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Abstract Given a positive integer ¢ and a graph F, the goal is to assign a subset of
the color set {1, 2, ..., t} to every vertex of F such that every vertex with the empty
set assigned has all 7 colors in its neighborhood. Such an assignment is called the ¢-
rainbow dominating function (1RDF) of the graph F. A tRDF is independent (/tRDF)
if vertices assigned with non-empty sets are pairwise non-adjacent. The weight of a
tRDF g of a graph F is the value w(g) = ZUGV(F) |g(v)|. The independent ¢-rainbow
domination number i,; (F') is the minimum weight over all /tRDFs of F'. In this article,
it is proved that the independent 7-rainbow domination problem is NP-complete even
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if the input graph is restricted to a bipartite graph or a planar graph, and the results
of the study provide some bounds for the independent #-rainbow domination number
of any graph for a positive integer . Moreover, the exact values and bounds of the
independent ¢-rainbow domination numbers of some Petersen graphs and torus graphs
are given.

Keywords Rainbow domination - Domination number - Independent rainbow
domination - NP-complete

Mathematics Subject Classification 05C69 - 05C15 - 05C76 - 05C85

1 Introduction

As a combinatorial optimization issue, ordinary domination consists of determining
the minimum number of places in which to keep a resource such that every place
either is adjacent to the place in which a resource exists or has a resource. In practical
applications, some additional constraints or desires must be taken into account. For
example [12], if we are given a large computer network which consists of some clients
and servers with ¢ distinct resources sy, 52, ..., S;, we need to seek the minimum
number of servers each one possessing a non-empty subset of these resources in order
that any client can be connected directly to a subset of servers that together have each
resource §; (1 < i < t). On the assumption that all resources have an identical cost,
the goal is to seek the minimum value of the number of copies of such ¢ resources.
This application naturally can be modeled by the concept of t-rainbow domination. In
addition, if a constraint prevents any pair of servers from occupying adjacent locations,
then we have the independent #-rainbow domination problem.

Foragraph F,S € V(F)and w € V(F),let Ng(w) denote the open neighborhood
ofwin S, ie., {uluw € E(F),u € S}, and let Ng[w] denote the closed neighborhood
of w, i.e., Ng[w] = {w} U Ng(w). If S = V(F) and no confusion can occur, Ng(w)
and Ng[w] will be denoted shortly by N (w) and N[w], respectively. If S C V(F),
then the definition N(S") = U,cg'N(x) is applied. The degree of a vertex w is the
total number of edges incident to w, and in this paper, A(F) denotes the maximum
degree of a vertex in the graph F.

Inspired by several facility location problems, Bresar, Henning and Rall [1-3]
initiated the study of the k-rainbow domination problem, and such a problem is proved
to be NP-complete even if the input graph is a chordal graph or a bipartite graph (see
Chang [4]). This problem has attracted considerable attention (see [19,21,25]), and
many other types of domination are widely applied to real-world scenarios, see, for
example, [5,7,9,10,13,14,22,24,26].

Anindependent set S of a graph F'is asubsetof V (F') for which vertices are pairwise
non-adjacent. The independence number of F, denoted as «(F), is the maximum size
of an independent setin F. Given a positive integer ¢ and a graph F, the goal is to assign
asubsetofthe colorset {1, 2, ..., t} toevery vertex of F such thatevery vertex with the
empty set assigned has all ¢ colors in its neighborhood. Such an assignment is called
the ¢-rainbow dominating function (fRDF) of the graph F. A tRDF is independent
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(I1tRDF) if vertices assigned non-empty sets are pairwise non-adjacent. The weight
of a tRDF g of a graph F is the value w(g) = ZveV(F) lg(v)|. If H is a vertex-
induced subgraph of V (F), the weight restricted to H is wy(g) = ZveH lg(v)].
The independent t-rainbow domination number i,;(F) is the minimum weight of an
ItRDFs in F. The upper t-rainbow domination number of F, denoted by I, (F), is
the maximum weight of a minimal #-rainbow dominating function. (In other words,
there is a dominating function f of weight 7+ (F) on F such that no proper restriction
of f is dominating.) We use i (F) to denote the independent domination number, i.e.,
the size of a smallest independent dominating set, of a graph F'.

