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Abstract Let (L, A, V) be a lattice with a least element 0. The annihilating-ideal
graph of L, denoted by AG(L), is a graph whose vertex set is the set of all non-trivial
ideals of L and, for every two distinct vertices / and J, I is adjacent to J if and only if
I AJ = {0}. In this paper, we completely determine all finite lattices L with projective
annihilating-ideal graphs AG(L).
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1 Introduction

Recently, there has been considerable researches done on associating graphs with
algebraic structures. For example, see [2,4,11-13]. The concept of a annihilating-ideal
graph of a commutative ring R, denoted by AG(R), was introduced by Behboodi and
Rakeei in [5] and [6]. Let A(R) be the set of annihilating-ideals of R, where a nonzero
ideal I of R is called an annihilating-ideal, if there exists a nonzero ideal J of R such
that /J = 0. The annihilating-ideal graph of R is a simple graph with vertex set A(R),
and two distinct vertices / and J are adjacent if and only if /J = 0. The annihilating-
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ideal graph of a lattice L, denoted by AG(L), is defined by Khashyarmanesh et al in
[1]. AG(L) is a graph whose vertex set is the set of all non-trivial ideals of L and, for
every two distinct vertices / and J, I is adjacent to J, if and only if / A J = 0. In this
work, we assume that L is a finite lattice and A(L) = {a1, a», ..., a,} is the set of all
atoms of L. In the second section of this paper, we completely characterize all finite
lattices L with projective annihilating-ideal graphs AG(L).

First, we recall some definitions and notations on lattices. For basis facts concerning
lattice, we refer to [9]. Recall that a lattice is an algebra L = (L, A, V) with two binary
operations A and V, satisfying the following conditions: for all a, b, c € L,

l.ana=a, ava=a,

2.anb=bAna,avb=bVa,

3. anb)Ac=an((bAc),av ((bVvc)=(aVb)Vc, and
4. av(aAb)y=an (aVvb)=a.

By [15, Theorem 2.1], one can define an order < on L as follows: forany a, b € L,
we set a < b if and only if a A b = a. Then (L, <) is an ordered set in which every
pair of elements has a greatest lower bound (g.1.b.) and a least upper bound (l.u.b.).
Conversely, let P be an ordered set such that, for every paira, b € P, g.1.b.(a, b) and
L.u.b.(a, b) belong to P. For each a and b in P, we define a A b := g.1.b.(a, b) and
aV b:=1lub.(a,b). Then (P, A, V) is a lattice. A lattice L is said to be bounded if
there are elements O and 1 in L suchthat 0 Aa = 0andav 1 =1, foralla € L.
Clearly, every finite lattice is bounded. Let (L, A, V) be a lattice with a least element
0 and I be a non-empty subset of L. We say that 7 is an ideal of L, denotedby I <L,
if

(i) Foralla,bel,aVvbel.
(i) f0<a<bandbel,thena e l.

For two distinctideals I and J of alattice L, weput IANJ :={xAy; x €I,y € J}.
In a lattice (L, A, V) with a least element 0, an element a is called an atom if a # 0
and, for an element x in L, the relation 0 < x < a@ implies that either x = 0 or x = a.
We denote the set of all atoms of L by A(L). Also, for an ideal I of L, A(/) denotes
the set of all atoms contained in /.

Now we recall some definitions and notations on graphs. We use the standard
terminology of graphs following [7]. In a graph G, for two distinct vertices a and b
in G, the notation a — b means that a and b are adjacent. For a positive integer r, an
r-partite graph is one whose vertex set can be partitioned into r subsets so that no
edge has both ends in any one subset. A complete r-partite graph is one in which each
vertex is joined to every vertex that is not in the same subset. The complete bipartite
graph (2-partite graph) with part sizes m and n is denoted by K,, ,. A graph is said
to be planar if it can be drawn in the plane so that its edges intersect only at their
ends. A graph G is said to be contracted to a graph H if there exists a sequence of
elementary contractions which transforms G into H, where an elementary contraction
consists of deletion of a vertex or an edge or the identification of two adjacent vertices.
A subdivision of a graph is any graph that can be obtained from the original graph by
replacing edges by paths. A remarkable simple characterization of the planar graphs
was given by Kuratowski in 1930. Kuratowski’s theorem says that a graph is planar if
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and only if it contains no subdivision of K5 or K3 3 (cf. [7, p.153]). By a surface, we
mean a connected compact two-dimensional manifold without boundary. If a disc is
cut from a sphere and it is closed by a Mobius band, then the obtained surface is called
projective plane. The projective plane can also be obtained by identifying every point
of an open disc with its antipodal points. A graph G is embeddable in a surface S if the
vertices of G are assigned to distinct points in S such that every edge of G is a simple
arc in S connecting the two vertices which are joined in G. If G can not be embedded
in S, then G has at least two edges intersecting at a point which is not a vertex of G.
We say a graph G is irreducible for a surface S if G does not embed in S, but any
proper subgraph of G embeds in S. The set of 103 irreducible graphs for the projective
plane has been found by Glover et al. in [10], and Archdeacon in [3] proved that this
list is complete. This list also has been checked by Myrvold and Roth in [14]. Hence
a graph embeds in the projective plane, which is called a projective graph, if and only
if it contains no subdivision of 103 graphs in [3]. Note that a complete graph K, is
projective if n = 5 or 6, and the only projective complete bipartite graphs are K3 3
and K3 4 (see [8]). Note that a planar graph is not considered as a projective graph.

