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Abstract This paper deals with the asymptotic behavior, regularity criterion and
global existence for the generalized Navier—Stokes equations. Firstly, an upper bound
for the difference between the solution of our equation and the generalized heat equa-
tion in L? space is proved. We optimize the upper bound of decay for the solutions
and obtain the algebraic lower bound by using Fourier splitting method. Then, a new
scaling invariant regularity criterion on the fractional derivative is established. Finally,
global existence is obtained provided that the initial data are small enough.
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1 Introduction
We consider the following incompressible generalized Navier—Stokes equations:

ur+u-Vu+v(=A)*u+ VP =0, (1.1)
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divu =0, (1.2)

here u = u(x,t) € R", p = p(x,t) € R represent the unknown velocity field and
the pressure, respectively. v > 0 is the kinematic viscosity. For simplicity, we set

v=1 jn the sequel. (—A)“ is defined in terms of Fourier transform by (—A)* f(§) =
1§17 (&)

The existence of weak solutions was investigated by Jiu and Yu [12] (see also
[10,16] for the classical Navier—Stokes equations (¢ = 1)). Some decay estimates
were shown as follows:

Theorem 1.1 [12] Let 0 < o < % Then for divergence-free vector field up €
L2(R?) N LP(R?) with max { 1

solution such that

ﬁ, } < p < 2, system (1.1)—(1.2) admits a weak

—3(2-
lu@®7, < Ct+1) % (3 )

where the constant C depends on «, the LP and L? norms of the initial data.

From [31] (or [3] for the Navier—Stokes equations), we know that if u is a solution
to system (1.1)—(1.2), then u, with any A > 0 is also a solution, where u; (x,t) =
22~y (hx, A2%1). By direct calculation, we obtain the norms ||u||zp.¢ and || AY u||p.a
are scaling invariant for 20 43 —2¢—1and 27"‘ +3 =2a+ y — 1, respectively.

Very recently, the local solution for the generalizec? MHD system was investigated
by Jiang and Zhou [11].

uy+u-Vu+ A**u+VP=B-VB (1.3)
Bi+u-VB— A*B=B.Vu (1.4)
divu =divB = 0. (1.5)

If B = 0, generalized MHD systems (1.3)—(1.5) reduce to this generalized Navier—
Stokes equations. The main result in [11] reduces to

Theorem 1.2 [11] For s > max{5 + | — «, 1}, and the initial data up € H*(R")
with divug = 0, there exists a time Ty such that (1.1)—(1.2) have a unique solution
u € C(0, Ty; H*(R")).

It is shown that if o« > % + %, then the solution u(x, t) remains smooth for all time
(refer [17,29] for details). When o = 1, systems (1.1)—(1.2) reduce to the classical
Navier—Stokes equations. The existence of a weak solution to the three-dimensional
Navier—Stokes equations is well known by Leray [16] and Hopf [10]. However, its
uniqueness and global regularity are still major challenging open problems. On the
other hand, many sufficient conditions ensuring the smoothness of a weak solution are
known. The classical Prodi—Serrin’s-type criteria (see [20,24], and for the case s = 3,
see [7]) say that if a weak solution u additionally belongs to L’(0; T'; L* (R?)), with
% + % = 1,5 € [3; +o0], then it is regular and unique. Analogous result in terms of
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the gradient of velocity, i.e., Vu € L'(0, T; LS(}R3)), with % + % =2,5 € (%; +00]
is established by Beirdo da Veiga (see [2]).

In this paper, we deal with the asymptotic behavior of solutions to the general-
ized Navier—Stokes equations by using Fourier splitting method. The Fourier splitting
method [23] was first applied to the parabolic conservation laws to obtain algebraic
energy decay rates. Then, it is used in the study of the classical Navier—Stokes equa-
tions [9,13,21,22] and the references therein. It is worth to point out that Zhou used a
new method to get the famous result in [30]. A new regularity criterion which almost
consists with the results in [2,20,24] and global existence with small initial data will
also be established to the generalized Navier—Stokes equations.

The rest of this paper is organized as follows. In Sect. 2, we collect some elementary
facts and inequalities that will be needed in later analysis. Section 3 is devoted to the
decay results for the generalized Navier—Stokes equation. A new regularity criterion
will be established in Sect. 4. Finally, global existence with small initial data will be
studied in Sect. 5.

