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1 Introduction

Eigenvalue problems of higher-order tensors have become an important topic of study
in a new applied mathematics branch and numerical multilinear algebra, and they have
a wide range of practical applications [1-5].

The class of M-tensor introduced in [6,7] is the generalization M-matrices [8].
And some important properties of M-tensors and nonsingular M-tensors have been
established in [7,9]. It is noteworthy that some applications of M-tensors [6,7,9,10]
are related to the eigenvalue problems of M-tensors. In [11-14], some bounds for
the minimum H -eigenvalue of nonsingular M-tensors have been proposed. The main
aim of this paper is to present some new bounds for the minimum H-eigenvalue of
weakly irreducible nonsingular M-tensors, and these bounds improve some existing
ones.

Let C(R) denote the set of all complex (real) field and N = {1,2,...,n}. We
consider an m-order n-dimensional tensor A = (a;,;,...;,,) consisting of n™ entries,
denoted by A € Clmm (R if

Qiiy...ip, € C(R),
wherei; =1,2,...,nfor j =1,2,...,m [9,15]. Obviously, a vector is a tensor of
order 1 and a matrix is a tensor of order 2. Moreover, an m-order n-dimensional tensor
Z = (8iyiy...i,,) 1s called the unit tensor [16], if its entries are §;,. ;,, foriy, ..., i, € N,
where
5. = 1 ifij=-=ip,
Hizewtm =1 () otherwise.

Let A € CUP7 if there exist a number A € C and a nonzero vector x =
(x1, X2, ...,%x,)T € C" that are solutions of the following homogeneous polynomial
equations:

Axm =t = =1,

then A is an eigenvalue of A and x is the eigenvector of A associated with A [1,15,17,
18], where Ax™=1 and Ax"—11 are vectors, whose ith components are

(Ax" 1y = Qiiy.ipXiy - - - Xi
2 m72 m

and

Furthermore, if A and x are restricted to the real field, then we call A an H-eigenvalue
of A and x an H-eigenvector of A associated with A [15].

Let I" be a digraph with vertex set V and arc set E. If there exist directed paths
fromito j and j toi forany i, j € V(i # j), then I is called strongly connected.
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For each vertex i € V, if there exists a circuit such that i belong to the circuit, then I"
is called weakly connected. For a tensor A = (a;,.;,) € Clmnl we associate A with
a digraph I" 4 as follows. The vertex set of I' 4 is V(A) = {1, ..., n}, and the arc set
of U g is E = {(, )laiiy..i,, #0,j € {ia.....in} # {i,...,i}}. Let C(A) denote
the set of circuits of I' 4. A tensor A is called weakly irreducible if I" 4 is strongly
connected [19-21]. The tensor A is called reducible if there exists a nonempty proper
index subset J € N such that a;,;, ;, = 0,Vi; € J,Via,...,ip, ¢ J.1f Ais not
reducible, then we call A irreducible [22].

Let p(A) = max{|A| : A is an eigenvalue of A}, where |A| denotes the modulus of
A. We call p(A) the spectral radius of tensor A [23]. An m-order n-dimensional tensor
A is called nonnegative [1,2,16,23,24], if each entry is nonnegative. We call a tensor
A a Z-tensor, if all of its off-diagonal entries are nonpositive, which is equivalent to
write A = sZ — B, where s > 0 and BB is a nonnegative tensor (3 > 0), and the set of
m-order and n-dimensional Z-tensors is denoted by Z. A Z-tensor A = sZ — B is an
M-tensor if s > p(I3), and it is a nonsingular (strong) M-tensor if s > p(5) [6,7,9].

Denote by 7(.A) the minimum value of the real part of all eigenvalues of the tensor
A.Let A = (a;i,..i,) € R Fori, j € N, j # i, we denote

Ri(A) = E Qiiy..ip> Rmax(A) = max R;(A), Rpin(A) = min R;(A),
. X ieN i1eN
125005 Im=

A= Y aii, A=Y i, =i (A) = laij ).

Siiy...im =0 Siiy..im =0,

8jiy...im=0

In recent years, much literature has focused on the bounds of the minimum H-
eigenvalue of nonsingular M-tensors. In [11], He and Huang first proposed the upper
and lower bounds for the minimum H-eigenvalue of irreducible nonsingular M-
tensors as follows.

Lemma 1.1 [11] Let A € R be an irreducible nonsingular M-tensor. Then
Rinin(A) < 7(A) < Rpax (A).

Lemma 1.2 [11] Let A € R be an irreducible nonsingular M-tensor. Then

o1 . 1
iTeN. 2 {ai.,_i +aj_j—r](A) - Afj(A)} < 7(A)
J#i

1 . 1

J

< Jmax {alx..i +aj.j—ri (A — A,-ZJ-(A)} .
J#

where

Aij(A) = (i —aj.j +r! (A))? —da;j_jri(A).
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1216 J. Cui et al.