The canonical representation of a projective plane

2 Projective Annihilating-Ideal Graphs of Lattices

In this section, we study the projectivity of the annihilating-ideal graph AG(L). We
begin this section with the following notation, which is needed in the rest of the paper.

Notation 2.1 Let iy, io,...,i, be integers with 1 < i} < iy < -+ < iy < n. The
notation Ui, ;, .. i, stands for the following set:

{12L; {ai.aiy,....q;} S1 and aj ¢ 1, for je{l,....n}\{i1,.... ix}}.

Note that no two distinct elements in U;,;,. ;, are adjacent in AG(L). Also if the
index sets {i1, i2, ..., ik} and {j1, j2, ..., ji} of Uj,. i and Uj joojus respectively,
are distinct, then one can easily check that Uj;,. i, N Ujj,... v = (). Moreover,
V(AG(L)) = UUiiy..ip, forall 1 < ij < ip < -+ < ix < n. Suppose that L
has n atoms. Note that Uj,. , consist of isolated vertices. Clearly, the isolated points
do not affect projectivity. Hence, we ignore the set Uy , from the vertex set of AG(L),
and so we do not show these points in our figures.

In the following lemma, we determine an upper bound for the number of atoms of
lattice L such that the graph AG(L) is projective.

Lemma 2.2 [f AG(L) is a projective graph, then 2 < |A(L)| < 6.
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Proof Suppose on the contrary that |A(L)| = 1 or |[A(L)| > 6. In the first situation,
AG(L) is a totally disconnected graph, and so it is planar. Hence it is not a projective
graph. In the second situation, since the induced subgraph of AG(L) on vertex set
{{0,a;}}, for 1 < i < 7, is a complete graph, one can find a subgraph isomorphic
to K7. Therefore, the graph AG(L) is not projective. Hence we have 2 < |A(L)|
<6. O

By Theorem 2.61in [1], the graph AG(L) is complete bipartite ifand only if |[A(L)| =
2. In the following theorem, we state a necessary and sufficient condition for the
projectivity of AG(L), when |A(L)| = 2.

Theorem 2.3 Suppose that |A(L)| = 2. Then AG(L) is a projective graph if and only
if \Ua| = 3, or 4 whenever |U;| = 3.

Proof Let the graph AG(L) be projective. Assume to the contrary that |Uj| < 2 or
|Us| < 2.By[16, Proposition 2.3], the graph AG (L) is planar, which is a contradiction.
Also if |U1]| > 3 and |Uz| > 3, then the graph AG(L) contains a copy of K4 4. And
if |U1] = 3 and |U,| > 4, then the graph AG(L) contains a subgraph isomorphic
to K3,5. Hence AG(L) is not a projective graph. Therefore, we have |Uz| = 3, or 4
whenever |U;| = 3.

The converse statement is clear. O

Now, we investigate the projectivity of AG(L), when |A(L)| = 3. In the following
four cases, we probe the projectivity of AG(L) in the case that |U?:1 Ui| = 5.
Additionally, in the rest of work, we do not consider the cases that AG(L) is planar.
For planar cases see [16].

Case I |\J;_, Uil =5.

Without loss of generality, we may assume that |U1| = 1 whenever U1, and U3 are
non-empty. It is clear that AG(L) is projective. Also if |Uj| =3 and 0 < |Up3| < 2,
then one can easily check that AG(L) is projective. In addition, if |U;] = 3 and
|Upz| > 3, then the contraction of AG(L) contains a copy of K3 5. So the graph
AG(L) is not g)rojective.

Case 2 || J;_, Uil = 6.

Without loss of generality, we may assume that |U;| = |U>| = |U3| = 2 whenever
Ui2, Uz and Uys are non-empty. Then it is not hard to see the graph AG(L) is
projective. Also if |U1| = 3 and |U3| < 1, then we observe that AG(L) is projective.
And we may assume that [U;| = 4 and |U3| = 1. Clearly, the graph AG(L) is
projective. Finally, if |U1| = 3 or 4 whenever |U,3| > 2, then we can find a copy of
K3 5 or K4 4 in the structure of the contraction of AG(L), respectively. Hence AG(L)
is not projective.