2 Preliminaries

In this section, we will recall some known facts and elementary inequalities that will
be used frequently later.

Now, we list some notations that will be used in our paper. Use ||u||.» to denote the
L?(R"™) norm. Throughout this paper, C denotes a generic positive constant (generally
large); it may be different from line to line. Use f and f (or F~1) to denote the
Fourier transform f &) = (2:1)" ool fR,, f(x)e~*§dx and the inverse Fourier transform

fE) = W Jpn f()e*Edx. H*(R") and H*(R") denote the nonhomogeneous
Sobolev spaces ||u||%1,y(Rn) = fR,,(l + |€1%)°|a(£)|*dé and homogeneous Sobolev

spaces||u |2, = [go [E1%1i(€)]?d&. We introduce the norm L4

S(Rn)

1
I Fllra = (fot Ife, r)lliqdr)’” , if 1< p < oo,

esssup O<t<t ”f”qu lf p =0

A fractional power of the Laplace transform (—A)* is defined through the Fourier
transform

(A f(&) = [EP* F (&)
In particular, A = (—A)% is defined in terms of Fourier transform by Z}‘ &) =

|§|f(§). More details on (—A)* can be found in Chapter 5 of Stein’s book [25] (or
see [0]).

Lemma 2.1 (Plancherel’s theorem) Assume u € L'(R") N L2(R™). Then f, f €
L%(R™) and

||f||L2(Rn) = ||f||L2(Rn) = ||f||L2(Rn)-
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Lemma 2.2 (Gagliardo-Nirenberg inequality [18,19]) Let u belong to LY in R" and
its derivatives of order m, A™u, belong to L", 1 < q,r < oo. For the derivatives A u,
0 < j < m, the following inequalities hold

IA ullr < CIA™ul%, ull}y®, Q2.1

where

for all « in the interval

Lca=<i
m
(the constant depending only onn, m, j, q, r, «), with the following exceptional cases
1.If j =0, rm < n, g = 00, then we make the additional assumption that either
u tends to zero at infinity or u € L for some finite g > 0.
2.If1 <r <00, and m — j — n/r is a nonnegative integer, then (2.1) holds only
for a satisfying j/m <o < 1.

By applying the Coifman—Meyer multiplier theorem [5] and Stein’s complex interpo-
lation theorem for analytic families [27], they [14,15] proved the following calculus
inequalities in the Sobolev spaces.

Lemma 2.3 (Kato—Ponce inequality [14,15]) Lets > 0,1 < p < oo, if f € WhPin
WS g e L, N W9, then

1AS(f8) — fA gllLr < CUV fllLrn 1A gllizar + llgllr 1 A° fllze)
and
1A (f)lr < CUfllLn A gl Lo + lIgllLr 1A fllLe)
with = -+ L = -+ .
3 Decay Results

As the assumption, v(x, t) is the solution of

v + A2y = 0;
v(x, 0) = ug(x).

By directly computation, we have
BE, 0 = T i ).
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By the Plancherel’s theorem, we know that

2 ) — 1§12 & 2
ol7, = 11917, = lle ¥ €)1

Our main results are as follows. Firstly, we establish the upper bound for the weak
solution of system (1.1)—(1.2) in L? space.

Theorem 3.1 Assume v is the solution to the generalized heat equation v, +A**v = 0
with the same initial data uq € LZ(R”), and

@2, <ca+n~"

or some § > 0. Then, forn > 2 and o € (0, Bre 2], there exists a weak solution u(x, t
4
such that

lu@®?, <CA+"% >0

; — i 42
with 6p = min{6, 5-=}.

