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Abstract In this paper, by applying the cone theory in ordered Banach spaces associ-
ated with the characters of increasing ¢ — (h, e)-concave operators, we investigate the
existence and uniqueness of nontrivial solutions for a nonlinear fractional g-difference
equation boundary value problem. The main results show that we can construct an iter-
ative scheme approximating the unique nontrivial solution. Relying on an example,
we show the efficiency and applicability of the main result.
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1 Introduction

Fractional differential equation has been of great interest, and fruits from research into
it emerge continuously. For example, see [1-25,28] and references therein. Recently,
there have already appeared many extensive studies on fractional g-difference equa-
tion boundary value problems because of its popularity and importance applications
in many different professional situations, see, for instance, [1,7,8,13,16,19] and the
reference therein. The fractional g-difference equation boundary value problem has

Communicated by Shangjiang Guo.

B Chengbo Zhai
cbzhai @sxu.edu.cn

1 School of Mathematical Sciences, Shanxi University, Taiyuan 030006, Shanxi,

People’s Republic of China

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-017-0560-2&domain=pdf

1508 J. Ren, C. Zhai

been proved to be a very rich and promising field. Since Al-Salam [7] and Agarwal [1]
proposed the fractional g-calculus, related research interests including the extension of
the theory for fractional g-difference calculus, the existence and multiplicity of solu-
tions for fractional g-difference equation boundary value problems and the coupled
system of boundary value problems for fractional g-difference equations have been
considered by using various methods, see [2—6,8,10—-18] and the reference therein.
For example, Ahmad et al. [3] obtained the existence and uniqueness of the solu-
tions for impulsive fractional g-integro-difference equations with separated boundary
conditions via fixed point theorems due to Krasnoselskii and O’Regan. In [24], Yang
considered the coupled integral boundary value problem for systems of fractional g-
difference equations by using the nonlinear alternative of Leray—Schauder-type and
Krasnoselskii’s fixed point theorems. Furthermore, Miao and Liang [18] obtained the
uniqueness of positive solutions for boundary value problem of fractional g-difference
equation with p-Laplacian operator by using a fixed point theorem in partially ordered
set. In [11], by applying a fixed point theorem in cones, Ferreira investigated the exis-
tence of positive solutions to the nonlinear fractional g-difference equation boundary
value problem

Dgy(x) = —f(x,y(x)), x € (0, 1),
y(0) = Dy y(0), Dyy(1) =8 >0.

From the literature, there are still few papers that reported the uniqueness of solutions
for nonlinear fractional g-difference equations. Different from the works [11,12,18],
we study the existence and uniqueness of nontrivial solutions for a nonlinear fractional
q-difference equation boundary value problem:

o — 1
[un(t)—l—f(t,u(t)) b, t€(0,1), 0

u(0) = Dyu(0), Dyu(1) =B >0,

where 0 < g < 1,2 < a < 3,b > 0is aconstant, f : [0, 1] x (—o0, +00) —
(—00, 400) is continuous, and D;‘ denotes the Riemann-Liouville-type fractional
g-derivative of order «. Our method is a new fixed point theorem of ¢ — (%, e)-
concave operator. The related operator is a new concept defined on a new set Py .
(see [27]). Based on this new method, we will prove the uniqueness and existence of
nontrivial solutions for problem (1.1). Moreover, we can construct an iterative scheme
approximating the unique nontrivial solution. In the last section, we give an example
to show the efficiency and applicability of the main result.

2 Preliminaries and Previous Results

In this section, we present some necessary definitions and lemmas of fractional g-
calculus. These details can be found in the recent literature [1,7,8,13,19].
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Let g be a real number with 0 < g < 1, the definition of g-analog for ¢ € R is

o

l—gq
—

[a]q =

The g-gamma function I, is defined by

@ e R\{0, -1, -2, ...},

and we have
Iya+1) =lalyly(a), I,)=1, ¢qe(,1).

The g-analog of the power function (a — b)@ is defined by

o0

b
(a—b)® = H (;/ngfH[ a,b,a € R.

