
Hence, u,, satisfies

2.5)

—(@+b [o IVwPd)Auy = fr(x,uy),  in€,
Uy =0, on 0%2.

Multiplying Eq. (2.5) by u,, with u,, = min{u,,, 0} and integrating on £2, we get

(a—i—b/ |Vw|2dx>/ |Vu;|2dx:/ S+, uy)uy, =0,
Q Q Q

so u,, = 0. This shows u,, is a positive solution of (2.1).
On the other hand, by (HO) and (H1), given ¢ > 0, there exists a positive constant
C,, such that

[f+ (e, D] < elt] + Celt]”,

then using Eq. (2.5), by Sobolev inequality we obtain

<a+bf |Vw|2dx>/ |Viy|*dx —f Fi (X, )ty dx
Q Q Q

s/ |uw|2dx+C8/ luy| P dx
Q Q
p+l

£ 2 / 2 B
)\—f Vi, |“dx + C, </ Vit dx) ;
1JQ Q

IA

IA

thus,
£ 2 < C/ p+1
a=5 luwll”™ < Celluwll”™,

which implies that there exists a positive constant c1, independent of w and b, such
that
luwll = c1. (2.6)
Step 2 We construct a bounded positive functions sequence {u,} in E such that
I, () =0foranyn > 2.
We fix a constant L > 0 throughout this paper. Let b(R) = # for R > 0, then

for any w € E with |Jw| < R, any positive function vg € E with |Jvg|| = 1 and
b € [0, b(R)], by (2.4) and (H2), we have

Ly (1)
max I+ (tvo)
>0

Cy

IA
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IA

1 1
max { = (a + bR?)||tvo]> — -/ F (tvo)dx
>0 | 2 2 Q

IA

max l(a + L)t? — l/(c1z9|v0|9 — Cy)dx
>0 |2 2 Ja
Ci(L),

IA

where C1(L) is a constant independent of b, R and w. On the other hand, since
(14 (uw), uy) = 0, by (H2),

1
cy = Lyt (uy) — 5<I£U+(uw)’ Uy)

1 1 2 5
=(=-—-- a—l—b/ [Vw|*dx / [V, |“dx
2 6 Q Q

+/ (lf+(x’uw)uw_F+(x,uw))dx
o \0

1 1 5 )
>l-—=)(a+b [ |Vw|“dx [Vuy|“dx — Co.
2 0 Q Q

C 26 C 20C; (L
/IWwI dx< cw + Co - (cw + o)S i ),
Q (53— %) (@+b [o |Vw|?dx) (0 —2)a (0 —2)a

where C{(L) = C(L) + Co.

Set R = /255 and by = b(R), then for any w € E with [w]| < Ry and

b € [0, b1], I,+ has a critical point u,, with u,, > 0 and ¢; < |luyl < R;. Let
w = uj for some uy € E with u; > 0 and |lu1]| < Ry, then [,, 1 has a critical point
up with up > 0 and ¢ < |luzll < Ry. Again, let w = up, then /,, has a critical
point u3 with uz > O and c; < |lu3|| < R;.By induction, we get a sequence {u, } with
I (up) =0,uy >0and ¢y < [luyll < Ry.

Step 3 We prove that u, — u in E for some & € E up to a subsequence and i is a
positive solution of (1.1).

Since ||u,|| < Ri, then there exists u € E such that u,, — u in E and u,, — u in
LPH(Q) up to a subsequence. By (HO), we have

I»/t,,_1+(b_t)(un —u) = <a + b/ |Vun_1|2dx) / Vii - V(uy, — i)dx
Q Q

—/ Fi(x, i) (uy — it)dx
Q

— 0.
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Thus,

0= tim (£, )ty =) = I, @)ty = D)}

= lim [(a+b/ |Vun1|2dx>/ |V (1 — i) >dx
n—0oo Q Q

—/ (f+ (e, un) — fr(x, u))(up — ﬁ)dX]
Q
= lim (a +b/ |Vun_1|2dx> lun — i),
n— 00 Q
which means that u, — u in E as n — oo. Then, for any ¢ € E, we have

0= lim I, ()¢

= lim (a—l—b/ |Vun_1|2dx>/ Vu,l.V(pdx—/ Fi(x, up)pdx
n—oo Q Q Q

<a+b/ IVﬁ|2dx)/ Vﬁ-Vgo—/ fi(x, in)pdx
Q Q Q

/

= I ()g.

