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Abstract In this paper, we studied a normality criterion concerning Hayman’s ques-
tion and proved: let n(>2), k(>1), m(>0) be three integers, let h(z)(%£0) be a
holomorphic function in a domain D with all zeros that have multiplicity at most
m, and let F be a family of functions meromorphic in a domain D, all of whose
zeros have multiplicity at least k 4+ m. If, for any two functions f, g € F, f* f® and
¢" g™ share h(z) in D, then F is normal in D. The result gets rid of two conditions
“all zeros of h(z) have multiplicity divisible by n 4+ 1" and “all poles of f(z) have
multiplicity at least m + 1” in the result due to Meng and Hu (Bull Malays Math Sci
Soc 38:1331-1347, 2015).
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1 Introduction

In this paper, we assume the reader is familiar with Nevanlinna theory of meromorphic
functions. Let D be a domain in C and let F be a family of meromorphic functions
in D. We say that F is normal in D (in the sense of Montel) if each sequence { f,,} in
J has a subsequence { f,,} that converges locally uniformly in D, with respect to the
spherical metric, to a meromorphic function or co (see [7,15,17]).

For simplicity, we take — to stand for convergence and = for convergence spher-
ically locally uniformly.

Let f(z) and g(z) be two meromorphic functions in a domain D, and let /(z) be
a holomorphic function in D. If f(z) — h(z) and g(z) — h(z) have the same zeros
ignoring multiplicity (counting multiplicity), then we say that f(z) and g(z) share
h(z) IM (CM) in D.

The following normality criterion was conjectured by Hayman [8] and proved by
several authors (see [1,4,6,10,16]).

Theorem 1 Let n be a positive integer, and let F be a family of meromorphic functions
in D. If, for each f € F, f" f' # 1, then F is normal in D.

For other related results, see Bergweiler and Langley [2], Pang and Zalcman [11],
Wu and Xu [14] and Tan et al. [13].
In 2008, Zhang [18] considered the case of shared value and obtained.

Theorem 2 Let F be a family of meromorphic functions in D, and let n(>2) be a
positive integer. If, for any two functions f, g € F, f" f' and g"g' share a nonzero
value a IM in D, then F is normal in D.

In 2015, Meng and Hu [9] studied the case of £ f®)(n > 2) sharing a holomorphic
function and obtained

Theorem 3 Let k(>1), n(>2), m(>0) be three integers, let h(z)(#£0) be a holomor-
phic function in a domain D with all zeros that have multiplicity at most m and divisible
by n + 1, and let F be a family of meromorphic functions in domain D such that each
f € F has zeros of multiplicity at least k + m and poles of multiplicity at least m + 1.
If. for any two functions f, g € F, f"(z) f®(z) and g"(z)g® (z) share h(z) IM in
D, then F is normal in D.

By Theorems 2 and 3, it is nature to ask that: can we get rid of the condition “all
zeros of h(z) have multiplicity divisible by n + 1" and “all poles of f have multiplicity
at least m + 1 in Theorem 377

In this paper, we studied the question and gave an affirmative answer to the question.

Theorem 4 Let k(>1), n(>2), m(>0) be three integers, let h(z)(#£0) be a holomor-
phic function in a domain D with all zeros that have multiplicity at most m, and let F
be a family of meromorphic functions in domain D such that each f € F has zeros
of multiplicity at least k + m. If. for any two functions f, g € F, f"(z) f®(z) and
8" (2)g™ (z) share h(z) IM in D, then F is normal in D.
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In fact, we proved the following more general result:

Theorem 5 Let k(>1), n(>2), m(=>0) be three integers, let h(z)(#£0) be a holomor-
phic function in a domain D with all zeros that have multiplicity at most m, and let F
be a family of meromorphic functions in a domain D such that each f € F has zeros
of multiplicity at least k + m. If, for any two functions f, g € F, ") f® (z) — h(z)
has at most one distinct zero in D, then F is normal in D.

The following examples show that the conditions in Theorem 5 are necessary.

Example 1 [9] Let D = {z € C| |z| < 1}, let h(z) = 0 and let
F= [fj(Z)=ejZ|j= 1,2,...}.

