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1 Introduction

Numerous fixed point theorems have been developed and used for centuries as the
most useful tool in dealing with the existence of solutions in various fields of science.
Relatively recently, motivated by problems involving functions or sets defined on
product spaces, e.g., in game theory, problems on sets with convex sections, systems
of variational inequalities, etc., several authors (see [1,21]) established fixed point
theorems for a family of mappings defined in product spaces. These points are called
fixed-component points or collectively fixed points. Such results were developed,
e.g., in [1,6,7,9,19,24,28,31,34], with successful applications in existence studies
for optimization-related problems.

For considerations of the existence of fixed points in particular and of many other
important points in nonlinear analysis in general, it was believed for a long period that
one needed both topological and algebraic machineries. Wu [33] and Horvath [12]
started two directions of dealing with existence issues in pure topological settings.
Wu’s approach is based on replacing convexity assumptions by connectedness condi-
tions, and Horvath’s one on replacing a convex hull by an image of a simplex through a
continuous map. Recently, an attempt to unify these two directions in obtaining topo-
logical full (two-way) characterizations of the existence of various important points
like intersection points, maximal elements, coincidence points, sectional points, etc.,
was carried out in [18,20], based on the so-called KKM-structures and connected-
ness structures. Realizing the basic role of fixed points in existence studies, in [19]
we developed a new characterization of the existence of such points in topologically
based settings. An extension to fixed-component points was also included, but only
for a family of finite number of mappings. We cannot employ the same proof tech-
nique to extend this result for infinitely many mappings. It is worth noting that among
the above-encountered references, only [18-20] dealt with necessary and sufficient
conditions for existence, the others included only sufficient ones.

The above discussions inspire us to find another way in this paper to consider
full characterizations of the existence of fixed-component points of general infinite
families of mappings. Namely, based on our KKM-structures and using continuous
partitions of unity and the classical Tikhonov fixed point theorem, in this paper we
extend Theorem 2.5 of [19], which is a necessary and sufficient condition for the
existence of fixed-component points, to the case of an arbitrary family of mappings
defined on product sets. Applications of this result to aforementioned important points
in nonlinear analysis and to optimization-related problems are also included.

The layout of the paper is simple. In the rest of this section, we recall some
needed definitions. Section 2 contains full characterizations of the existence of fixed-
component points together with discussions on imposed assumptions as well as
consequences and relations to previous results in the literature. Section 3 is devoted to
applications, including studies of the existence of some important points in nonlinear
analysis and for solutions of optimization-related problems.

Throughout this paper, for a nonempty set X, (X) stands for the set of all finite
subsets of X. For N = {xg, x1,...,x,} € (X) and M = {x;, Xi;, ..., X;,} C N,
A|y| := A, stands for the standard n-simplex of Euclidean space R+ with vertices
being unit vectors ¢g = (1,0,...,0),e; = (0,1,0,...,0),..., e, = (0,0,...,1),
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Ay denotes the face of Ay, with vertices ¢;,, €;;,..., ¢;,. Let H : X =% Y be a
set-valued map between nonempty sets X and Y. For x € X and y € Y, an image and
a fiber (or inverse image) of H is the set H(x) and H~!'(y) = {x € X | y € H(x)},
respectively (resp).

Definition 1 ([19,20]) For nonempty sets X and Y, a pair . := (®x, Jy) is called a
KKM-structure of the pair (X, Y) if Iy is a topology on Y and @x = {gn : A|y| —
Y| N € (X)} is a family of maps with all oy € @x being Jy-continuous. In the
special case where X = Y, such a .# is termed a KKM-structure of X. If Jy is
compact, i.e., Y is Jy-compact, (@x, Jy) is called a compact KKM-structure.

If X =Y is a convex subset of a topological vector space E, Iy is the topology on
X induced by that of E, and

by = {goN CAN = X| pn(e) = Z Lix; for e = Zkie,‘ € ANy, N € (X)},

xX;eN

then .% = (®x, Jx) is called the natural KKM-structure of X.

Let I be any index set, X; a nonempty set and .%; := (Py;, Jx;) a KKM-structure
on X; for each i € I. We define a KKM-structure of X := Hie] X; as follows.
Let Jx be the Tikhonov product topology on X of the topologies Syx,. For N =
{Dier, ®Dier, ... (xMier} € (X), we define N; = {x},x?, ..., x'"} € (X;) and
denote N := ®;c;N;. Each N; is called the “ith component” of N. We also denote
X := ®;eyx; for each element x = (x;);e; € X. Let

Py = {QDN CAN— X | on(e) = Qicron;(e) fore € Ay, N = ®;erN; € (X>}‘

Then, .7 := (®yx, Jx) is a KKM-structure on X, called the product KKM-structure
of the KKM-structures .%; := (®yx;, Jyx,), and denoted by .7 = [[;; Zi.

Definition 2 ([19,20]) Let X be a nonempty set and (Dx, Sx) a KKM-structure of
X. We say that a subset B of X is @y-convex if, for all py € ®x and M C N N
B, opn(Ay) C B.For C C X, the smallest @x-convex set containing C, denoted
by @x-coC, is called @x-convex hull of C. It is not hard to check that @x-coC =

UNE<C> dx-coN.