Case 3 |\U;_, Uil =1.

Without loss of generality, we may assume that |U;| € {3, 4} and U>3 = @. Then
one can easily see that the graph AG (L) is projective. Otherwise, if U3 is non-empty,
then the contraction of AG(L) contains a copy of K35 or K4 4. So the graph AG(L)
is not projective. Also if |Uy| = |Uz| = 3 and Uj3 = Uz3z = I, then it is not hard
to see that the graph AG(L) is projective. Otherwise, if Uj3 or Uz3 is non-empty,
then we have a subgraph isomorphic to K3 5 in the contraction of AG(L). Hence the
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graph AG(L) is not projective. Additionally, if |U;| = 5 and U3 = &, then AG(L)
is planar, which is not projective. And if U3 # &, then we can find a copy of K3 5 in
the structure of AG(L). So the graph AG(L) is not projective.

Case 4 |\ J;_, Ui| = 8.

Without loss of generality, we may assume that |U1| = | U?: 1UiN2and Uz = @.
Then AG(L) is planar, which is not projective. And if U3 # &, then we can find a
copy of K3 5 in the structure of the contraction of AG(L). So the graph AG(L) is not
projective. Also if none of the U;’s has | U?:l U;|\2 elements, then the contraction of
AG(L) contains a subgraph isomorphic to K3 5 or K4 4. Therefore, the graph AG(L)
is not projective.

Now, by the above discussion, one can easily see that the following theorem holds.

Theorem 2.4 Let |A(L)| = 3. Then AG(L) is a projective graph if and only if one of
the following conditions holds:

(i) | U?:l U;i| = 5 and one of the following cases is satisfied:
(a) Thereis U; with |Uj| =3 and 0 < |Uji| <2,for1 <i # j #k <3.
(b) There is a unique U; with |U;| = 1 whenever U;; and Uj are non-empty sets,
forl1 <i#j#k<3.
(ii) | U?:l U;| = 6 and one of the following cases is satisfied:
(a) There exists i with 1 < i < 3, such that |U;| = 4 and |Uji| = 1, for
l<i#j#k<3.
(b) There exists i with 1 <
1<i#j#k<3.
(c) Uil =2, foralli withl <i <3,and Uj, # @, forall1 < j #k < 3.
(iii) | U?:l U;| = 7 and one of the following cases is satisfied:
(a) |U;| € {3, 4}, for some unique integer i with 1 <i < 3, such that and U jj is
empty, for | <i # j #k <3.
(b) Uil = |Uj| =3, for some integers i and j, with 1 < i # j < 3 whenever Ujy
and U ji are empty, for 1 <i # j #k < 3.

A
A

< 3, such that \U;| = 3 and |U ji|

IA

1, for

In the sequel, we investigate the projectivity of AG(L), when |A(L)| = 4. Suppose
that | Ule U;| > 8. Then it is easy to see that AG(L) is not projective, because one
can see that the contraction of AG(L) contains a copy of K35 or K4 4. And so it is
not projective.

As a result of the above note, we have the following lemma.

Lemma 2.5 If AG(L) is projective, then | U?:l Ul <7

Theorem 2.6 Suppose that |A(L)| = 4. Then AG(L) is projective if and only if one
of the following statements holds:
(i) | U?:l Uil = 5 and |U;| = 2, for some unique integeri with1 <i < 4. IfUj; =
@, then |U x| # 9, with i, j, k ¢ {i}. And if the size of Ujy is 1 or 2 whenever
at most one of the U ji’s has exactly two elements, where 1 <1 # j #k < 4.
(ii) | U?:] U;| = 6 and one of the following cases holds:
(a) Uil = 3, for some integer i with 1 < i < 4. If |[Ujyl = 1, with1 < i #
JF#Fk#FI <4 thenUj, = 2, forall j,k ¢ {i}. Also if Ujiy = &, with
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Fig. 1 {0,a1},
e Uy, {0, a3} € Uy, {07CL1} % I
{0, as} € Us, {0, aq) € Us, g, T34
12/4 € Upygp and I34, 1§4 € Uz g
Is4 T34
{07 a2
T2y ' {0, a4}
{07 a3}

1 <i#j#k#I =<4 then|Uji| < 1and at most one of the U i’s has
exactly one element, where j, k ¢ {i}.