Obviously, f”(z) f(k)(z) — h(z) does not have zero in D for each positive
integer ;. But the famlly F is not normal at z = 0. This shows that h(z) # 0 is
necessary Theorem 5.

Example 2 Let D = {z € C| |z| < 1}, let h(2) = n+k+l and let
1
F= {fj(z) =—|j=1,2,...,and j"t! % (—1)’%!}.
JZ

Obviously, f ;’ ) f j(k) (z) — h(z) does not have zero in D for each positive integer j.
But the family F is not normal at z = 0. This shows that Theorem 5 is not valid if
h(z) is a meromorphic function in D.

Example 3 Let D = {z € C| |z| < 1}, let h(z) = 1 and let
= {f,/(z)zjz"‘1 | j= 1,2,...}.

Then f ;’ ) f j(k) (z) — h(z) does not have zero in D for each positive integer j. But the
family F is not normal at z = 0. This shows that the condition “all zeros of f have
multiplicity at least kK + m ” in Theorem 5 is best.

Example 4 Let D = {z € C| |z] < 1}. Let h(z) = 1 and
F={fix=jzlj=12..}.

Obviously, sz(z)fjf (z) — h(z) = j3z% — 1 have exactly two distinct zeros in D for
each positive integer j. But the family F is not normal at z = 0. This shows that
the condition “f"(z) f (k) (z) — h(z) has at most one distinct zero” in Theorem 5 is
necessary.
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2 Some Lemmas

For the proofs of our theorems, we require the following results.

Lemma 1 [12,17] Let F be a family of meromorphic functions in the unit disk A such
that all zeros of functions in F have multiplicity > 1. Let o be a real number satisfying
—Il < o < 1. Then F is not normal in any neighborhood of zg € A if and only if there
exist

(a) points zj € A, zj — 20;
(b) functions f; € F; and

(c) positive numbers pj — 0

such that g;(§) = p;‘ fi(zj+p;&) = g(&) spherically uniformly on compact subsets
of C, where g (&) is a non-constant meromorphic function in C satisfying that all zeros
of g have multiplicity at least [.

Lemma 2 [15] Let f; and f> be two non-constant meromorphic functions in C, then

N (r, flfz)—N<r, ﬁ) =N(r, fi) + N(r, f2)—N(r, %) —N(r, %)

The following Lemma was proved by Zhang and Li [19] when f is a transcendental
meromorphic function, and by Meng and Hu [9] when f is a rational function.

Lemma 3 Let n(>2), k(>1) be three integers, let a # 0 be a finite complex number,
and let f(z) be a non-constant meromorphic in C with all zeros that have multiplicity
at least k. Then f" (z)f(k) (2) — a have at least two distinct zeros.

Lemmad4 Letn(>1),k(=1), M(>1) be three integers, let p(z) be a polynomial with
deg p = M, and let f(z) be a non-constant rational function in C with f(z) # 0.
Then " (z)f(k) (z) — p(2) has at least n + k + 1 distinct zeros.

The proof of Lemma 4 is almost the same with Chang [3] and Lemma 11 in Deng
etc. [5], we omit the detail.

Lemma 5 Let n(>2), k(>1), m(>1) be three integers, let p(z) be a polynomial with
deg p = m, and let f(z) be a non-constant meromorphic in C with all zeros that have
multiplicity at least k + m. Then f™(z) f%(z) — p(z) has at least two distinct zeros.

Proof Set

LY plr R =i =

fn—H - pfn+1 pfn—H p[fnf(k)]/ _ p/fnf(k)'
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Then by m(r, ) = S( )i = 1), m(r. p) = mlogr + 0(1), m(r. 1) = 0(1),
Lemma 2 and Nevanlinna’s elementary theory, we get

n ¢ (k) n ()Y _ 7 en £k
(n+l)m(r l)gm(;ﬂ,%)_,_m(r’p(ffpimﬂpff )

110 —p
+ m (r, 5 [f"f(k)]/ — p’f”f(k)> +S(r, f)

n rk) _
STG’ Ty )
pfrf®) —pff®
n gk) _
_NG /1O~ p
plrrf®) —pfnp®
B p[rrf®] = p frp®
=m|r,
frf® —p
p[rr®) —pfrp®
+ N(r, f”f(k) —
n gk) _
_NG S0 —p
plrrf®] —pfry®
n (k) /
o[54]

r, ——
f f(k) 1

p

! 1
A=) o)

>+S(r7f)

>+S(hf)

+ N

sy =)
p[rnr®] = pprp®
~ N(rf O —p)+ S0

_ 1
<HoD+N ()
1

- N (r, 7
plrrf®] —pfry®

>+mlogr+S(r,f).

