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1 Introduction

Let D be the open unit disk in the complex plane C and H (D) be the space of all
analytic functions on ID. Let S(ID) denote the set of all analytic self-maps of . The
Bloch space, denoted by B = B(D), is the space of all f € H (D) such that

171 = sup (1= 12) | /'@)] < oo,
zeD

Under the norm || f Iz = | f(0)| + || 1l g, the Bloch space is a Banach space.
For p € (1, 00), the analytic Besov space B), is the set of all f € H (ID) for which

-2
b= [ @l (1-1R)" a4 < oo,
D

where d A is the normalized area measure on ID. The quantity b, is a seminorm and the
Besov norm is defined by || f |5, = | f(0)| + b, (f). In particular, B; is the classical
Dirichlet space with an equivalent norm. See [18] for more results of the analytic
Besov space.

Letu € H(D) and ¢ € S(D). For f € H(ID), the composition operator C, and the
multiplication operator M,, are defined by

(Co ) = flex) and (M, [f)(z) =u(z)f(2),

respectively. The weighted composition operator uCy, is defined by

WCy [)(@) =u@) - f(@), feHD).

It is clear that the weighted composition operator uC,, is the generalization of C, and
M,,. A main problem concerning concrete operators (such as composition operator,
multiplication operator, weighted composition operator, Toeplitz operator and Hankel
operator) is to relate operator theoretic properties to their function theoretic properties
of their symbols.

It is well known that Cy, is bounded on B by the Schwarz-Pick lemma for any
¢ € S(D). The compactness of C, on B was studied in [10,14,16]. Wulan et al. [16]
proved that Cy, : B — B is compact if and only if lim,_ [l¢" || = 0. Zhao [17]
showed that ||Cy |l 55 = 5limsup,_, o, l¢" 5. Ohno and Zhao [13] studied the
boundedness and compactness of the weighted composition operator uC,, : B — B.
The essential norm of the operator uCy, : B — B was studied in [5,9,11]. For more
results on composition operator and weighted composition operators mapping into the
Bloch space, see [1-3,5-11,13,15-17] and the related references therein.

In [2], the authors characterized the boundedness and compactness of weighted
composition operator uC, : B, — B. Among others, they proved that, under the
assumption that uCy : B, — Bis bounded, uCy, : B, — B is compact if and only if
limjy ;)1 1uCy fo)llp =0 and lim, . llug" |5 = 0, as well as if and only if
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-1

2 Iz
li 1—z%) | log———— =
|¢(§>I\11< 2 )|u @] (Og 1— Iw(z)|2> 0

and

(1= 12P) [u@e' @] _

im > 0.
lp(z)]—1 1 — o)

Here

e

)= (1 ¢ "
fa(@) = Ogm ¢ T " a:

Motivated by the above result, in this paper, we give the corresponding estimates
for the essential norm of the operator uCy, : B, — B. Moreover, we give a new
characterization for the boundedness, compactness and essential norm for the operator
uCy : B, — B.

Recall that the essential norm ||7'||., x—y of a bounded linear operator 7 : X — Y
is defined as the distance from 7 to the set of compact operators K mapping X into
Y, thatis, |T|le.x—y = Inf{||T — K| x—y : K is compact }, where || - ||x—y is the
operator norm.

Throughout this paper, we say that A < B if there exists a constant C such that
A < CB. The symbol A ~ B means that A < B < A.

2 Essential Norm of uCy : B, - B

In this section, we give some estimates for the essential norm of the operator uC,, :
B, — B. For this purpose, we need some lemmas which will be used in the proofs of
the main results in this paper.

Lemma 2.1 [14] Let X, Y be two Banach spaces of analytic functions on D. Suppose
that

(1) The point evaluation functionals on Y are continuous.

(2) The closed unit ball of X is a compact subset of X in the topology of uniform
convergence on compact sets.

(3) T : X — Y is continuous when X and Y are given the topology of uniform
convergence on compact sets.

Then, T is a compact operator if and only if given a bounded sequence { f,} in X such
that f, — 0 uniformly on compact sets, then the sequence {T f,} converges to zero in
the norm of Y.

Lemma 2.2 [2] Let1 < p < 0. If f € B, then
1—1
(i) 1/ S 1118, (log 2z) 7 for every z € D;
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(ii) 1@ S 7=z 1 /I8, for every z € D.