Proof Multiplying u on (1.1), integration by parts, we get the following energy equal-
ity:

1d
5 Il + 1A%z, = 0. 3.1)

By Lemma 2.1 (Plancherel’s theorem), we have

1A%ul|7, = /R & P@*dgs > 2m)"|r ()™ fs j]*dg

|>r(t)
> <|r<r>|2°‘ / @PdE — |r(n)P f |ﬁ|2)ds. (3.2)
R~ |E|<r(t)
Combining (3.2) to (3.1), we get

d . . o
d—nuuiz(z) +2r (a2, < 2r@)* f || *dé. 3.3)
4 E1<r ()

From the generalized Navier—Stokes equations, we obtain
t
lal < 106, 0l + |$|/0 |7 de.
Therefore, it follows from (3.3) that

d . X R t 2
Enuniz(n +2r* )3, < Crn™ [nvuiz +r()*t" ( /0 ||u||§2dr) ] :

3.4)
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Let r(1)* = it yields

1
2(t+e) In(t+e)’

; [ln(t+e)||u||L2(t)] <Cit+e) " +Ct+e " (/ ||u||L2dr> .
3.5)

Now, we claim that ||u(s)||i2 < C(1+y+)P forsome p > O whena = "TH. In order

to prove the claim, we need to show that In (r +¢)? || u | iz < C.Letr(t)%® =
in (3.4), we have

1
(t+e) In(t+e)

d N
I [ln(t + e)2||u||iz (f)]

scmt(:L—Jr:){(rJre) O+ (n(r+e)(t +e) = </ ||“||def> }

Note that ||u||i2 is bounded, we have In(r + e)2||u||i2 < C. It follows that
fOS ||u(r)||izdt < C(s+ 1)In(s + ) 2. Then, by the same argument as that in [28],
we complete the claim.

Suppose that ||u(s)||L2 < C(l+s)P withp > 0fora = "4i2 and 8§ > O for

a € (0, "4i2). Hence, from (3.5), we obtain

In(t + e)|af25 (1) < C(t + €)% + C(t 4 )5 T2,

which implies that
lulZ, < (1+1)7F

with B = min{0, 52 — 2 + 28}. When a = "F2, if we start with 8 = 0, we would
get B = 0. This is why we need the claim above.

Now, starting with the new exponent, and after finitely many iterations, we get if
6 < 1, then ||u||L2 <CA+07?. If0 > 1, then we have B = 1 4+ ¢ with ¢ > 0.
It follows fo ||u(r)||L T < C; here C is without respect to the time s. By (3.5), we
have

) —0 _nt2
In(z +e)lull;, <Ct+e) +Ct +e) 2

It follows that

2
a2, < (1 4+ 0% for b :min{@, ”;; }

This completes the proof of Theorem 3.1. O
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Then, we optimize the upper bound of decay for the strong solutions and obtain their
algebraic lower bound.

Theorem 3.2 Assume v is the solution to the generalized heat equation v; + A**v = 0
with the same initial data ug € H'(R") N R; for some 11, € > 0, and

lo@)3, < M(1+1)"%.
Then, v satisfies

m(l+07% < |2, < M1 +1)"2%,

here m, M are positive constants. Then forn > 2 and o € (0, %], we have

lu(@®)ll 2 > C(1 + 1) 7.

Here, le ={u:|u(€)| > u for |&| < €} as that in [28].
In order to prove Theorem 3.2, we need the following lemma.

Lemma 3.3 Choose T large enough and fixed (will be chosen later). Let h be the
solution to the generalized heat equation

hi + A®h =0, t>0,xeR"
h(x,0) =u(x, T1), x € R".

Fort > T\, we have

CEA+1"% < [hDI2, < Ci(1+1) %,

_ 1
Proof For [§] < T T > max{e‘z"‘, 1}, by direct calculation we have

o Tl o —_ —
6. Tl = e Tag — [ e TG T 4 T e s)ds
0

—|E122Ty A
> ‘e €7 T

T 201T . — - gléj/\
—/ e BN\ N Nigau+ i Yy 2wy | (6, 5)ds

2
0 = Pt €]
>e ' —C(ED
_1
For |£] < T, **, we can obtain
lag, T)| > 6.
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Then

24 A —n _ 2a
A7, 2/ 1 e 2ETNAE, Ty PdE > 8% zaf 2P gy,
1=, NE

o

For t > T}, we have

1Al = azfﬁ/ 24y s C) L+ 0B
lyl<t

_ 6271%
here C(8) = 2raTn

Now we give the upper bound for ||/]|;2; we obtain

lhE, ] = le 5™ aeE, 1)l

o o Tl o —_ —
< |e BT 0| 4 |16 z[ e B T=9) 4 Vu + Vp) (&, 5)ds
0

< |e BT g1 4 jce 6 g

Then we have

IhC, Ol 2 = 1h(E, D]
~ &2
< CllaG + T2 + CllIEle 57 o
<Ci(1+1) %,

Now, we give the proof of Theorem 3.2.

