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Abstract In this paper, we consider the following semilinear elliptic systems:

—Au+VxX)u = F,(x,u,v), in RN,
—Av+ V(x)v = Fy(x,u,v), inRV,

where V : RY — R, F, (x,u,v) and F,(x, u, v) are periodic in x. We assume that
0 is a right boundary point of the essential spectrum of —A + V. Under appropri-
ate assumptions on F,(x,u,v) and F,(x, u, v), we prove the above system has a
ground-state solution by using the Nehari-type technique in a strongly indefinite set-
ting. Furthermore, the existence of infinitely many geometrically distinct solutions is
obtained via variational methods. Recent results from the literature are improved and
extended.
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1 Introduction

In this paper, we consider the existence and multiplicity of nontrivial solutions to the
following semilinear elliptic systems:

(1.1)

—Au+V@)u = Fy(x,u,v), inRY,
—Av+V(x)v = Fy(x,u,v), in RN,

When €2 is a bounded domain of RY, the problem

—Au =)»(a(x)u+b(x)v)—G—Fu(x,u,v), in ,
—Av =A(b(x)u+c(x)v) + Fy(x,u,v), in£2, (1.2)
u(x) =v(x) =0, onaf,

which is related to reaction—diffusion systems that appear in chemical and biological
phenomena, including the steady- and unsteady-state situation (see [1]), has been
extensively investigated in recent years. For the results on existence, multiple solutions,
and positive solutions to problem (1.2), we refer the reader to [1-5] and the references
therein. In [3], Qu and Tang obtained the existence and multiplicity of weak solutions
for problem (1.2) by using the Ekeland variational principle together with variational
methods, and some new existence theorems of weak solutions were obtained in Duan
et al. [2]. Lots of work has been done when 2 is an unbounded domain of RY, and
we refer the reader to [6—16] and the references therein.

Recall that the spectrum o (—A + V) of —A + V is purely continuous and may
contain gaps, i.e., open intervals free of spectrum (see [17]). In [18], Szulkin and Weth
considered the following Schrodinger equation:

—Au+V@u= f(x,u), inR. (1.3)

Assuming that 0 ¢ o (—A 4 V), they proved that problem (1.3) possesses a ground-
state solution, which is just a minimizer of the energy functional associated with
problem (1.3) on the Nehari—Pankov manifold [19]. Later, Mederski [20] considered
the ground-state solutions to the system of coupled Schrodinger equations as follows:

— Aui 4 Vi(x)u; = 3, F(x,u), onRY, i=1,2,...,K, (1.4)
where F and V; are periodic in x, 0 ¢ o(—A + V;), i = 1,2,..., K. Moreover,

they made use of a new linking-type result involving the Nehari—Pankov manifold and
assumed that F satisfies the following conditions:
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Existence and Multiplicity of Solutions for Semilinear... 1331

1. fi : RN x RE — R is measurable, Z"-periodic in x € Z" and continuous
inu € RX for a.e. x € RY. Moreover, f =, fa...., fx) = 0, F, where
F : RN x RX — R is differentiable with respect to the second variable u € RX
and F(x,0) = 0 fora.e. x € RV,

2. There are a > 0 and 2 < p < 2* such that

[f(x,u)| <a (1 + |u|p*]), forall u € R¥and a.e. x € RV,

3. f(x,u) = o(u) uniformly with respect to x as |u| — 0.
In [21], Guo and Mederski considered the existence and nonexistence of ground-
state solutions of system (1.4) with K = 1 and V(x) = Vi(x) — #, where

Vi € L¥RY), Vi is ZN-periodic in x € RY,and 0 ¢ o (—A + V). Moreover,
they assumed that f(x, u) satisfies (1)—(3) and (4)—(5) as follows:

4. % — oo uniformly in x as |u| — oo, where F is the primitive of f with
respect to u, that is, F(x,u) = [i' f(x, s)ds.

S u)

5. ur
ul

is nondecreasing on (—o0, 0) and (0, +00).

When 0 is a right boundary point of the essential spectrum of —A + V and f(x, u)
is superlinear and subcritical, Mederski [22] obtained the existence of ground-state
solutions and multiple solutions of system (1.3) with u(x) — 0, as |x| — oo.

Inspired by the above facts, more precisely by [21-23], the aim of this paper is to
study the existence and multiplicity of nontrivial solutions to problem (1.1) via varia-
tional methods. To the best of our knowledge, there have been few works concerning
this case up to now.

We assume that V (x) and F(x, u, v) satisfy the following hypotheses:

(V) V e CRN,R), Vis l-periodicinx;, i =1,2,...,N,0 € 6(—A + V), and
there exists « > 0 such that (0, ] No(—A + V) =0@.

(F1) F € CY(RN x R?), F,(x, u, v) and F,(x, u, v) are measurable, 1-periodic in
xi,i=1,2,...,N.