Let z; is a zero of f with multiplicity /1 > k+m. Then z; is a zero ofp[f”f<k)]’ —
P’ " f® with multiplicity at least (n 4+ 1)I; —k — 1.
Let z; is a zero of £ f® — p with multiplicity /». Obviously, we have

pLf" FOV = O = pL O = pl = L~ p).
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Then z, is a zero of p[f* f®7 — p’ f* £® with multiplicity at least [, — 1.
Hence, we have

(n+1)T(r,f)Sﬁ(r,f)+(n+1)N(r7%>+N(“ fnf(11>_p)

1
(r’ P L O] = o fry®

— — 1 — 1

+mlogr — N )-FS(",f)

+mlogr + S (r, f)

<N(r f)+kL1N<r l>+N<r ;>
B =T PR =
+mlogr + S(r, f). 2.1

Suppose that £ (z) f©(z) — p(z) has at most one distinct zero.
Next we consider two cases.
Case 1 m > 2. Then by (2.1), we have

T(r, f) < (n—ﬂ> T(r, f) < (m+1)logr+ S(r, f).
k+m

Thus, f is a rational function with deg f < m + 1. Since all zeros of f have
multiplicity at least k +m > 1+ m, we deduce that f(z) # 0. Then by Lemma 4, we
obtain that £ (z) f® (z)— p(z) has atleast n+k+1 > 2 distinct zeros, a contradiction.
Case2m = 1.

If f"(2)f® () — p(z) # 0, then by (2.1), we get T'(r, f) < logr + S(r, f).
It follows that f is a rational function with deg f < 1. We deduce that f(z) # O,
since all zeros of f have multiplicity at least k + m > 2, Then by Lemma 4, we get
F"(2) f®(z) — p(z) has at least n + k + 1 > 2 distinct zeros, a contradiction.

Thus f" (z)f(k) (z) — p(z) has exactly one distinct zero. By (2.1), we have

nT(r, f) <2logr + N(r, f) + S, f). (2.2)

Ifn > 3,by (2.2), weobtain T (r, ) <logr+S(r, f).Itfollows that f is arational
function with deg f < 1. Since all zeros of f have multiplicity at least k + m > 2,
we obtain f(z) # 0, then by Lemma 4, we get f” (@) f®(z) — p(z) has at least
n + k + 1 > 2 distinct zeros, a contradiction.

Thus n = 2. By (2.2) again, we get T (r, ) < 2logr + S(r, f). It follows that f is
a rational function with deg f < 2. If k > 2, since all zeros of f have multiplicity at
least k +m > 3, we get f(z) # 0, then by Lemma 4, we get a contradiction. Hence
k = 1, then f has one zero with multiplicity 2 at most. If f has no zero, then by
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Lemma 4, a contradiction. Thus, f(z) has exactly one distinct zero with multiplicity
2, and of the following forms:

— )2

A1 f@) = alz _a)z; Ax: f(2) = a(ZZ —O,lB) ;
a(Z—ot)2 (Z_Ot)z
43 = Al —g=
O = e gy MO Ty

If f(z) hasthe form Aj or A, orA4,wehaveN(r, f) <logr =1/2T(, f)+0O(1).
Then by (2.2), we get T(r, f) < 4/3logr + S(r, f), this contradicts with T (r, f)
=2logr + O(1).