Then (a — b)© =1, a® = a®, whenb =0 and (a(t — 5))@ = a%(t — 5)@.
The g-integral of a function f in the interval [0, b] is defined by

Iy (@) —/ f($)dgs =1 —q)Zf(tq )tq", ¢ €0, b].
n=0

For any ¢, s > 0, the g-beta function is defined by

1
Bq(t,s)=/ u DA —qu)Vdyu, g e,
0

where the expression of g-beta function in terms of the g-gamma function is

Fq(t)Fq(S)

By(t,s) = T +5) .

Definition 2.1 (See[8]) Leta > Oand f be a function defined on [0, 1]. The fractional
g-integral of Riemann-Liouville type is (/ {? f)(t) = f(t) and

t
(I3 H®) = / (t —g)“ D f(s)dgs, o> 0.
0

Iy (a)

Note that (I(}"f)(t) =, f)) whena = 1.
It is clear that f is g-integral on the closed interval [a, b] and one has

b c b
/ f(t)dqt:[ f(t)dqt+/ f)ydyt, c€la,b].
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Definition 2.2 (See [8]) The fractional g-derivative of Riemann—Liouville type of
order o > 0 is defined by

(per) @ = (DI~ f) ), @>0, reo.1]

where [«] is the smallest integer greater than or equal to «.
Evidently, (Dg (@) = Dy f(t), when a = 1. Further analysis showed that

(IgD;’f) (1) = (D,;’I,‘;‘f) (t) —:2;; @ t_appinn - (DZf) 0), peN.

Lemma 2.1 (See [25]) If f, g are continuous on the interval [0, s] and f(t) < g(t),
forallt € [0, s], the following properties are valid

@) fos fDdyt < fosg(t)dqt. Further, if « > 1, we have Igf(s) < I;g(s),for
t €[0,s];
(i) |fy fFDdgt| < [o 1 fD)ldgt, fort € [0, s].

Remark 2.1 (See [16))If « > Oanda < b < t, then (f — a)® > (t — b)®.
Lemma 2.2 (See [19]) For A € (—1, 00) and o > 0, we have the following equality

I,(A+1
1%t —a)® = ga —a)@ 0<a<t.
q T4+ 1)

Particularly, for A = 0, a = 0, we have I(‘I"(l)(t) = F,,(I+«+1) In conclusion, we obtain

! 1
_ (a—1) _ o _ o
/0 (t — g9 Vdys = L@ IZ()(@) = _[a]qt . .1

Lemma 2.3 Suppose that f(t) is a continuous function on [0, 1] and there exists
to € (0, 1) such that f(ty) % 0. If f(t) > 0, then we have

1
/ f@®dyt >0, tel0,1],
0

where

1 o0
| rodi=a-0 " ra. 0<q <t

n=0

Proof Since f(t) > 0 and f(#) # O, there exists nyp € N such that 7y = ¢"°, then
we have

f(@"™qg™ >0, 0<qg<1.
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This implies

A=)y q"f(g") = (1 —q)f(g")q" = (1 — q) f(to)to > O.

n=0

Hence, we have fol f(@®)d,t > 0. The proof is completed. O

Next, we list some notations and properties that are already known in the literature
[25-28] and reference therein.

Let (E, || - ||) be a real Banach space which is partially ordered by a cone P C E.
For any x,y € E, the notation x ~ y means that there exist & > O and v > 0
such that ux < y < vx.Given h > 6f(i.e.,h > 6 and h # 0), we have the set
P, ={x € E|x ~ h}.Clearly, P, C P.Take e € P with 6 < ¢ < h, we define
Pp.,={x € E|lx +e € Py}, thatis

Py = {x € E| there exist u = u(h, e, x) > 0,v =v(h, e, x) > 0 such that
uh < x+e < vh}.

Further, the following definition of ¢ — (h, e)-concave operators and fixed point the-
orem in partially ordered sets is fundamental to the proof of our main results.

Definition 2.3 (See [27]) Let A : P, . — E be a given operator. For any x € Pj
and A € (0, 1), there exists ¢ (A) > A such that

AGx 4+ (0 = De) > (M) Ax + (p(A) — De. (2.2)

Then A is called a ¢ — (h, e)-concave operator.