Recently, Zhao and Sang in [13] pointed out that there are some errors in the
calculation process of Lemma 1.2, and the correction is as follows:

Lemma 1.3 [13] Let A € R be an irreducible nonsingular M-tensor. Then

7(A) > min L;;(A),
i.jeN,
J#i

where

1 . . 1
Lij(A)=§ { iitaj.j—rl(A— [(ai...i —aj.j—r!(A)* - 4dij...jrj(A)] ’ } .
In addition, Wang and Wei presented the upper and lower bounds on t(A) for a
weakly irreducible nonsingular M-tensor as follows.

Lemma 1.4 [12] Let A € R be a weakly irreducible nonsingular M-tensor
Then

min % {ai...i +aj.j—Ti(A - Zz-(.A)} <t(A)

i,jeN, H

J#i
1 _ 1
< ,r?e% 3 {ai.‘.i +aj.j—7i(A) - Aizj(A)} ,
i#i
where

(A i=],

My =1 =7

(M) {|aij...j|s I # ]

is a nonnegative matrix and Z,'j A =(a.i—aj.j— 71 (A))? + 4ri (M (A)r;(A),
with ri(M(A)) = 3= ;(M(A)ij, 7i (A) = 1 (A) — ;i (M (A)).

In this paper, we continue this research on the estimates of the minimum H-
eigenvalue for weakly irreducible nonsingular M-tensors; inspired by the ideas of
[25,26], we obtain two new estimates of the minimum H -eigenvalue for weakly irre-
ducible nonsingular M-tensors. They are proved to be tighter than Lemmas 1.1 and
1.2 in corrected form. Finally, we derive a sharper bound in Ky Fan theorem for
nonsingular M-tensors.

The remainder of the paper is organized as follows. In Sect. 2, we recollect some
useful lemmas on tensors which are utilized in the following proofs, then focus on
the estimates of 7(.4) and establish some new bounds for 7 (A). In Sect. 3, a sharper
bound in Ky Fan theorem is obtained. Finally, some conclusions are given to end this
paper in Sect. 4.
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2 Several New Estimates of the Minimum H -eigenvalue

In this section, we give several new estimates of the minimum H -eigenvalue for weakly
irreducible nonsingular M-tensors.

Lemma 2.1 [12] If a tensor A is irreducible, then A is weakly irreducible.

Lemma 2.2 [11] Let A be a nonsingular M-tensor and denote by t (A) the minimum
value of the real part of all eigenvalues of A. Then t(A) is an eigenvalue of A with
a nonnegative eigenvector. Moreover, if A is irreducible, then t(A) is the unique
eigenvalue with a positive eigenvector.

Zhang et al. [6] obtained some results similar to those of Lemma?2.2 for weakly
irreducible nonsingular M-tensors in the following lemma.

Lemma 2.3 [6] Let A be a nonsingular M-tensor and denote by 1 (A) the minimum
value of the real part of all eigenvalues of A. Then t(A) is an H-eigenvalue of A with
a nonnegative eigenvector. Moreover, if A is a weakly irreducible Z-tensor, then t(A)
is the unique eigenvalue with a positive eigenvector.

Lemma 2.4 [27] Let A be a weakly irreducible nonsingular M-tensor. Then t(A) <
?;i]{}{aii...i}-

For any given diagonal nonsingular matrix D = diag(dy, ..., d,), we define a
tensor Ap as follows:

Ap=Ax, D'"™ x5, D x3--- x;y D,

where X is k-mode tensor-matrix multiplication between A and D [28]. Here the
entries of Ap are given by [9] as follows:

1—-m .. .
(AD)ivig.im = Aitigimd; "da .. dy, 1 =iy, ia, ..., <n.

Lemma 2.5 [23] The tensors Ap and A have the same set of eigenvalues.

Lemma 2.6 Ler f(x) = a1x% + bix + ¢y, glx) = arx? + byx + ¢o, where a; > 0
and ay > 0. Assume that x1, x and X\, x) are roots of f(x) = 0 and g(x) = 0,
respectively. Then the solution of f(x) < 0 is [x1,x2], and that of g(x) < 0 is
[X1, X2]. If g(x) < O under the condition f(x) <0, then [x1, x2] C [X1, X2].

Proof Ttis obvious that [x{, x3] and [X], X>] are the solutions of f(x) < 0and g(x) <
0, respectively. Since g(x) < 0 under the condition f(x) < 0, we get g(x) < O for
any x € [x1, x2]. And because [X1], X7] is the solution of g(x) < 0, we can obtain that
x € [X1, x2], i.e., [x1, x2] C [X1, X2]. |

Lemma 2.7 ([29], Lemmas2.2 and 2.3) Leta, b, ¢ > 0 and d > 0.
(I)Ifb_,’_am <1, then

a—(b+c)<a—b< a
d “c+d T btc+d
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(II)Ifﬁ > 1, then

a—(b+c)>a—b> a
d “c+d T btc+d

2.1 The New Brauer-Type Estimates of Minimum H -eigenvalue

In this subsection, we present the new Brauer-type estimates of minimum H-
eigenvalue for weakly irreducible nonsingular M-tensors, which are tighter than the
results in Lemmas 1.1 and 1.2 in corrected form.