The rest of the paper is organized as follows: In Sect. 2, the independent k-rainbow
domination problem is proved to be NP-complete. Section 3 provides some general
bounds for the independent ¢-rainbow domination number. In Sect. 4, the independent
2-rainbow domination problem is studied on generalized Petersen graphs and tori.
Closed expressions for infinite families are provided on the basis of constructions
for which we conjecture that they are optimal. In Sect. 5, the independent 3-rainbow
domination of trees is considered and a tight upper bound for i,3(7") of a tree T is
given. Conclusions are summarized in the last section.

2 Complexity of Independent Rainbow Domination

Itis well known that determining whether F has an independent dominating set with at
most k vertices (where k is a positive integer) is NP-complete for a graph F even when
F is a bipartite graph or a planar graph, or belong to some other classes of graphs;
see [8]. In this section, we will prove that it is NP-complete to determine whether F
has an independent ¢-rainbow dominating function of weight at most k for a positive
integer k and a given graph F even if F is bipartite or planar.

Formally, the problem can be stated as
PROBLEM: INDEPENDENT 7-RAINBOW DOMINATION
INSTANCE: Graph G = (V, E). A natural number B.
QUESTION: Decide whether the independent #-rainbow domination number i,;(G)
is at most B.

Theorem 1 Given a positive integert, the independent t-rainbow domination problem
is NP-complete for general graphs.

Proof Theorem 1 can be proved via reducing to the independent ¢-rainbow domination
problem from the independent domination problem. With a graph F on n vertices, the
graph F’ with the vertex set V(F') = V(F)U{v2,v3,..., v, : v € V(F)} U{vy, vy :
v e V(F)andedgeset E(F') = E(F)U{vv;, vivy ;v € V(F),2 <i < t}U{vyvy :
v € V(F)}is considered (see Fig. 1). We claim that F has an independent dominating
set Ip with |Ip| < s if and only if F’ has an ItRDF f of weight w(f) < s + nt.
Assume F contains an independent dominating set /p of cardinality at most s.
Consider the following function f from V (F’) to P({1,2,...,t}) by setting
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Fig. 1 The graphs F and F’ from the proof of Theorem 1, an example

{1}, ifu e Ipor
u = vy, for some v € V(F)\Ip,
@, ifu € V(G)\Ip

u =v; forsomev e Ipand2 <i <tor
u = vy, for some v € Ip or
u = vy for some v € V(F)\Ip,
{i}, ifu =v; forsomev e V(F)\Ipand2 <i <t,
{1,2,...,t}, ifu=v, forsomev e Ip.

fw) =

If f(u) = 0, the following four cases are considered:

Case 1 u € V(F)\Ip.

From the definition of f, we obtain f(u;) = i for 2 < i < t. Moreover, u has a
neighbor v € Ip. Hence, f(v) = {1}, and therefore, f (N (1)) = {1,2,...,t}.
Case2u = v; forsomev € Ipand2 <i <t.

From the definition of f, we obtain f(vy) = {1, 2, ..., t}. Since vy is a neighbor of
v, we have f(Npr(n)) ={1,2,...,t}.

Case 3 u = vy, for some v € Ip .

From the definition of f, we obtain f(v,) = {1, 2, ..., }. Since v, is a neighbor of
vy, we have f(Np () ={1,2,...,1t}.

Case 4 u = vy for some v € V(F)\Ip.

From the definition of f, we obtain f(v;) = {i} forany 2 <i <t and f(vy) = {1}.
Since v;(2 < i =< t) and vy are the neighborhood of vy, we have f(Np/(u)) =
{1,2,...,¢}.

Since any two vertices uy, up € V(F’) (with f(u;) # @ fori = 1,2) are not
adjacent in F’, it follows that f is an ItRDF of F’. Also the weight of f is |Ip|+nt <
s + nt.

Suppose F’ has an ItRDF f of weight at most s + nt. Since viv, € E(F')
for some v € V(F), together with the definition of independent rainbow dominat-
ing function, we have f(vy) = ¥ or f(vy) = @. Therefore, |f(vy)l + | f(vi)]| +
i, 1f)| >t LetIp = {v € V(F): f(v) # #}. Then we obtain Zvev(m =
Upl+ Y pevin (f @)+ 1f @) + iy | f)]) < s 4 nt. Therefore, |Ip| <'s,
as needed. O

Noting that F’ is bipartite or planar if F is a bipartite or planar graph, together
with the fact that the independent domination problem is NP-complete for bipartite
or planar graphs, we have
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Corollary 1 The independent t-rainbow domination problem is NP-complete for
bipartite graphs or planar graphs for any positive integer t.