Lemma 2.4 (See [27]) Let P be normal and A be an increasing ¢ — (h, e)-concave
operator with Ah € Py, .. Then A has a unique fixed point x* in Py, .. Moreover, for any
wo € Py, making the sequence w, = Aw,—1,n =1,2,..., then |lw, — x*|| = 0
asn — oo.

Lemma 2.5 (See [26]) Let P be normal and A be an increasing ¢ — (h, 6)-concave
operator with Ah € Py,. Then A has a unique fixed point x* in Py. Moreover, for any
wo € Py, making the sequence w, = Aw,—1,n =1,2,..., we get |lw, — x*|| = 0
asn — oo.

3 Main Results

Lemma 3.1 (See [11]) Assume 2 < o < 3 and g € CJ[0, 1], and then the following
boundary value problem

Dg‘u(t) +g(t)=0, 0<t<l,
u(0) = Dyu(0) =0, Du(l)=p=>0
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has a unique solution

1
u(t) = Lt“—l +/ G(t, q5)g(s)dys,
[@ — 1], 0
where
G(t S) _ (1 _s)(aiz)tail - (t _s)(ail)’ O S N S t S 13
T ) | (=Pt 0<t<sc<l

Lemma 3.2 (See [11]) The function G(t, qs) has the following properties:

(i) G(t,gs) >0,G(t,qs) <G(1,gs),0<t,s <1;
(i) G(t,q8) = 1*7'G(1,45),0 <1,s < 1;

1 —2)a—1 1
(iii) G(1,49) < (1 —g) @ < 5,0 <15 < 1.

In our considerations, we work in the Banach space X = C[0, 1] endowed with
the norm |u|| = sup{|u(t)| : t € [0, 1]}. Define the cone P = {x € C[0, 1]|x(t) >
0, t € [0, 1]}, the standard cone. Set

b
_ a—1 .
h(t) = Ht“ " with H > T Pha D 3.1)
_ b(] _q)Z toz—l P
=G |:(l—q“_l)2 - (1_qo{)(1_qa—l)]’ ref0,1. (3.2

Theorem 3.1 Boundary value problem (1.1) has a unique nontrivial solution u™ in
Py, ., if the following conditions are satisfied:

(Hy) f :[0,1] x [—e, +00) — (—00, +00) is continuous and increasing with
respect to the second variable, where ¢ = max{e(t) : t € [0, 1]};
(H>) forany A € (0, 1), there exists 1 > ¢(A) > A such that

fax+ G =Dy =e@) f(t,x),Ytel0,1],x € (—o0, +00),y €0, ¢];

(H3) f(t,0) > 0 with f(t,0) £ 0 fort € [0, 1].

Further, we can construct a sequence

1
oty = — Pl 4 / G, 45) F (s, vn_1(8))dys
w11, )
B b(l —¢)* -
1— ¢, —1D)
b(1 — ¢)? o

+ t*n=12,...,

(1 =g —q* H—1)

for any given vy € Py ., and one has v, (t) — u*(t) asn — oo.
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Proof Fort € [0, 1], one can see that

e(t) =

b(l — q)? a1 e
Ty —1) [(1 —q* )2 (1-¢9( —qal)}
b= 1 —g¥ —t(1—q*")
T LD (g g
. b(l _q)2ta71 . qafl —q” _
L= (1-gna-go) ~

’

thus, we have e € P. Moreover, for ¢t € [0, 1],

b(1 — q)? a1 _ b(1 —g)? o
(=g D2 a—1) (1 =g =g NI -1
< b t
T (1=g )2y —1)

e(t) =

el < gl = h(1).

Hence, 0 < e(t) < h(t). Further, P, ., = {u € C[0, 1]|u + e € Pp}.
In view of Lemmas 2.2 and 3.1, the solution u(#) of problem (1.1) can be expressed
as

u(t) = LIO‘_I + /1 G(t,qs)f(s,u(s))dys — b/l G(t,qs)dys
@ — 114 0 0
_ P e +/1 G(t,qs) f (s, u(s))dys
[ — 1], o ’ !
b(1 _q)2 tolfl 1o
Lya—1) [(1—61“‘1)2 (l—q"‘)(l—q"“l)]
B

1
= +/o Gt qs) s, u())dgs — e(0).