Let a € D. We define

— (1 =lal?
@)= ) @zl

s — , ze€D.
ey% (1 —az)?

We state and prove the first result in this section.

Theorem 2.1 Let 1 < p < oo,u € H(D) and ¢ € S(D) such thatuCy : B, — B is
bounded. Then

||uC<p||e,Bp—>B ~ max [A, B, C} ~ max [E, F},
where

A :=limsup |uCy fullg, B :=limsup [uCygullp, C :=limsup |[uCyhyll3,

la]—1 la]—1 la]—1
_1
14
E := lim sup (1 — |z|2) |u'(2)] <log ;2)
lo@@)|—1 1 —lp@2)]

and

1—z? /
F := lim sup (1 -l )|M(Z);p (z)|‘
lo(2)—1 1 —|e@)]

Proof Without loss of generality, we assume that ||¢| o = 1. We first prove that
max{A,B,c} S NuCylle -5 Q.1

Asshownin[2], fa, 8a. ha € Bp, | fallB,. I8allB,, lhall B, are bounded by a constant
independent of a, and the all f,, g, and h, converge to zero uniformly on compact
subsets of D as |a| — 1. Thus, for any compact operator K : B, — B, by Lemma 2.1
we have

lim [|Kfallp =0, lim [[Kgallp =0, lim ||Khallp=0.
lal—1 lal—1 la]—1

Since uC, : B, — B is bounded, we have

luCy — Kllp,~B 2 1(uCy — K) fullB = luCy(f)lIB — I K fallB,
luCy — Klip,~B 2 IuCy — K)gullg = uCy(8a)llB — 1 KgallB
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and
luCyp — Kllg,~8B Z 1uCy — K)hallp = uCyp(ha)llg — IIKhallB.
Thus,
luCy — Klig,~5 2 A, uCp—Kllg,~52 B, uCp—Klp, 5= C.
Therefore,

14Cylle.8, 15 = inf [uCy = Kllg, 15 2 max A, B, C}.
Next, we prove that
Imm{E,F}ﬁ”uCﬂbﬁf%B. 2.2)

Let {z;}jen be a sequence in I such that [¢(z;)| — 1 as j — oo. Define

2
e lo S
e 1 ( gl—ﬂwﬁ)

ki(z) =
](Z) 1 e 2 1 e 1+%
( 08 1—|</)(z_/)\2> ( 08 1—|<p<z_,->|2)

RSIE

and

(o)) —z) (1 = lpz)P)

lj(z) = (1 _(p(_zj)z)z

We know that the both k; and /; belong to B, and converge to zero uniformly on
compact subsets of D. Moreover,

1 e 1_% ,
ki (p(z)| = 5 (108 m) ; k; (¢(z))) =0,

and

1

1j (¢(zj)) =0, SE—
! ! 1 - }¢(Zj)|2

1 ()| =

Then, for any compact operator K : B, — B, we obtain

luCy — Kllp,~B 2 IuCy — K)kjlig 2 luCykj)lis — I KK;liB
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490 Q. Huetal.

and
[uCyp — Kllg,~B 2 luCy — K)ljlip 2 luCeUplp — I1KLjlB-
Taking j — oo, we get

luCy — Kllp,—p Z limsup [[uCy(kj) 5

j—o00
-1
(4 P
> lim su (1—|z»|2) W) <lo —>
map (1= 12) l @l (o T
-1
e P
— limsu (1—|Z|2) ' 2) <lo —) —E
@It W@l {lee T op

and

(1 =1z ?) ¢’ @)lu(z))

luCy — Kllp,~5 Z limsup [uCy ()]s Z lim sup

1 —|z%) ¢’ )| |u(z
=1imsup( ||)|¢()2||()|=F.
lp(2)|—1 1 — el

Hence, we obtain (2.2).
Now, we show that

1uCylle 5,55 S max {A, B, c} and  [uCyll, 5,5 < max {E F}. 2.3)
For r € [0, 1), set K, : H(D) — H(D) by

(Kr [)(@) = fr(2) = f(r2), f e HD).