When .7 = (®yx, Sx) is the natural KKM-structure of X, the notions of a @ -
convex set and a @x-convex hull collapse to the usual notions of a convex set and a
convex hull, resp. Note that notions of generalized convex sets and convex hulls in
some spaces, previously introduced by many authors, such as a convex space [22],
H-space [12], G-convex space [26], FC-space [8], GFC-space [17], etc., are particular
cases of the notions in Definition 2 because in each of these spaces there is a KKM-
structure implicitly. However, there are several convex structures for which notions
of convex sets and convex hulls do seemingly not naturally match with the notions in
Definition 2. We discuss first the Takahashi-convex structure. Recall that a Takahashi-
convex structure on a metric space (X, d) is a function 7 : X x X x [0,1] — X
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satisfying d (s, h(u, v, 1)) < td(s,u)+(1—1)d(s,v)forall (s,u,v,t) € X x X x X X
[0, 1] (see [29]). A subset B of X is said to be convex if h(u, v, t) € Bforanyu,v € B
and ¢ € [0, 1]. We construct a KKM-structure on X as follows. For each N € (X) and
e =Y Wliiei € A, leti, = min{i | A # 0} and i¢ = max{i | i # O}. Let
@y includes maps gy : Ay —> X defined by ¢y (e) = h(x;,, xje, A;, + A;e) for all
e = Zlil) Aie; € Ay). Let

Sy = m {UCX|(pK,1(U) is open in A‘N‘}.
Ne(X)

Then, (Px, Ix) is a KKM-structure of X, and any convex subset in Takahashi-convex
metric space (X, d, h) is also @ x-convex. However, if we fix the topology < induced
by the metric d of X (and do not consider the above topology I, then we still do
not know if there is or not a family @x such that (@y, J) is a KKM-structure of
X with each convex subset in (X, d, k) being also @ x-convex. Another approach to
obtaining a notion of convex hull was proposed in [14], which was interesting, without
any convex structure. But the notions in Section 4 of [14] and in Definition 2 are not
comparable.

2 Fixed-Component Point Theorems

Definition 3 Let / be any index set. For each i € I, let X; be a nonempty set,
Fi = (Px,;, Jx;) be a KKM-structure of X;, and P;, Q; : X := l_[iel X; = X; be
set-valued maps. {Q;};¢; is called {@y, }-weak-convex with respect to (w.r.t.) {P;};es
if whenever x = (x;)ic; € X, ¢n;, € Px;, and M; C N; N P;(x) satisfying x; €
@n; (Ap;) simultaneously for all i € I, one has gy, (Ay;) C Q;i(x) foreachi € 1.

If Definition 3 holds with the natural KKM-structures .%;, we say that {Q;}i¢s is
weak-convex w.r.t. {P;}icy.

Remark 1 Foreachi € I,letus consider the following conditions for the pair (P;, Q;).

(h1) Whenever x = (x;)ie; € X, ¢n;, € Px,, and M; C N; N P;(x) satisfying
xi € @n,(Ap), one has oy, (Ay,) C Q;(x). In this case, we say that Q; is
Dy, -weak-convex w.r.t. P;.

(h2) Forall x € X, ¢y, € @x, and M; C N; N P;(x), one has ¢y, (Apy,) C Q;(x).
If this condition holds, Q; is called @, -convex w.r.t. P;.

(h3) @x,-coP;i(x) C Q;(x) foreachx € X.

(h4) P;(x) C Qi(x) and Q;(x) is @,-convex for each x € X.

It is not hard to see that, if the KKM-structures .%; := (®yx;, Jx,) are given, then
(h4) = (h3) = (h2) = (hl). Example 1 below shows that, in general, the reverse
implications are not true. However, in the case .%; is the natural KKM-structure of
X, (h2) coincides with (h3). From Definition 3, we see that “if for each i € I, one
of conditions (h1)-(h4) holds for (P;, Q;), then {Q;}ier is {Px,}-weak-convex w.r.t.
{Pi}icr1”. The converse does not hold as shown by Example 2 below.
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Example 1 Let X1 = X2 = X3 = [0,2], %) := (®x,, Jx,) be the natural KKM-
structure of X1, % = (Px,, Sx,) and F3 := (Px;, Jx;) be KKM-structures of
X, and X3, resp., defined by: Jx, = Jx, being the usual topology on [0, 2], @x, =
{on, @ Alny — X2 | (pNz(e) =0foralle € An,, N2 € (X2)}, and @x; = {pn; :
Alns) = X3 | ons(e) = MmN for all e € Ay, N3 € (X3)). Let, for all
x = (x1,x2,x3) € X := X1 x Xp x X3,

_J10,%3) if x1 €(0,2], _
P =107 G0 e =101,

_fo if x; =0, B
P2(x) - [O,Xz) lf X2 c (0’ 2]7 Q2(x) - {Oa XZ},

0 if x3 =0, _ X3 2x3
PO= 0,5 it neoa 20=[0F]Y [T’Z]

For x = (x1,x2,x3) € X, ¢y, € @x, and M| C Ny, we see the following string of
equivalent statements

My C Pi(x), My C Pi(x),
<~
{xl €§0N1(AM1) X1 ECOM1

My C Pi(x) = {0}, x1 € (0,2],

<— 1 x1 =0, or { x; € [min M, max M],
X1 € [min My, max M;] M, C Pi(x) =[0,%)
x; =0,
My = {0}.

Then, oy, (Ap,) = co{0} C Qi (x). Thus, (P, Q1) satisfies condition (h1). (P, Q1)
does not fulfill condition (h2) because, for x = (1,1, 1) and Ny = M; = {0, zlt}
satisfying My C Py (x), but ¢y, (A, ) = cof0, ‘—11} Z O1(x).

We easily see that condition (h2) holds for (P>, Q2), but condition (h3) does not,
because @x,-coPr(x) = [0,x2) ¢ {0,x2} = Qa(x) for all x = (x1,x2,x3) €
X1 x(0,2] x X3.