3 Bounds for the Independent #-Rainbow Domination Number

Theorem 2 For any graph F with maximum degree A, we have (%] <y (F) <
iri(F) < ta(F) < I;(F).

Proof The result (%] < ¥ (F) is proved in [19]. Since any /tRDF of a graph
F is a tRDF of F, we have y,;(F) < i,;(F). Let I be a maximal independent set of
F with |I| = a(F). Let f be a function from V(F) to P({1, 2, ..., t}) defined by
fw)=0ifvé¢land f(v) ={1,2,...,t}if v € I. Then f is an [tRDF of F with
weight w(f) = t|I| = ta(F). Therefore, i,;(F) < ta(F). By the definition of the
upper ¢-rainbow domination number, we have ta(F) = w(f) < L+ (F). O

Similarly to [19, Theorem 1 and Corollary 1], we have the following two results.
The proof of Theorem 3 is left to the reader.

Theorem 3 For positive integers t' > t and a connected graph F, we have

i) i (F) < i (F) + (¢ = 1) | 282 |
ii) iy (F) < /288,

Theorem 4 Let F be a non-trivial graph. Then max{i(F), t} < i,;(F) < ti(F), and
these bounds are sharp.

Proof On the assumption that f is an ItRDF of F,and D = {u € V(F) : f(u) # 9}.
Then D is an independent dominating set of F. So i(F) < |D| < i, (F). Note
that F is a non-trivial graph, so F has at least one vertex v for which f(v) = 0.
Hence, t < i,;(F) and the inequality max{i (F), t} < i,;(F) holds. Moreover, for
any independent domination set D’ of F, we can obtain an ItRDF f’ of F with
fw) = {1,2,...,t} ifu € D' and f'(u) = @ otherwise. Hence, the inequality
it (F) < ti(F) holds.

Furthermore, it can be seen that max{i (F'), t} = i,;(F) for any complete bipartite
graph F and i,,(F) = ti(F) for any star. Therefore, these bounds are sharp. O

4 The Independent 2-Rainbow Domination Numbers of Some Classes of
Graphs

Letn > 0,b > 0,0 < k < n be integers, we denote by Zﬁ’b ={xlxe€Z,x>b,x =
k (mod n)}

4.1 Generalized Petersen Graphs

For positive integers n > 3 and k € {1, 2, ..., n — 1}, the generalized Petersen graph
P(n, k) is defined to be a graph with the vertex set {hil, hl2 |ie{0,1,...,n—1}}and
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the edge set {h}h?, hlh} . hih7,  |i € {0,1,....,n —1}}, in which the subscripts
are computed modulo n (see [6,23]).

AnItRDF f is given by a pattern of two lines, where the values of the upper line are
values of {f(h%), f(h%), R f(hi_l)}, and the values of the bottom line are values
of {f(h(l)), f(h{), R f(hli_l)}, ie., hl2 lies exactly above hl1 for each i. Moreover,
the sets ¥, {1}, {2} and {1, 2} are encoded with O, 1, 2 and 3, respectively.

Let f be an I2RDF of P (n, k), we define the weight sequence Sy = s152...s, of

P(n, k) under f the following way: s; = | f (h})|+| f (h?)| for each i. For example, let
h3 h3 h3 h3 h3 00301

f = be an I2RDF of P(5, 1), then Sy = 20211.
hy b} hd nl nl 30010

Theorem 5 Letn > 4.

n, ifn =0 (mod2)
iro(P(n, 1)) =
n+1, ifn=1 (mod2)

Proof First the upper bounds are proved by giving constructions of I2RDF of P (n, 1)
with the weight n if n = 0 (mod2) and n + 1 if n = 1 (mod2) as follows.