(b) (Uil = |Uj| = 2, for some integers i and j with 1 < i # j < 4 when-
ever |Uy| < 1, where 1 < k <1 < 4and k,l ¢ {i, j}. Also Uijié =g
whenever |Uij,| = 1, for all 1 < iy # i} # i # i) < 4, with

{i1. 15} = {1, 2,3, 4}\{i1. i2}. Moreover, if (Uit |, Uy | < 1or|Ujl, |Uji| < 1,
then |Uy| < 1. Also if |Uii| = |\Ujk| = 1 or |Uy| = |Uji| = 1, then Uy = @.
(iii) | U?:] U;| = 7 and one of the following cases holds:
(a) Uil = 4, for some integer i with 1 < i < 4and Ujy = Uj, = I, where
I1<i#j#k#Il<4
(b) |Uil =3 and |Uj| = 2, for some integers i and j with 1 <i # j < 4 and
Ujr = 9, where k, 1 ¢ {i, j} whenever U;;, = Uj;, = &, where iy ¢ {i, j},
with 1 <i1 <4, and Uy = &, where k,1 ¢ {i, j}.

Proof First, assume that AG(L) is projective. Suppose on the contrary that none of
the conditions (i), (ii) or (iii) holds. If | U?:l U;| = 5 and the statement (i) does not
hold, then one of the U;’s, 1 <i < 4, say Uy, has two elements whenever Us34, Us3,
Uj4 and Uszy are empty. So AG(L) is planar, which is not projective. Additionally,
if |Ups|, |Ua4| or |Us4| is at least three, then the contraction of AG(L) contains a
copy of the subdivision of K3 5. Now, we may assume that at least two of the sets
U»3, Uaa or Usz4 have two elements, say Ups and Uszs. Then a subgraph of AG(L) is
isomorphic to Es5, one of the listed graphs in [10], as shown in Fig. 1. In this figure,
we have {0, al}, 11 (S Ul, {O,az} € Uz, {0, a3} (S U3, {O,a4} (S U4, 124, 12/4 S U24
and /34, Ié4 € Usg.

If | U?: 1 Uil = 6 and the statement (i7) does not hold, then there is only one of
the U;’s, say Uy, such that |U;| = 3 whenever |U»34| > 2. Hence the contraction of
AG(L) contains a subgraph isomorphic to K3 5. If |Uz34| = 1 and at least one of the
sets Ups, Uag or Uiy, say Ujs, has one element, then AG(L) contains a copy of E g,
one of the listed graphs in [10] (see Fig. 2). In this figure, we have {0, a1}, I, J1 € Uy,
{0, a2} € Uz, {0, a3} € U3z, {0, as} € Uy, I3 € Upz and Ir34 € Upzg.

If at least one of the sets Upz, Ua4 or Us4 have two elements, then we can see that
the contraction of AG(L) contains a copy of K4 4. Additionally, we may assume that
at least two of the sets U3, Uaq or Usg, say Uz and U4, have one element. Then it is
easy to find a copy of Eg, one of the listed graphs in [10], in the graph AG(L). Now,
suppose that | U?zl U;| = 6 and there exist distinct i and j such that |U;| = |U;| = 2.
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Fig.2 {0,a1}, 11, J1 € Uy, {0, a2}

{0, a2} € Us, {0, a3} € Us, {O al} 1 T,
{0,a4) € Uy, I3 € ’
Uzz and In34 € Up3za

07 a3} {07 aq
J1
Iz34 T Io3
Fig.3 {0,a1}, 1) € Uy,
{0, a2}, I € Ua, {0, a3) € Us, I | {0, a2}
{0, a4} € Uy, 113 € Up3, E
I3 € Uyz and I34 € Uzy
{0,a1} I34
{07 a3} * hd ]l
{0, a4} ! I3
Without loss of generality, we may assume that |U;| = |Ua| = 2. When |Uz4| > 2,

we can find a subdivision of K44 in the structure of the contraction of AG(L). If
|U13]| = 2, then the contraction of the sets U, U Ug and Uy U Uz U Uy3 induces a copy
of K3 5. Moreover, we may assume that [Uj2| = [Uz4| = 1 or |U14| = |U3| = 1. In
this case, the contraction of the graph AG(L) contains a copy of E3 or E g, two of the
listed graphs in [10], respectively. Finally, suppose that U;3, Uz3 and Us4 have one
element. Consider the graph Dg, one of the listed graphs in [10], as shown in Fig. 3.
In this figure, we have {0, a1}, I} € Uy, {0, a2}, b € Us, {0, a3} € Us, {0, a4} € Ua,
113 € Uys, Ipz € Usz and I34 € Usy.

Clearly, for the case that |U14| = |Ua4| = |Uzs4| = 1, we have the similar result.