For (P3, Q3), we see that the values of P3 are @x,-convex and P3(x) C Q3(x) for
all x € X, i.e., condition (h3) holds, while condition (h4) does not because the values
of Q3 are not @ x,-convex.

Finally, since (P;, Q;) (i = 1,2, 3) satisfy at least one of conditions (h1)-(h4),
{Q1, Q2, O3} is {Px,, Px,, Px,}- weak-convex w.r.t. {P1, P>, P3}.

Example 2 Let X| = X, = [0, 1], %1 := (®x,, Jx,) = F2 := (Px,, Jx,) be the

natural KKM-structure of [0, 1]. Let P, Q1 : X := X x Xo = X and P>, Q> :
X = X, defined by, for all x = (x1, x2) € X,

Pi(x) = Q2(x) = [0, x2],  Q1(x) = Pa(x) = [0, x1].
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For all x = (x1,x2) € X, ¢on, € Px,, ¢N, € Px,, M| C Ny and My C N, we
have the equivalent assertions:

My C P1(x), M; C [0, x2],
X1 € N (Apry), e | M1 € [min M7, max M;],
M, C Pr(x), M> C [0, x1],
X2 € on, (A ) X2 € [min M»>, max M>]

max M| < xp,
X1 € [min My, max M],
max M, < xi,
x> € [min M»>, max M>]

< x| = Xp = max M| = max M.

Then, ¢y, (Ap,) = [min My, max M1] C [0,x1] = Q1(x) and ¢n,(Ay,) =
[min M>, max M>] C [0, x2] = Q2(x). Thus, {Q1, 02} is {Px,, Px, }-weak-convex
w.rt. {Py, P}. For Ny = {0, 1,1}, M; = {0,1} and x = (0, 1), we see that
X1 =0€[0,1] = gy, (Ay,) and My C [0, 1] = Py(x), but o, (Ap,) = [0, 1] ¢
{0} = Q1(x). Thus, condition (h1) does not hold for (P, Q1) (hence conditions (h2)-
(h4) not either). We also check easily that condition (h1) does not hold for (P>, Q»).

From now on, for an index set I, nonempty sets X; (i € ), X := ]_[l-el X;, and
KKM-structures .%; := (®x,, Jx,;) of X;, if not otherwise stated, Jx denotes the
Tikhonov product topology of topologies I, on X.

Coercivity condition Let {X;};c; be a family of nonempty sets, X := ]_[l- e Xi

Fi = (Px,, Jx,;) a KKM-structure of X;, and P; : X = X;. The following condition
is a coercivity condition for the family {P;};c;

(C) there exists a nonempty I x-compact subset K of X and, foreach N; € (X;), there
is a Iy, -compact and @, -convex subset L, C X; containing N; such that, for

eachx € (J[;c; Ln,)\K andi € I, thereexists x] € Ly, withx € intg, Pl._l(xi’).
Let I, X;, X and Q; be as in Definition 3. A point x := (X;);c; € X is called a
fixed-component point of the family {Q;}iey if X; € Q;(x) foralli € I.

Theorem 1 For an arbitrary index set I and i € 1, let X; be a nonempty set and
Qi : X :=[1l,c; Xi =% Xi. Then, the family {Q;}ic has afixed-component point if and
only if, for each i € I, there exist a KKM-structure F; = (Px,, Ix,;) of X; and a set-
valued mapping P; : X = X; such that, for eachi € I, X = Ux,-eX,- inty, Pi_l(xi),
{Qilicr is {Dx, }ici-weak-convex w.r.t. { P;}icr, and condition (C) holds for { P;}ic;.

Proof Necessity. Suppose that X := (X;)ie; € X is a fixed-component point of
{Qitier- Fori € I,let P; : X = X; be defined by P;(x) = {x;} for all x € X,

and a KKM-structure .%; of X; defined as follows: Sy, = {U C X; | x; ¢ U} U{X;}
and

Py, = {(pN[. AN = Xil on;(e) = x; for all e e Ay, N; € (X,')}.
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For each i € I, the condition X = UXI, ex; inty, Pfl (x;) is obviously satisfied. Since
each Jy; is clearly a compact topology, Sx is compact too. Therefore, condition (C)
is satisfied with K = X and Ly, = X; for all N; € (X;). Forall x := (x;);es € X,
onN; € @y, and M; C N;, we obtain the equivalent statements:

M; C P;(x), M; C {x;},
xi € on;, (M), <= § x; € {x;},
iel iel

< x =X = (Xj)ie; and M; = {x;} for all i € I.

Then, gy, (Apy;) = {x;} C Qi(x) forall i € I. Hence, {Q;}ics is {Dx; }ies-convex
w.r.t. { P;}ics. Thus, the proof of the necessity is complete.

Sufficiency. Assume that, for each i € I, there exist a KKM-structure .%; of
X; and a set-valued mapping P; : X = X; such that the conditions mentioned
in Theorem 1 hold. For each i € I, since X = le_e x; Nty Pfl (x;), there exists
N; € (X;) such that K C UxieNi inty, Pi_l(xi) (K is given by condition (C)). For
eachi € I, by (C) there is a Sy, -compact and @ x,-convex subset Ly, C X; contain-
ing N; such that Ly\K C |J nts, Pi_l(x,-), where Ly := [],.; Ln,. Hence,
Ly € (LN\K)UK C UXieLN,- inty, Pl._l(xi). Since Ly is compact, there exists
N; = {xio, xil, .. .,x{”} € (Ly;) such that Ly = U?i:o intg, Pl._l(xl.j). For each
i€l let{y; };": o be a continuous partition of unity of Ly associated with the finite

xieLy, ! iel

open covering {intgx, Pl._l(xl.j)}'}"zo. Then, for each x € Ly and k € Ji(x) ;= {j €
{0,1,...,n;}|¥j(x) # O}, one has x € intgy, Pfl(xf) C Pfl(x;‘). Therefore,