We denote

A; ={(2,i3,...,ip) 1 ij =i forsome j € {2,...,m}, wherei,is,..., i € N},
Ki:{(iz,i3,...,im):ij #iforany j € {2,...,m}, wherei,is, ..., i, € N},
and let

riA" (A = Z @ity i |5 V,-Ki (A = Z |Giiy...ip |-

(2,05 im)€A;, (iQ,...,im)EZi

Then, r; (A) = r (A) + 2 (A).

Theorem 2.1 Let A = (aj,i,..i,) € R pe g weakly irreducible nonsingular M-
tensor withn > 2. Then

Amin < 7(A) < KmaXs
where
Amin = min{xmins Kmin}v Kmin = ?éi]{]l{aii...i - riAi (A},

_ . 1 . . 1
Amin = min max{=(a;;..; +ajj.j— V,~A' (A) — ri(A) — Q7 ), Ri(A)},
i,jeN, 2 J o]
J#
A . A A; 3
Amax = max min{=(a;;..; +ajj..j—r; (A —r;" (A — Q) Ri(A)},
i,jEN, 2 J J
J#
Qij = (aiii —ajj.j — i (A) + 2 (A 4482 (A (A).

Proof Since A is weakly irreducible nonsingular M-tensor, by Lemma?2.3, there
exists x = (xq, x2, ... ,x,,)T > 0 such that

Axm = = ¢ (A)xm=1, 2.1

Now, the proof is proceeded in two steps.
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(1) Let x; > x; > max{xx : k € N,k # t,k # [} (where the last term above is
defined to be zero if n = 2). From (2.1), we have

m—1 E :
(an_”[ — T(A))xt = - at[z.,.imxizxi3 .. 'xim
(i2,-sim) €AY,
3[[2...im=0
— E Atiy.iXinXiz « « + Xiyy, -
(i2,nim) €A

Using the inequality technique gives

-1
(... — ()X = E iy |Xir Xiy - - Xy + § [tiy...ipy | Xir Xiy - - - Xy
(02, sim)E€AL (i2,rim ) EAL
tiy...im =0

g

—1 —1
T D S [T b

(P2, im)EAL, (i2y0erim ) EA,
tiy...im =0

= A (A
Equivalently
(s — T(A) = 2 (A < B A
Ifa,. , —(A) —r(A) <0, then

T(A) > an. — i (A) > min{a;; ;- R (A)). 2.2)
e

Otherwise, we have a;;; — T(A) — r,A’ (A) > 0, which means that

0 < (an... — T(A) — rP (A"t < ayxr . 2.3)

On the other hand, by (2.1) we can get

m—1
(an... — T(A))xl = Z @iy i | Xin Xis « - Xy, + Z @iy ..y | Xin Xiy - - - X,
(@2, lm) €A (i2,--im)EA,,
Sliy...im=0
m—1 m—1
= Z |atiy..i X"+ Z |ati...i 1%
(02, im) €Dy (i2,eim)EDy,
Sliy...im=0

= P (A M (A
ie.,

(@10 — T(A) = (A" <P (AL (2.4)
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Multiplying Inequalities (2.3) and (2.4) yields
(@rr..q = T(A) = M ()@ s = TCA) = (Ao

<r I(A)VZA[(A)xm 1 m l

Note that x;"~ 1xlm 1'S 0, thus

(ar..c — (A = 2 () an; — T(A) = i (A) < rP AR A,
which is equivalent to

T(A2 = (@ +an. — (A — D (A))T(A)
F(ane — 2 (A g — i (A)) — 2 (A (A) < 0.

This gives the following bounds for 7 (A),
7(A) > % (att_,_t +ay. —ri(A) — VIK’ (A — 9}1) .

where

Qut = s — ain.q = A + P (AD? + 4 (A (A).
Furthermore, by Inequality (2.3), we can get that

. — T(A) — 2 (A) < P (A);

consequently,

T(A) 2 an s — 1A = 1A = au g — (A = Ry(A).