It is clear that f, — f uniformly on compact subsets of D as r — 1. Moreover,
the operator K, is compact on B and ||K,||p,~p, < 1. Let {rj} C (0,1) be a

sequence such that r; — 1 as j — oo. Then, for positive integer j, the operator
uCyK,; : B, — B is compact. By the definition of the essential norm,

”quo”e,Bp—)B < lim sup luCyp — MC(pKrj ”Bp—)B-
j—o00

To give (2.3), we only need to show that

lim sup [luCy — uC, Ky, |5, -5 < max {A, B, c} 2.4)

j—o00
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and

limsup luCy — uCy Ky, |l 5,5 < max {E F}. 2.5)

j—o00

For f € B, with || f| 5, < 1, we consider

l(uCy — uCyKr) i
= 1u(0) £ (@(0)) — u(0) fr, (@ OD| + llu - (f = f,) 0 9l

It is obvious that limj_, o [u(0) f (¢(0)) — u(O)frj (p(0)] = 0. Let N € N be large
enough such that r; > % for all j > N and we have

limsup [lu - (f = fr;) o ¢lls S Q1+ Q2+ O3+ O, (2.6)
where
0 :=timsup sup (1= 121%) (£ = £,) w@)ll¥ @Iluca)|
J—0oo |p()|=<rn
02:=timsup sup  (1-12P)|(f = ) @@)ll¢ @ llucz)]
J—oo |p(@)|>ry
Q3 :=limsup sup (1 - |Z|2) |(f - 1) (@)l 2)]
J—0o0 |p()|<rn
and

0s:=timsup sup (1 =12P)[(f = fi,) (DIl ).

=00 le@)I>ry

Since uCy, : B, — B is bounded, from [2] we see that u € 1B and

0 = sup (1= 12) I¢/ @llu(2)]| < ox.

zeD

Since fr/j — f’ uniformly on compact subsets of D as j — o0, we have

Q1 < Qlimsup sup

j—oo |w|<ry

f(w) = £/ (w)| =0. 2.7)

Similarly, from the fact that u € B and f,, — f uniformly on compact subsets of I
as j — 0o, we have

03 < |lullglimsup sup |f(w)— f(rjw)|=0. (2.8)

J=oo |wlsry
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492 Q. Huetal.

Itis clear that Q> = limsup;_, ., Q21, where

0= sw (1-12P)|(f - £,) @@lI¢ @l

le@)>rn

Using Lemma 2.2 and the fact that || /| 5, < 1, we have

on=sw (1-1zP)|(f = £,) @lIg @lu)|

lp@)|>rn

(1= 121) I¢' @) lu(z)]|
<|If— f
S = Iyl |w<§;l|zm 1 — o)

(9(2) — @) (1 = lp)I*)

S s (1-12P) W)

lp()>rn (1 — |e(z)]?)?

PR Gl |<p(z)|2(>1(2_|<p|$()z|;2—)31 - |¢(Z)|z)|
< s s (11 o AL )

+u(2)¢'(2) - |a|2()1(?6;|;(;);3_ we) |

= sup sup (1 - |Z|2> |(uCyha) (2)]

lp@)|>ry lal>ry

< sup [[uCy(ha)| -

la|>rn

Letting N — oo,

(1—1212) 1¢' @ u(2)]

lim sup Q71 < lim sup (= F) <limsup |[uCy(hy)| 1 -
N—ooo lo(2)|—1 1 —|p@)? lal—1 luCotal]s
Hence,
0, SFSC. (2.9)

We know that Q4 = lim sup o0 Q41, where

0= swp (1=12)1(f = fr) @I @I

lp(@)|>rN
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Using a similar estimates to 021, Lemma 2.2 and the fact that || f | 5, < 1, we get

0n=swp (1-12P)I(f ~ f) @)l @)

lp(z)|>rN
1 =5

S5 s (1= 2P) W@l (log )
2 @y 40(z)|2

1

S sup |uCy fa_zga S up Hucw(fa)”lg"‘ sup Hucw(ga)”g

lal>rn B lal>
Taking N — oo,

_ 1

=3
lim sup Q41 < limsup (l - |z|2) lu'(2)] <10g ﬁ) (=E)

N—o0 lp(2)[—1
S tim sup [uCy(fo)|  +limsup [uCy(g) |5 = 4 + B
and then
Qs SESA+B. (2.10)
Thus, by the above estimates (2.6)—(2.10) we get (2.4) and (2.5). Therefore,
1UCylle., 5 S E+ F S max {E, F|
and
IuCylles, 5 S A+ B+C < max {A, B, c}.