Suppose that | U?:l U;| = 7 and the statement (iii) does not hold. First, assume
that there exists only one Uj, say Uj, such that |Uy| = 4. If Uxza # &, then the
contraction of AG(L) contains a copy of K4 4. If one of the sets Uz, Uz4 or Uz is
not empty, then K4 4 is isomorphic to a subgraph of AG(L). Now, assume that there
is aunique U;, say Uy, with |U;| = 3. If Us34 # &, then one can obtain a subdivision
of K3 5 in the structure of the contraction of AG(L). Also, we may assume that Uj3
or U4 is not empty. Then it is easy to see a copy of K4 4 as a subgraph of AG(L).
Moreover, if at least one of the sets Us3, Ua4 or Uz4 is not empty, then the contraction
of AG(L) contains a copy of K4 4 or K3 5. Finally, assume that only one of the U;’s,
where 1 < i < 4, has one element, exactly. Then A», one of the listed graphs in [10],
is isomorphic to a subgraph of AG(L), as shown in Fig. 4. In this figure, we have
{0,a1}, Iy € U1, {0, a2}, I € Uy, {0, as}, I3 € Uz and {0, a4} € U,.

Therefore, in all of the above situations, we have that AG(L) is not projective,
which is a contradiction.
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Fig.4 {0,a1}, 11 € Uy,
{0,a2}, I € Up, {0,a3}, I3 € {0,ay I
Uz and{0, a4} € Uy

{07 a3}

{0, a4

{0, a2} I3 I

Conversely, if one of the conditions (i), (i7) or (iii) holds, then one can easily check
that the graph AG(L) embeds in a projective plane. So it is a projective graph and the
proof is complete . O

In the rest of this paper, we need to consider the cases that |[A(L)| = 5 and 6.

First, assume that [A(L)| = 5. If | U?:l U;| > 8, then one can easily realize that
the contraction of AG(L) contains a copy of K4 4 or K3 5, which is not projective.
Therefore, we investigate the cases that | Ule Uil =5,6,or7.

We continue this discussion with the following theorem.

Theorem 2.7 Let | U?:l Ui| = 5. Then AG(L) is a projective graph if and only if
|Uijl <2, forall 1 <1i,j <5 and one of the following conditions holds:

(i) There is only one of the Uj;’s, such that |U;j| = 2 whenever Uy jy = O, for
{i/, j'y = {1,2,....50\{i, j}, and also, for some k € {1,2,...,50\{i, j}, the
number of such sets Uy; and Uy with exactly one element is at most two. Moreover,
for the sets Uy, and Uy, ; with {ky,i} N {ka, j} = &, we have Uy,; = @ or
Upj=a.

(ii) There is no U;j, such that |U;j| = 2, and there exist at most three distinct sets
Uij, Ujjr and Ujj» with exactly one element, where 1 < i, j, j', j” < 5 whenever
at most there is one Uy with |Uy| < 1, where 1 < k,1 < 5 and if Uy has a
vertex, then it is adjacent to at most one of the vertices in the sets U; j» Uiy or
U,‘j//.

Proof First, suppose that the graph AG(L) is projective and to the contrary that none
of the conditions of theorem holds. Without loss of generality, assume that |Uj2| > 3.
Then the contraction of AG(L) contains a subgraph isomorphic to K3 5. If |Up2| =
|Ua3| = 2, then the graph AG(L) contains a subgraph isomorphic to subdivision of
Es, one of the listed graphs in [10]. If |U12| = 2 and |U34| = 1, then the contraction
of AG(L) contains a copy of K4 4. If |Uj2| = 2 and |U;3| = |Uz4| = 1, then AG(L)
contains a copy of Fi, one of the listed graphs in [10] (see Fig. 5). In this figure, we have
{0,a1} € U, {0, a2} € Us, {0, a3} € U3, {0, a4} € Us, {0,as} € Us, 112, I{, € Uy,
I13 € Uz and D4 € Uy,

If |Ui3| = |Uz4| = 1 and |Uy4| = |Upz| = 1, then the graph AG(L) contains
a copy of Fj, one of the listed graphs in [10]. If |Uy2| = |Ui3| = |Uia| = 1 and
|Uzs| = 1, then Fp, one of the listed graphs in [10], is isomorphic to subgraph of
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Fig.5 {0,a1} € Uy, T {0 a }
12 4
(0. a2} € Us. 0. a3) € U, (0.05) 1 (0ag | 10,01}
{0, a4} € Uy, {0, as} € Us,
112, I{, € Upa,
I3 e Ujzand g € Uyy
112 {0,@5
{0,a2} Iy
L |
Fig. 6 {0,a1) € Uy, I {0, a5}
13 5
{0.a2) € U, {0, a3) € Us, {0,a4) . ) 10, a1}
{0, a4} € Uy, {0, as} € Us,
I € Uyp, 113 € Uy,
I14 € Uy, Iz € Upz
and I34 € U3y I1s 4 {0 as
7
I3y
{07(13} I T ]23
14
Fig.7 {0,a1} € Uy, 0.a
0. az} € Up, {0, a3} € Us, {0, a2} hs
{0, aq} € Uy, {0, as} € Us,
Iip € Upp, I13 € Up3, {0, a4
I4 € Uy and 115 € Uys
I3
Oval}
li2
07 a5}
Il4 {0,&3}