Hence, u is a critical point of /4, and u satisfies

2.7)

—(a+b [, |VilPd) A = fi(x, i), in Q,
u=0, on 092.

Again by multiplying equation (2.7) by u~ with #~ = min{u, 0} and integrating on

Q, we get
<a+b/ |Vﬁ|2dx)/ Vi~ |2dx =/ fi(x, )i~ dx =0,
Q Q Q

which means that
u =0. (2.8)

On the other hand, since u, — u in E and ||u,| > c1, we have ||i|| > c¢;. Combined
with (2.8) it proves that i is a positive solution of (2.7). Since fy (x,u) = f(x, u), u
is also a positive solution of (1.1).

By a similar argument, we can prove that for b € [0, b], (1.1) also has at least one
negative solution. O

3 Sign Changing Solution

In this section, we first study the sign changing solution for (1.1) using the Nehari
method proposed by Nehari[16] and then give the proof of Theorem 1.1.

@ Springer



Multiplicity of Solutions for Kirchhoff-Type Problem... 1665

For any w € E, we consider the following problem

{ —(@+b [oIVw?dx)Au = f(x,u), in Q, G.1)

u=20, on 0%2.

The associated functional corresponding to (3.1)is I, : E — R,

1
Iy (u) = E<a+b/9|Vw|2dx>/Q|Vu|2dx—/QF()c,u)dx.

By (HO), I, € C?*(E, R) is weakly lower semi-continuous and the weak solution of
the problem (3.1) corresponds to the critical point of the functional 7,,, see [18].
Define

Guw(u) = (I, (u), u) = (a+bf |Vw|2dx>/ |Vu|2dx—/ f(x, wudx,
Q Q Q
N = {u € Hy(@\{0} | Gy (u) =0},
Sy={ueNy|ut eNy,u €Ny},

where u™ = max{u, 0}, u~ = min{u, 0}. The set N, is called Nehari manifold.
Obviously, any sign changing solutions of (3.1) must be on S,,,.

Lemma 3.1 Assume that (HO)—(H3) hold, then for eachu € E\{0} there exists unique
t =t(u) > 0 such that t Wu € Ny, .

Proof Similar as Lemma 2.2, there exist « > 0 and § > 0 such that /,,(u) > 0 for all

u € Bs(0)\{0} and I,,(u) > o for all u € dBs(0).
Next we prove that for any u € E\{0}, I, (tu) - —o0, ast — oo. By (H2),

t2
Iy(tu) = = <a+b/ |Vw|2dx>/ |Vu|2dx—/ F(x, tu)dx
Q Q Q

2

t
< —<a+b/ |Vw|2dx>/ |vu|2dx—c1z9f lul?dx + C2|Q.
2 Q Q Q

Since 8 > 2, we have [,,(tu) — —o0, ast — oo.

For each fixed u € E\{0}, let g,,(t) = I, (tu) for t > 0, then from the above
argument, g, (¢) has at least one maximum point with maximum value greater than «.
We will prove that g,, () has a unique critical point for ¢t > 0. Noticed that

g, () = (I, (tu), u) = <a+bf |Vw|2dx)f t|Vu|2dx—/ f(x, tu)udx,
Q Q Q

g (1) = (a+b/ |Vw|2dx>/ |Vu|2dx—/ f (x, tu)utdx,
Q Q Q
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1666 G. Liu et al.

by (H3), for every critical point 7 of g, (r), we have

g (D) = <a+b/ |Vw|2dx)/ |Vu|2dx—/ f (x, Tu)uldx
Q Q Q
:/ de—/ £ (x, fuyuldx
Q t Q

= %f fCx, Tu)tu — f (x, fu)(fu)dx < 0.
t Q

This means that every critical point of g,,(#) must be a strict local maximum; hence,
guw(t) has a unique critical point, which is denoted by 7 ().
Finally, by

(L, (¢ uyu), £ ) = () (L (¢ ), u) = 1 (u)g, (1 () =0,
we obtain that  (u)u € Ny,. O

Lemma 3.2 There exists a constant ¢; > 0 independent of w such that ||u|| > c» for
allu € Ny.