After that, for any u € P, ., we consider the following operator

1
Au(t) = P e +/ G(t,qs)f(s,u(s))dys —e(t), tel0,1].
[a — 1]4 0

So u(t) is the solution of problem (1.1) if and only if u is the fixed point of A.
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Now we first show that A : P, , — E is a ¢ — (h, e)-concave operator. By the
condition (H»), forany A € (0, 1), u € P, ., we have

AGu+ (= De) (1)

1
_ P e +/ G(t,g) f (s, hu(s) + (A — De(s)) dgs — e()
[ — l]q 0
1
> </J(>\)Lt°“1 + w(k)/ G(t,qs) f(s,u(s))dgs —e(t)
[ — l]q 0
1
=pX) [Lt‘yl +/ G(t,qs) f(s,u(s))dys — e(t)] + [p(X) — 1]e(2)
[a —1]4 0

= @A) Au(?) + [p(A) — 1e(®).
Hence, we obtain
AQu+ (A —1De) > pA)Au+[p(h) —1le,A € (0,1),u € Ppye.

According to Definition 2.3, we know that A is a ¢ — (4, e)-concave operator.
In the following, we prove that A : P, , — E is increasing. For u € Py, ., we have
u + e € Py, so there exists i > 0 such that u(¢) + e(t) > uh(t); thus, we obtain

u(t) = ph(t) —e(t) = —e(t) = —eé, t € [0, 1].

From (H;), we know A : P, ., — E is increasing.
As follows, we prove that Ah € Py, ., so weneed to prove Ah+e € P,. By Lemma
3.2 and (H;), we have

1
A +e(t) = —P et +f G(t,qs) f (s, h(s))dys
[a —1]4 0

— B a—1 ! a—1
= m[ +f0 G(t,qs)f (s, Hs )dqs

U)o
- l_qa—l

B
= l—q

+ ! /11— @=2ze=1 £(5. H)d,
Iy @ 0( qs) S (s, H)dys

1 1
oy / (A —gs) @ f(s, Hydys - 1*7!
o n@ly T ‘

B

1 1
=— . - _ @2 .
=0 a h(t) + HI, (@) /0 1—gs) f(s, Hydys - h(t)
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and

Ah(t) +e(t)

_ ﬁt“—l n /01 G(t,qs)f (s, Hs“—l) dys

= Bt (a) / g9 — (1= g9 @] £ (s, 0dys
=Dy o /0 (1= — (1 = g9« ] 75, 00dys - 17!
B (f_(j;a‘;];z'h(”*fzri(a) [0-g0e?—a-g0e]

f(s,0)dys - h(t).
Let

8
(- OH | HI@)

1
n= f (1—g5)*? f(s, H)dys,
0

) 1 S PR S
- (l_qa)H + HFq(oz) 0 [(1 qs) (1 qs) :If(S,O)qu.

—L__and from (H)), (H3),

lqalv

1 1
| a=an @ stz [ [a-a9 = 1 - g9 ] f5. 05 =0
0 0

hence, we have u > v > 0. It follows that Ah + e € Pj.
In the last, by using Lemma 2.4, the operator A has a unique fixed point ™ in Pj .,
and

1
ut(t) = LZO‘_I +/ G(t,qs)f(s,u™(s))dys —e(t), tel0,1].
[ — l]q 0

Evidently, u*(¢) # 0,t € [0, 1]. Therefore, u*(¢) is a nontrivial solution. Moreover,
for any vo € Pp., the sequence v, = Av,_1,n = 1,2, ..., satisfies v, — u™* as
n — oo. That is,

1
v, (1) = Lt‘)‘_l +/ G(t,qs) f(s,v,-1(5))dys
[a — l]q 0
B b1 —q)* a-1
(1 —q* D2y —1)

b(1 —¢)? @
(1 —g9) (1 —q*Hry, @1

+ n=172,...,
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and v, (1) — u*(t) asn — oo. O

Next we consider a special case of problem (1.1) with 8 = 0, that is, the following
boundary value problem

{ Dgu(t) + f(t,u() =b, 1€(0,1), 3.3)

u(0) = Dyu(0) = Dyu(l) = 0.