(F>) There exist c > 0O and 2 < y < p < 2* such that |F,(x,u,v)| <
(|G, )"+ |, v) P71 and | Fy(x, u, 0)] < (|, )Y+ [(u, v)[P) for all
(,v) € R x Rand x € RV, where | (i, v)| = (u? + v?)3.

(F3) There exists d > 0 such that

F(x,u,v) > d|(u,v)|", for|u,v)| <1, x e RV,

(Fs) 7((:’:)"3) — oo uniformly in x € RY as |(u, v)| — oc.

(Fs)If F, (x, ua, v2)uy > Oor Fy(x, ua, v2)vy > Oforany (u2, v2), (u1,v1) € R?,
then we have

(Fu(x, uz, v2)u2)* — (Fy (x, uz, v2)uy)?
2F,(x,up, v2)us
(Fy(x, uz, v2)v2)% — (Fy(x, uz, v2)v1)?

2Fy(x, uz, v2)v2

F(x,uz,v2) — F(x,uy,v1) <

+

@ Springer



1332 G. Che et al.

(Fg) Fy(x,u,v)u > 0 and Fy(x,u,v)v > 0 and F,(x, u, v)u + Fy(x,u,v)v >
2F(x,u,v) for any (x, u,v) € RN x RZ,

(F7) F(x, —u, —v) = F(x, u, v) for any (x, u,v) € RY x RZ.

Assumptions (V') and (F1)—(Fg) allow us to find a function space E» , (see Sect. 2)
on which the energy functional associated with (1.1) is given by

T, v) = %fRN (|W|2 + V(x)|u|2> dx + %fRN (|Vv|2 + V(x)|v|2> dx

(1.5)

—/ F(x,u,v)dx,
RN

and

(J' (u,v), (p, ¥)) = / VuVedx +/ V(x)updx — / Fu(x,u, v)pdx

RN RN RN (1.6)

+f VuoVirdx +/ V(x)vyrdx — / Fy(x,u,v)ydx.
RN RN RN

Now we state our main results.

Theorem 1.1 Suppose that (V) and (F1)—(Fg) hold, then problem (1.1) has a ground-
state solution (u,v) € N such that J(u,v) = iR}C] > 0. Furthermore, (u,v) €

(HE, RNy x HE RY)) N (L'RN) x L'(RM)) fory <1 <2*.

Theorem 1.2 Suppose that (V) and (F)—(F7) hold, then problem (1.1) has infinitely
many geometrically distinct solutions which lie in (lea . RN) x Hl20 . (RN )) N
(L'(RN) x L'(RN)) fory <t < 2%

Notation Throughout this paper, we shall denote by || - || the L"-norm and C various
positive generic constants, which may vary from line to line. 2* = % is the critical
Sobolev exponent. Also if we take a subsequence of a sequence {(u,, v,)} we shall
denote it again by {(u,, v,)}.

This paper is organized as follows: In Sect. 2, some preliminary results are pre-
sented. In Sect. 3, we introduce the Nehari—Pankov manifold ' C E>.,, on which we
minimize J to find a ground state and we prove Theorem 1.1. Eventually, in Sect. 4,

the multiplicity result is obtained and we prove Theorem 1.2.

2 Variational Setting and Preliminaries

In this section we outline the variational framework for problem (1.1) and give some
preliminary lemmas.

It follows from condition (V) that there exists a decomposition of H' (RV) = X+ @
X~ corresponding to the decomposition of the spectrum of o (S) into o (§) N[, +00)
and o (S) N (—o0, 0], where § = —A + V with the domain D(S) = H*(RN). We
introduce a new norm | - ||y on X (resp. X ™) by setting
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Existence and Multiplicity of Solutions for Semilinear... 1333

+12 _ +2 +2
e = [ (1P + V@) ax
and
-2 _ -2 -2
1% = /RN (1vu P+ Vool ) dx

foru™ € Xt andu™ € X~. Then, | - || x is equivalent to || - || ;1 on X and is weaker
than || - || ;1 on X (see [24])

(u,v)x = / (VquVv+ + V(x)u+v+) dx — / (VLFVIF + V(x)ufvf) dx
RN R

N
and a norm given by
2 +12 -2
lully = llu™ % + llu" %,

which is equivalent to the usual Sobolev norm in H L(RN), that is

1

2

||u||H1=(f (|W|2+|u|2>dx) :
RN

Therefore, X and X ~ are orthogonal with respect to the inner product (-, -) x as well.
Asusual, for 1 < p < 400, we let

1
lull, = </ Iu(x)lpdx> " uelL? (RN>,
RN

and

lulloo = ess sup |u(x)|, u € L® (RN).

xeRN

Then, E =X x X =Et@E",where ET = XT x X, E- =X x X ,isa
Hilbert space with the following inner product

(. 0), (0. ¥)) = (. @)x + (v, ¥)x (u,v), (¢, ¥) € X x X,

and the norm
G, )12 = (@, ), (u, ) = [l + vl @, v) € X x X.
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1334 G. Che et al.