Proof 1t follows from u € N, that

(a—l—b/ |Vw|2dx>/ |Vu|2dx=/ f(x, uw)udx.
Q Q Q

By (HO) and (H1), for given ¢ > 0, there exists C; > 0 such that
| f (e, w)| < elul + Celul?,

then we have

(a—i—b/ |Vw|2dx>/ |Vu|*dx 58/ |u|2dx+C£/ lu|PHdx.
Q Q Q Q

Using Sobolev inequality, we obtain

€ 2 / 1
(a——> lull* < CllulP*,
Al

which implies that there exists a constant ¢, > 0 independent of w such that ||u|| > ¢
for all u € N,,. O

Define m; = infg I, then it is clear that

m; > inf [, >a > 0.
9B5(0)

@ Springer



Multiplicity of Solutions for Kirchhoff-Type Problem... 1667

Lemma 3.3 m is achieved at some u,, € Sy,.

Proof Let {u,} be a minimizing sequence on Sy, such that I,,(u,) — my, then

1
— <a +b/ |Vw|2dx)/ [Vu,|>dx —/ F(x,up)dx = mj + o(1) < Cs,
2 Q Q Q
(3.2)

<a+b/ |Vw|2dx)/ |Vun|2dx—/ £, up)updx =0, (3.3)
Q Q Q

where C3 > 0 is a constant. From (3.2), (3.3) and (H2) we have that

0—2
<a+b/ |Vw|2dx)/ [Vu,|>dx < C3
2 Q Q

+/ OF (x,up) — f(x,up)uy)dx < Cy;
Q

thus, {u,} is bounded in E. Then, up to a subsequence, u,, — u and uf —~uTinE.
Now we claim that u™ # 0 and u~ # 0. In fact, if 4™ = 0, then u;} — 0 in
LPTH(Q), so by u;t € N, and (HO), we get

(a+b/ |Vw|2dx)/ |vu;f|2dx=/ fuhHutdxe — 0,
Q Q Q

this is a contradiction with Lemma 3.2. Similarly, we can prove that u~ £ 0.
By Lemma 3.1, there exist ¢, s > 0, such that ru™ € N, and su™ € Ny, and hence
tu™ +su~ € S,. Furthermore, since I, (1) is weakly lower semi-continuous, we get

my < Ly(ut +su™) = L,(tu™) + I, (su™)
< liminf I, (tu,") + liminf I, (su™)
n—oo n—0oo
< liminf 1,,(u) + liminf 1, (u})
n—oo n—0o0
< liminf (I, (u)) + Ly (1))
n—oo

— liminf (1, (un)) = m;.
n—oo

Let uy, = tut + su~, then I, (uy,) = mj. ]

In what follows we prove that the minimizer u,, of I, on Sy, is a critical point of
I, here we use an argument similar as [13].

Lemma 3.4 If I,,(uy,) = my for some uy, € Sy, then uy, is a critical point of I,

Proof If uy, is not a critical point of I, then there exists ¢ € Cgo(Q) such that
(Iy(uw), 9) < —1;
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1668 G. Liu et al.

thus, there exists g9 > 0 such that for [t — 1| < &g, |s — 1| < &g, and |o| < &g,
A _ 1
(L,(tu), + suy, +09), ¢) < —5

Letn = n(t,s) > 0,(t,s) e T = [%, %] X [%, %] be a cut-off function such that
n(t,s) = 1L if |t — 1] < $eo and |s — 1| < Jeo, n(t,s) = 0, if |t — 1| > &g or
|s — 1| > gp. If |t — 1] < gp and |s — 1| < &g, then
Ly (tuly + suy, + eon(t, $)¢)
1
= Ly (tuly + suy) + / (L, (tud + suy, + peon(t, $)@), eon(t, s)e)du
0

1
< Ly(tul +suy) — Eson(t, s). (3.4)

For |t — 1| > gg or |s — 1| > &, since n(z, s) = 0, the above estimate is trivial. Since
uy € Sy, for (t,s) # (1, 1), we have Iw(tu$ + suy,) < Iy(uy). Then, by (3.4), for
(#,s) # (1, 1),