AG(L). If |Uya| = |U13| = |U14] = 1 and |Up3| = |Uza| = 1, then the graph AG(L)
contains a copy of Fs, one of the listed graphs in [10] (see Fig. 6). In this figure, we
have {0, a1} € Uy, {0, ap} € Us, {0, a3} € Us, {0, aq} € Uy, {0, as} € Us, 112 € Uy,
I3 € Uiz, I14 € Ury, I3 € Uz and I34 € Usg.

If |Uya| = |Uiz| = |Ua|l = |Uis| = 1, then AG(L) contains a copy of Ejp,
one of the listed graphs in [10] (see Fig. 7). In this figure, we have {0, a1} € Uy,
{0,a2} € Uz, {0,a3} € Us, {0,a4} € Us, {0,as} € Us, lin € Una, 13 € Uz,
Ii4 € Uy and 115 € Uys.

So, by the above situations, the graph AG(L) is not projective, which is a contra-
diction.

Conversely, one can easily check that if one of the conditions (i) and (ii) holds,
then AG(L) is a projective graph. O
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Fig.8 {0,a}, I} € Uy, {07a1}
{0, a2} € Uy, {0,a3} € Us, é
(0. a3) € Us. (0. as) € Us, 0,0} fos
Iz € Upzand Irg € Uy
{0,(15} 113
T {O,Clg}
Il {07 a4}

Now, suppose that | Ule U;| = 6. Then there is only one of the U;’s, say Uy, such
that |Up| = 2. It is clear that U,, U3, Us and Us have one element, exactly.

Theorem 2.8 Suppose that | Ule Ui| = 6 and |U1| = 2 whenever |U;ji| < 1, for
2<i,j,k<5and|U;;| <1, for1 <i, j <5. Then AG(L) is a projective graph if
and only if one of the following conditions holds:

(i) There exist at most two distinct sets Uy; and Uy j, where 2 < i, j <5, such that
|Uril = Uyl = |Ujj|l = 1.

(ii) There exist at most two distinct sets with exactly one element U jy, Uy jir, where
2 <i,i',j,j k., k' < 5. Moreover, we have at most two sets Uy ,, U1, with
exactly one element such that jy, jy € {i, j, k} N {i’, j', k'}.

Proof Suppose that the graph AG(L) is projective and on the contrary that none of the
conditions of theorem holds. Without loss of generality, assume that |U12| = 2, then
the contraction of AG (L) contains a copy of K3 5. If |U23| = 2, then the contraction of
AG(L) contains a copy of K4 4.1f |U13| = |Uaa| = 1, then E3, one of the listed graphs
in [10], is isomorphic to a subgraph of AG(L) (see Fig. 8). In this figure, we have
{0,a}, I € Uy, {0, ax} € Uy, {0, a3} € Uz, {0, ag} € Uy, {0, as} € Us, I13 € Uy3 and
Iy € Upg.

If |Uyz| = |Ua4| = 1, then the graph AG (L) contains a subgraph isomorphic to E3,
one of the listed graphs in [10]. If |U2| = |U;3| = |U14| = 1, then the graph AG(L)
contains a copy of E»», one of the listed graphs in [10] (see Fig. 9). In this figure,
we have {0, a1}, I1 € Uy, {0,a2} € Uy, {0,a3} € Us, {0,a4} € Uy, {0, a5} € Us,
Iip € Uy, I13 € Uz and 114 € Uyy4.

If |Up34| = 2, then the contraction of AG(L) contains a copy of K3 5.

If |Uaz4| = |Uazs| = |Uass| = 1, then the graph AG(L) contains a copy of Eyg,
one of the listed graphs in [10] (see Fig. 10). In this figure, we have {0, a}, I} € Uy,
{0, a2} € Uz, {0, a3} € Us, {0, a4} € Uy, {0, as} € Us, 34 € Uazy, 1235 € Uazs and
Iys € Upss.

If |Uass5| = |Uss| = 1 or |Uass| = |Ua4| = 1, then the graph AG(L) contains a copy
of E3 or D3, two of the listed graphs in [10]. The second case is pictured in Fig. 11.
In this figure, we have {0, a}, I1 € Uy, {0, a2} € Ua, {0,a3} € Us, {0,a4} € Uy,
{0, as} € Us, I4 € Usg and Ip3s5 € Ua3s.