1. nezd*:
0202...0202
1010...1010

2. ney’:
0202...0202 00301
1010...1010 30020

3. nezy®
0202...0202 02
1010...1010 10

4. ne Zij:
0030...0030 003
3000...3000 300

The pattern |:g (()) 8 ? (1)] yields an I2RDF of P(5,1) of the weight 6. Thus,
ir2(P(5,1)) < 6 and so all the upper bounds are established. Note that P(n, 1) is
the ladder graph, which is the Cartesian product P,[1P,,.

Now, we will show the lower bounds. Let f be an I2RDF of P (n, 1) with minimum
weight. Fori = 0, 1, 2, 3, 4,let L; denote aset of columns of weighti andlet |L;| = n;.
Since f is independent, we have n3 = nq = 0. We have

w(f) =ny +2ny, and n = ng +ny + ny.
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Claim 1 If f(h}) = f(h) = 0, then | f(h}_))| + | (W2 )| = 2 and | f (B}, )] +
|f ()] = 2.

From Claim 1, we have n, > ng. Hence,
w(f) —n=ny —ng>0.

Therefore, the theorem holds for n = 0 (mod?2).
We now consider n = 1 (mod?2). Let S be a segment of a weight sequence of
P(n, 1). We define three types of subsequences (segments) in the following way:

Typel: S =aj,ay,...,
Type2: S=aj,as,...,
Type3: S:al,a2,~--

aze+1 with a; = 2 for odd i, and a; = 0 for even i.
ay with a; = 1 for each i.
, ag with a; = 2 for each i.

From Claim 1, it can be seen that the weight sequence Sy of P(n, 1) under f can
be decomposed into disjoint segments of Type 1, Type 2 and Type 3. Let p; be the
number of maximal segments of Type i fori € {1, 2, 3}. Then

w(f) —n=ny—ng=p1+ p3.

Since n is odd and f is independent, then there exists an i such that a; = 0. So we
have p; > 0 and w(f) > n, and so the proof is completed.

Theorem 6 Letn > 7.

2], n = 0mod 10
2]+ 1, n=9mod 10
4,

11'|+2

[

%
ir2(P(n,2)) <

[ n=23,4,578mod 10

[

#7143, n=16mod 10

Proof First the upper bounds are proved by giving constructions of I2RDF of P (n, 2)
of the desired weight as follows.

L ne 700,
2010010200...2010010200
0002200011...0002200011
2 nezlPh
0200201001...0200201001 02000301001
0011000220...0011000220 00330000320
2,22,
3.neZyy:
2010010200...2010010200 201001030200
0002200011...0002200011 000230000031
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0030030200201
2300200011000

0030
3003

01002
00330

030030
300003

0203020
3000003

02000303
00130020

100030020
023001100

3,23,

4. n e Zlo :
0010200201...0010200201
2200011000...2200011000

4,14,

5.nc¢ Zlo :
0102002010...0102002010
2000110002 ..2000110002

5,15,

6. n e Zlo :

0100102002 ..0100102002
0022000110. ..0022000110
6,16,

7. n¢€ ZIO :
0201001020...0201001020
1000220001...1000220001

7,17,

8. ne Zlo :
0201001020...0201001020
1000220001 . ..1000220001

8,18,

9. ne Zlo :
0200201001 . ..0200201001
0011000220. ..0011000220

9,19,
10. n e 251
1001020020 ..1001020020
0220001100...0220001100
03010027 30300020
L“P7—[00003303f%_[ }

p._[0010200203003
B=13200011000200

po 103030100‘P ~[00300102003
= P = 100032000130

000100022 |
301001020020

P2=1000320001300

02003100

]

. Then the pattern P, yields an I2RDF of P (n, 2)

with the desired weight for each n € {7, 8,9, 11, 12, 13}, and so all the upper bounds

are established.

Theorem 7 Letn > 7.

7

|3

(51
in(P(,3) < [F]+1,

[

|3

1+2,
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Proof First the upper bounds are proved by giving constructions of I2RDF of P (n, 3)
of the desired weight.

1.

10.

11.

0,16.
ne’ly :

3002020030010100. .
0010101000202020. .

1,33,
ne’lg:

0300202003001010. .
0001010100020202. .

2,18.
ne’ly:

0101003002020030. .
2020200010101000. .

3,35,
ne’lig:

0100300202003001.
2020001010100020.