Ly (tuy + suy, + eon(t, 9)9) < Ly (tuf + suy) < Ly (uy),

for (t,s) = (1, 1),

_ 1 1
Ly (uf + uy + eon(t, $)p) < Ly(uy) — 5807’/(1, D) = Ly(uw) — 5 0-
Hence,

sup Iw(fu?; + suy, +eon(t, $)@) < Ly(uy) =my,
(t.s)eT

which implies that for all (r,s) € T, tu}, + su,, + eon(t, s)g ¢ S,. We will show
that there must be (¢y, s9) € T such that tou‘u'j + souy, + gon(to, s0)¢ € Sy, then this
gives a contradiction.
For 0 < ¢ < ¢, define h, : T — HJ}(Q) by
he(t,s) = tu‘uﬁ + su,, +en(t, s)g
and H, : T — R? by
He(t,5) = (G (he(t,5)T), Gy (he(t, )7)).

For all (z,s) € oT, n(t,s) = 0, then h.(t,s) = tu‘u': + su,,; thus, for all (¢, s) € 3T
and 0 < ¢ < g,
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Multiplicity of Solutions for Kirchhoff-Type Problem... 1669

Ho(t,5) = (G ((tu), 4 sup) ™), Gy ((tu); 4 suy)™))
= (Gy(tuy), Gy(suy))
# (0,0).

Hence, by the homotopy invariance of Brouwer degree, we have
deg(Hy, (7, 5), T, (0,0)) = deg(Ho(z, s), T, (0, 0)). (3.5)
Next we shall prove that
deg(Ho(t, s), T, (0,0)) = 1.
Notice that Hy(t, s) = (G (tu$), Gy (suy)), and we denote
a(t) = Gw(tu'ut), b(s) = Gy (suy,).
By u}} € N, and (H3) we have
d (1) = (G, (), u})
— (a +b/ |Vw|2dx>/ 2(VutPdx —/ [f’(x,u;)(upz n f(x,u;)ug] dx
Q Q Q
= / 2f (e, ulhyutdx —/ [f’(x,u;)(u;)z+f(x,u$)ug] dx
Q Q

= / [f(x, ubub — f(x, u$)(uf§)2] dx < 0.
Q

Similarly, b/(l) < 0. By Lemma 3.1, (t,s) = (1, 1) is the unique solution of
Hoy(t,s) = (a(t), b(s)) = (0, 0). Then, by the definition of Brouwer degree, clearly
we have

deg(Ho(t,5), T, (0,0)) = 1.
Thus, by (3.5) we have

deg(Hg,(t,s),T,0) =1 #0.

Therefore, there must exists (g, sg) € T such that

Hey (10, 50) = (G ((touy; + souy, + eon(to, s0)¢) ™),
Gy ((touy); + souy, + €on(to, s0)9) 7))
=(0,0),

which means that (tou?; + souy, + gon(to, s0)¢ € Sy- O
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Now we can state and prove the existence of sign changing solution for (1.1).

Theorem 3.1 Assume (HO)—(H3) hold, then there exists a constant by > 0 such that
forany b € [0, by], (1.1) has at least one sign changing solution.

Proof First we fix a function v € E with v™ # 0 and v~ # 0. Thanks to Lemma 3.3
and Lemma 3.4, we get a minimizer u,, of I, on S,, and I, (u,,) = 0. For the fixed
constant L > 0 as in the proof of Theorem 2.1, recall that b(R) = # for R > 0.
By Lemma 3.1, (H2), and notice that u,, is a minimizer of I, on S,,, for w € E with
lw|| < R and b € [0, b(R)], clearly we have

Ly(uy) < sup Ly(tvt +sv7)
t,s>0

2
t
< sup (— <a—|—b/ |Vw|2dx)/ Vot |2dx —C1t0/ lvt|? +c2|sz|)
=0 \ 2 Q Q Q
2
+sup (S— <a+b/ |Vw|2dx)/ |Vu—|2dx—cls9/ |U_|0+C2|Q|>
s>0 \ 2 Q Q Q

2
t
< sup (E(a + L)/ Vot 2dx — cﬁ/ T + C2|Q|)
Q Q

t>0

2
N

+ sup <—<a+L>/ |VU_|2dx_C159/ |v‘|9+Cz|9|)
2 Q Q

s>0

< C2(L),

where C>(L) > 0 is a constant independent of b, R and w, and the last inequality
follows from 6 > 2. Since u,, is a critical point of [,, by (H2) we have

