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1 Introduction

The following theorem is a well-known result in the theory of inverse limits of inverse
sequences of compact metric spaces with continuous single-valued bonding functions.

Theorem 1 Let {X,, fu},° | be aninverse sequence of compact metric spaces X, with
continuous single-valued bonding functions f, : X,41 — X, and let A be a closed
subset ofl(igl{X,,, a2 . For each positive integer i, let m; : im{X,,, f,}7°, — X;
denote the i-th projection map. Then {1, (A), fuln,.1(A)} oo is an inverse sequence

with onto bonding functions and

A= lién{ﬂ'n(A), fnlnnH(A)}Zo:[-

Proof [1, Lemma 2.6, p. 20].

The theorem is known as “the closed subset theorem” (for inverse limits of inverse
sequences of compact metric spaces with continuous single-valued bonding functions).
It is well known that an analogue of the theorem does not hold for inverse limits of
inverse sequences of compact metric spaces with upper semicontinuous set-valued
bonding functions, see [2, Example 3.4, p. 51]. Based on this example, W. T. Ingram
stated the following open problems concerning “the closed subset theorem” (for inverse
limits of inverse sequences of compact metric spaces with upper semicontinuous set-
valued bonding functions).

Problem 1 [2, Problem 6.14, p. 78] Find sufficient conditions on the bonding func-
tions so that closed subsets of the inverse limits are the inverse limits of their
projections.

Problem 2 [2, Problem 6.15, p. 78] Solve Problem 6.14 on [0, 1].

Problem 3 [2, Problem 6.16, p. 78] Solve Problem 6.14 for closed subsets of the
inverse limits that are connected.

Problem 4 [2, Problem 6.17, p. 78] Solve Problem 6.16 on [0, 1].

In this paper, we solve Problems 1, 2, 3 and 4. Explicitly, we give sufficient and
necessary conditions on the bonding functions f;, : X, 11 —o X, for the inverse limit
lim{X,, f,}n>; to have the property that for any closed subset A of im{X,, f,}r;,

A is the inverse limit of its projections. It turns out that there are two possible inter-
pretations of these problems and we precisely formulate and solve both of them.

We proceed as follows. In Sect.2 we introduce basic definitions and notation. In
Sect.3 we present and prove our main results concerning the first interpretation of
Ingram’s problems, while in Sect.4 we present and prove our main results concern-
ing the second interpretation of Ingram’s problems. In Sect.5 we state some open
problems.
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2 Definitions and Notation

Our definitions and notation mostly follow [3], [2] and [1].

If (X, d) is a compact metric space, then 2% denotes the set of all nonempty closed
subsets of X, and C(X) the set of all connected elements of 2%.

Let X and Y be compact metric spaces. A function f : X — 2V is called a
set-valued function from X to Y. We denote set-valued functions f : X — 2 by
f:X—oY.

A function f : X —o Y is an upper semicontinuous set-valued function if for each
openset V C Y theset {x € X | f(x) € V}isanopen setin X.

The graph I'(f) of a set-valued function f : X —o Y is the set of all points
(x,y) € X x Y suchthaty € f(x).

There is a simple characterization of upper semicontinuous set-valued functions
([2, Theorem 1.2, p. 3]).

Theorem 2 Let X and Y be compact metric spaces and f : X —o Y a set-valued
Sfunction. Then f is upper semicontinuous if and only if its graph I'(f) is closed in
X xY.

If F: X —o Y is a set-valued function, where for each x € X, the image F(x)
is a singleton in Y, then we can interpret it as a single-valued function, identifying it
with the function f : X — Y, where F(x) = {f(x)} for any x € X. Conversely,
any single-valued function f : X — Y can be identified with the set-valued function
F : X — Y, defined by F(x) = {f(x)}. By an abuse of notation, we will use the
same letter for both functions, i.e., for such functions we will use both f : X — Y
and f : X — Y interchangeably, making our choice depending on the aspect of the
function we want to emphasize.