SetU(x,t) =u(x,t+T))and V(x,t) = U(x,t)—h(x, t). Multiplying both sides
of the equation of V by V, and integrating over R”, after suitable integration by parts,
we obtain

d 2 2
EIIV(I)IILz +2(VVi. =2 . U -VU - Vdx
<2Vl =|IU|3.

Using the parseval’s equality, we have
L0012, +29VI2, < 20Vhll U2
dt L2 LZ = L LZ'
It follows that

d - 2 k 2 k ’ 2 2
— ||V (¢t —||VV < — V()|~d 21Vh| e U5 5.
dtll ()”L2+1+t” ”L2_1+t |E\§r(t)| (O17dE +2|VAl L= IU|7,

3.6)
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On the other hand, we have

t
Ve = f e B (e 5)ds,
0

here

A

HAE H)=—U-VU - VP,
which follows
|HE 0] < CEENUI3,.

Thanks to the above inequality, we have

R t
Vi) < c/o (ENUIZ,)ds

t+T )

< C|s|/ ]2 »ds
T

< ClE|(1 + Ty) 2t

Inserting above inequality into the right-hand side of (3.6), we obtain

d - —1—ni2 -z
A+ VO] 172 =+ TE (1 T 421 Vhl U

3.7
Before completing the proof, we need to show
o~ ~ft—1 7|S|2a&
IVhllgee < IVRlLr = | 1llA — ) le 7 dg
Rn
~ft—1 _nt2 _ntl
<C|h > 21 +1)" % <C(l1+1) 2. (3.8)
Combining (3.8) into (3.7) and choosing 77 large enough, we have
, _CO) n
Ve Dl < T(l +1)"2 as t — oo.
Then, we can deduce
JVC (6 n
e oz ¥l 0 as - o0
Now, we complete the proof of Theorem 3.2. O
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4 Regularity Criterion

In [11], they proved that the generalized Navier—Stokes system is local well posed for
any given initial datum ||ug|| € H® with s > max{% — «, 1}. However, whether this

unique local solution (for the case o < %) can exist globally is still an open problem. In
this section, a new regularity criterion will be established to (1.1)—(1.2) in dimension
three. Our main result is as follows

Theorem 4.1 Suppose a € (0, 1], ug € H’"(R3) withm > % — «a and divug = 0. If
on [0, T], u(x, t) satisfies

0 s owith 2443
Au(x,t)y e L™, with t+
s
3
<20—1+46, e[l —a,1], ——— . 4.1
<2« + [ o, 1] 2a—l+0<s<oo “.1)

Then the solution remains smooth on [0, T] and satisfies
ue L®0, T; H"(R*) N L*0, T; H"([RY)).

Remark 4.1 If « = 1, system (1.1)—(1.2) is the classical Navier—Stokes equations.
Our regularity criterion reduces to

0 t,s 23 3
Au(x,t)y e L', with —+-<1+40, 6e[0,1], — <s <oo. 4.2)
r s 146

When 6 = 0, (4.2) is almost the famous result established by Prodi [20] and Serrin
[24]. When 6 = 1, (4.2) reduces to H. Beirdo da Veiga’s work in [2].

Remark 4.2 Tt is worth to point out that || A%u||z+s is scaling invariant for 27“ + % =

20 — 1 4 6. It is interesting and difficult to get similar results for 6 € [0, 1 — ).

Remark 4.3 Our result can also be established to any dimension by the same argument.
We only present the theorem and omit the detail proof.