1 2 2
“a+b [ (vwPdxe) | [Vu,Pdx
2 Q Q

=Iw(uw)+/ F(x, uy)dx

Q

< c2<L>+/ F(x, ty)dx
Q

< Cy(L) + l/ f(x, uyw)uydx + Co
0 Ja

1
=CH(L) + - <a+b/ |Vw|2dx>/ |Viy|*dx,
0 Q Q

where C)(L) = C2(L) + Co, then

Ch(L) _ 20650
T=D(@+b [, IVwPdx) = (0 —=2)a’

[ ( (3.6)

Set Ry = /2222 and by = b(Ry). For any w € E with [[w| < Ry and

0<b<byby Lem_ma 3.4 and (3.6), I, has acritical point i, € Sy, with |luy || < Rs.
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Let w = u; for some u; € E with ||u;|| < Ry, then I, has a critical point uy with
uy € Sy, and ||uz|| < Ro. Again, let w = u», then /,,, has a critical point u3 € S,
with ||u3]| < R».By induction, we get a sequence {u, } with IL:’H (un) =0,u, € Sy, ,
and lupll < R2.

Since |luy| < Ra, we have u, — i in E and u, — @ in LPT1(Q) up to a
subsequence. Then, by (HO), we have

I, @)y — i) = (a—i—b/ |Vun1|2dx>f Vii - V(u, — ii)dx
Q Q

—/ S G, w) (up — u)dx
Q

— 0.
Thus,
0= lim [I, (up)(uy—iD) =1, (@) —iD)]
n—oo
= lim |:(a+b/ |Vun_1|2dx)/ IV (u, — it)|>dx
n—oo Q Q

—/Q(f(x, up) — f(x, i) (uy — ﬁ)dx}
= lim <a+b/ |Vu,,1|2dx) ey — it]?,
n—>oo Q

which means that u, — u in E as n — 00. Then, for any ¢ € E, we have

0= lim I;  (up)g
n—oo "
= lim (a—l—b/ |Vun_1|2dx>/ Vun.Vgo—/(f(x,un)(p
= (a—i—b/ |Vﬁ|2dx)/ Vﬂ~V<p—/(f(x,ﬁ)<p
Q Q Q
= I (D,
so i isacritical pointof I;, and i satisfies (1.1). Since u,, € S, ,, wehaveu,” € N, _,

andu, € N,, ,.ByLemma3.2, lu;|| > ¢z and ||lu; || > c2; hence, ||@™|| > ¢, and
iz~ || > c». Therefore, u is a sign changing solution of (1.1). O

Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1 Let by = min{b1, by}, then by Theorems 2.1 and 3.1, for any
b € [0, bp], the problem (1.1) has at least three nontrivial solutions; among them, one
is positive, one is negative, and one is sign changing. O

@ Springer



1672 G. Liu et al.

References

10.

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

. Alves, C.O., Correa, FJ.S.A., Ma, T.E.: Positive solutions for a quasilinear elliptic equation of Kirchhoff

type. Comput. Math. Appl. 49(1), 85-93 (2005)

. Autuori, G., Pucci, P, Salvatori, M.C.: Global Nonexistence for Nonlinear Kirchhoff Systems. Arch.

Ration. Mech. Anal. 196(2), 489-516 (2010)

. Chen, C.Y., Kuo, Y.C., Wu, T.F.: The Nehari manifold for a Kirchhoff type problem involving sign-

changing weight functions. J. Differ. Equ. 250(4), 1876-1908 (2011)

. Figuereido, D.G., Girardi, M., Matzeu, M.: Semilinear ellptic equations with dependence on the gra-

dient via mountain-pass techniques. Differ. Integral Equ. 17, 119-126 (2004)

. He, X., Zou, W.: Infinitly many positive solutions for Kirchhoff-type problems. Nonlinear Anal. 70(3),

1407-1414 (2009)

. He, X., Zou, W.: Multiplicity of solutions for a class of Kirchhoff type problems. Acta Math. Appl.