Note that the energy functional J can be written as follows:

T v) = %(H(u+,v*)H2-—H(u‘,v"duz)—-jéN F(x, u, v)dx
=%nw+4ﬁm2—1m,m,
where
I(u,v) = %Il(u_, vI)I? + fRN F(x,u, v)dx

for any (u,v) = u™,v"t) + (u™,v") € ET @ E~. We do not know whether J has
critical points in H L@®RN) x H'(RV) since 0 € o (S). Furthermore, I is not defined
on E owing to our assumptions on F'(x, u, v). Hence, similar to [24], we are going to
define a space E» ; such that there are continuous embeddings

H! (RN> % H! (RN) < Ey; <> E,

where [ is well defined on E3 ; and J admits critical points on E> ;.
Let (P, : L>(RY) — LZ(RN))MR denote the spectral family of S. Let L~ =

Po(L*(RM)) and LT = (id — Py)(L*(RY)). Thus, we have the orthogonal decom-
position L*(RY) = Lt + L=, ET = (H'®RY n L") x (H'®RY N L")), and
E-=(H'®RN NL™)) x (H' (RN L") (see[17,25]). Furthermore,

+o0o
|w&=/1 Ald || Pyul3.
-0

Letus suppose that2 < o < y. L*Y = L*(RN)+ LY (R") denotes the Banach space
of all vector fields of the form u = u; + uo, where u; € LH(RY) and up € LY (RY),
endowed with the following norm

leall,y = inf {llarlle + Nually -

It follows from Proposition 2.5 in [26] that the infimum in || - ||, is attained. Fur-
thermore, there is a continuous embedding

() e ()

forany @ <t <y, andif u = y, then the norms || - ||,,,, and | - ||;, are equivalent.
Let X,/ , and X be the completions of X~ with the respect to the norms

1

2
My = (Il Ay A1 IIM,>
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Existence and Multiplicity of Solutions for Semilinear... 1335

and

1
2
-1, = (u Ax A+ ||y) :

respectively. Therefore, we have the following continuous embeddings
X" =X, —>X,, 6 —X

Space X, has been introduced in [24], and note that if u = y, then X, = X, and
the norms |||-1l,,, and ||| |||, are equivalent. In this paper, space E,, =X,,xX,,
with u = 2iscrucial due to the superlinear growth conditions (F3) and (F4). Moreover,

we have the following lemmas from [22,24].

Lemma 2.1 E,, =E, and norms || - |,y | - Il are equivalent for any 2 < p <
y < 2%

Lemma 2.2 If2 < u <y < 2% then E;,y embeds continuously into Hl%) C(RN ) X
HI%C(RN) and L'(RN) x L'RN) for y < t < 2* and compactly embeds into
L RNy x LI RN)for2 <t <2*

loc loc

Note that we have the following continuous embeddings
H' (RY) x #' (RY) & E,, = E¥ @ By, < E,

where E,, ,, is endowed with the norm

1

2
I, v)|| = <||<u+, v+ I, v—>|||,%,y>

for (u,v) = w*, v+ @ ,v7) e EY ®E, . Since | - [|.., is uniformly convex
(see Proposition 2.6 in [26]), then E,, , is reflective and bounded sequences in E, ,,
are relatively weakly compact. Then, it follows from the Sobolev embedding that
Lemma 2.2 holds and J : E, , — R given by (1.5) is a well defined C'-map.
Furthermore, it follows from Lemma 2.1 and Corollary 2.3 in [24] that a solution
to problem (1.1) in E, , vanishes at infinity. Analogously, we have the following
corollary.

Corollary 2.3 If (u,v) € E, , solves problem (1.1), then (u(x), v(x)) — (0,0) as
x| — oo.

In order to ensure that a unit sphere in E*
ST ={@.v) € EM[ll, v)l = 1}

is a C'-submanifold of E*, we suppose that ET is a Hilbert space with the scalar
product (-, -) such that ((u, v), (u, v)) = ||(u, v)||? for any (#,v) € ET. In addition
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1336 G. Che et al.

to the norm topology, we need the topology 7 on E, which is the product of the

norm topology in E™ and the weak topology in E~. In particular, (i, v,) Z> (u, v)
provided that (u;7, v;\) — (™, v") and (u, , v;,) = W™, v7).
We define Nehari—Pankov manifold [22] as follows:

N={(u,v) € E\{(0,0)} : (J'(u, v), (u, v))=0, (J'(u,v), (®,5))=0, V(w,5)€E™}.

We say that J satisfies the (PS)CT-condition in NV if every (PS). sequence in AV has
a subsequence which converges in 7 :

T
(Un, vn) eNv J/(un» V) = 0, J(up, vp) = ¢ = (uy, vp) > (u,v) € E.