4,20,
nesg:

0101003002020030
2020200010101000

5,37.
nelg:

2020030010100300.
0101000202020001.

6,22.
ne’lyg:

0300202003001010
0001010100020202

7,39,
ne’Zlyg :

3002020030010100. .
0010101000202020. .

8,24,
n € Ly

0300101003002020. .
0002020200010101..

9,25,
nelig:

0300101003002020. .
0002020200010101..

10,26,
nelyg:

1003002020030010. .
0200010101000202. .

.3002020030010100
.0010101000202020

.0300202003001010
.0001010100020202

.0101003002020030
.2020200010101000

.0300101003002020
.0002020200010101

.0300101003002020
.0002020200010101

.1003002020030010
.0200010101000202

03002020203001010
00010101000030302

01
20

..0100300202003001 0100302000201010101
..2020001010100020 3020000131000202020

...0101003002020030 0101
...2020200010101000 2020

..2020030010100300 202010200102010100300
..0101000202020001 010100033000202020001

...0300202003001010 101010
...0001010100020202 020202

.3002020030010100 30020202010001030010100
.0010101000202020 00101010002320000203020

20202020
01010101

203002020
000030301

1020102010
0201010202
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11,27,
12. n € Zig"":

1003002020030010...1003002020030010 10101030010
0200010101000202...0200010101000202 02020000303

12,28,
13. n e Z)2%:

0200300101003002...0200300101003002 010201010202
1010002020200010...1010002020200010 101020202010

13,29,
14. n€Zg™:

0100300202003001...0100300202003001 0102010010201
2020001010100020...2020001010100020 2020003300020

14,30,
15. n e 2183

0010100300202003...0010100300202003 00101003003003
0202020001010100...0202020001010100 02020200010100

15,31,
16. n € Z\g":

1003002020030010...1003002020030010 101020002030010
0200010101000202...0200010101000202 020001310000203

Lalﬁ=[3003000]I§=[00101003}Ib=[003003003]
0000232 02030200 000000330
p. _[30003000300] , _[001020301003
"=101300032000) 7020102010200
p._[0201001020101] , _[20102020030010

B =12000330002020) " 7]02010101000202
p._[030100010202020] , [03002020102010001
71000023200010301)"77[00010301020002320
p._[0202003010001020202
¥=11030100002320001010]

p _[010100300202010200102

27 1202020001010100033000

o= | 502020202000101 01000330 Ten the paten £, e

an [2RDF of P(n, 3) with the desired weight for eachn € {7, 8,9, 11, 12, 13, 14, 15,
17, 19, 21, 23}, and this completes the proof. O

Remark We believe that the bounds given in Theorems 6 and 7 are the exact values.
A method for the proofs may follow the path algebra approach [11,15-17,27]. As the
corresponding matrices are rather large already for P (n, 2) and P (n, 3), we do not go
in more detail here and leave it for future work.

In [20], it was shown that

Theorem 8 Let m > 3 and k, £ relatively prime to m with tk = 1 mod m. Then
P (m, k) is isomorphic to P(m, £).
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By Theorem 8, we have P(2k+1,k+1) = P(2k+1,2)and PGBk +2,k+ 1) =
P (3k + 2, 3) for any k > 2. Therefore, we have

Corollary 2 Let k > 2.
[8547 41, k=4mod5
ia(PQk+1Lk+1) <1 [%2]+2, k=1,2,3mod5
[8547 +3, k=0mod5
Corollary 3 Let k > 2.
[2LhH4T 3k =0,2,12, 14 mod 16
in(PGk+2,k+1) < { [2EH4] 11, 3k =1,3,4,6,8,9, 11 mod 16

[24H147 4o 3k =5,7,10,13,15 mod 16

4.2 Torus

The Cartesian product of graphs Fj and F; is defined to be the graph FjJF, with
vertex set F| x Fy, = {xy|x € V(F})and y € V(F,)} such that (x1, y1)(x2, y2) €
E(FiOF,) if x1xo € E(F1) and y; = y2, or y1y2 € E(F>) and x; = x2 (see [15]).
The torus is the graph 7, , = C,,JC,,, which can be viewed as a kind of grid graph
with n columns and m rows.

Theorem 9 Letn > 3.