Then 5
a(z —a)
- - - 2.3
1= e —py @3
It follows from (2.3) that
/ a(z—o)[Qa—p1—PB)z+2B1 —a (B + B2)]
) = . 2.4
1@ (- B’ (- B’ @4
By (2.3) and (2.4), we get
30 N5 _ a4 _

P2 f(2) = a’(z—a) [Qa—B1—B)z+2B18 —a(f + ,32)]. 2.5)

(z — B)*z — B)*

Since deg p = m = 1, we may set p(z) = b(z — zp), where b # 0 is a constant.
Since f*(z) f®(z) — p(z) has exactly one distinct zero, by (2.5), we may set

b(z — w)°

2 "(7) = b(z — _ )
SRS =bG =0 = i oy

(2.6)

where w # a. Otherwise, if w = a, then by (2.5), we get « is a zero of (f2(z) f'(z))”
with multiplicity 3. But from (2.6), we get  is a zero of ( £2(z) f'(z))” with multiplicity
7, a contradiction.

Differentiating (2.5) two times, we obtain,

(z—a)g1(2)

@ @) = : 2.7)
1@ (z = Bz — B2)®
where g1(z) is a polynomial with deg g; < 5.
On the other hand, differentiating (2.6) two times, we obtain,
(z —w)¢2(2)
[f@f @1 = 2.8)

(z— Bz — B)b’

where g>(z) is a polynomial with deg g» < 4.
From (2.7)—(2.8), and w # «, we get 7 < deg g1 < 5, a contradiction.
This completes the proof of Lemma 5.
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Lemma 6 Letn(>2), k(>1) be three integers, and let { f;} be a sequence of meromor-
phic functions in domain D, {h j(z)} be a sequence of holomorphic functions in D such
that h j(z) = h(z), where h(z) # 0 be a holomorphic function. If, for each j € NT,

all zeros of function f;(z) have multiplicity at least k, and fj’.’ (z)f;k) (2) = h(2) has
at most one distinct zero in D, then { f;} is normal in D.

Proof Suppose that { f;}is not normal at zo € D.By Lemma 1, there exists a sequence
z;j of complex numbers z; — zo, a sequence p; of positive numbers p; — 0, and a
subsequence of { f;} (we may still denote by { f;}) such that

o) = LGP ey

n+l

Pj

locally uniformly on compact subsets of C, where g (&) is a non-constant meromorphic
function in C. By Hurwitz’s theorem, all zeros of g (& )have multiplicity at least k. Then,
we have

$EEVE —hij+pi8) = [+ 0 f} @+ 0,8 —hj(zj + pjE)
= ¢"(&g"©) - (o).

forall £ € C/{g~"(00)}.
Obviously, g" (¢ )g® (&) — h(z0) # 0. Otherwise, suppose that

" &g®E) —h(zo) =0, (2.9)

then we have g(&) # 0 since h(zp) # 0.
It follows from (2.9) that

Y 0 ()
gHE) T hzo)g®)

| 1 g®
n+ 1m (r, E) =m|r, hGo)g =S8, g).

It follows that T'(r, g) = S(r, g) since g # 0. Hence g is a constant, a contradiction.

We claim that g (£) g® (£) —h(z0) has at most one distinct zero. Otherwise, suppose
that £1, & are two distinct zeros of g” (£)g® (&) — h(zo). We choose a positive number
o small enough such that D; N D, = @ and g" (£)g™ (&) — h(zo) has no other zeros
in Dy | D; except for & and &, where D} = {&: | € — &) |< o} and D, = {&:
|§ —& <o}

Then, we get
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By Hurwitz’s theorem, for sufficiently large j there exist points &1 ; — &; and
&, j — & such that

F1+ g D @+ pigr ) — hizj + pigrj) = 0;
iz + pjéz,j)fj(k)(zj +pj62.j) —hj(zj + pj.j) =0.

By the assumption in Lemma 6, f ]’-’ f j(k) (z) — hj(z) has at most one zero in D, it
follows that z; + p;&1,j = zj + pj&2,j, thatis & ; = & ; = (z0 — zj)/p;, which
contradicts with the facts D; N Dy = (.

The claim is proved. On the other hand, it follows from Lemma 3 that g" (£) g &) &)—
h(zp) has at least two distinct zeros, a contradiction. Thus { f;} is normal in D.

3 Proof of Theorems

Proof of Theorem 5 By Lemma 6, it is enough to prove that F is normal at the point
20, where h(zp) = 0. By making standard normalization, we may assume that zop = 0,
and h(z) = z'b(z) where 1 <t < m is a positive integer, and b(0) = 1.