Let f : X —o Y be a set-valued function. Then we define the preimage f~!(y) =
{xeX|ye f(x)}foranyy €Y.

The set-valued function mapping y € ¥ to £ ~!(y) € 2% is defined only on f(X) =
U,ex f(x). Therefore, whenever we treat f ~1 as a function, we treat it as a function
1 f(X) = 2% ie,as f1: f(X) —o X. We call it the inverse function of the
function f. Note that f~! is upper semicontinuous if f is upper semicontinuous.

We say that the graph of a set-valued function f : X —o Y is surjective if for each
yeY, | f'y| = 1,ie.,if f(X)=7Y.

In this paper we deal with inverse sequences {X,, fu}o-,, where X, are compact
metric spaces and f, : X, +1 — X,, are upper semicontinuous set-valued functions.

The inverse limit of an inverse sequence {X,, f,}°2, is defined to be the subspace
of the product space [[,2; X, of all X = (x1,x2,x3,...) € [[;2; X, such that
X € fn(xy41) for each n. The inverse limit is denoted by Lir_n{Xn, fn }2‘;1.

Such inverse limits are a recent generalization (by Ingram and Mahavier [4,5]) of
inverse limits 1(i£1{Xn, fn}52, of inverse sequences {X, f,},2, of compact metric
spaces with continuous single-valued bonding functions f;, : X, 11 — X,.

Let {X,, fu};2, be an inverse sequence of compact metric spaces X, and upper
semicontinuous functions f, : X,+1 — X,,. For all positive integers i, j, i < j, we
define the function f; ; : X; — X; by
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838 I. Banic et al.

fij=Jio fix10 fixao...0 fjz0 fj1.

As an important tool in this paper, we use different types of projections; hence, we
introduce notation for them:

Definition 1 Let X,, be a compact metric space for each positive integer n. For each
positive integer m, we define the function 7, : ]2 X, — X, to be the projection
to the m-th factor, 7, (X) = x,,, and the function 7,1, : ]—[flo:l Xn = X1 X X
by Tya1,m(X) = (Xm+1, Xm)-

In [6], Nall introduced the following important notion:

Definition 2 Let X, be a compact metric space for each positive integer n. If x =

(x1,x2,%3,...) € [[02; X, andy = (y1, 2, ¥3,-..) € [[o2; X, and x; = y; for
some i > 1, then we denote by Cr;(x,y) the point

oo
Cri(X,y) = (X1, %2, X3, .., Xi, Vit 1, ¥i42, Yit3 --) € [ | Xan-
n=1

Cri(x,y) is called the i-th crossover of x and y.
For a subset A of []72; X, we let Cr(A) to be the setof allz € []°2; X, such that
there is an i and elements x and y in A such that z = Cr; (X, y).

Among other results proved in [6], Nall proved the following theorem ([6, Theorem
3.2.D.

Theorem 3 Let X,, be a compact metric space for each positive integer n and A # ()
a closed subset of [ |7~ Xn. The following statements are equivalent:

1. There exist upper semicontinuous set-valued functions f, : wp+1(A) — 7, (A)
such that A = lim{m, (A), falol,.

2. Cr(A) = A.

To prove the implication from 2 to 1 in Theorem 3, Nall defined the upper semi-
continuous set-valued functions f,, : 7,41(A) — 27 to be the functions with the
graphs I'(f,) = mq4+1,,(A). We use the following notation introduced in [3] for such
subspaces 7, (A) and functions f;,:

Definition 3 Let X, be a compact metric space for each positive integer n and A # )
a closed subset of [, X,,. Then

l. ®, = m,(A),
2. Yy Opy1 —o Oy is defined by I' (V) = 7Tn+1,n(A)7
3. L(A) =1lim{®,, Wn}zozl'

Note that {®,, 1/,}72 , is an inverse sequence with bonding functions whose graphs
are surjective.
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Lemma 1 Let {X,, f,};2, be an inverse sequence of compact metric spaces with
single-valued bonding functions, and let A be a closed subset of im{X,, f,}7 ;.