Lemma 2.4 ([22,27]) Let J € CY(E, R) be a map of the form
Lo+ 2
J(u,v)=§||(u SV OIIT =1 (u, v)

forany (u,v) = W, v+ W ,v") € ET ® E~ such that

(J1) I(u,v) > I1(0,0) for any (u, v) € E and [ is 7 -sequentially lower semicon-

. . . T ..
tinuous, i.e., if (u,, v,) — (ug, vo), then lim inf I (u,,, v,) > I (ug, vo).
n—oQ

() If (up, vy) Z) (w0, vo) and I (uy, vy,) — I(ug, vo), then (u,, v,) — (1o, Vo).
(J3) If (u, v) € N, then J(u,v) > J(tu+w, tv+s) fort > 0, (w, s) € E~ such
that (fu + w, tv + s5) # (u, v).

(Jy) 0 < inf J(u, ).

(u,v)€E™,||(u,v)||=r
(J5) ™, v )| 4+ 1 (u, v) — oo as || (u, v)| — oo.
(Jo) I(tattn, tavn)/t} — oo if t, — o0 and (u;}, v;) — (ug,vy) for some
(ug,vg) # (0,0), n — oc.

Then,

(a) c = i/r\l/f J > 0and there exists a (P S).-sequence (U, Vp)neN,1.e., J (Un, vp) = ¢

and J'(u,, v,) — 0, n — oo. If J satisfies the (PS)CT-condition in \V, then c is
achieved by a critical point of J.

(b) There is a homeomorphism m : ST — N such that m~'(u, v) = (m,
m), m(u, v) is the unique maximum point of J on (RTu, RTv) @ E~

for (u,v) € E,and J om : St — R is of class C'. Furthermore, a sequence
(ttn, vy) C St is J om, if and only if m(u,, v,) is a Palais-Smale sequence for
J, and (u, v) € ST is a critical point of J o m if and only if m (u, v) is a critical
point of J.
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Existence and Multiplicity of Solutions for Semilinear... 1337

3 Ground-State Solutions

In order to look for critical points of J : E> , — R, we define the following Nehari—
Pankov manifold:

N = {(u, v) € Ea ) \Ey, : {J'(u, v), (u, v)

=0, {(J'(u,v), (w,s)) =0, V(w,s)eEzy}. 3.
Lemma 3.1 There exists a constant a > 0 such that for any (u,v) € E; ,
A‘RN F(x,u,v)dx > amin {I|(u, v)||%’y, Il (e, v)||;y} . (3.2)
Proof 1Tt follows from (F3) and (F4) that there exists b > 0 such that
F,u,v) = bmin {16 w2, @, )] (3.3)

for all (1, v) € R? and x € RV . Therefore,

/ F(x,u,v)dx > b (/ |(u, v)|>dx +f
RN Quv) Qe

(u.v)

= b (168, 0t 3 + 0 01 xr, 17

|(u, v)|ydx>

: 2
> amin {1, VI, oo 10 0L, o)

for some constant a > 0, where x denotes the characteristic function, Q) = {x €
RY | (u, v)| > 1}, and

12t V) 2.y 00 = inf {max {1 ey, v0)lla, 1Ge2, v2)lly } |Gt v) = G, v1) + (a2, v2),
(uy,v1) € L? (RN) x L? (RN), (2, v2) € LY (]RN) x LV (]RN)]

definesanormon L2 (RV)x L%Y (RN), whichis equivalentto |.]|2,, (see Proposition
2.4 in [26]). The proof is complete. O

The following lemma shows that (J4) — (Jg) hold for J.

Lemma 3.2 The following conditions hold:

(a) inf J(u,v) > 0.
(u,0)EET,||(u,v)||=r

) |, vH)| + I, v) = oo as [|(u, v)|| — oo.

(©) % — o0 if (), vH) — (ug, vd) # (0,0) and t, — 00, as n — oo.
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1338 G. Che et al.

Proof (a) If (u,v) € E™, then it follows from (F>) that
T, ) = S w2 = Sl ol - Sl vl
u,v) > —||(u,v — —||(u, v — —|I(u, v)||5.
2 y rop P

Since the embeddings from E* into LY (RY) x LY (RV) and L? (R"N) x L?(RN) are
continuous, then we have

1
T, v) = S, I = C (I, Y + I, v)|IP).

Therefore, the inequality in (a) holds.
(b) Suppose that || (u,, vy)|| = 00, n — 00, and (|| (u;}, v;7)|)nen is bounded. Then,
(IG;F, v;)1I2,5 )nen is bounded and

- =2 - =2 - =2
ey I3, = NG v 12 + G v)13, — 00, 1 — oo

If ||(u,,,v,)Il — oo, then I(u,,v,) — oo. Suppose that (||(x,, v,))nen —
oocasn — oo, then || (u, , v, )ll2,, — ooandby (3.2), wehave I (uy,, v,) — 00, n —
0.