Hence, by (2.1)-(2.3) we get the desired result. This completes the proof of this
theorem. o
Theorem 2.2 Let 1 < p < oo,u € H(D) and ¢ € S(D) such that uCy : B, — B is
bounded. Then

Cle. 5,15 > max {lim sup [uC, £ 5 im sup g 5.

lal—1

Proof Let {z}jen be a sequence in ID such that |¢(z;)| — 1 as j — oo. Define

1 —|al?

1—az’

qa(z) =

It is easy to check that the both fj(;;) and gy ;) belong to B), and converge to zero
uniformly on compact subsets of D. Here, f, is defined in the proof of Theorem 2.1.
Since
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494 Q. Hu et al.

HCo iyl = suﬂp}) (1 _ |Z|2) |M(Z)f(;;(z/-) @(2) ¢'() + ' @) fpe)) @)
b4 . 1—1
. 2 ! i T N2 p
> (1 —|zj] ) lu'(z)] <log 1 — |<p(z;)|2>
1

(1= 1z ) lu(z)e(z)¢' ()] (1 e )
0g
1— lp(z))2 1— oz,

and

I4Codoteplls = sup (1= 122) 11 @), @@)¢ @) + 1 @apic)) (P
€

_ (=1 PluG)) eGpe'Epl

2 1o
- 1 —[p(z))? (1_|ZJ| )IM (z))I.

Taking limit as j — oo to the last two inequalities on both sides, we get

1
1 —1z%) [u@)|l¢’(z 7
lim sup ||uC¢f(p(z)||B+limsup( 12F) @y’ @) (10 ¢ ) ’

o)1 lo(@)|— 1 1 —lp@)? 1 —lp)?
= lim sup ”uC(pf(p(z]-)”B
j—o00
(1 — 12j1?) lu(e e )¢ @) e G
+ lim sup ! ! ! ! (log )
00 1—o(z)? 1—o(z)?
1—L1
e P
> limsup (1 — |z;]° |u/(z-)|(10 —>
msup (1= 1) el 1o s

> lim sup (1 - |Zj|2) lu'(zj)| = lim sup (1 - |z|2> lu'(2)]

j—00 lp(2)|—1

and

lim sup 14 C,y gyl + lim sup (1= 122 ' 2)|
lp(z)|—1 lp(2)|—1

— lim sup [1uCyy(z )l + lim sup (1 - |z,-|2) ' (z))

j—o0 j—o0

(1= 1z ?) lu(z)e(z)¢' (z))]

> lim su
=y 1= )P
. (1= 12%) [u(2)]1¢'(2)]
= lim sup 5 .
lo(2)|— 1 1 —|p(2)]
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Since uCy, : B, — B is bounded, we have (see [2])

(1= 121 lu@)l¢ ()] - o
zeD 1 — o)

which implies that

lim sup
lp(@)I—1 1= lp@)

_ 2 ’ _%
(1 |z|)|u<z>||<p(z>|<10 e )

e

Thus, we have

1—1
. e P
lim sup (1 — |Z|2> lu' (2)] (log —2> < limsup [uCy fo)ll B
lp(@)]—1 1 —lp@)] lp(2)|—1

< limsup [uCy fallB, (2.11)

lal—1
lim supy, )1 (1 — [2]?) |4/ (2)| < limsupy, . [uCy fall3 and then

(1—12%) lu(2)]l¢’ )|

lim sup 5 < limsup [[uCyqy)lls + limsup [[uCy fo) Il B
lp(2)—1 1 — o)l o)1 lp(@)—1
< limsup [[uCyqqll + lim sup [[uCy full 5
lal—1 lal—1
(2.12)

By (2.11), (2.12) and Theorem 2.1, we obtain

lim sup Cy fulls = uCylles,55 ~ max {E, F|

la|—1

< max { lim sup [|4C,, £, || 3. lim sup ||uC¢,qa||B}. (2.13)

lal—1 lal—1

To finish the proof, we only need to prove that

limsup [lug" g < luCylle.B,~B

n—o0

and

limsup [[uCyqallg < lim sup [lug”|| 3.

la]—1 n— 00
For each nonnegative integer n, let p,(z) = z". Then, p, € B, and the sequence

{pn} converges to zero uniformly on compact subsets of . Thus, for any compact
operator K : B, — B, by Lemma 2.1 we have lim,,_, o || K ps I3 = 0. Hence,