Then

Yu(x) = fau |71,,+1(A) (x)

for each positive integer n and for each x € X, 41.

Proof The claim is equivalent to I"(¥,) = I'(fulx,,,(4))- It follows from [3, Lemma
2.10, p. 159], that I" (¥,) € I'(fulx,, (a))- To show that I"(¥,) 2 I'(fulx,, (4)) let
(x,y) € I'(fuln,y1(a))- It follows that y = fy1x,,,(4)(x). On the other hand, since
x € my4+1(A), it follows that there is x € A such that x = m,41(x). Since f;, is single-
valued, it follows that y = m,(x). Therefore (x,y) = my41.,(X) € Mp+1.2(A) =

I (). o

This enables us to interpret Problem 1 in two possible ways, since v/, and f3 |, (a)
may differ for set-valued functions f;,. The first interpretation gives:

Problem 5 Let {X,, f,}°°, be aninverse sequence of compact metric spaces X, with
upper semicontinuous set-valued bonding functions f, : X,,+1 — X,,. Find sufficient
conditions on f; under which

A= l}ir_n{nn(AL fn|71,1+1(A)}Zo:1

for each closed subset A C lim{X,,, fn}:;’;l.

Note that the question asked in Problem 5 has two parts. The first part asks if
Julmus(4)(x) is a subset of 7, (A) for each x € 7,1 1(A) (since this is not necessarily
so in general), in order for {m,(A), fulx,, (4)}o=; to be an inverse sequence. The
second part then asks: if {1, (A), fulx,. (A)}oe is an inverse sequence, does A equal
the inverse limit of the inverse sequence {7, (A), fulr,.( A)}Zil ?

The second interpretation gives:

Problem 6 Let{X,, f,}°, be aninverse sequence of compact metric spaces X, with

upper semicontinuous set-valued bonding functions f, : X,4+; — X,,. Find sufficient
conditions on f; under which

A=L(A) (e, A =lim{m,(A), Vnlne1)
for each closed subset A C lim{X,,, fn},2 ;.

We will show that the first interpretation is much more restrictive than the second one.
We will treat both of them independently.
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3 The First Interpretation

In [2, Example 3.4, p. 51] an example of an inverse sequence {X,,, f, }20:1 and a closed
subset A in im{X,, f,}.o, is given such that

A= })lr_n{”n (A), fn|7r,,+1(A)};.,o:1

doesnothold (where fy |z, (4) : Tny1(A) —o X, isdefinedby filz,, 4)(x) = fu(x)
for each positive integer n and for each x € m;,41(A); in this example all X,, = [0, 1]
and f,(x) = {0,x} forall x € [0,1]; A = {(¢,¢,¢,...) | t € [0, 1]}). Implicitly,
this example shows that Ingram interpreted Problem 1 as a question about the inverse
sequence {1, (A), fulr,.1(A)}, > showing that he understood his problem as in our
first interpretation.

The following obvious result is used in the proof of Theorem 4, the main result in
this section.

Lemma 2 Let {X,, f,}5°, be an inverse sequence of compact metric spaces X,
with upper semicontinuous set-valued bonding functions f, : X,+1 — X, and let
X =1im{X,, fulpei. Then {m,(X), falz,. (x)}oe, is an inverse sequence and

o

X = !)il’_n{frn(X), fn|n,,+|(X)};C1>O=]~

The following theorem (which we call the closed subset theorem for inverse limits
with upper semicontinuous bonding functions [for the first interpretation of Ingram’s
problem]) answers Problem 5. At the same time it gives answers also to Problems 1-4
under the first interpretation.