Theorem 3.2 Assume (Hy), (H3) hold and satisfy
(Hy) forany A € (0, 1), and there is (1) > A such that

f,Ax+ A —=1Dy) >0 f(t,x),Vt€[0,1], x € (—o0, +00), y € [0, e];

then, problem (3.3) has a unique nontrivial solution u* in Py ., where h, e are given
as in (3.1), (3.2). Further, making a monotone iterative sequence

b(1 — g)* el
(1—q* D2y —1)

1
Un (1) =/0 G(t,q5) f(s, va-1(5))dgs —

b(1 — ¢)? N
T @D

n=1,2,....

For any vo € Py, we have v, (t) — u*(t) asn — oo.
Proof In view of Lemma 3.1, the solution u(¢) of problem (3.3) can be expressed as

1

1
u(t) = / G(t,qs)f(s,u(s))dys — b/ G(t,qs)dys
0 0

1
=/0 G(t,qs)f(s,u(s))dys

B b(l _q)2 |: tafl B o :|
Lpla—=1) [(1—g* )2 (1—g9)(1—g*h

1
= /0 G(t,qs)f(s,u(s))dys — e(t).
For any u € Py, ., we consider the following operator
1
Au(t) = / G(t,qs)f(s,u(s))dys —e(t), tel0,1].
0

So u(t) is the solution of problem (3.3) if and only if u is the fixed point of A.
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Firstly, we show that A : P, — E is a ¢ — (h, e)-concave operator. By the
condition (H,)', for any u € Pj ., A € (0, 1), we obtain

1
AQdu+ (A —De)@®) = / G(t,gs) f(s, lu(s) + (A — De(s))dys — e(t)
0
1
> </>()»)/O G(t,qs5) f(s, u(s))dgs — e(t)
1
=¢®H) [/0 G(t,qs) (s, u(s))dgs — e(t)] + [p(2) — 1le(®)
=@M Au(t) + [p() — 1e(?).
Hence, we have
AQu+ (A —1De) > (M) Au + [p(X) — 1le, X e (0, 1).
Therefore, A is ¢ — (h, e)-concave operator. In addition, itisknown that A : P, , — E

is increasing.

Next, we prove that Ah € P ., so we only prove Ah + ¢ € P,. From Lemma 3.2
and (H1), (H3),

1
Ah(t)+e(t):/ G(t,qs) f (s, Hs”‘_l)dqs
0

1 1
_ (@—2) L pa—1
< Fq(a)/o 1—gs) f(s, H)dys -t
1 1
_ _ g @=2) .
= HFq(ot)/o (1 —gs) f(s, H)dys - h(t)
=u' - h(@),
where
’_ 1 : 1 (@=2) H)d
o HFq(a)fo (=g 1 dys.

In addition,

1
Ah(t)+e(t)=/ Gt,qs)f (s, Hs“_l)dqs
0

1 1
—g)@D — (1 —gs)@ D ol
b Fq(a)/o [(1 qs) (I —gs) ]f(s,O)dqs '

1 1

= Hir® /(; [(1 —gs) @D (1 - qs)(a—l)] £(s,0)dys - h(D)
q

=v'-h),
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where

1 fl [
v = (1= 992 = (1= g9) V] 15, 0)dys.
HIy(@) Jo !
Since Iy () > 0, H > 0 and from (H}), (H3), we have 1’ > v' > 0, and this
implies that Ah + e € Py.
In the last, by using Lemma 2.4, the operator A has a unique fixed point u™ in Pj, .,
$O

1
u*(t) = / G(t,qs)f(s,u*(s))dys —e(t), te€l0,1].
0
Obviously, u*(¢t) # 0,1t € [0, 1]. Therefore, u*(¢) is a nontrivial solution. Moreover,

for any vo € Pp ., the sequence v, = Av,_1,n = 1,2, ..., satisfies v, — u™* as
n — oo. That is,

(r)‘flG(t )f( (s))dys — b(l —q)° ol
()= J GO it 6Ddes = e
b(1 —q)?
+ av :1’27"'1
d—¢9( - O@—1 "
and v, () — u*(t) asn — oo. O

If b = 0, we can get the uniqueness of positive solutions for problems (1.1) and
(3.3) by using Lemma 2.5. The proofs are similar to Theorems 3.1 and 3.2.