@ Springer



496 Q. Huetal.

luCy — Kllg,—~p 2 limsup |(uCy — K) pullp = limsup [uCy pyll 5.

n—o0 n—o00

Thus,

1uCylle.8,~p = inf [uCyp — KI5, 5 = limsup [uCy pnlls

n—od
= lim sup ||u¢" | 5. (2.14)

n—oo

On the other hand, let a € D, then

4a(z) = 1_|a|2 =(1- |a|2)Za

For fixed positive integer n > 1, it follows from the triangle inequality and the fact
SUPQ < <oo lg* I3 < 00 that

o
luCodalls = (1= 1) Y lalu* |15
k=0
n—1 00
= (1= 1aP) Y lallugt s + (1= 1al?) 3 lallug* s
=0 k=n
=n(1—1aP) sup fugtls+(1-la )Z lal* sup [lug’ |1
0<k<n—1 k—=n j>n
S (1 -1af) + 250 Jugh s
Letting |a| — 1 in the above inequality leads to
lim sup |uCyqalls < sup llug"(|s
la]—1 k>n
for any positive integer n > 1. Thus
lim sup [[uCyqqllB < lim sup |lu¢" || 5. (2.15)

lal—1 n—00

Therefore, by (2.13) , (2.14) and (2.15) we get the desired result. This completes the
proof of this theorem. O

3 A New Characterization of uC, : B, — B
In this section, we give a new characterization for the boundedness, compactness and

essential norm of the operator uCy, : B, — B. For this purpose, we state some
definitions and some lemmas which will be used.

@ Springer



Weighted Composition Operators from Analytic Besov Spaces... 497

Let v : D — R, be a continuous, strictly positive and bounded function. The
weighted space H,° is the space which consisting of all f € H (D) such that || f1|, =
sup,cp v(2)| f(2)| < co. Hy® is a Banach space under the norm || - ||,. The weight v
is called radial if v(z) = v(|z|) for all z € D. The associated weight v of v is defined
by (see [4])

v=Gup{lf@)|: feH  Ifl,<1H ' zeD.

Let0 < a < 00. When v = v,(2) = (1 — Izlz)a, it is easy to check that U, (z) =
Vg (2). In this case, we denote H° by Hv‘f. Here

HE = {f e HMD) : 1 fll, =sup|f @] (1-1217)" < °°] '
zeD

When

-1y 7!
e P
v= UIOgsp(Z) = <<10g |Z|2) ) 3

it is not difficult to see that Vjog , = Viog, p. Indeed, it is clear that ¥(z) = v(z), when
(see [4])

v(2) = (max{lgw)]; [w] = |zIH~"'
is a weight for some g € H(ID). Hence, the statement follows with g(z) =
(log =)' 77
Lemma 3.1 ([5]) For a > 0, we have limg_ 00 k%271, = (27“)"‘.
After a calculation, we get the following result.

1
Lemma 3.2 For 1 < p < 0o, we have limy_,o(logk)' ™7 |2 ||y, , ~ 1.

Lemma 3.3 ([12]) Let v and w be radial, non-increasing weights tending to zero at
the boundary of D. Then, the following statements hold.

(a) The weighted composition operator uCy : H°® — H:° is bounded if and only if

w(2)
P St =

(b) Suppose uCy : H® — HZ° is bounded. Then

|u(z)].

w(z)
luCylle, Hoo—Hze = lim  sup
ore s=1g()>s V(@(2))
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498 Q. Huetal.

Lemma 3.4 ([4]) Let v and w be radial, non-increasing weights tending to zero at
the boundary of D. Then, the following statements hold.

(a) uCy : HX® — H.° is bounded if and only if

gl
=0 12510

El

with the norm comparable to the above supermum.
(b) Suppose uCy : H3® — HS° is bounded. Then

. lug* [l
luCyplle, Hoo— Hoe = lim sup o
k—oo  1Z%Mw

Theorem 3.1 Let 1 < p < oo,u € HD) and ¢ € S(D). Then, uCy, : B, — B is
bounded if and only if u € B,

. 1 .
sup [ Li(p) g < oo and  sup(og )' "7 [ Ju(p?) 5 < co.

j=1 j>1
Here
4 Z
i@ = [ Fouedc s = [ reue
Proof By Theorem 2.1 of [2], uCy, : B, — B is bounded if and only if

— 2 / _ 2 /
sup (1—1z%) |4/ (2)| o and sup (1= 1z°) lu(@)11¢' ()]