M (x) = {xl-k|k c J,-(x)} CN:NPi(x)forall x € Ly. (1

Now, for each i € I, we defineamap y; : Ly — Ay, by vi(x) = ZT:O Vi(x)e;
for all x € Ly. We have, for all x € Ly,

o, i) =y, | v e | = | X wwer | € o, (Awro) -
j=0 ked; (x)
@

Let 2 =[], A, Then, £2 is a compact convex subset of the locally convex space
R =[], RUT L Let I' : Ly — 22 and ¥ : £2 — Ly be defined by

I'(x) = (yi(x))jes forall x € Ly, and
V(1) = (¢, (pi(1))ier forall 1 € £2,

where p;(t) is the projection of 7 on A, Then, I" and ¥ are continuous and so is
I' oW : 2 — £2. By the Tikhonov fixed point theorem (see [32]), a t € £2 exists
such that 1 = (I" o ¥)(1). Setting X = (X;)ie; = ¥ (1) = (¢y, (pi(1)))ier, we have
t = (pi())ier = I'(X) = (yi(X))ier- Then, X; = ¢, (yi(¥)) foralli € I, and by (2),
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510 P. Q. Khanh, N. H. Quan

= oy, (vi(¥)) € ¢y, ( 7, m) foralli € I. 3)

Then, (1) gives . -
M;(x) C N;N P;j(x) foralli € I. @)

Since {Q;}ics is {Px;}ici-convex w.rt. {P;}ies, (3) and (4) imply that x; €
(pﬁi(Aﬁi(i)) C Q;(x) foralli € I. The proof is complete. O

Remark 2 (a) Foreachi € I, the condition X = | xeX, inty, P, (x,) in Theorem 1
is satisfied if P; has the nonempty values and Jx-open inverse images.
(b) For I, X;, X and Q; as in Theorem 1, applying this theorem, condition (h4)
and the statement at the end of Remark 1 with P; and Q; replaced by Q; and
Pyx,;-coQ;(-), resp, we obtain

Corollary 1 Let I, X;, X, and Q; be as in Theorem 1. If, for each i € I, there
exists a KKM-structure F; = (®Px,, Sx,) of X; such that X = le,exl, inty, Q;l (x1)
and condition (C) holds for {Q;}iei. Then, the family {®x,-coQ;(-)}ics has a fixed-
component point.

(c) If each X; has the natural KKM-structure, we easily check the necessary condi-
tion of Theorem 1 with maps P; taken in the proof of the necessity part of Theorem 1.
Therefore, we have a particular case of Theorem 1 as follows.

Theorem 2 For an arbitrary index set I andi € I, let X; be a nonempty convex set of

a topological vector space and Q; : X := [[;c; Xi = X;. Then, the family {Q;}ici

has a fixed-component point if and only if, for each i € I, there exists P; : X = X;

such that X = Ux,-EX,- intPi_l(xi), {Qi}icr is weak-convex w.r.t. {P;}ics, and the

following condition holds for { P;}ic;:

(C) there exists a nonempty compact subset K of X and, for each N; € (X;), there
is a compact and convex subset Ly, C X; containing N; such that, for each
x € [lie; Ln,\K and i € I, there exists x| € Ly, with x € intP,”" (x]).

(d) Let 7, X;, X be as in Theorem 1, X' := H]el i X], and x' be the canonical
projection of x € X on X', For eachi € 1, let P, Q, X' = X; be set-valued maps.
We can state Deﬁmtlon 3 for {P }ier and {Q, }ier and change conditions (h1)-(h4) for
the pair (P, , Q ) in the manner that the phrases ““P; (x) > “Q, (x),” “forall x € X” and
“foreachx € X” in Definition 3 are replaced by “P (xHyr “Q CON “for all x e X
and “for each x’ € X! resp. A point X := (X;)je; € X sat1s~fy1ng X € Q (&%) for all
i € [ is also called a fixed-component point of the family {Q;}ics.

_The following consequence of Theorem 1 is formulated in terms of the family
{Qitier-
Theorem 3 Let I, X;, X be as in Theorem 1, X' := ]_[161 ji Xjand 0,: X = X,.
Then, the famlly{Q tier has a fixed-component point if and only if, foreacht €1, there
exista KKM-structure F; = ((le , JX )of X; and a set- valuedmappmg P X = X;
such that X! = U)c,-eX, 1nt‘\ (xl for eachi € I, {Q,}lel is {Py; }icr-weak-
convex w.r.t. {f’i tier, and the followmg condition holds:
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A Fixed-Component Point Theorem and Applications 511

(C) there exists a nonempty Jx-compact subset K of X, and, for each N; € (X;),
there is a Sx,-compact and @x,-convex subset Ly, C X; containing N; such
that, for each x € (]| Lny)\K and i € I, there exists xl.’ € Ly, with x' €
: 51
inty, P; (x)).

iel

We derive Theorem 3 from Theorem 1. The necessary condition is easily checked
with the KKM-structures ﬁ, = (Py;, Jx;) taken from the proof of the necess1ty part
of Theorem 1 and maps P : X! =3 X; defined by P % (x! 'y = {i;} for all x' € X',
where X := (X;);es is the ﬁxed -component | p01nt of {Q }ier. For the sufficiency, we
define maps P;, Q; : X = X; by P; (x) P (x') and Ql x) = Qi(xi) forallx € X.
Then, for eachi € I and x; € X;, P_ (x;)=X; x P (x,) Hence,

| intsy P = | ity (Xi x P;._l(x,-)) > U (Xi x inty F;l(xi))

x;eXi xieX; xieX;

D) Xi X U intgxi ﬁ;‘_l('xi) = X,’ X Xi = X.

x;€X;

Moreover, itis clear that the {@;, };</-weak-convexity w.r.t. {P;- tier of { é i}ier implies
the {@y, }icr-weak-convexity w.r.t. { P; };c; of { Q;}ic and the condition (6) for {Pi Vel
implies the condition (C) for {P;};c;. Thus, by Theorem 1, {Q;}ic; has a fixed-
component point x. This X is also a fixed-component point of {Oilier.