(c) Suppose that, up to a subsequence, I (t,uy, t,v,)/ t,% is bounded, (u
(ug', var) # (0, 0), and 1, — o0, then by (3.2), we have

+ ot

n> I‘l) -

I(thup, tavp) 1 2 2 -2
) - - . y %
T = S w) P emin {1 w)I 6w o, |

and then (|[(u,, , v, )|2,5 )nen is bounded. It follows from Lemma 2.2 that (u,, , v,
(g, vy ) in E2_,y and (u;, (x), v, (x)) = (ug (x), vy (x)) a.e.on RN . If the Lebesgue
measure |Q2| > 0, where @ = {x € RV |(uf (x) 4+ ug (x), vj (x) + vy (x)) # (0,0},

then it follows from (F4) and Fatou’s lemma that

F(x, thuy, tyvy)
——————dx — 00, n — <.
RN ty

)_\

Therefore, we obtain I (t,uy,, t,v,)/ t,% — o0 as n — oo, which is a contradiction.
Hence, || = 0 and (uy, vy) = —(ug, vy). Since ((uy, vy), (ug, vy)) = 0, then
(u(J)r, v('f) = (0, 0). This is a contradiction; then, I (t,u,, t, v,,)/t,% — 00, as n — 00.

Lemma 3.3 The following conditions hold:

(@) I(u,v) = 0forany (u,v) € E ,, and I is T -sequentially lower semicontinuous.

T
(b) lf‘(unv vi’l) - (u07 UO) and I(ul’lv v}’l) - 1(”05 UO), then (”na vl’l) - (u07 UO)'
(¢) If (u,v) € N, then J(u,v) > J(tu +w,tv +s) fort > 0, (w,s) € E~ such
that (tu + w, tv +5) # (U, v).
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Existence and Multiplicity of Solutions for Semilinear... 1339

Proof (a) Let (u,, v,) Z) (uo, vo), since E» ,, is compactly embedded in L? (RN)x

loc
L3 (RV) and (u,(x), va(x)) — (uo(x), vo(x)) a.e. in RN. Then, it follows from

Fatou’s lemma and the weakly sequentially lower semicontinuity of the map £~ >
(u,v7)—> %H(u’, v7)||? that lim inf 1 (u,, v,) > I (ug, vo).
n—0oQ

(b) Let (uy,, v,) Z) (uo, vo) and I (u,, vy) — I(uo, vo). Since Ez , 3> (u,v) —
f]RN F(x, u, v)dx is 7 -sequentially lower semicontinuous, then

Jim 1 i) P = 0 (e v5) 12

and

lim F(x,u,,vy,)dx = /

n—o0 RN R

F(x, ug, vo)dx. 3.4)
N

Observe that

- - - -2 - —\2 — N2
(@, —uy, v, —v)N™ = I, v,)II" = (g, vy)l
= 2((u,, —uy,v, —vy), (U, vy))

— 0, n —> oo.

Therefore, (uy, vn) = (u, +u, , v;7 +v,) — (uo, vo) = (ug +uy, vy +vy). Since
we need to prove that (u,, v, ) = (4, , V) a.e. in RY let us consider the function
L:RY x[0,1] - Rgivenby L(x, ) = F(x, u, — tug, v, — tvg). Then,

1
JL
F(x,uy, —ug, vy —vo) — F(x,u,,v,) =L(x,1) — L(x,0) = / a—(x, s)ds.
0 N
Furthermore,

/N[F(x, Uy — ug, vy — vo) + F(x, ug, vo) — F(x, up, vn)}dx
R

LaL
=/ |:/ —(x, 8)ds + F(x, ugp, vo):|dx
RN 0 as
LaL
= —(x, s)dsdx + F(x, up, vo)dx 3.5)
RN Jo as RN

1
=/ f I:_Fu(xaun_suo’vn_SUO)u()
0 JRN

— Fy(x, u, — sug, v, — svo)vo:|dxds + / F(x, ug, vo)dx.
RN
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1340 G. Che et al.

Let E C RY be a measurable set, then it follows from the Holder inequality that
/E|Fu(x, U, — sug, vy — Svo)ug|dx
< E/E |(up, — sug, vy, — svo)||up|dx
+c<e>fE | — sug, vy = sv0)| P~ uoldx

+ cf (it — st19, v — s00)|”~ Juo|dx
E

< ell(uy — suop, va — svo) xell2lluoxell2
—1
+ C (&)l (un — suo, va — svo)xelly  lluoxellp

—1
+ Cll(un — suo, v — svo) xell} ™ lluoxelly -

Therefore, F,(x,u, — sug, v, — svg)uo is uniformly integrable and by the Vitali
convergence theorem, we derive