Theorem 4 Let {X,, f,}° | be an inverse sequence of compact metric spaces X,
with upper semicontinuous set-valued bonding functions f, : Xp,+1 — X, and let
X = im{X,, f4},2,. The following statements are equivalent.

o—

1. For each closed subset A of lim{X,,, f, }flozl, {0 (A), fulr,i (A)}fjozl is an inverse
sequence and A = 1im{m, (A), fulm,.1(4)}ne-
2. For eachx € im{X,, f,}o2, and for each positive integer n, | f (x,41)| = L.

3. For each positive integer n, fulz, (x) : Tnt1(X) —o 7,(X) is single-valued.

Proof Suppose that there is a pointx € lim{X,,, f,}52, such that f, (x,1) contains at

least two different points, say x,, and y,, then for A = {x}, {7, (A), fulr,.1(4)}e; IS
not an inverse sequence since fj |, (4) does not map 7,41 (A) into 7z, (A). Therefore,
2 follows from 1.

Obviously, 2 implies 3, and 3 implies 1 follows by Lemma 2 and Theorem 1. O

The Ingram’s example, mentioned above, obviously does not satisfy the property
2 and 3 from Theorem 4, and hence it does not satisfy the property 1.
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In Theorem 4, the graphs of the bonding functions are not necessarily surjective.
We conclude this section by proving the following corollary which deals with inverse
sequences of compact metric spaces with upper semicontinuous set-valued bonding
functions whose graphs are surjective.

Corollary 1 Let {X,, fy};°, be an inverse sequence of compact metric spaces X,
with upper semicontinuous set-valued bonding functions f, : X,+1 — X, whose
graphs are surjective. The following statements are equivalent.

1. For each closed subset A of im{ X, fulnei, {Tn(A), fulmyii(4)}oc, is an inverse
o—

o0

sequence and A = }i;n{rrn (A), fulm () et

2. For each positive integer n, f, is single-valued.

Proof Let X = lim{X,,, fn},2;. Since for bonding functions whose graphs are sur-

jective, m,(X) = X, holds for each n, 3 of Theorem 4 holds if and only if all the
functions f;, : X,,+1 — X, are single-valued. O

The following example shows that 3 of Theorem 4 may be satisfied even if the
functions f,, : X, 41 —o X, are not all single-valued.

Example 1 For each positive integer n, let X, = [0, 1] and let f;, : X,,4+1 — X, be
defined by f,(x) = {0} for all x < 1 and f,,(1) = {0, %}. Then lim{X,, fn}flozl =

{(0,0,0,...)} and 1, 2 and 3 of Theorem 4 obviously hold.

4 The Second Interpretation

In this section, we study the second interpretation (Problem 6).

We introduce several notions and abbreviations in order to enable a more precise
and concise formulations of results in this section as well as of open problems in the
last section.

Definition 4 Let {X,,, f,}7° | be an inverse sequence of compact metric spaces with

upper semicontinuous bonding functions f, : X,y1 — X, and let A be any set

of nonempty closed subsets of im{X,,, f,}— ;. We say that the inverse sequence
o—

{Xn, fulne| has the inverse limit property for the class A (for short ILP(A)), if A =
L(A) forany A € A.
m{X,, fuloo,
If A=2"— we shorten ILP(A) to ILP.

Problem 6 can now be reformulated as follows.

Problem 7 Let{X,, f,} 2, be aninverse sequence of compact metric spaces X, with

upper semicontinuous set-valued bonding functions f, : X,,+1 — X,,. Find sufficient

conditions on f,, under which the inverse sequence {X;, f,}7°, has ILP.

The following definitions introduce the notions needed for a characterization that
solves Problem 7.
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842 I. Banic et al.

fi fi+1 fj.2 fj".l
% Xi+1=Yi+1 , Xj-1=Yj-1
X.
Xj XHI J-2 )(j_l
Vi Xj-2=Yj2
Xit1=Yit1 Xi+2= Vit Xj-1 =Yj-1 X Vi
X, i+1 X i+2 )(]"1 Xj

Fig. 1 Producing a non-trivial crossover

Definition 5 Let {X,,, f,}°, be an inverse sequence of compact metric spaces with

upper semicontinuous bonding functions f;, : X,+1 — X,. We say that points

00
n=1

X = (x1,x2,%3,...),y = V1, ¥2, y3, .. .) € im{X,,, f}
o—

form a non-trivial crossover if there are positive integers i and j such that

l.i<j—1,
2. xi # yi,Xxj #yj,and
3. xy = yyforeachk =i+ 1,i+2,i+3,...,j— 1.