Combining Inequalities (2.5) and (2.6), we have
1 1
7(A) > max {E(att...t +an.1— ”[At (A) -1y t(A) tz,[), Rt(-A)}

i 1 A A, 3
= i,r}lelg, max {E(aii...i +ajj.j—r; (A) — r; (A) — Q,‘%j)y Rl(A)} .
J#i
The first inequality in Theorem 2.1 follows from Inequalities (2.2) and (2.7).
(ii) Let x), < x4 < min{x; : kK € N,k # p, k # q}. By (2.1), we derive that

m—1
(app..p — T(A)x™ = — E Apiy...i Xir Xi3 - - - Xiyy,
(i2s~-7im)€Ap9
Spiy..im=0
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- E Apiy...i,XirXis

(i2a-wim)€Ap

and

—1
(agq..q — T(Axy ™ = — Z Agis...ip XirXis -

(i2»~--,im)€Ap

- Z Aqis...imXixXi3

(i2,sim) €A,
S,

qiy...im =0
Using the inequality technique gives
@ppop = TN = 3" apiy iy XX X, Y
(#2505 im) €A p, (iZy-nyim)EKp

5,;;2 im =0

g

(i2,esim) €A, (i2,esim)EDp
A 1 A —1
=71, (Axy " +rp " (Axy
and

-1
(agg.q —TCANXT = " agh iy XoXi X, + Y

R 1

e Xy,

. )

m

me

[@piy...i | Xin Xi5 - -

—1 -1
@pi..i 1X " + Z 1@pis...in 1%y

[agiy...i |Xis Xis - -

(i2,sim)€Ap (i2,0rim)EA Y,
Sqip ..im=0
m—1 m—1
> E lagis...in |Xp — + E lagis...in 1Xg
(i2,.sim)EA) (i2yeesim)EAp,
84i..im=0

= 1 A g (A

X

m

(2.8)

. )C[m

(2.9)

Combining Inequalities (2.8) and (2.9) and using the same method as the proof in (i),

we can deduce the following result:

1 N 1
'C(A) < min {5 (appmp + Agq..q — rpAp(A) - }"qAP(A) - Q;,q) s Rp(A)}
1 . N
< max min {5 <aii,.,i +ajj.j— r,-Al (A — rjA' (A) -

i,jEN,
J#

This completes our proof of Theorem2.1.

Q}]) , Rl(.A)} .

]

We now give the following comparison theorem for Theorem2.1 and Lemma 1.2
in corrected form. First, we prove that the lower bound of Theorem 2.1 is better than

that of Lemma 1.2 in corrected form.
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1222 J. Cui et al.

Theorem 2.2 Let A = (aii,..i,) € R pe weakly irreducible nonsingular M-
tensor with n > 2. Then

Amin = min L;;(A).
i,jeN,
J#i

Proof From proof of Lemma 1.3, we cansee that 7 (A) > min; jen, L;j(A) is obtained
J#
by solving the following quadratic inequality

(@i — T(A) = ! (A)(ajj_j — T(A) < —aij_jrj(A).
Let g7 (t(A) = (aji..i — T(A) — rij(-A))(ajj...j —1(A)) — (=ajj..j)r;j(A), and the

left solution of g/ (t (A)) = 0is Lij(A).If Apin = Amin = min;en{aii i — rl-Ai (A},
then there exists ig € N such that

Amin = Kmin = iy._ig — V,ﬁio (A).
From Theorem2.1, we get
T(A) = Amin = dig..ig — 11y " (A),
which together with Lemma?2.4 results in
g9 (T(A)) = (@ig...io — T(A) — 1} () (@ajj.; — T(A) — (=aij..))rj(A) < 0.
By Lemma 2.6, we derive that

A .
Amin = dig..ig — 1, (A) = Ligj(A) = ,r;le% Lij(A). (2.10)
#

— 1
_ _ A 5 L
If Amin = Amin = min max{3 (aii..i +ajj.j—r; (A —ri (A — Q7)) Ri(A),

J#i
then there exist i1, j; € N such that
A) = A = max | - Sy — Sy —a? ) R (A
T(A) > Apin = max ) ail...il‘f'ajl...jl_”i1 ( )_rjl (A — i) il( )
(2.11)
which means that
(A) = R;; (A) (2.12)
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and

! Aiy Ay 3
v(A) = S (@i gy A A =R ) (23

i1, J1

A
By proof of Theorem2.1, we see that K, j, (A) := %(a,-l___il +aj.j—r (A —
A 1 . . .
T (A — Qizl , jl) is the left root of the following equation

(@ir..iy = TA) = 1y (A g,y — (A =y (D) =) (A (A) = 0,

so, we let
S = (a = T = (A) (a,-]‘.. T = (A))
—r A A,

By Lemma?2.6, if g/'/1((A)) < 0 under the condition f1/i(r(A)) < 0, then
K ji(A) = Lj; j, (A) = min; jey, Lij(A). Combining with (2.11), we can derive that
J# .
Amin > ‘mig L;;j(A). Therefore, now we only need to prove that g''/! (z(A)) < 0
i,jeN,
J#i o
under the condition f'1/1(7(A)) < 0.
When a;,..i, — T(A) — ;) (A) < 0, itis not difficult to get the following form

g (T (A) = (@iy..iy — T(A) — ] (A (@), jy — T(A) = (—=ai, jy..j))rj, (A) < 0.