Theorem 4.2 Suppose o € (0, 1], ug € H™(RY) withm > 5 +1— o, N > 2 and
divug = 0. If on [0, T, u(x, t) satisfies

N

20
Alu(x,t) € LY, with —+
S

N
<20—1+46, e[l —a,1], ——— .
<2« + [ o, 1] 2a—1+9<s<oo

Then the solution remains smooth on (0, T') and satisfies

ue L®0, T; H"®RY) N L*(0, T; H"*[RY)).
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Proof Multiplying (1.1) by u, after integration by parts and taking the divergence-free
property into account, we have the following energy estimate

T
2 2 2
llell72 +2/ [A%ull;>dT = lluolly,.
0

H'-estimation. Multiplying (1.1) by Au , after integration by parts and taking the
divergence-free property into account, we have the following energy estimate

d 2 o, 2
Fq Vel + 14 “ull;2 =/Rsu-VuAudx
Z/ —akuia,-ujakujdx
R3
5/ — Oy F (Bu g j)dx
R3
= /R — 1817 Ohui €10 F N Biaaj e ) dx
< f3 — AP @) AV (Bu O ) dx
R
< 1A% @un) 2o 1A Gjuajdu Il =
Note that
A7 o = — AR (Au),

where R; is the Riesz transform, Iﬁ(é ) = —i(&/|€1)g(&), and the boundedness of
the operator R; : L? — LP,1 < p < oo, we have

1A eu) e < 1A%ulr, 1< p < o0

By the Kato—Ponce inequality, Gagliardo—Nirenberg inequality and the above esti-
mate, we have

1d _
Eanwniz + 1AM U7, < CUAullLs | Vull pall A*Oull s

2] 2—pu—v 1 +v
= CllAullLs | Vull A ),

L? L?

where

1+1+1_1

s A B

I (1 « 1—u

A \2 3)r T

I 1-6 1 « 1—v

B 3 2 3 2

@ Springer



1096 Z. Jiang, M. Zhu

By direct calculation, we have

3(A —2) 5 60 3
=" yv=_— .
20A 20 o« oB

Then,

1d
mnwniz + A,

0 s L SRR B
= CllA ullzs IVull,, A ull,5

0 -2 Alte, e tas
=ClA MIILSIIVMII CNAT ull 5

e 1
0,12 53 2 1 2
= ClA ull 5~ o IVullz + 5114 Tull7,.

2(a+1)s

Actually, the choice of A and B depends on s. Here we can choose A = s ) and
B = % By the Gronwall’s inequality and assumption (4.1), we obtain

ueL®0,T; HYNL*0, T; H'®).

H?-estimation. Taking A to (1.1) and multiplying (1.1) by Au, after integration
by parts and taking the divergence-free property into account, we have the following
energy estimate

d 2 2+ 2
Sl Aul, + A%, = /R Al - Vi) Audx

IA

/ O (1 01 ) Qe jdx
R3

IA

/ahhuiaiujakkujdx+/ Oput; Ot jOxxu jdx
R3 R3

By the same argument as above.

d _
EanAuniz + 1A% )3, < ClUA ullps | Aullpall AP Oull 6
2—
< CllA%ul sl Aull 5" AT w5

-84 34 3 =0

< ClA%u| s || Aull,, atas ||A2+“u|| @i ab
0 2-10_3 =6, 3
<C|a uuunAun S VS

.7 E— 1
< an“)uuM TS Aull7, + 5||A2+0‘u||iz.
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By the Gronwall’s inequality and the assumption, we have
ue L®0, T; H*(R*) N L*0, T; H*T([R?)).

Due to Sobolev’s embedding H* < L with s > %, we have Vu € L2(0, T; L™)
for o > % This completes the proof for o > % by the BKM criterion [1].

H?3-estimation. Then, for a € (0, %], we need to show the H3-estimation. Taking
VA to (1.1) and multiplying (1.1) by V Au, after integration by parts and taking the
divergence-free property into account, we have the following energy estimate

1d 3,02 3o 2
§d—||A ||L2 + ||A au||L2 = — - VA - Vu)VAudx

=— /g Oikktt - Vudigru + 20;5u - 0 Vudipru
R‘

+ Ot - 0;Vudirgu + 0ju - O Vudigru + 20ku - 9j Vudiprudx
=K1+ K>+ K3 + K4 + Ks. (4.3)

One can use the methods above to estimate K, K4, K5.
The section term can be estimated as above

|K1| 4 |Kal 4+ |Ks5] < CllA ulls | A%ull pall A*Oull s
2— +
< CIA ) s [ AP0 AP a4