See Fig. 1.

The name has been chosen because under conditions given in Definition 5, the
crossover Cri41(X,y) differs from both x and y.

Definition 6 Let {X,,, f,};°, be an inverse sequence of compact metric spaces with
upper semicontinuous bonding functions f, : X,,+1 — X,,. We say that the sequence
{fu},2| produces a non-trivial crossover if there are points

X,y € im{X,, fu},Z,

that form a non-trivial crossover.

Next we state and prove one of our main results (which we call the closed subset the-
orem for inverse limits with upper semicontinuous bonding functions [for the second
interpretation of Ingram’s problem]). Note that the last two statements are formulated
in terms of bonding functions.

Theorem 5 Let {X,, f,},°, be an inverse sequence of compact metric spaces with
upper semicontinuous set-valued bonding functions f, : X,11 —o Xy. The following
Statements are equivalent.

The inverse sequence {X,, fu}3° | has ILP.
A = Cr(A) for any closed subset A C lim{X,,, f,}52 ;.

Cr({x,y}) = {x, y} for any x,y € im{Xy, fu},Z.

The sequence { f,}7° | does not produce a non-trivial crossover.

A
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Moreover, each of the statements listed above is implied by each of

5. For each positive integer n and for each x, € X,, |fn_1(x,,)| > 1 implies
| fin(xn)| =1 foreachi <n —1.

and

6. For each positive integer n and for each x,+1 € Xp+1, | fu(xnt+1)| > 1 implies
|y Cong ) = 1 for eachi > n + 1.

If the bonding functions f, have surjective graphs, the converse of each of these
implications also holds true.

Proof 1t follows from [3, Theorem 5.1, p. 165] that 2 is equivalent to 1. Next we
show that 2 is equivalent to 3. Obviously, 3 follows from 2. Let A be a closed subset
of im{X,,, f,}o2, such that Cr(A) # A. Then there are X,y € A and a positive

integer n such that Cr,(x,y) ¢ A. Therefore, Cr,(x,y) ¢ {x,y}. It follows that
Cr({x,y}) # {x,y} and hence 2 follows from 3. It is easy to see that 3 is equivalent
to 4.

Suppose that 4 does not hold. Then there are points

00
n=1

X = (x1,x2,%3,...),y = V1, ¥2, y3, .. .) € lim{X,,, fi}
o—

such that there are positive integers i and j such that

-—i<j—1,
- Xi #Yi,Xj #yj,and
— xp =y foreachk=i+1,i4+2,i+3,...,j— 1.

Therefore, |fj:l1 (xj—1)| > land | f; j—1(xj—1)| > 1 and 5 does not hold. Hence, 4
follows from 5.

Under the same assumption that 4 does not hold for the same points X,y €
Lir_n{Xn, falol, we see that | fi(x;+1)| > 1 and |fl.jrll,j(x,-+1)| > 1. It follows that
6 does not hold. Hence, 4 follows from 6.

Suppose that 5 does not hold and that the bonding functions f, have surjective
graphs. This means that there are positive integers n and i < n — 1 and x, € X,
such that | fn’1 (xp)] > 1 and | fi n(x,)| > 1. Using surjectivity of the graphs of the
bonding functions, one can easily construct points x and y in })ir_n{X ns fuloo that form

a non-trivial crossover and 4 does not hold. Hence 4 implies 5.