Otherwise, we have a;, _;, —7 (A) —rﬁi‘ (A) > 0.From the condition f/1/1(t(A)) < 0,
we have

(@iy..iy = T(A) = 1y (A gy, = T(A) =y (A) < (A (A).
(2.14)
If rfi' (.A)rjAli1 (A) =0, then
@y — (A =) 20 = 1 (),
which leads to
aji..jy — T(A) =rj (A). (2.15)

In addition, by (2.12) we have

T(A) = ajy..iy — (] (A) + (=aiy i),
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1224 J. Cui et al.

ie.,
ai.iy — T(A) =] (A) < —ai, .- (2.16)

Note that 7(A) < aj,..j,, then multiplying Inequality (2.15) with Inequality (2.16)
gives

(aiy..i, — t(A) — rij;] (A aj,..jy —t(A) < (—aiyj,..j)Trj (A),

which implies that g"1/! (z (A)) < 0. ~

It " (A)ry" (A) > 0, then by dividing Inequality (2.14) by r;, " (A)r;" (A), we
get

iy = (A =1 () @y — A = A

_ . 1. 2.17)
i (A) rA)

By (2.12), we have

A
ajy...iy — I(A) - ril K (-A)

= <1 (2.18)
i (A

Then it follows from Inequality (2.17) that

@iy =T A = A

ro (A

J1

’

or

ajl...jl - T(A) - rjA]il (A) - 1
r A -

When —a;, j,...j, > 0, from the part (I) in Lemma2.7 and Inequality (2.18) we have

aj..iy — T(A) — rl:/;l (A) B aiy iy — T(A) o ri?il (A)

— (2.19)
iy ji...j1 r:il (A)

Kil
aji..j —t(A)—le (A)

Furthermore, if A
rjl : “

> 1, it follows from the part (II) in Lemma?2.7

that
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A
aj..j —t(A) - aj.j —t(A) — i I(A)‘

= - (2.20)
rji (A) rﬁll (A)

Then multiplying Inequality (2.19) with Inequality (2.20), together with (2.17), gives
tiy..iy — (A =" (A g, — (A
—Giyji...jy rj (A)
Ail K,‘l
- ajy..iy — T(A) — Ty (A ajy..j1 — T(A) — I‘j] (A <1
=< = A =
e (A) P (A

l

9

equivalently,
@iy — TCA) = 1 () (@jy..jy — T(A) = (=aijy..j)rs (A),

Z,-l
aj..j —r(A)—rjl (A)

that is g’/ (t(A)) < 0. And if x
i LA

<1, then

aj..jy — t(A) < rj (A).
Inequality (2.18) implies
ai.iy — T(A) = (A) < —ai,j, -
The above two inequalities lead to
(aiy..i, — t(A) — r,{] (A (aj,..jy —t(A) < (—aiyj,..j)rj (A),

ie., g1 (z(A) < 0.
When q;, j,...j; =0, from (2.18), we easily get

dajy..iy — ‘C(-A) - rl‘jll (A) = 0= —djyji...jp-
Hence,
@iy.oiy = TCA) = 1 () @)y gy — T(A) < 0= (=aj..j)rj, (A,

ie., g'1(zr(A)) <0. O

By using the technique in the proof of Theorem2.2, we can get Apax <
max; jen, L;j(A). Combining with Theorem 5 in [13], we can easily obtain the bounds

J#i
in Theorem 2.1 are shaper than Lemmas 1.1 and 1.2 in corrected form.
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Now we take an example to show the efficiency of the bounds established in The-
orem?2.1.

Example 2.1 Let A = (a;ji) € RB-3 be a weakly irreducible M-tensor with entries
defined as follows:

A=[A,:), AR, ), AB, )] € RB3L

where
15 0 0 -1 —-58 =2
A(l,;,H)=1 0 —-05 —-02],AQ,:;)= 0 55 0 ,
0 -1 -2 0 0o -05
-1 -2 0
A@G3,: ) = 0 -1 -3
0 -3 15

We compare the results derived in Theorem 2.1 with those of Lemmas 1.1, 1.2 in the
correct form and Lemma 1.4. By Lemma 1.1, we have

5<t(A) <45.7.

By Lemma 1.2 in the corrected form, we get

5.4256 < 7(A) < 14.8406.

By Lemma 1.4, we obtain

5.8038 < 7(A) < 14.7458.

By Theorem2.1 , we have

8.4610 < 7(A) < 10.4580.

This example shows that the upper and lower bounds in Theorem 2.1 are better than
those in Lemmas 1.1, 1.2 and 1.4.

2.2 The New S-type Estimates of Minimum H -eigenvalue

In this subsection, the new S-type estimates of minimum H-eigenvalue for weakly
irreducible nonsingular M-tensor are derived, which are better than the ones in Lem-
mas 1.1 and 1.2 in corrected form.