Suppose that F is not normal at zop = 0. By Lemma 1, there exists a sequence
z; of complex numbers z; — 0, a sequence p; of positive numbers p; — 0, and a
sequence of functions { f;} C F such that

g6y = BETRE 3.1

¥l
Pj
locally uniformly on compact subsets of C, where g (&) is a non-constant meromorphic
function in C. By Hurwitz’s theorem, all zeros of g (&) have multiplicity at least k 4 m.
Next we consider two cases.

Caselz;/p; — oo. Set

Fie) = LGS,
r‘!+1
J

Then, we have

FIEOFP ) — (1 +8)'b(z;) +2j6)

e+ 00 8 — b +258)
- e .

J

As the same argument as in Lemma 6, we deduce that F J'.l (E)F;k) &) —
(1+ S)tb(zj + z;&) has at most one distinct zeroin A = {§ :| & |< 1}.

Since all zeros of F; have multiplicity at least k + m, and (1 + E)’b(zj +z;&) —>
(14+&)" # 0when & € A. Then by Lemma 6, {F;} is normal in A.
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856 B. Deng et al.

So, there exists a subsequence of functions [we still denote as F';(§)] and a function
F (&) (a meromorphic function or o), such that F; (§)=F(§).
If F(0) # oo, then it follows from k +m — 1 — % > 0 that

(k+m—1) (

: zj +pj§)

(k+m—1) — 1 (]c+m—l) — 1 J J J

8 &) fim g; &) f =y

J
k+m—1— k£

= lim <ﬁ) T ptemen <ﬁg) =0

j—o00 Zj J Zj 5

forall ¢ € C/{g ' (c0)}.

Thus we deduce that g*+”=1 = 0. Hence g is a polynomial of degree at most
k 4+ m — 1. Since all zeros of g have multiplicity at least k + m, it follows that g (&) is
a constant, a contradiction.

If F(0) = oo, then by

k+t

+1

3

I z 1
fred —_— frd
Fi(Ze) filteg)  FO

~

’

when & € C/{g~"(0)}, we obtain that,

o ket it
1 . /O] . 10] n+l1 Zj
_— _hm _— = lllm —_— —_— = 0
g&) oo fi(zi+piE)  i—mee\zj ) fj(zj + pjE)

Thus g(§) = oo, which contradicts that g (&) is a non-constant meromorphic function.
Case 2 z;/p; — «, where « is a finite complex number. Then by (3.1), we have

gh &g @ - (s + Z—f/) b(z) + pjk)
Mz +08) 10 =+ 0j8) = (2 + 0)8)

Pj
=g"©)g®E - ¢E+af

forall £ € C/{g~'(00)}.

Since for sufficiently large j, f;’(zj + ij)fj(k) (zj +pj&) — h(z;j + p;&) has one
distinct zero, it follows from the proof of Lemma 6 that g" (§) g® (&) — (£ + @) has
at most one distinct zero.

But from Lemma 5, g (£)g® (&) — (& + )" have at least two distinct zeros. Hence
g(&) is a constant, a contradiction.

This completes the proof of Theorem 5.
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Proof of Theorem 4 Let zg € D. We show that F is normal at zg. Let f € F.

We consider two cases.
Case 1 " (z0) f® (z0) # h(zo). Then there exists a disk Ds(z0) = {z: | z —z0 |< 8}
such that f”(z) f®(z) # h(z) in Ds(zo). Since for each pair of functions (f, g) € F,
@) f®(z) and g"(z)g® (z) share h(z) in D. Thus, for every g € F, g"(z)g®
# h(z) in Ds(zo). By Theorem 5, F is normal in Ds(zp). Hence F is normal at zg.
Case 2 f"(z0) f® (z0) = h(z0). Then there exists a disk Dj(z0) = {z: | z — 20 |< 8}
such that f” (z)f(k) (z2) #h(2)in Dg(z()). Since for each pair of functions (f, g) € F,
F(z) f®(z) and g"(z)g® share h(z) in D. Thus, forevery g € F, g"(2)g® # h(2)
in Dg(z()) and g"(z0)g® (z0) = h(z0). So, g"(2)g® — h(z) have only distinct zero
in Ds(zg). By Theorem 5, F is normal in Ds(zp). Hence F is normal at zg.

This completes the proof of Theorem 4.
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