Finally, assuming that the bonding functions f, have surjective graphs, suppose
that 6 does not hold. This means that there are positive integers n and i > n + 1 and
Xn4+1 € X1 such that | f;,(x,41)] > 1 and |fn_+11’i(xn+1)| > 1 (since the bonding
functions have surjective graphs). Therefore, 4 does not hold, hence 4 implies 6. O
Corollary 2 Let {X,, f,}2 | be an inverse sequence of compact metric spaces with
upper semicontinuous set-valued bonding functions f, : Xp41 — X,. If there is
no € {1, 2,3, ...} U{oo} such that

1

1. for each integer n > ny, f,; ' is single-valued, and
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844 I. Banic et al.

foa fn £ froa fo

Fig. 2 An inverse sequence satisfying conditions of Corollary 2

fi S f S fi

0 1 0 1 0 1 0 1 0 1

Fig. 3 Graphs of the bonding functions from Example 2

2. for each positive integer n < ny, f; is single-valued,

then the inverse sequence {X,, fn }302 has ILP.

Proof Obviously, the sequence {f,}7°, does not produce a non-trivial crossover.
Therefore, the inverse sequence {X,, fn};'f:] has ILP by Theorem 5. O

Figure 2 shows an example of an inverse sequence satisfying conditions of Corollary
2.

Theorem 1 can be reformulated as follows (by Lemma 1) and obtained as a special
case ng = oo of Corollary 2:

Corollary 3 Let {X,, fu}:2 | be an inverse sequence of compact metric spaces with
upper semicontinuous set-valued bonding functions f, : Xn4+1 —o X,. If each of the
bonding functions is single-valued, then the inverse sequence {X,, fy}7>, has ILP.

As a special case np = 1 of Corollary 2 we obtain also the following corollary:

Corollary 4 Let {X,, f,}:2 | be an inverse sequence of compact metric spaces with
upper semicontinuous set-valued bonding functions f, : X,+1 — X,. If each fn_1 is
single-valued, then the inverse sequence (X, f,1°2 | has ILP.

We continue with two illustrative examples.

Example 2 Let {[0, 1], f,,}°°, be the inverse sequence of closed unit intervals with
bonding functions, as seen in Fig. 3.
The points x = (J—t, % %, %,...) and y =

(3
crossover. Therefore, this inverse sequence does not have ILP.

Example 3 The inverse sequence from Ingram’s example [2, Example 3.4, p. 51] has
ILP since it does not produce a non-trivial crossover.
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Recall that we have proved that the statements 1 to 6 in Theorem 5 are equiva-
lent using the assumption of the surjectivity of the graphs of the bonding functions.
The following simple example shows that without surjectivity there are such inverse
sequences that satisfy the statement 4 but do not satisfy the statements 5 and 6.

Example 4 For each positive integer n, let X,, = [0, 1] and let f;, : X,+1 — X, be
defined by f1(0) = {0, 1} and f1(x) = {0} forany x > 0, and f,(x) = {0} forall x for
eachn > 1. Then lim{X,,, fn}Zi] ={(0,0,0,...),(1,0,0,...)} and the statement 4

of Theorem 5 holds true but the statements 5 and 6 don’t.

The general case when the bonding functions f;, do not necessarily have surjective
graphs can be reduced to the surjective case by replacing the original spaces and
bonding functions by projections. In this way we obtain the following final theorem.

Theorem 6 Let {X,, f,};°, be an inverse sequence of compact metric spaces with
upper semicontinuous set-valued bonding functions f, : Xp+1 — X, (Whose graphs
I (fn) are not necessarily surjective) and let

X = lm{X,, )32,

Also, for each positive integer ©,, let @, = m,(X) and I'(¥,) = m,41.,(X). The
following statements are equivalent.

o]

1. The inverse sequence {X,, fu},> | has ILP.

2. For each positive integer n and for each x, € Oy, |\Il;1(x,,)| > 1 implies
|W; ,(xp)| = 1foreachi <n—1.

3. For each positive integer n and for each x,+1 € @41, |V, (xy41)| > 1 implies

|‘I’;_¢1’,~(xn+1)| = 1foreachi > n+ 1.