Given a nonempty proper subset S of N, we denote

AN = {(i2,i3,....im) : cachi; € N, for j €2,3,...,m},
AS = {(i2, i3, ..., im) : eachij €S, for j €2,3,...,m}, AS = AN\ A5,
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This implies that for i € S, we have

ri(A) = 2 (A) + 125 (A),

where

A (A) = S iiyinl, A (A) = D0 iyl

(i2,ensim)EAS, (i2ersim)EAS

Theorem 2.3 Let A = (aj,i,..i,) € R be a weakly irreducible nonsingular M-
tensor with n > 2, and S be a nonempty proper subset of N. Then

Ymin(A) < 7(A) < Tax (A),

where

Ynin (A) = min{T> (A), T° (A}, Tmax(A) = max{T5(A), T5(A),

_ 1
T (A) = minmax(5(aj5..; + air.q = (A) = (5)7). R; (A,

jes
~ 1 -5
T3 (A) = max min{ (@i +aj;..j = A A) = (U5)2), R (A),
jeé
=(ajj..j— Gii..i — rjA (A)? + 4rjAS(«4)ri (A).

S
\Ili,j

Proof Since A is a weakly irreducible nonsingular M-tensor, by Lemma?2.3, there
exists x = (xq, x2, ... ,x,,)T > ( such that

Ax™ 1 = ¢ (A)xlm—1, (2.21)

(i) Letx; = max;eg x; and x; = max, 5 x;. Next, we divide into two cases to prove.
Case I x; > x;, that is, x; = max;cy x;. From (2.21), we have

—1
T —an. )X = D iy i XX - X,

(iz,.,,,im)EAS
+ E Qtiy. iy XinXiz - - - Xiyy -

tiy...im=0

Using the inequality technique, together with 7(A) < ay. ;, gives

—1
(@i =T = T iy XXy - X,

(12, sim)EAS
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+ E [tis..ip | Xiy Xiy - - - Xi,

tin..im =0

—1 —1
=< Z |asiy..in |1X]" " + Z |asis...iy, 1%/

(i2,sim)EAS (i2,.,im)EAS,
10 ceim =0

= r,AS (.A)xl”“1 + r,AS (A)xtm_l;

hence,

(ay. —1(A) — "tAs (.A))x;"_l < rtAS(A)xlm_l.
On the other hand, by (2.21), we also get that
(@ — (AN = Y Nariyi, [XiXis - X,

i2,esimeN,
8liy...im=0

< r (A"l
Multiplying (2.22) with (2.23) gives
AS AS
(ar.; —T(A) —rg (D). — t(A) =rp (Ari(A).
Solving the above quadratic inequality yields
1 S |
T(A) = = (as +an. —r2 () — (¥5)2),
with
AS N
WS, = (s — g — 2 ()% +4r2 (Ar(A).

Furthermore, by Inequality (2.22), we can get that

. — T(A) — 2 (A) < 12 (),

T(A) = as — () = 2 () = ayy — r(A) = Ri(A).

It follows from Inequalities (2.24) and (2.25) that

1 AS 1
T(A) = max(z @ +an.g =i (A) = (7)), Ri(A)
: A
> ?elg’lmax{z(aii“.i +ajj.j—rj
jes
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Case II x; > x;, thatis, x; = ma}\){( x;. In a similar manner to the proof of Case I,
1€

we have

(@t — T(A) — 2 (Axm=! < A (A
and
(arr..t — T(A))X,m_l < r,(A)xlm_l.

Note that x;x; > 0. Thus,

(s — (A — r2 (A @ — T(A) < 12 (A (A)

and

=]

t(A) = ang — 2 (A — 2 (D= Ri(A).

Then, solve for 7(A),

1 — _
7(A) > max {E (an...t +an.1— ”IA (A) — (‘I’;Sz)é> ) RI(A)}

> min max {% (aii...i +ajj.j— rin(A) — (\L’fjﬁ) , Rj(.A)} . (227)
i€sS, :
jes

Combining (2.26) and (2.27) yields the first inequality of Theorem2.3.

(ii) Let x, = min;csx; and x;, = min; g x;. Dividing into two cases to prove:
Xp > x4 and x4 > x, and by the analogical proof as (i), we can prove the second
inequality of Theorem2.3. O

Next, we show the bounds of Theorem 2.3 are sharper than those of Lemma 1.2 in
corrected form. We first proof that the lower bound of Theorem 2.3 is greater than or
equal to than that of Lemma 1.2 in corrected form.