= (0 mod 6)

n’

=
I

irn(T30)=13n+1, n= (3mod6)

n+2, n=1,2,4,5 (mod6)
Proof First the upper bounds are proved by giving constructions of I2RDF of T3 ,, of
the desired weight.
1. n ez’

010020...010020
200100...200100
002001...002001

2. neZy:

002001...002001 0001003
200100...200100 2020010
010020...010020 0300200
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3. nezg™:

100200...100200 10100300
001002...001002 00020002
020010...020010 03001010

4 nezd:

100200...100200 300
020010...020010 010
001002...001002 002

5.n¢€ Zg’loz

100200...100200 1020
020010...020010 0300
001002...001002 0003

6. neZy':

010020...010020 00020
200100...200100 30100
002001...002001 03001

003 0003 20300 0100201
LetP3=(010(,P,=]03001|,Ps=|03020|,P,=(3001000 |,
200 1010 00001 0020030
00200001 020030010
Pg=[(01003020]|,P9 = (100200200 |. Then the pattern P, yields
20010300 001001002

an I2RDF of T3, with the desired weight for each n € {3,4,5,7, 8, 9}, and all the
upper bounds are established. The lower bounds can be determined by the dynamic
algorithm used in [18], and the implementation is left to the reader. O

Theorem 10 If m and n are positive integers, then i 2(T3;,.6,) = 6mn.

Proof By Theorem 2, we have i, (T3, 6,) > 6mn. Let

i

0100 2 0 n times (0]

P: 2 O O 1 0 O ’Q:[P,,_.,P],andR: ’
0O 0 2 0 01 0

where Q is repeated m times in R. Then R yields an I2RDF of 73, ¢, with weight
6mn, which completes the proof. O

5 The Independent 3-Rainbow Domination Numbers of Trees

The following result for paths and stars is easily proved:

Proposition 1 Ifn > 3, then
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Fig. 2 The spider S(2, 2, 2)

13+ 1, n=2(mod4)
1) iy3(Py) =

132 +2, n=0,1,3 (mod4)
2) ir3(8y) = 3.

We first define the spider graph as follows. A spider S = S(ay, ..., a,) is a tree
formed by joining r > 1 vertex-disjoint paths of orders ay, . . ., a, as pendent paths to
a single vertex b, which is called the anchor of S, e.g., Fig. 2 is the spider S(2, 2, 2).
We denote by H (k) = S(2,2, ..., 2) with a total of k 2s.

Lemma 1 Let integers t,k > 1 and T belong to one of the following trees with n
vertices:

(i) avertex u connected to every anchor of t spiders H (k).
(ii) a vertex u connected to another vertex and each anchor of t spiders H (k).
(iii) avertex u connected to a pendent Py = vi1vy and each anchor of t spiders H (k).
Then T has an I3RDF g with wr(g) < n such that g(u) = 0.

Proof i) Assume T is a tree which is a vertex z connected to each anchor y; (1 <i <'s)
of s spiders H (k). Define a function g : V(T) — P({3, 2, 1}) as follows. If k > 2,
let g(z) = @, g(y1) = {1, 2}. The vertices of P, attached to y; is assigned with ¢
and {3}, respectively. For i > 2, g(y;) = {2, 3}. The vertices of P, attached to y; are
assigned with ¥ and {1}, respectively. Then it is easy to see that wr(g) < n.Ifk =1,
let g(z) =0, g(y1) = {3, 2, 1}. The vertices of P, attached to y; are assigned with ¢}
and {3}, respectively. Then wr(g) < n.

ii) Consider a function g : V(T) — P({3, 2, 1}) by letting the same color to the
vertices as case i except v and let g(v) = 1. Then we obtain wr(g) < n.

iii) Consider a function g : V(T') — P({3, 2, 1}) by letting the same color to the
vertices as case i except vy, v2. Assume vy be the leaf, and let g(vy) = {3,2, 1} and
g(v2) = @. Then we obtain wr(g) < n. m]

Remark Figures 3, 4 and 5 show examples of I3RDFs of graphs of such three cases,
where we use 0 to denote the empty set (.

Theorem 11 [f T is an n-vertex tree with at least three vertices, then i,3(T) < n.