-0y 34 3 e
< C”AeM”LS”AgM” aA aB ||A3+Otu|| « @A aB

0 3, 02 e A+a,tatas
= CllA%ullps | A ull,, * A || P

0 1 TEataT A3 02 3 2
< ClA | 57 1A ullys +Z”A |7,

By the Holder inequality, Gagliardo—Nirenberg inequality and Young’s inequality, we
can estimate K> and K3 in the right-hand side of (4.3)

|K2| 4+ |K3] < CllA%ul? o, [ A%u]

L 6-205+5s5 Ls +29 —6

ta-

La— 9+)

< CUA w1 Aul )] APull 5 | adey, I,

0 3, 02 e e A+a,tatas
=Cla ““LSHA ull o« CNAT a5
B 1
< C|lA% ||2‘“ N AN, + AT,
4
Combining the above estimates to (4.3), by the Gronwall’s inequality, we have

ue L®0, T; H ®R*) N L*0, T; H3[®RY)).
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1098 Z. Jiang, M. Zhu

Due to Sobolev’s embedding H® < L with s > %, we have Vu € L2(0, T; L™).
This complete the proof of Theorem 3.1 by the regularity criterion in [1]. O

5 Global Existence

In this section, we will show that the local solution can exist globally with the small
initial data.

Theorem 5.1 Suppose o € (0, 3), up € H™(R?) withm > 3 — o and divug = 0.

There exists a constant K > 0 such that if ||uo|| 13- < K, then there exists a unique

global solution.

Remark 5.1 Our result is partially motivated by Chae and Lee’s work for Hall-MHD
system in [4]. As we know, Leary [16] proved that if ||ug| ;1 is small enough, then
the classical Navier—Stokes equations exist globally. In 1964, Fujita and Kato [8]
improved Leary’s result as the initial data ||ug|| P are small enough. It seems that our

result is a generalization.

Proof The proof of the global existence is based on the energy method by combining
the local existence and the closure of the a priori estimate. We can use the similar
method as that in [11] to obtain the local existence. Here we only need to close the
priori estimate. That is, under the priori assumption that |[u || gm g3y (), m > % — 2«
is very small, say, ||u[| gm g3y () < § where § is a sufficiently small positive constant,
we want to prove the following energy inequality

d 2 2 2
a ||M ”Hm (R3) + “M ||H'"+’1(R3) S ”u“H”’(Rg)(l‘)“u ||H‘"+’1(R3)'

In fact, this inequality is to say that if ||u| zm 3y is priori small uniformly in time,
then it will be smaller than what is expected. Now, as long as it is initially small, it
must be uniformly bounded in all time due to the continuity argument.

Assume ||ul| ymr3)(r) < & where § is a sufficiently small positive constant.

Taking A2~2% to (1.1) and multiplying (1.1) by A3~2%u, we have the following
energy estimate

1d 5_ 5_
5142 |2, + AT |3,

T 32
f A27%(u - Vu) A2 %udx
0

5 5 5
<CIA 2w - Vu) —u - VA2 22| 2| A2y 2

5 5
< CIVull s IAZ7u]l s A2 U]
Lo L3-2a
5 5
< CIAT™ul| 2| A2 %u]3,.

Here, we have used the Kato—Ponce inequality.
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Choosing K so small that
5 1
ClATugll 2 < 5.
2
then, for any 7 > 0, we have
§_20[ 2 r §_a 2 §—20l 2
A2 ulli, + A2 %ullydr < A2 uolly,-
0

Then, we will show the H™ -estimate for the generalized Navier—Stokes equations.

1d
5 g A"l + 1A g, =

/ A" (u - Vu) A" udx
R3

IA

Vu Ay Ay

C| ”L%” 21l ”Lﬁ
S_

< CIAZull 2 | A™ | 2 | A" | 2

5_ 1
< CIAZ ™ ullz A" ull g + S 114" ullZ,.
Choosing K so small that

5 1
CIIAZ ™ ugl|,» < >

then, for any T > 0, we have

T
2 2 2
A"l + [ 1Al e < ClAM ol
0

This completes the proof of Theorem 4.1. O
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