Conversely, Theorem 3 implies Theorem 1 or not is still an open question for us,
though this looks likely.

We can suitably modify the proof of Theorem 1 to obtain Theorem 3 with the
condition (C) replaced by the following weaker condition:

(C) for each i € I, there exists a nonempty 3 yi-compact subset K of X’ and,
for each N; € (X;), there is a J;, compact and (DX -convex subset Ly, C X;
contamlng N; such that there exists x € Ly, withx' € inty Xi i_l (xlf ) for each

x' e (]_[jel,j;ét LNz)\Kl'

(e) The sufficiency part of Theorem 1 implies Theorems 3.1-3.4 of [9]. Hence, it
also implies Theorem 3.2 of [7], Theorem 7 of [34], Theorems 2.3 and 3.1 of [31],
Theorem 2.1 of [28], and Theorem 2.2 of [4]. We also deduce Theorem 3.1 of [17] and
thus Theorem 1 of [1] and Theorem 2.1 of [21] from this part of Theorem 1. When 7
is a singleton, Theorem 1 becomes Theorem 2.5 of [19] and hence its sufficiency part
generalizes many fixed point theorems, including the classical Browder fixed point
theorem in [4] (which implies the seminal Kakutani fixed point theorem in [13]) and
Tarafdar’s fixed point theorem in [30], etc. (cf. [19]).

(f) To illustrate Theorem 1, we revisit Examples 1 and 2.

For Example 1, we see that

X1 X Xo x X3 if x; =0,
Pl =1 Gxi,2lx Xo x X3 if 0<x; <3, for all x; € Xy,
[ if % <x1 <2,
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_1 ) X1 x X x X3 if x, =0,
Py () = {xl ¥ (1.2 x X3 if ;e (0,2,  lorallxmeXs,
X1 X X7 X X3 if x3 =0,
Py'(x3) = { X1 x X2 x (3x3,2] if 0<x3 <3, for all x3 € X;.
7 if 2<x3<2,

Clearly, the maps P;, P>, P3 have the nonempty values and open fibers. Moreover,
X = X1 x X3 x X3 is compact. Thus, by Theorem 1, {Q, Q2, O3} has a fixed-
component point.

For Example 2, we have Pl_l(xl) = X1 x [x1, 1] for all x; € X1, and Pz_l(xg) =
[x2, 1T x X7 forall xo € X5. Itis clear that X is compact, and UxieX,' inty, Pf1 (x;) =
X fori € {1, 2}. Thus, {Q1, O>} has a fixed-component point.

Remark 3 Using Theorem 1, we deduce a result on the existence of common fixed
points. Common fixed point theorems were studied by many authors (e.g., [2,3,5]).
Let I be any index set, A be a nonempty set and {7; : A = A, i € I} be a family of
set-valued maps. A point a € A is called a common fixed point of the family {7;};cs
ifa € T;(a) foralli € I.

Let # = (@4, I4) be a KKM-structure of A and P : A = A be a set-valued
map. We say that the family {7;};c; is @ 4-weak-convex with respect to (w.r.t.) P if
whenever a € A, oy € @4, and M C N N P(a) satisfying a € ¢n(Aypr), one has
on(Apy) C Ti(a) for each i € I. When this notion holds with the natural KKM-
structure, we say that {7;};c; is weak-convex w.r.t. P.

Theorem 4 Let A be a nonempty set and I be an arbitrary index set. For eachi € I, let
T; : A = A. Then, the family {T;}ic has a common fixed point if and only if there exist
a KKM-structure % = (®4, I4) of A and a set-valued mapping P : A = A such
that A = UaeA intgy , P~ Ya), {Ti}icr is ®a-weak-convex w.rt. P, and the following
condition holds:

(D) there exists a nonempty I p-compact subset K of A and, for each N € (A), there
is a Ip-compact and @ p-convex subset Ly C A containing N such that, for
each a € Ly\K, there exists a’ € Ly witha € intgAPfl(a/).

This theorem is deduced from Theorem 1 by setting X; = A, X =[]..; Xi = Al,

Pi(x) = P(x;), and Q;(x) = (¢, Tj(xi).

Example 3 Let A = [0, 1], .% be the natural KKM-structure of [0, 1]. Let T, T3, T3 :
A = A be defined by, foralla € A,

2 2
T\ (a) = [o, g] Ty(a) = [?a 1], T3(a) = [% ?"}

iel

For P : A = A defined by P(0) = {0} and P(a) = [0, §) if a # 0, we have: for all
aceA, oy e Ppand M C N,

M C P(a), M C P(0) = {0}, M C [0, %],
a € on(Ay) a=0 or a € [min M, max M]
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{ M = {0},

<

a=0.

Then, on (Apy) = {0} C T; (0) ¢ = 1,2, 3). Thus, {T1, T2, T3} is weak-convex w.r.t.
P. Moreover, P has the nonempty values and fibers, fora € A,

A if a=0,
Play={ @y 1] ifO0<a=<i,
7 if }<a<l

are open in A. Hence, A = UHGA intP~!(a). Since A is compact, the condition (D)
of Theorem 4 holds. Thus, by Theorem 4, there exists a € A such that a € T;(a)
i=1,273).