Proof Assume that there exists an n-vertex tree 7 with minimum » such that i,3(7T) >
n, i.e., i,3(T®) < n’ for each n'-vertex tree T® if n’ < n. Then we have O

Claim 2 T has no vertex which is adjacent to at least two leaves.
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Fig. 3 A treein case i

Fig. 4 A tree in case ii

Proof of Claim 1. Assume that u € V(T') and u; and u, are two leaves adjacent to
u.Let TR = T — uy and f’ be an optimal I3RDF of TX. Then we have w(f’) =
ir3(T®) < n—1.1f f'(u) = @, then f'(Nyr(u)) = {1, 2, 3}. Extend f’ to g by putting
g(uy) = {1} and g(x) = f'(x) for x € V(T)\{u1}. Then g is an I3RDF of T with
w(g) < n, a contradiction. If f/(u) # @, then f'(uz) = @ and so f'(u) = {1, 2, 3}.
Extend f’ to g by putting g(u1) = @ and g(x) = f'(x) for x € V(T)\{u1}. Then g
is an I3RDF of T with w(g) < n — 1, a contradiction. O

Claim 3 T has no vertex u which is adjacent to both a leaf and a pendent Ps.

Proof of Claim 2. Suppose to the contrary that u € V(T) and there exist vertices
uy, uz, u3 € V(T)suchthat {uuy, uus, upuz} € E(T),uy, uz areleavesanddr (ur) =
2.Let TR = T — u; and f’ be an optimal I3RDF of T®. Then we have w(f’) =
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Fig. 5 A tree in case iii

ir3(TR) < n— 1.If f'(u) = @, then f'(Npr(u)) = {1,2,3}. Extend f’ to g by
putting g(#1) = {1} and g(x) = f'(x) for x € V(T)\{u;}. Then g is an I3RDF of
T with w(g) < n, a contradiction. If f'(u) # @, then f'(u;) = f'(uz) = @ and
S {u, u3}) = {1, 2, 3}. We may w.l.o.g assume that /() = {1, 2}. Extend f’ to g by
putting g(u1) = ¥, g(u) = {1,2,3} and g(x) = f'(x) for x € V(T)\{uy, u}. Then
we have w(g) < n, a contradiction. O

Claim 4 T has no vertex u which is adjacent to a pendent P3.

Proof of Claim 3. Suppose to the contrary that © € V(T) and u is adjacent to a
pendent P3 = ujuous, say uuy, ujuy, uouz € E(T). Let TR =T —{uy, us, u3} and
f' be an optimal I3RDF of TR. Then we have w(f) = ir3(T®) < n — 3. Extend
f' to g by putting g(uy) = guz) = @, g2) = {1,2,3} and g(x) = f'(x) for
x € V(T)\{u1, uz, uz}. Then g is an I3RDF of T with w(g) < n, a contradiction. O

Let P = x1, x2, ..., X, be alongest pathin 7. By Claims 2, 3 and 4 , we have that
xpisaleafand d(x2) = 2, x3 is adjacent to at least two pendent P,s and x4 is adjacent
to some anchors of pendent spiders H (k). Let 71 and 7> be two trees obtained by
deleting the edge x4xs5 from T and T be the tree rooted at x4. Let f” be an optimal
I3RDF of T5.

We now consider the following possible cases:

Case 1 There exists no leaf or pendent P, adjacent to x4 in 77 (see, e.g., Fig. 6).

Let f” be an I3RDF of T} described in case i of Lemma 1. Then we obtain an I3RDF
of T by putting g(x) = f”(x) if x € V(T1) and g(x) = f'(x) if x € V(T»). By
Lemma 1, g(x4) = ¥ and so g is independent. Therefore, wr(g) < wr, (g)+wr,(g) <
n, a contradiction.

Case 2 There exists exactly one leaf z adjacent to x4 in T (see, e.g., Fig. 7).