Obviously, we conclude that in each of the above statements, the graph AG(L) is
not projective, which is a contradiction.
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Fig.9 {0,a1}, 11 € Uy, a
(0, a3} € Un, {0, a3} € Us, {0, aa} Irs
{0, a4} € Uy, {0, as} € Us,
Iy eUpp, 13 € Ujzand 114 € 1
Uy 0,a3
0, aj
0, a2 lis
I3 {0,as5}
Fig. 10 {0,a}, I, € Uy, {0, a4}
{0, a2} € Uy, {0, a3} € Us, I - Iy o T.
{0, a4} € Uy, {0, as) € U 234 245
e IS {0, a5} {0, a3}
Ip34 € Upag, Ip3s € ’ ’
Upss and Ipgs € Upys
{07 ag
I35
{0, Cll} T Il
Fig. 11 {0,a),I; € Uj, |
0.a2) € U, (0, a3} € U3, {0, a1} . L
{0, as) € Ug, {0, as} € Us, {0, a2}
Iy € Upgand Ip3s € Upzs
{0,a5} Iy
{07 a4}
I35 T {0, a3}

Conversely, it is not hard to see that if one of the conditions (i) and (i) holds, then
AG(L) is a projective graph. O

Now, assume that | U?:l Uil =71t |Uj| = |Uj| = 2,forsome 1 <i # j <35,
then the contraction of AG(L) is isomorphic to By, one of the listed graphs in [10]
(see Fig. 12). In this figure, we have {0, a1}, I} € Uy, {0, a2}, I, € Uz, {0, a3} € Us,
{0, as} € Ug and {0, as} € Us. In this situation, AG(L) is not projective.

Therefore, it is enough to consider the case that |U;| = 3, for some 1 < i < 5.
Without loss of generality, we may assume that |U; | = 3. Hence, we have the following
theorem.

Theorem 2.9 Suppose that | Ule Uij| = 7and |Uy| = 3. Then AG(L) is a projective
graph if and only if, for all 2 < i, j, k,l <5, Ujjiy = U;jx = @ whenever U;j = &,
forl1 <i,j <S5
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Fig. 12 {0,a1}, I € Uy,
{0, a2}, I € U3, {0, a3} € U3, {0,a1} I
{0, a4} € Ug and {0, as} € Us

{07 0‘3}

0,a4}

{0,a5}
{0,a2} I,

Fig. 13 {0,ay}, I, J1 € Uy,
{0, a2} € U2, {0, a3} € U3,
{0,a4} € Ugand {0, as} € Us

I {0,a1}

Proof First, assume that AG(L) is a projective graph and to the contrary that U; jx #
@, Uijr # @, for2 <i,jk,l <5SorU;; # @,forl <i,j <5 If Ujju # 9,
for2 < i, j, k,I <5, then the contraction of AG(L) contains a copy of K3 5. Also
if Ujjp # @, for 2 < i, j,k < 5, then K44 is isomorphic to a subgraph of the
contraction of AG(L). Finally, if U; j # @, for1 <i,j <5, then the contraction of
AG(L) contains a copy of K3 5. Therefore, it is not projective, which is a contradiction.

Conversely, assume that U; ji = U;jx = @, forall2 < i, j, k,l <5,and U;; = &,
for 1 < i, j < 5. Then one can easily check that the graph AG(L) is isomorphic to
Fig. 13, which is projective. In this figure, we have {0, a1}, I, J1 € Uy, {0, a2} € Ua,
{0, a3} € Uz, {0, as} € Us and {0, a5} € Us. The proof is complete. O

Now, by Theorems 2.7, 2.8 and 2.9, we completely characterized the projectivity
of AG(L) in the case that |[A(L)| = 5.

In order to complete the study of the projectivity of AG(L), we assume that
|A(L)| = 6. First, suppose that |U?:1 Uil = 7. Then AG(L) contains a copy of
By, one of the listed graphs in [10], and so it is not projective. Hence, we may assume
that | Ul-6=1 U;| = 6. Clearly, forall 1 <i < 6, we have |U;| = 1.