1
/ / —F,(x, u, — suq, v, — svy)ugdxds —
0 JRN
1
/ / —F,(x,up — sug, vg — svg)updxds
0 JR¥N
as n — 00. Analogously,
1
/ / —Fy(x, u, — sug, vy, — svg)vodxds —
0 JRN
1
/ / —Fy(x, ug — sug, vy — svg)vodxds
0 JRVN
as n — oo. Furthermore,
1
/ / [ — F,(x, u;, — sug, v, — svg)ug — Fy(x, u, — sug, v, — svo)v0i|dxds
0 JRN

1
= / / |: — F,(x, u,—suq, v, — svg)ug—Fy(x, uy, — sug, v, — svo)vo:|dsdx
RN Jo

1
d
= / / ——[F(x, Uy, — SuQ, Uy — svo)]dsdx
RN Jo as

= / (F(x, 0,0) — F(x, ugp, vo))dx
RN

=/ —F(x, ugp, vo)dx.
RN
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Then, from (3.4) and (3.5), we derive

lim F(x,u, —ug, v, — vg)dx = 0.
n—oo

It follows from (3.2) that (u,,, v,) — (g, vo) in L>Y (RN) x L>Y (RV).
(c) Let (u, v) € M. Observe that for any ¢ > 0 and (, 5) € Eiy

1
Jtu+ o, tv+s5)—J(u,v) =@ 9| - / @(t, x)dx,
2 RN

where

2

?—1
u+tw>+Fv(x,u,v)< 5 v+ts>

+ F(x,u,v) — F(x,tu+ w, tv +s).

o(t,x) = F,(x,u,v) <t

Suppose that (#(x), v(x)) #% (0, 0). Similarly as in [20,21], we show that ¢ (¢, x) < 0.
In fact, it follows from (Fg) that ¢(0, x) < 0. By (F4), we obtain ¢(f, x) — —o0 as
t — o0. Let o > 0 be such that

o(to, x) = max (¢, x).
>0

We may assume that fg > 0 and 9, (o, x) = 0O; therefore,

F,(x,u, v)(tou + a)) + Fy(x, u, v)(tov + s)
= F,(x, tou + w, tov + s)u + Fy(x, tou + w, tgv + s)v.

If F,(x,u,v)(tou + w) <0, Fy(x,u, v)(tov + s) < 0, then by (Fg), we have

2 2
-ty — 1 —t5— 1
0 F,(x,u,v)u+ 0

@(tg, x) < Fy(x,u,v)v+ F(x,u,v)

— F(x, tou +w, tov +s) < 0.
Otherwise, (Fs5) implies that

2

2
t 5 —1
@(to, x) < Fy(x,u,v) ( 0 S +tow) + Fy(x,u,v) < 0 5V +t0s)

(Fu (x, u, v)u)2 — (Fu (x, u, v)(tou + a)))2
+ 2F,(x,u,v)u

(Fv(x, u, v)v)2 — (Fv(x, u, v)(tov + s))2
+ 2F,(x,u,v)v
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(Fu(x, u, v)a))2 B (Fv(x, u, v)s)2

T 2R, v 2F,(xu, v)o
<0.

The proof is complete. O
Lemma 3.4 J is coercive on N, i.e., J(u, v) — oo as ||(u, v)| — oo, (u,v) € N.

Proof Suppose that || (it,,, v,)|| — 00 as n — 00, (U, vy) € N and J(u,, v,) < ¢

for some constant ¢; > 0. Let (w,, s,) = %, since E»,, is reflective and
compactly embedded in L%oc (RN) x leoc (RN). Then, there exists (@, §) € E; , such

that (w,, 5,) = (@, s) and (0, (x), 5, (x)) = (@ (x), s(x)) a.e. on RV . Furthermore,
there exists a sequence (y,),en C RY such that

n—oo

liminf/ (), s;)|2dx > 0. (3.6)
B(yn,1)

Otherwise, it follows from Lions lemma (see Lemma 1.21 in [28]) that (w;", 5,7) —
(0,0) in L'(RY) x L'(RN) for ¢ € (2,2*). Then, [pn F(x, tw;, ts;")dx — 0 for any
t > 0. For any ¢ > 0, in view of Lemma 3.3 (c), we obtain

2
t
c1 = limsup J (i, v,) = limsup J (to;, t5,7) = = | (o], s,J[)Hi ) 3.7

n—o0 n—oo 2 Mn

It follows from Lemma 2.4 (a) and (3.2) that

1
5 (s P = o) = emin { G, w13, e v 13, |

> J(up, vp) = Cinf = H]glfJ > 0.