Let f” be an I3RDF of T described in case ii of Lemma 1. Then we obtain an

I3RDFof T by putting g(x) = f”(x)ifx € V(T1) and g(x) = f'(x)ifx € V(13).By
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(33 ———(x) XB) O —xT
(’(_1/# x2) / X3)— jf‘f {xo o \)
[/»—/@) Z
U2
Fig. 6 x4 adjacent to no leaf or pendent P,
ff = Y\ J'rJ—S\‘L - "k._6\| J'r ﬁ)
'\X ‘\X i '\_‘_,f '\\__,.
(y2)
l/"— et
(z)
Fig. 7 x4 adjacent to one pendent vertex z
i, e AT "—‘\i /e '—‘\l lf"_'\‘ s =
(x1} (X2 y)———x3} —(x4)- Xo— {x6 D)

P

(1% jr—""’l ¢

N/

Fig. 8 x4 adjacent to one pendent vertex z

Lemma 1, g(x4) = ¥ and so g is independent. Therefore, wr(g) < wr, (g)+wr,(g) <

n, a contradiction.

Case 3 There exists exactly one pendent P> = wjw; adjacent to x4 (see, e.g., Fig. 8).
Let f” be an I3RDF of T} described in case iii of Lemma 1. Then we obtain an

I3RDF of T by putting g(x) = f”(x)ifx € V(T})and g(x) = f'(x)ifx € V(T3).By

Lemma 1, g(x4) = ¥ and so g is independent. Therefore, wr (g) < wr, (g)+wr,(g) <

n, a contradiction.

Case 4 There exist at least two pendent P»s adjacent to x4 (see, e.g., Fig. 9).
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Fig. 10 Atree T in L5 withi,3(T) =n

Let ujur be a P, adjacent to x3, wiwy be a P, adjacent to x4 and TR =
T — {uy,uz, wy, wy}. Let f1 be an optimal I3RDF of TR, Then it is impossible
that f1(x3) = fi1(x4) = @ (otherwise, recolor x3 and the pendent P,s adjacent to
x3 as described in Lemma 1 to obtain an I3RDF with smaller weight). Assume that
fi(x3) = @ and fi(xa) # 0. If | fi(x4)] = 1, we can adjust the coloring of T as
described in Lemma 1 such that | fi(x4)] = 2. Let up and w, be leaves. We can
assume w.l.o.g. that f1(x4) = {2, 3}. Extending f; to g by putting g(u) = {1, 2, 3},
guz) = g(w1) =0, g(wz) = {1} and g(x) = f1(x) forx € V(T)\{u1, uz, wi, wa}.
Therefore, wr(g) < wyr(g) +4 < n, a contradiction. The case when fi(x3) # ¢
and fi(x4) = ¢ is similar.

Case 5 d(x4) = 2.

In this case, we have that x3 is adjacent to at least two pendent P, s by Claim 4. We define
a function f”:V(Ty) — P({1,2,3}) as follows. f"(x4) = @, f"(x3) = {1,2,3}.
For each pendent P, = vjvy (v; is a leaf) adjacent to x3, let f”(vp) = {1} and
f”(v) = @. Then we obtain an I3RDF of T by putting g(x) = f”(x) if x € V(T})
and g(x) = f'(x) if x € V(T»). Therefore, wr(g) < wr,(g) + wn(g) < n, a
contradiction.

Theorem 12 [fn > 6, there exists an n-vertex tree T for which i,3(T) = n.

Proof Let P4 be a path with V(Ps) = {v1, x, v3, va} and E(Ps) = {v1x, xv3, 1304},
and P; be a path with V(P3) = {x, vz, v3} and E(P3) = {xv2, vpv3}. Let Ly be the

@ Springer



434 Z. Shao et al.

set of graphs each of which consists of the disjoint union of k copies of P4 or Pz plus
a path through the vertex x of these copies. Figure 10 shows a graph in Ls.

It can be seen that each tree T in Ly satisfies that i,3(7) = n. By adding some P3s
or Pys to a path, we can obtain such a tree of any order n for n > 6. O

6 Conclusion

In this paper, we investigate the complexity of the independent #-rainbow domination
problem. More precisely, we prove that the independent #-rainbow domination problem
is NP-complete if the input is a bipartite graph or planar graph. Moreover, considering
generalized Petersen graphs and tori, the exact values of i,2 (P (n, 1)) and i,2(73 ,)) are
determined, and upper bounds for i,2 (P (n, 2)) and i2(P(n, 3)) are given. Proving
closed expressions of independent ¢-rainbow domination of the torus 7}, ,, and the
Petersen graph P (n, k) for larger ¢, n and k remain a challenge for further work.
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