Theorem 2.10 Suppose that | U?:l Ui| = 6 and |U;ji| < 1 whenever U;; = &, for
all1 <i # j # k < 6. Then AG(L) is a projective graph if and only if one of the
following conditions holds:
(i) IfUijkl = 1, then Uy jipy = @, where {i’, j', k'} = {1,2, ..., 6}\{i, j, k}.
(ii) There exist at most two distinct sets Ujji and Ujjp with one element, exactly,
wherel <i # j#k#k <6.
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Fig. 14 {0,a1} € Uy, {0, a2} {0, a4}
{0, a2} € U2, {0, a3} € Us,
{0, a4} € Uy, {0, as} € Us,
{0, ac} € Ug, 1123 € U123,
I156 € Uise, 1134 € U134,
I26 € Urze and I145 € Uyss

{07 (ll}

{07 CL4} {O., ag}

(iii) There exist at most five distinct sets U;jx with one element, exactly, where 1 <
i # j # k < 6, such that the intersection of all the sets at their indices has one
element, exactly.

Proof Suppose that the graph AG(L) is projective and on the contrary that none of
the conditions of theorem holds. Without loss of generality, assume that |Uj23| > 2.
Then the contraction of AG(L) contains a copy of K3 5. Also if Uj» is non-empty,
then AG(L) contains a copy of B, one of the listed graphs in [10]. In addition, if
|Uis6| = |Uaxza| = 1, then Ejg, one of the listed graphs in [10], is isomorphic to
a subgraph of AG(L). Moreover, if |U23] = |Ui4] = |Upps| = 1, then AG(L)
contains a copy of E»;, one of the listed graphs in [10]. In each of the above situations,
the graph AG(L) is not projective, which is a contradiction.

Conversely, by considering the embedding of the graph AG(L) in a projective plane
in Fig. 14, we conclude that it is projective graph. In this figure, we have {0, a1} € Uy,
{0, a2} € Uz, {0, a3} € Uz, {0, a4} € Us, {0, a5} € Us, {0, a6} € Us, 1123 € Uis,
Iise € Uise, 1134 € Ui3a, 1126 € Uioe and I145 € Ulss. o

References

1. Afkhami, M., Bahrami, S., Khashyarmanesh, K., Shahsavar, F.: The annihilating-ideal graph of a
lattice. Georgian Math. J. 23, 1-8 (2015)
2. Anderson, D.F., Axtell, M.C., Stickles, J.A.: Zero-divisor graphs in commutative rings. In: Fontana, M.,
Kabbaj, S.E., Olberding, B., Swanson, I. (eds.) Commutative Algebra, Noetherian and Non-Noetherian
Perspectives, pp. 23-45. Springer, New York (2011)
Archdeacon, D.: A Kuratowski theorem for the projective plane. J. Graph Theory 5, 243-246 (1981)
Beck, I.: Coloring of commutative rings. J. Algebra 116, 208-226 (1998)
5. Behboodi, M., Rakeei, Z.: The annihilating-ideal graph of commutative rings I. J. Algebra Appl. 10,
727-739 (2011)
6. Behboodi, M., Rakeei, Z.: The annihilating-ideal graph of commutative rings II. J. Algebra Appl. 10,
741-753 (2011)
7. Bondy, J.A., Murty, U.S.R.: Graph Theory with Applications. American Elsevier, New York (1976)
8. Bouchet, A.: Orientable and nonorientable genus of the complete bipartite graph. J. Comb. Theory Ser.
B 24, 24-33 (1978)
9. Davey, B.A., Priestley, H.A.: Introduction to Lattices and Order. Cambridge University Press, Cam-
bridge (2002)
10. Glover, H., Huneke, J.P., Wang, C.S.: 103 graphs that are irreducible for the projective plane. J. Comb.
Theory Ser. B 27, 332-370 (1979)

B~ w

@ Springer



1638 A. Parsapour, K. Ahmad Javaheri

11. Kelarev, A.V., Quinn, S.J.: Directed graphs and combinatorial properties of semigroups. J. Algebra
251, 16-26 (2002)

12. Kelarev, A.V., Ryan, J., Yearwood, J.: Cayley graphs as classifiers for data mining: the influence of
asymmetries. Discrete Math. 309, 5360-5369 (2009)

13. Khashyarmanesh, K., Khorsandi, M.R.: Projective total graphs of commutative rings. Rocky Mt. J.
Math. 43, 1207-1213 (2013)

14. Myrvold, W., Roth, J.: Simpler projective plane embedding. Ars Comb. 75, 135-155 (2005)

15. Nation, J.B.: Notes on Lattice. Theory Cambridge Studies in Advanced Mathematics, vol. 60. Cam-
bridge University Press, Cambridge (1998)

16. Shahsavar, E.: On the planar and outer planar annihilating-ideal graphs of a lattice. Algebras Groups
Geom. 32, 479-494 (2015)

@ Springer



	The Embedding of Annihilating-Ideal Graphs Associated to Lattices in the Projective Plane
	Abstract
	1 Introduction
	2 Projective Annihilating-Ideal Graphs of Lattices
	References