3 Applications

Since fixed point theorems have a wide range of applications and fixed-component
point results imply corresponding ones for fixed points by considering a family con-
sisting of one element, we can deduce many applications from the results obtained in
Sect. 2. Here, we focus on two kinds of applications only. First, we study the existence
of some important points which were mentioned in Sect. 1 and seemingly more general
than fixed points, to emphasize the generality of our results. Then, we show that from
these results the existence of solutions to numerous optimization-related problems can
be obtained.

3.1 Coincidence-Component Point Theorems

Theorem 5 Foreachi € I, let X;, Y; benonempty sets, X = [[;c; Xi, Y :==[l;c; Vi,
and F; : X = Y;and G; : Y = X; be nonempty-valued. Assume that, for eachi € I,
there exist KKM-structures %; = (®@x,, Jx,) of X; and 4; := (Py,, Sy,) of Y; such
that

(i) for each (xi,yi) € X; x Y, Fl._l(y,-) and Gi_l(xi) are Ix-open and Jy-open,
resp;
(ii) foreach (x,y) € X xY, F;(x) and G;(y) are ®@y,-convex and @ x,-convex, resp;
(iii) there exists a nonempty Jx xy-compact subset K of X x Y and, for each N; €
(X; x Y;), there is a Sx, xy;-compact and D, wy,-convex subset Ly, C X; x Y;
containing N; such that, for each (x, y) € ([[;c; Ln,)\K andi € I, there exists
(x/, y]) € Ly, such that (x, y) € F;l(yl-’) X G;l(x{).

Then, there exists X := (Xj)ic; € X and y := (y;i)ie; € Y such that y; € F;(x) and
Xi € Gi(y) foralli € I.

Proof For each i € I, let 74 = (®x,xy,, Ix;xy;) be the product KKM-structure
of % and 4%, on X; x Y;. Let D; : X x Y == X; x Y; be defined by D;(x, y) :=
Gi(y) x Fi(x) for all (x,y) € X x Y. Then, D; has the nonempty values, and
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Dfl(x,-, Vi) = Ffl(y,-) X Gil(xl) is Sxxy-open for all (x;, y;) € X; x Y;. Hence,
XxY = U(x, VEX: xY; intg,, , D (xl, vi). Assumption (ii) implies that D;(x, y)
is @y, xy;-convex for each (x, y) e X x Y. Assumption (iii) shows that condition
(C) holds for {D;};c;. Thus, applying Theorem 1 together with condition (h4) and
the statement at the end of Remark 1 with X x Y, X; x ¥; and D; replacing X, X;,
P; = Qj, resp, we have a (x, ¥y) € X x Y such that (x;, y;) € D;(x,y) foralli € I,
ie.,y; € Fi(x)and x; € G;(y) foralli € I. O

3.2 Maximal Element Theorems

Theorem 6 For an arbitrary index set I and i € I, let X; be a nonempty set and
Si,T; : X = ]_[iel X = X;. Assume that, for each i € I, there exists a KKM-
structure F; = (Px,, Ix;) of X; such that

(i) for each x; € X;, Si_l(xi) is Ix-open;
(ii) for each x € X, ®x,;-coS;(x) C T;(x);
(iii) there exists i € I such that x; ¢ T;(x) for all x = (x;j)ics € X;
(iv) there exists a nonempty I x-compact subset K of X, and, for each N; € (X;),
there is a Jx,-compact and ®@x,-convex subset Ly, C X; containing N; such
that, for each x € ([[;c; Ln)\K and i € I, S;(x) N Ly, # ¥.

Then, there exist x € X and iy € I such that S;,(x) = 0.

Proof Suppose to the contrary that, for all x € X and i € I Si(x) # (. Then, this
and (i) imply that X = U, cy, S;'(x1) = U, cy, ints, 7' (x;) for each i € 1. (iv)
together with (i) ensures condition (C) for {Sl}lE 1- Applying Theorem 1 for {P; =
S;i}ier and {Q; = T;}; <y via condition (h3) of Remark 1 and the statement at the end of
this remark, we have X := (x;);c; € X suchthatx; € T;(x) foralli € I, contradicting
(iii). O
Corollary 2 Let X be a nonempty set and S, T : X = X. Assume that there exists a
KKM-structure % := (®yx, Ix) of X such that

() foreach x € X, S7V(x) is Jx-open, ®x-coS(x) C T(x), and x ¢ T (x);

(i) there exists a nonempty Ix-compact subset K of X and, for each N € (X),
there is a Ix-compact and @ x-convex subset Ly C X containing N such that
S(x)N Ly # @ foreach x € Ly\K.

Then, there exists x € X such that S(x) = (.

Proof This result is a special case of Theorem 6 with the index set / being a singleton.
O

3.3 Intersection Point Theorems

Theorem 7 Let {X;}icr beafamllyofnonemptysets X = [l;e; Xi, {Aidier, {Bi}ier
two families of nonempty subsets of X, and x' the canonical projection of x on X' :=
HJel,,/;éz X ;. Assume that, for each i € I, there exists a KKM-structure F; =
(Px;,3x;) Oin such that
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() foreach x; € X;, {x' € X|(x;, x"") € B;} is Sx-open;

(ii) for each x € X, {x| € X;|(x/,x") € B;} is nonempty, and ®x,-co{x, €
Xil(x],x") € Bi} C {x] € X;|(x],x") € A;};

(iii) there exists a nonempty Jx-compact subset K of X and, for each N; € (X;),
there is a Jx,;-compact and ®@x,;-convex subset Ly, C X; containing N; such
that, for each x € ([] Ly)\K and i € I, there exists xlf € Ly, such that
(x], x')y € B;.