If liminf || (uy,, vy)ll2,, = 0O, then up to a subsequence, || (uy, vy)ll2,, — 0, n — o0,
n—o0

and for sufficiently large n

201Gt DI = Gt v+ 1y v + 2¢ing
+2cmin {11Gea, w13, N, 01, |
> 1G5, o1 4 1, v I + s vl
= {1 Gtn, va) 1%

If liminf || (u,, va)ll2,, > O, then there exists ¢2 € (0, 1) such that for sufficiently
n— oo
large n
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201G, vOI? = 11k, v + 1y, v + 2¢ing
o+ 2¢min {1, v 1, e, 01, |
> &2 (165, DI + s u)IP + 6o w1,

2
= 2| (up, va) "

Hence, passing to a subsequence if necessary, c¢3 = 1nf (@, sH)? > 0 and by

(3.7), we have

n’n

2
1= =3
2

forany ¢ > 0. Then, we get a contradiction. Therefore, we may assume that (y,),eN C
R¥ and

liminf/ l(w,, s)[2dx > 0.
B(yn,1)

n—oo

Since J and A are invariant under translations of the form (u,v) +— (u(- —
k),v(- — k), k € ZV, then we may assume that (o}, s}) — (oF,s") in

L} (RM) x L} (RY) and (0™, s%) # (0,0). Note that |(a)+ st # 0, then
(un(x), v (x)) = (@n(x), $p (X)) || (U, vz) || = 00, and by (F4), we have

F(x,u,(x), v,(x)) N F(x,u,(x), vy(x))
[, v)II2 1w, va)I?

(@ (x), 50 (x))|> = 00, n — o0,

Hence, it follows from Fatou’s lemma that
Jy, s vy) - F(x, up, vy)
Sl B~ hmsup< (Il(a) DI = [l(w, ,sn)||2) _/ T T
| (s v2) |l n— 00 RN [ (n, va)l

— —00, N —> 00,

which is a contradiction. The proof is complete. O

Proof of Theorem 1.1. Tt follows from Lemma 2.4 (a) that ¢;,,r = if\lff J > 0and there

exists a (PS)Cl.nf-sequence (Un, Vp)nen- By Lemma 3.4, we get that (4, v,),eN 1S
bounded and passing to a subsequence (u,, v,) — (u, v) in E3 . Then, there exists
a subsequence (V,)eN such that

liminf/ |}, v, 2dx > 0. (3.8)
B(yn,1)

n— 00

Otherwise, it follows from Lions lemma (see Lemma 1.21 in [28]) that (u , ‘f) —
(0,0) in L'(RN) x L'(RN) for ¢ € (2,2*). From (F>), we have
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Gt v 12 = s vn), () v,T)H/N (Fu(x, un, vi)ut 4+ Fy(x, 1y, va) v, )dx
R
— 0,asn — o0.
Therefore,

. .
0 < ciof = lim J Gy, vn) < 5 1im [l o) =0,

which is a contradiction. Therefore, (3.8) holds and we may assume that there is a
subsequence (y,)nen such that

lim inf f |, v;)2dx > 0, (3.9)
n—00 B(yn.r)
for some r > 1. Since ||[(un (- + Yn), vn (- + o))l = |[(un, vu)||, then there exists

(u,v) € Ez, such that (u,(- + yu), va(- + yn)) — (u,v) in Ep, and (- +
)y U C 4 yn)) = @t vty in L2 (RY) x L2 (RN). 1t follows from (3.9) that
(ut,v™) # (0, 0) and then (u, v) # (0, 0). Since J and A are invariant under trans-
lations of the form (u, v) +— (u(-+y), v(-+y))fory € ZN  then J'(u, v) = 0. Hence,
(u,v) € Nand J (1, v) = cint. Since (u, v) € E3 ,, is asolution to problem (1.1), then
by Corollary 2.3, we get (u(x), v(x)) — (0, 0) as |x| — oo. The proof is complete.

O

4 Multiple Solutions

Observe that if (u, v) € E» ,, is a critical point of J, then the orbit under the action of
ZN, O(u,v) = {(u(- — k), v(- —k)) |k € ZV} consists of critical points. Two critical
points (uy, v1), (u2,v2) € Ey, are said to be geometrically distinct if O (u1, vi) N
O (us, v2) = . It follows from Lemma 2.4(b) that ¥ = Jom : ST — Risa C!
map. In order to prove Theorem 1.2, we just need to prove that iy has infinitely many
geometrically distinct critical points (Lemma 2.4(b)). The following lemma is crucial
in the consideration of the multiplicity of critical points (see Lemma 2.14 in [18]).

Lemma 4.1 Letd > cing, if !}, v)), (2, v?) c ¥4 = {(u,v) € ST|Y(u,v) < d}

n’>-n n’>-n
are two Palais—Smale sequences for s, then either || (u,ll —u,%, v,ll — v,%) | = 0, n — oo,

or

limsup || (u) — uZ, vy — 2> > p(d) inf{ll(ul —uz, v — w)l|¥' @' v

=y W v?) =0, W' o) # w0 e S+},
.1

where p(d) depends on d but not on the particular choice of Palais—Smale sequences.