Proof By Bani€ et al. [3, Theorem 5.1, p. 165], X = L(X) = lim{®,,, \Iln}zozl. Note

that ¥, : ©,4+1 — O, all have surjective graphs. By Theorem 5, 2 and 3 of Theorem
6 are equivalent to

4. The inverse sequence {@,, ¥,}7° | has ILP.
Obviously, {®,, ¥,}>°, has ILP if and only if {X,, f,}°°, has ILP, since

n=1
gLn{Xnafn};o:1 :Ligl{env‘l’n}zil- O

5 Open Problems

Since two-point spaces are not connected, one may expect that there are inverse
sequences {X,, f,}°°; having ILP(C (lim{X,, fu},—)) but without ILP. The follow-

ing example shows that this is indeed the case.

Example 5 For each positive integer n, let X, = [0, 1] and let f;, : X,,4+1 — X, be
defined as follows. Let C C [0, 1] be the standard ternary Cantor set and let g : C —
[0, 1]be acontinuous surjection. Let I"(f,,) = I'(g)UI" (g~ ") foreachn. Note that f; :
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846 I. Banic et al.

Xn4+1 — X, is an upper semicontinuous function with surjective graph and I"( f;,) isa
Cantor set. Then lim{X,,, f,}.~, is a nondegenerate totally disconnected compactum,
o—

hence {X,,, fn};’lo:1 has ILP(C (lim{X,,, f };’;1 )). Let n be a positive integer and let ¢ €

[0, 1]besuchthat|f,(¢)| > 1 (If suchar did notexist, then f,, would be a single-valued
upper semicontinuous function on [0, 1], hence f,, would be a continuous mapping on
[0, 1]. Therefore I" ( f;;) would be connected—a contradiction.). Let x, y € f,,(¢) such
that x # y. Since £, (t) = f,(1), it follows that x, y € f, ! (). Hence {f,}%2,
produces a non-trivial crossover. Therefore { X, f,,}° | does nothave ILP by Theorem
5.

Therefore it may be interesting to solve the following variants of Ingram’s problems
that still remain open.

Problem 8 Let{X,, f, };’lozl be an inverse sequence of compact metric spaces X, with
upper semicontinuous set-valued bonding functions f, : X,+1; — X,,. Find sufficient
conditions on f,, under which {X,, f,}°° | has ILP(C(lim{X,, f,},=;)) (i.e., under

n=

which A = L(A) for any continuum A in im{X,,, f,};2 ).

Problem 9 Solve Problem 8 on [0, 1].
Problem 10 Solve Problem 8 for connected inverse limits.

Problem 11 Solve Problem 10 on [0, 1].

Acknowledgements The authors wish to thank the anonymous referee for constructive remarks.

References

1. Nadler, S.B.: Continuum Theory. An Introduction, Monographs and Textbooks in Pure and Applied
Mathematics 158. Marcel Dekker, Inc., New York (1992)

2. Ingram, W.T.: An Introduction to Inverse Limits with Set-valued Functions. Springer, New York (2012)

3. Bani¢, I, Crepnjak, M., Merhar, M., Milutinovié, U.: Inverse limits, inverse limit hulls and crossovers.
Topol. Appl. 196, 155-172 (2015)

4. Ingram, W.T., Mahavier, W.S.: Inverse limits of upper semi-continuous set valued functions. Houst. J.
Math. 32, 119-130 (2006)

5. Mabhavier, W.S.: Inverse limits with subsets of [0, 1] x [0, 1]. Topol. Appl. 141, 225-231 (2004)

6. Nall, V.: Inverse limits with set valued functions. Houst. J. Math. 37, 1323-1332 (2011)

@ Springer



	The Closed Subset Theorem for Inverse Limits  with Upper Semicontinuous Bonding Functions
	Abstract
	1 Introduction
	2 Definitions and Notation
	3 The First Interpretation
	4 The Second Interpretation
	5 Open Problems
	Acknowledgements
	References