Then, (;jc; Ai #90

iel

Proof For each i € I, we define P;, Q; : X = X; by Pi(x) := {x] € Xi|(x{,xi) €
B;}and Q;(x) := {x] € X;|(x],x") € A;}forallx € X.Itisclear that the assumptions
of Theorem 1 (under the condition (h3)) are satisfied for { P; };c; and { Q;} iel- Applying
this theorem, we have X := (X;);e; € X such that x; € {x; € X;|(x/,X") € A;} for
eachi € I,ie.,x = (x;,x") € A; foralli € I. O

Corollary 3 Let {X;}ics be afamily of nonempty sets, X := [[,; Xi, {Ai}ier afamily
of nonempty subsets of X, and x' the canonical projection of x on X' := ]_[jelyj#i X;.
Assume that, for each i € I, there exists a KKM-structure F; = (®x,,Sx;) of X;
such that

() foreach x; € X;, {x' € X|(x;, x'") € A;} is Ix-open;

(i) foreach x € X, {x] € X;|(x], x') € A;} is nonempty and @y, -convex;

(iii) there exists a nonempty Jx-compact subset K of X and, for each N; € (X;),
there is a Jx,;-compact and ®@x,;-convex subset Ly, C X; containing N; such
that, for each x € ([[;c; LN)\K and i € I, there exists xlf € Ly, such that
(x], x) € A;.

Then, (;c; Ai # 9.

iel

Proof This is a particular case of Theorem 7 with A; = B, foralli € I. O
An equivalent formulation of Corollary 3 is the following.

Cprollary 4 Fori €I, let X; beanon?mptyset, X :=[lic; Xi, X' := ]_[je,,j#i X,
x' the canonical projection of x on X', f; : X — R and §; € R. Assume that, for
each i € I, there exists a KKM-structure %; := (Px,, Sx;) of X; such that

() foreach x; € X;, {x' € X| fi(x;, x'") > 8;} is Sx-open;
(i) for each x € X, {x[ € Xi| f,-(x,f, x> &)is nonempty and @ x,-convex;
(iii) there exists a Ix-compact subset K of X, and, for each N; € (X;), there
is a Ix,;-compact and Py, -convex subset Ly, C X; containing N; such that
(Tier LNOVK € Usery, (¥ € X1 i, x") > 8],

Then, there exists x € X such that f;(x) > 6; foralli € I.

Proof Corollary 3 implies Corollary 4. It is clear that the assumptions of Corollary 4
imply the assumptions of Corollary 3 with A; := {x € X| fi(x) > §;} fori € I.
Applying Corollary 3, we have x € X such that x € A; for all i € I, which means
that fj(x) > §; foralli € I.
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Corollary 4 implies Corollary 3. We define real functions f; : X — R by, for
x e X,

1 ifxea,
fl(x)—{o if x ¢ A;.

Then, for each i € I, we have {x’ € X| fi(x;, x") > 0} = {x’ € X| (x;, x") € A;}
for each x; € X;, and {x] € Xilﬁ(x{,xi) > 0} = {x] € X;| (xlf,xi) € A;} for each
x € X. Hence, the assumptions of Corollary 3 imply those of Corollary 4 for { f;}icr
and {8; = 0};¢;. Corollary 4 gives x € X satisfying f;(x) = 1 foralli € I, i.e.,
x € A;foralli € 1. O

Remark 4 (a) We can prove that Theorem 6 is still true if we replace x, x’, X and Sy
by xi, x’', X" and 3 xi» resp, in assumptions (i) and (ii). A similar replacement
can be made for Corollaries 3 and 4. In this case, Theorem 6 and Corollary 3
extend some results on sets with convex sections in [11] (Theorems 14-16) and
[21] (Theorems 2.3 and 2.4).

(b) Assumption (i) of Corollary 4 is satisfied if, for each x; € X;, fi(x;, ) is Sxi-
lower semicontinuous on X’. Corollary 4 generalizes Theorem 3 of [10] and
Theorem 2.5 of [21].

Corollary 5 Fori € I, let X; be a nonempty set, X := [[,c; X, X = Hje],j;éi X,
x! the canonical projection of x on X', and f; : X — R. Assume that there exists a
compact KKM-structure F; = (®x;, Jx,;) of X; for each i € I such that

(1) fi is Sx-continuous;
(ii) for any € > O sufficiently close to 0 and x € X, the set {a; € X; | f;(x', a;) >
max, .y, fi(x', a)) — €} is Px;-convex.
1

Then, there exists x € X such that f;(X) = maxgex; ﬁ(ii, ai) foralli € I.

Proof Applying Corollary 4 for functions h; : X —> R defined by h; (x) = fi(x) —
maxgex; fi(ai, x') and §; = —e, we have X € X such that s;(x) > —e. Since € is
arbitrary, the proof is complete. O

Note that results similar to Corollaries 4 and 5 were proved in [19] for the case with
a finite index set /.

3.4 Systems of Variational Relations

In this subsection, we discuss applications to a general model of systems of variational
relations since it encompasses most problems related to optimization. Variational rela-
tions were first studied in [16,25] and then extended to a case of a system of relations
in [23]. Let I be an index set, { X; };<; be a family of nonempty sets and X := ]_[iel X;.
Let A;, £2; : X = X; be nonempty-valued and R;(x, a;) be a relation linking x € X
and @; € X;. We consider the following system of variational relations

find x € X such that, for all i € I, Xx; € A;(x) and a; € £2;(x),

(SVR) { R;(%.a;) holds.
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Problem (SVR) was studied in [15] for the case where {X;};<; is a family of nonempty
convex subsets of topological vector spaces. In this section, using Theorem 1 we will
establish an existence result for the general case.