Proof Let (u),vy), (uz,v2) C ¥4 = {(u,v) € ST|Y(u,v) < d} be two Palais—
Smale sequences for . Let (w,’;, sﬁ,) = (m(uil, vfl)), i = 1,2, and we consider two
cases:
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Case 1: |(0)T — (@) F, s)HT = (s2)M)Il, — 0, and by (F»), we have

()= ()" () )]
(o) () )" () - ()

7 hal) ()= () () - (2)°))
) (@) - ) ) - ()
ro([(hsh |+ (b )7 st
D) () 6 )

where g = py DY and y < ¢ < p. It follows from Lemma 2.4(b) that (@), sHnen

and (wn, sn),,eN are Palais—Smale sequences for J and by Lemma 3.4, we know that
they are bounded in E; ,,. Since the embeddings from E ,, into L” (RN) x LY (RN)
and into LY(RN) x L9(RN) are continuous, then we derive

+ + + +
(@) = @) () = ()) ~on—
Note that if (1, v) = (ut +u~, v +v7) € N, then J (u, v) > ¢jnr and

[t o) = {Vaemli e, v} .2)

Similarly as in Lemma 2.13 in [18], we obtain

-

’

14

(<wz>*—<w%:>*,<sn - H
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Therefore,

1 2 1 2
H (”n — Uy, Uy — vn)

Case 2: ||[((0)T — (@)*, sHt — (s )|, - 0. It follows from Lemma 1.21 in
[18] that there exists a subsequence (y,) € Z" and r > 1 such that

mint [ (1) = ()" (4) = (5))

Then, we may assume that up to a subsequence,

‘—>0n—>oo.

2
dx > 0. “4.3)

(‘0;11 -+ yn), 5,1 -+ yn)) - (a)l,sl
(‘0;% (+yn), S;% -+ yn)> - (a)z, 52

<(w,{)+(- +n). (s,i)Jr(- +yn)) - ((w1)+, (s1)+), in 12, (RV) x 2, (RY),
((w,%)+ . (7)) e+ yn)) - ((w2)+, (s2)+> Cinid, (RY) x 2, (RY),

, in E2,yv

, in Ez,y,

H( (@) 4, (s,i)+(~+yn>) H > a,
(@) ¢+ () e o) =

foray, ay > /2¢iny. It follows from (4.3) that ((w")*, (s)T) # ((@*)*, (s*)7) and
then (o', s1) #* (w?,s%). Since m, m~, J—, (J om)™ are equivariant with respect
to ZN -action, then J~(»!, s') = J~(»?, s2) = 0. Observe that if (o', s!) # (0, 0)
and (0?2, s2) # (0, 0), then (o', s1), (@?, s%) € N and

iniat | (13 =3 o7)
=timint | (o =) 300 (2 = 2) €00
= liminf ((w’i)+’(s'l')+)('+y”) ((wﬁ)+,(2)+)(.+y,,) ‘
= (@) 6D ] (@) 6 ¢

(@) 6)7) (@) 6D7)

o] o2
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[(n® 6] J(en” 6] H ()" ()"
[ (@™ 7))

> min
o] (2%)

where s(d) = sup{ll™, vD)|@w,v) € N, Jw,v) < d}. It follows from
Lemma 2.4 that m — (o', s'), m — (@2, s?) are critical points and we have (4.1).
Note that if (w!, s') = {0, 0} or (»?, s?) = {0, 0}, then similarly as above, we prove
that

/2 .
lim inf H (u,ll — uﬁ, v,ll — v,zl) ‘ > N =Cinf
n— 00 s(d)
and again (4.1) holds. The proof is complete. O

Proof of Theorem 1.2. 1t follows from Lemma 2.4(b) that (u, v) is equivariant with
respect to the Z" -action given by (u, v) — (u(- — k), v(- — k)) for k € Z" . Further-
more, J is even and (u, v) is odd. Thus, 1 is even and invariant with respect to the
ZN -action. Let F be the set of geometrically distinct critical points of ¥ and assume
that F is finite. Then, similar to Lemma 2.13 in [18], we prove that

inf{ll(ul —uz, v — v) || ur, v1) = ¥ (2, v2) =0, (uy, v1) # (u2, v2) € S*}
> 0.

The discreteness of the Palais—Smale sequences in Lemma 4.1 allows us to repeat the
following arguments: Lemma 2.15, Lemma 2.16 and proof of Theorem 1.2 in [18]. In
fact, we show that for any k € N, there exists (u, v) € ST such that ¥’ (u, v) = 0 and
v (u, v) = cg, where

cx = inf {d € Rly(y?9) > k}

and y denotes the usual Krasnoselskii genus (see [29]). Furthermore, ¢y < ¢k for
k € ZN and thus we get a contradiction (see [18] for detailed arguments). It follows
from Lemma 2.4(b) that we get the existence of infinitely many geometrically distinct
solutions to problem (1.1). The proof is complete. O
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