Theorem 2.4 Let A = (aji,..i,) € RIm-11 pe g weakly irreducible nonsingular M-
tensor with n > 2. Then

Ymin(A) > min Lij (A).
i,jEN,

J#

Proof By Theorem2.3, we have Yomin(A) = T (A) of Ymin(A) = T (A). Without
loss of generality, we suppose that Ymin(A) = T° (A) (we can prove it similarly if
Ymin(A) = * (A)). Then there are i» € S, j» € S such that
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S

(i + iz = 75 A = (W5 02), Rjz(A>} ,

N | —

Ymin(A) = T’ (A) = max {

which leads to
7(A) = R;,(A) (2.28)
and

| _
T(A) = 3 (apeiy + iy =1 (A) = (O

i2,)2

)2 ) . (2.29)

From proof of Theorem?2.3, Inequality (2.29) is derived by solving the following
quadratic inequality

(a2 = 7O =B ) (@i — T(A) = 78 Ay (A,

So we let K22 (1 (A)) = (aj,.. j, — T(A) —rAS(A))(a,2 i —T(A) —rA (Ayriy (A)
and W;,j,(A) = %(ajzu_jz + aiy..iy — jA;(A) (s )2) is the left root of the

- 2,2
equation h222(t(A)) = 0. By Lemma?2.6, if g/22(¢(A)) < 0 under the condi-
tion h'22(z(A)) < 0, then Wj,;,(A) > Lj;,(A) > min; jey, Lij(A), that is,

o J#
Tmin(A) > min; jen, Lij(A). We now prove that g/22(7(A)) < 0 under the con-
. J#i .
dition A'2/2 (7 (A)) < 0. From the condition 4272 (7 (A)) < 0, we have

(i = 7 = B ) (@iiy — T(A) = 78 Wy (D). (230)

£r8° (Ariy(A) = 0, then 2’ (A) = 0 or ry, (A) = 0. When r4° (A) = 0, we get
—jyis..i = 0, VjAZS (A = rz (A). Therefore,

<aj2.4.j2 - t(A) - r;i(A)> (aiz..jz - t(A)) = <aj2...j2 - t(A) - rg(A)) (aizu.iz - t(A))
< 8 (Ariy(A)
=0
= (_ajzizn.iz)riz (-’4)7
consequently, g2/2(7(A)) < 0. When r;, (A) = 0,
<aj2.“j2 - f(A) - r;i(A)> (aiz..jg - T(A)) =< <aj2.“j2 - T(-A) - r (-’4)) (aiz.“iz - I(A))
< 8" (Wi, (A)
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0
= (_ajziz...iz) Tiy (A)
This leads to g272(7(A)) < 0.

If r j%s (A)ri, (A) > 0, then we can equivalently express Inequality (2.30) as

apjy = TN = A gy, iy —t(A) _
iy A )T

2.31)

)T (.A)frjzs (A)

By (2.28), we have -2
- 8% (A

<1, and when a,;,.. i, > 0, from the part (I)

in Lemma?2.7 we have

aj,.j, — (A — ”Z (A) i T t(A) — rg(A)

A jrir...ip rjAzs (A)
together with Inequality (2.31), we can derive that

@iy = TA = E A iy iy (A _ iy = TN =T D g,y — v A)
—Ajriy...ip Tiy (A) - rjAZS (A) Tiy (-/4) -

ie., g22(t(A)) < 0. When ajy,. i, = 0, by (2.28) we easily get

oy = T(A) = 2 (A) 0= —aji, -
Hence,
(aj,..j, — T(A) — rZ (A))(aiy..iy —T(A) <0 =—aji, i, (A).
This also implies g/22(7 (A)) < 0. This completes our proof of Theorem 2.4. O

By using the technique in the proof of Theorem?2.4, we can get Ypax(A) <
max; jen, L;ij(A). Together with Theorem 5 in [13], we can easily see the bounds

1
in Thé(;)&rem 2.3 are better than Lemmas 1.1 and 1.2 in corrected form.
Let us show the advantage of Theorem 2.3 over the results in Lemma 1.1, 1.2 which
are corrected, Lemma 1.4 and newly derived by Huang et al. [14] by a simple example
as follows.

Example 2.2 Let A = (a;ji) € R34 be a weakly irreducible M-tensor with entries
defined as follows:

A=[A,:), AR, 5, AG, 50, A4, 5, )] e RBAL,
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where

37 -2 -1 —4 -2 -4 -2 3

-1 -3 -3 =2 -1 39 -2 -1
AL =1| _, | 3 L [ACwa=]_53 25 4 H|

-2 -3 -3 -3 -2 -3 -1 —4

-4 -1 -1 -1 -2 -4 0 1

-1 0 -2 -3 —4 —4 -2 —4
AGuD =1 1 35 1 |"A%s0=] 53 o 3 3

-2 -2 -4 -3 -3 -3 —4 49

We now compute the bounds for 7 (A). Let § = {1, 2},then S = {3, 4}. By Lemmal.1,
we have

2<t(A) <09.
By Lemma 1.2 in the corrected form, we get

2.0541 < 7(A) < 8.8969.

By Lemma 1.4, we obtain

2.2233 < 1(A) < 8.7447.

By Theorem 3.5 in [14], we get

2.6604 < 7(A) < 8.1955.

By Theorem 2.3, we have

3.5550 < t(A) < 7.1629.

Obviously, the bounds given in Theorem 2.3 are sharper than the aforementioned
existing results.