= ((loé’ _1—|<;(z)|2_)1_%)_1 -~ o ver

@3.1)

By Lemma 3.3, the first inequality in (3.1) is equivalent to the operator u'C, :

,‘fljg s H;? is bounded. By Lemma 3.4, this is equivalent to

j—1
'@ |,
AR

The second inequality in (3.1) is equivalent to the weighted composition operator
up'Cy : HJ® — H;? is bounded. By Lemma 3.4, this is equivalent to

—1
lug'©! = Iy,
=1 lzi My,
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Since 7,g(0) = 0, J,g(0) = 0,

(L6 ®) = ju0d @@, (e HE) =1 @,

by Lemmas 3.1 and 3.2, we see that uC,, : B, — B is bounded if and only if

: . - jllug'el 71|
sup | L, (¢))l|5 = sup jllug'¢’ "Iy, ~ sup ————"
j=1 j=1 g1 JlzZ Ty
and
'y, I’ Dlis
j=>1 llz/ ”Ulog.p Jj=1 llz/ ””logm
. -1 -
~max fluls. suplog(j — 1) 7 14460/l
j=2
1-1 i
= max{llulls,  sup(log )7 4ue) s}
Jj=1
The proof is completed. O

Theorem 3.2 Let 1 < p < oo,u € H(D) and ¢ € S(D) such that uCy : B, — B is
bounded. Then

. ' . 1= i
14Cylle., 5 ~ max | limsup [ 1, ¢/ s, limsup(log ))'" 711 4u(e") 15].

j—o0 Jj—o0

Proof From the proof of Theorem 3.1 we see that the boundedness of uCy, : B, — B
is equivalent to the boundedness of the operators u¢'C, : HJ? — Hp? and u'Cy :
H® — H,j’lo. By Lemmas 3.1, 3.2 and 3.4, we get

Vlog, p

i—1 . i—1

, . lup'e! " Nl . Jllug'e! ="y,

lug Colle, rrge— rige = lim sup —F——-—— = lim sup ——"——-——
j—o00 llz ||v1 j—00 Jlz ”v1

~ limsup jllug'e’ |y, =limsup [, (¢))g (3.2

j—00 j—00
and
-1 loa(i — N7 ' oi~!
/ . lu'e! ™ Nlvy .. (log(j — 1) 7llu'e! ™ Iy,
||z C(p”e,HUoC ﬁygozllmsupfzhmsu :
Rer oo 17 e, oo (log(— 1) 77 120
e.P g.] Z Vlog, p

_1 P
~ lim sup(log(j — 1)) 77 /e’ |1y,
Jj—>00
_1 .
= lim sup(log /)' "7 | (@) . (3.3)

j—o00
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The upper estimate From the fact that

wCy ) (2) =u' () f(92) + u(2)¢' (@) ' (¢(2)),

it is easy to see that

luColle,s,~B < u'Cylle, g —nge + lug'Cy

HiE e H3o— Hge- (3.4

» My

Then, by (3.2), (3.3) and (3.4) we get

. ; . n1=1 i
luColle,8,~5 < limsup || 1,(¢”)]|5 + lim sup(log j) 7 [ Ju(¢)) I3

J—00 J—>00

. 1 .
< max { limsup | L, @)1, limsup(log /)' 7 17 (¢ 1}
J

— 00 J—>00

The lower estimate From Theorem 2.1, (3.2), (3.3) and Lemma 3.3, we have

1uCplle,5,~B 2 F = llu@'Cylle.nge— nge ~ limsup [[1,(¢”) |8

J—>00
and
. L1-1 i
luColle.,~B 2 E = ||M/C<p||e,H,§>l<; —nHge ~ limsup(log )= » [ Ju(@) B
2.p j—o00
Therefore,

. ; . L1-1L i
14Cylle., 5 2 max | timsup |1, ¢/l tim sup(log /)71 4ue") 15}

Jj—o0 j—o0
This completes the proof of this Theorem. O
From Theorem 3.2, we immediately get the following result.
Theorem 3.3 Let 1 < p < oo,u € H(D) and ¢ € S(D) such that uCy : B, — B is
bounded. Then uCy, : B, — B is compact if and only if

. 1 .
limsup |7,(¢/)[5 =0 and limsup(log j)' "7 | Ju(¢") 5 = 0.

j—o00 j—00
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