Sin. 26(3), 387-394 (2010)

. He, X., Zou, W.: Existence and concentration behavior of positive solutions for a Kirchhoff equation

in R3. J. Differ. Equ. 252(2), 1813-1834 (2012)

. Kirchoff, G.: Mechanik. Teubner, Leipzig (1883)
. Li, Y., Li, F, Shi, J.: Existence of a positive solution to Kirchhoff type problems without compactness

conditions. J. Differ. Equ. 253(7), 2285-2294 (2012)

Liang, S., Shi, S.: Soliton solutions to Kirchhoff type problems involving the critical growth in RV,
Nonlinear Anal. 81, 31-41 (2013)

Liang, S., Shi, S.: Existence of multi-bump solutions for a class of Kirchhoff type problems in R3.J.
Math. Phys. 54(12), 1-21 (2013)

Lions, J.L.: On some questions in boundary value problems of mathematical physics. North-Holland
Math. Stud. 30, 284-346 (1978)

Liu, J., Wang, Y., Wang, Z.Q.: Solutions for quasilinear Schrodinger equations via the Nehari method.
Commun. Partial Differ. Equ. 29(5-6), 879-901 (2004)

. Liu, J., Tang, C.L.: The existence of a ground-state solution for a class of Kirchhoff-type equations in

RN Proc. R. Soc. Edinb. 1(2), 1-21 (2016)

Mao, A., Zhang, Z.: Sign-changing and multiple solutions of Kirchhoff type problems without the P.S.
condition. Nonlinear Anal. 70(3), 1275-1287 (2009)

Nehari, Z.: Characteristic values associated with a class of nonlinear second-order differential equa-
tions. Acta Math. 105(3), 141-175 (1961)

Perera, K., Zhang, Z.: Nontrivial solutions of Kirchhoff-type problems via the Yang index. J. Differ.
Equ. 221(1), 246-255 (2006)

Rabinowitz, P.: Minimax methods in critical point theory with applications to differential equations.
In: CBMS Regional Conference Series in Mathematics, Vol. 65, American Mathematical Society, Prov-
idence, RI (1986)

Song, Y.Q., Shi, S.Y.: Multiplicity of solutions for fourth-order elliptic equations of Kirchhoff type
with critical exponent. J. Dyn. Control Syst. 23(2), 375-386 (2017)

Sun, J., Liu, S.: Nontrivial solutions of Kirchhoff type problems. Appl. Math. Lett 25(25), 500-504
(2012)

Sun, J., Tang, C.L.: Resonance problems for Kirchhoff type equations. Discrete Contin. Dyn. Syst.
33(5), 2139-2154 (2013)

Wang, J., Tian, L., Xu, J., et al.: Multiplicity and concentration of positive solutions for a Kirchhoff
type problem with critical growth. J. Differ. Equ. 253(7), 2314-2351 (2012)

Wu, X.: Existence of nontrivial solutions and high energy solutions for Schrodinger-Kirchhoft-type
equations in RRY . Nonlinear Anal. Real World Appl. 75(8), 3470-3479 (2012)

Yang, Y., Zhang, J.: Nontrivial solutions of a class of nonlocal problems via local linking theory. Appl.
Math. Lett. 23(4), 377-380 (2010)

Yang, M.H., Han, Z.Q.: Existence and multiplicity results for Kirchhoff type problems with four-
superlinear potentials. Appl. Anal. 91(11), 1-11 (2012)

@ Springer



Multiplicity of Solutions for Kirchhoff-Type Problem... 1673

26. Zhang, Z., Perera, K.: Sign changing solutions of Kirchhoff type problems via invariant sets of descent
flow. J. Math. Anal. Appl. 317(2), 456-463 (2006)

27. Zhang, J., Tang, X., Zhang, W.: Existence of multiple solutions of Kirchhoff type equation with sign-
changing potential. Appl. Math. Comput. 242, 491-499 (2014)

28. Zhang, Q.G., Sun, H.R., Nieto, J.J.: Positive solution for a superlinear Kirchhoff type problem with a
parameter. Nonlinear Anal. T.M.A. 95, 333-338 (2014)

@ Springer



	Multiplicity of Solutions for Kirchhoff-Type Problem with Two-Superlinear Potentials
	Abstract
	1 Introduction
	2 Positive and Negative Solutions
	3 Sign Changing Solution
	References