Corollary 3.3 Assume that
(Hy) f 110, 1] x [0, +00) — [0, 4+00) is continuous with f(t,0) £ 0;
(Hs) foreacht € [0, 1], f(t, x) is increasing with respect to the second variable;
(Hg) for any X € (0, 1), there exists (1) € (A, 1) such that

ft,ax) = o) f(t,x), Vit €]0,1],x € [0, +00).
Then the following fractional q-difference equation boundary value problem

Dgu(t) + f(t,u() =0, 1 € (0, 1),
u(0) = Dyu(0), Dgu(l) =8 >0,

where 0 < g < 1,2 < a < 3, has a unique positive solution u* in Py, where
h(t) = ol e [0, 1]. Moreover, for any initial value vo € Py, constructing the
sequence

1
v (t) = P e +/ G(t,qs) f(s, vp_1(s))dys, n=1,2,...,
[a — 1] 0

one has v, (t) — u*(t) asn — oo.
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Corollary 3.4 Assume that (Hz)—(Hg) hold. Then the following fractional q-
difference equation boundary value problem

DEu(t) + f(t.u(®) =0, 1€ (0,1),
1(0) = Dyu(0) = Dyu(l) =0,

where 0 < g < 1,2 < «a < 3, has a unique positive solution u™ in Py, where

h(t) = =L, ¢ € [0, 1]. Moreover; for any initial value vo € Py, constructing the
sequence

1
vy (t) = / G(t,qs) f(s,vp—1(s)dys, n=1,2,...,
0

one has v, (t) — u*(t) asn — oo.

4 An Example

In this section, we give an example to illustrate our main results.

Example 4.1 Consider the following boundary value problem:
5
{D;M(f)‘i‘f(f,u(f)): L, 10,0, .1

u(0) = Dyu(0) =0, Dyu(l) =2,

where

1

[( 18+8ﬁ>3 (45570—6076ﬁ 68+24ﬁ>5}5
ft u) = U+ ——— | t2 — 2y

u—+
491, (3) 47089 2171 (3)
tel0,1],
a=3,g=2% b=1, =2 Set
18 +8v2 3 68+242 72 + 3242
ety = 1 {z%— + ‘3/_;%, h(t) = Hi> withH2+—;/—,
49Fq (E) 217Fq (7) 49Fq (E)

t [0, 1].

Then we have

13 [1848V2 6842442 82 4+ 8042 3
e(t) = 3 — t] > w12 = 0
r, () 49 217 151917 (3)
and
72 43242
0 < 23225 i = noy
491, (3)
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further, e(t) = wfort € [0, 1]. One canseethat f: [0, 1]x —w, +o0 | —
491",,(5) 4917,(5)

(—o00, +00) is continuous and increasing with respect to the second variable,

1
18+8«/§t% 68+24x/§% >

1
- 1 =[e®]5 =0
“or, () 2170 (3)

f(,0)=
with f (¢, 0) # 0, and then the conditions (H1), (H3) are satisfied.
1
Clearly, it can be represented as f (¢, u(t)) = [%’)u(t) + e(t)] > and @ = t% —

%t% < 1, fort € [0, 1]. In view of the Remark 4 in [27], we have

f, Ax+ (O —1y) > @) f(t, x), forA € (0,1),x € (—o0, +00), y € [0, e];

here p(A) = )\% > XA, A € (0, 1), and the condition (H>) is satisfied. Thence, Theorem
3.1 implies that problem (4.1) has a unique solution u* € C[0, 1]. Foru € Py ., we
construct a sequence

1 18 +8+v2\ 3
v(t):/G(t, s) Up1(s) + ———— | s2
n 0 q n—1 49Fq(%)
1
45570 — 6076+/2 68 +242\ s|°
| 1)+ ————— |57 ¢ dys
47089 2171, (3)
S++2 18482\ 3 684242 5
- — e+ ——=" =12,
7 491,(3) 2171, (3)

and we have lim v, = u*.
n—oo
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