Fori € I, we set ®;(x) := {a; € X; | R;(x, a;) does not hold} for all x € X, and
W; == {x € X |forall a; € £2;(x), R;(x, a;) holds}.

Theorem 8 For problem (SVR), assume that there exists a compact KKM-structure
Fi = (Px;,x,) of X; for each i € I such that

() X = Uy ex, intsy (07 (@) U W) N 27 (@)));
(ii) A; is Px,-weak-convex w.r.t. §2;;
(iii) for each x := (x;)ier € X, x; ¢ Px,-c00;(x).

Then, (SVR) has a solution.

Proof For each i € I, we define set-valued maps P;, Q; : X = X; by

e n2ix) if x ¢ W,
P’(x)_{{z,-(x) if x €W,

‘ | @x,—co®;(x) if x ¢ W;,
Q’(x)_{Ai(x) if x € Wi

For each a; € X; we have
P @) = (67 @) n e @) n(x\ wo) U (27 @) n wi)
= (167 @) nx A wo1U W) N2 @)
= (0, (a) U W) N2 (a). 5)

The equality (5) and assumption (i) imply that X = [ J aieX; inty, Pl._1 (a;).

Take any ¢y, € Px,;, M; C N;, x = (x;)ic; € X satisfying x; € ¢n, (Apy,), and
M; C Pi(x).Asx ¢ W;, M; C O;(x) N £2;(x) C O;(x). Then, ¢y, (Apy,) C Py;-
co®;(x) = Qi(x). If x € W;, then M; C $£2;(x). By (ii) we obtain ¢y, (Ay;) C
A;i(x) = Q;(x). Thus, Q; is @x,-weak-convex w.r.t. P;.

Theorem 1 under condition (h1) of Remark 1 implies that an X := (X;)je; € X
exists such that x; € Q;(x) foreachi € I.If x ¢ W;, then Xx; € @x,-co®;(x),
contradicting (iii). Hence, x € W;, and therefore x; € A;(x) and R; (X, a;) holds for
all a; € £2;(x). O

Remark 5 (a) Because the map P; in the proof of Theorem 8 has the nonempty values,
assumption (i) can be replaced by the following

(') foreach a; € X;, (O '(a;) UW;) N 27 (a;) is Ix-open.
Furthermore, (i) is satisfied if

(i") W; is Sx-open, and, for each a; € X;, @i_l (a;) N (X \ W;) is relatively I x-open
in X \ W; and .Ql._l(ai) is Ix-open.
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Indeed, as (N)lf1 (a;)N(X\W;)isrelatively I x-openin X \ W;,aJy-opensetU; C X
exists such that © ' (¢;) N (X \ W;) = U; N(X\ W;). Then, (8, ' (a;) UW;) N2, (a;)
= ([U; N (X \ W)1U Wi) N 27 (a;) = (U; UW;) N 27 (a;) is Sx-open.

(b) It is clear that assumption (iii) of Theorem 8 is fulfilled if “for each x =
(x))ier € X, Ri(x, x;) holds, and ©; (x) is Px,-convex.”

3.5 Abstract Economies

Finally, we discuss a practical model. Let / be any set of agents. For each i € I,
let X; be a nonempty set of actions available for the agent i and X := [[,.; X;. An
abstract economy (see [27]) is a family of ordered triples & := (X, A;, Bi)icr, where
A; : X =3 X; is a constraint correspondence such that A; (x) is the state attainable for
the agent i at x, and B; : X == X; is a preference correspondence such that B;(x) is
the state preference by the agent i at x. An equilibrium point of & is a point ¥ € X
such that x; € A;(x) and B; (x) N A;(x) = ¥ foreachi € I.

Of course, we can deduce the following existence result from our results in Sect. 2.
But, to explain the generality of variational relations studied in the preceding subsec-
tion we will apply Theorem 7.

Theorem 9 For the abstract economy & := (X, A;, Bi)ier, let W; = {x €
X |Bi(x) N Aj(x) = @} for each i € I. Assume that, for each i € I, there exists
a compact KKM-structure F; = (®x,, Sx,) of X; such that

() X = Uy cx, intay ((B; (@) UW) N A (@)
(ii) for each x € X, A;(x) is @x,-convex;
(iii) for each x = (x;)ier € X, x; ¢ Px,-coB;(x);

Then, & has an equilibrium point.

Proof We see that X € X is an equilibrium point of & if and only if, for each i € I,
X; € Aij(x), and for all a; € A;(Xx), a; ¢ B;(x). This means that x is a solution of
(SVR) with A; = A;, £2; = A; and the relation R; defined by: R; (x, a;) holds if and
only if a; ¢ B;j(x). Applying Theorem 7, we complete the proof. O

Remark 6 The observations in Remark 5 are valid also for Theorem 9. Furthermore,
if A; and B; are (S, S, )-closed (i.e., their graphs are Iy x Jx,-closed in X x X;),
then W; is Jx-closed. Hence, assumption (i) of Theorem 9 is satisfied if

(i’) A; and B; are (Jx, Ix,)-closed, and their fibers are I x-open.

In some cases condition (i) is restrictive, e.g., if the topologies S, are connected
(in particular, if KKM-structures .%; = (®yx,, Jx;) are the natural KKM-structures),
then (i*) is fulfilled if and only if A; and B; are constant maps. However, there are
instances where this condition is relatively easy to check.
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