3 Ky Fan Theorem

In[11], He and Huang gave the Ky Fan theorem for nonsingular M-tensors as follows:

Lemma 3.1 [11] Let A, B be of order m dimension n, suppose that B is a nonsingular

M-tensor and |b;, . ;.| = lai,. . i, |foranyiy,... i, € Nandé;,, . ;, # 0. Then,
for any eigenvalue A of A, there exists i € N such that
A —ai il <bi.i—1t(B). (3.1
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In [19], Bu et al. derived the following Brualdi-type eigenvalue inclusion sets of
tensors.

Lemma 3.2 [19] Let A = (q;,
connected. Then,

) € C""l be a tensor such that T 4 is weakly

..... Im

o(A) C U zeC: l_[lz —aji.i| < Hn(A)

yeC(A) iey iey

Based on Lemma 3.2, we derive a new set in Ky Fan theorem, which is sharper than
the one in (3.1).

Theorem 3.1 Let A, B be m-order n-dimensional tensors such that T 4 is weakly
connected and B be a nonsingular M-tensor, and |b;, ;.| > |a;, i, | for all iy #
<. Z Iy Then, there exists a circuit y € C(A), such that

[T1* —aiil < []@ii.i —B)).

iey iey

Proof We first suppose that B is irreducible, by Lemma?2.2, there exists
x = (x1,x2,...,x%)T > 0 such that

Bx"! = ¢ (B)xm1, (3.2)
m—1
———
Let D = diag(xy,...,x,), Ap = AD'"™ D ...D,y = (y1,..., y.)" be an eigen-

vector of Ap corresponding to A. Then
Apy™=! = pylm=11,
By Lemma?2.5, we have
A(A) = A(Ap).

Equation (3.2) implies that for any i,

—1
(bi..i —t(B)x]"" = — Z biiy. .ipXi - - - Xiy, = Z 1Diiy..i | Xiy - - Xi
0

Biiy.oim = Siiy...im =0

which is equivalent to

1_
bi. i —t1(B)= Z Biiy.ip 1%, " Xy 2 X, -
5 -0

iy ...im
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Since I 4 is weakly connected, so is I' 4,,. From Lemma3.2 and the above equation,
for any eigenvalue A of Ap, there exists a circuit y € C(A), such that

[T —aiil <]]riCAp)

iey iey

§ : 1—-m
= 1_[ |a,~,~2m,-m |xl. Xiy ««« Xip,

i€y \Siiy..im=0

1—m
= 1_[ E |Biiy...iy 1% " iy - i,

i€y \Siiy...im=0

=[]@i.i—®)).

iey
When the tensor 3 is reducible, by replacing the zero entries of B with — %, where k is

apositive integer, we see that the Z-tensor By, is irreducible and |(Bk);,..i,, | = [Aiy ..y, |-
Then there exists a circuit ¥ € C(A) such that

[Tr = aiiil < []@ii.i —<Bo). (3.3)

iey iey
From the proof process of Theorem 3.6 in [14], we have

Jim 7(By) = (B).

In Inequality (3.3), letting k — oo results in

[T1* = aiiil < []@ii.i —<®B)).

icy i€y
This completes our proof of Theorem3.1. O

Denote

GA) = JlzeC:lz—aiil < bii —TB)},

ieN
S = |J {zeC:[[lz—aiil <[[@i.i —=B)
yeC(A) icy iey

It follows from Lemma3.1 and Theorem 3.1 that o (A) € G(A) and o (A) C S(A).
Next, we compare the sets S(A) and G(A) in the following theorem, showing that
Theorem 3.1 is better than the Ky Fan theorem.
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Theorem 3.2 Let A, B be m-order n-dimensional tensors such that T 4 is weakly
connected, B be a nonsingular M-tensor, and \b;, ;| > la;,..i, | foralliy # ... #
im. Then

S(A) € GA).

Proof For any z € S(A), if z ¢ G(A), then |z — aj;. ;| > biji.i —t(B) (i =
1,2, ...,n). Inthis case, ]—L»ey |z —aji il > I—[iey(biimi —1(B)) forany y € C(A),
a contradiction to z € S(A). Hence z € G(A), i.e., S(A) € G(A). O

4 Conclusions

In this paper, several new estimates of the minimum H -eigenvalue for weakly irre-
ducible nonsingular M-tensors are presented, which are proved to be sharper than
those of [11,12]. On the other hand, we have studied a new Ky Fan-type theorem. It
should be noted that the new Ky Fan theorem is based on the condition that I" 4 is
weakly connected and B is a nonsingular M-tensor, and the new Ky Fan-type theorem
improves the one in [11].

However, the new S-type estimates for minimum H -eigenvalue depend on the set
S. Then an interesting problem is how to pick S to make the bounds exhibited in
Theorem?2.3 as tight as possible. But it is very difficult when the dimension of the
tensor A is large. Therefore, future work will include numerical or theoretical studies
for finding the best choice for S.
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