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Abstract A spectral Jacobi-collocation approximation is proposed and analyzed for
nonlinear integro-differential equations of Volterra type with weakly singular kernel,
and a rigorous error analysis is provided for the spectralmethods to showboth the errors
of approximate solutions and the errors of approximate derivatives of the solutions
decaying exponentially in infinity-norm and weighted L2-norm. Numerical results are
presented to confirm the theoretical prediction of the exponential rate of convergence.
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1 Introduction

In this paper, we consider the following nonlinear Volterra integral-differential equa-
tion (VIDEs) of the second kind with weakly singular kernel

y′(t) = ̂f (t, y(t)) +
∫ t

0
(t − τ)−μ

̂K (t, τ, y(τ ))dτ + ĝ(t), t ∈ [0, T ], (1.1)
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subject to the initial condition given by

y(0) = y0, (1.2)

where 0 < μ < 1, ̂f : [0, T ] × R → R, kernel function ̂K : S × R → R (where
S := {(t, τ ) : 0 ≤ τ ≤ t ≤ T }) and ĝ(t) : [0, T ] → R are known, y(t) is the
unknown function to be determined.

Equation (1.1) arised asmodel equation for describing turbulent diffusion problems.
Due to the fact that the solutions of Eq. (1.1) usually have a weak singularity at t = 0,
and its nonlinear, the numerical treatment of the Volterra integro-differential equation
(1.1) is not simple. As shown in [1], the second derivative of the solution y(t) behaves
like y′′(t) ∼ t−μ.

The given function f in (1.1) is continuous for all t and y, and satisfies the Lipschitz
conditions:

| f̂ (t, y1) − f̂ (t, y2) |≤ M | y1 − y2 |, (1.3)

ĝ(x) ∈ C[0, T ], and ̂K is continuous for all S and Lipschitz continuous with its third
argument. Under these conditions, (1.1) possess a unique solution.

Volterra integro-differential equations have beenwidely used inmathematical mod-
els of certain biological and physical phenomena. Due to the wide application of these
equations, efficient numerical methods are urgently needed, and there have been many
types of methods, such as piecewise polynomial collocation methods [2,3], spline col-
location methods [4], polynomial spline collocation methods [5–7], spectral Galerkin
method [8–10], spectral Jacobi-collocation approximation [11–16]. Yet so far, to the
authors knowledge, spectral collocation methods for the nonlinear Volterra integral-
differential equation with singular kernel had few results.

In this paper, we investigate the Jacobi-collocation methods for the Eq. (1.1) and
provide a rigorous error analysis for the spectral methods, which shows that both
the errors of approximate solutions and the errors of approximate derivatives of the
solutions decay exponentially in L∞-norm and weighted L2-norm.

The paper is organized as follows. In Sect. 2, we outline the Jacobi-collocation
methods for nonlinear Volterra integro-differential equations with weakly singular
kernels Eq. (1.1). In Sect. 3, we describe some useful lemmas for establishing the
convergence. In Sect. 4, we show the convergence analysis. Numerical results are
performed to demonstrate the convergence analysis in Sect. 5. In the final section, we
give a conclusion.

2 Jacobi-Collocation Method

Letωα,β(x) = (1−x)α(1+x)β be aweight function in the usual sense, forα, β > −1.
As defined in [17–19], the set of Jacobi polynomials {Jα,β

n (x)}∞n=0 forms a complete
L2

ωα,β (−1, 1)-orthogonal system, where L2
ωα,β (−1, 1) is a weighted space defined by

L2
ωα,β (−1, 1) = {v : v is measurable and ‖ v ‖ωα,β < ∞},
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equipped with the norm

‖ v ‖ωα,β =
(∫ 1

−1
|v(x)|2ωα,β(x)dx

)
1
2

,

and the inner product

(u, v)ωα,β =
∫ 1

−1
u(x)v(x)ωα,β(x)dx, ∀u, v ∈ L2

ωα,β (−1, 1).

For a given N ≥ 0, {θk}N
k=0 and {ωα,β

k }N
k=0 are denoted as the Jacobi–Gauss points

and corresponding Jacobi weights, respectively. Then, the Jacobi–Gauss integration
formula are defined as follows:

∫ 1

−1
f (x)ωα,β(x)dx ≈

N
∑

k=0

f (θk)ω
α,β
k . (2.1)

Similarly, {θ̃k}N
k=0 denotes the Legendre points, and {ωk}N

k=0 the corresponding Leg-

endre weights (i.e., Jacobi weights {ω0,0
k }N

k=0). Then, we have the Legendre-Gauss
integration formula

∫ 1

−1
f (x)dx ≈

N
∑

k=0

f (θ̃k)ωk . (2.2)

For N > 0, {xα,β
i }N

i=0 denotes the collocation points, which is a set of (N + 1)
Jacobi Gauss points, with weight ωα,β(x). Let PN be the space of polynomials of
degree at most N . For any v ∈ C[−1, 1], one can define the Lagrange interpolating
polynomial I α,β

N v ∈ PN , such that

I α,β
N v(x) =

N
∑

i=0

v(xi )Fi (x), 0 ≤ i ≤ N ,

where

I α,β
N v(xi ) = v(xi ), 0 ≤ i ≤ N .

and Fi (x) is the Lagrange interpolation basis function associated with xi .
To apply the theory of orthogonal polynomials, we consider variable substitution

t = 1

2
T (1 + x), x = 2t

T
− 1,

τ = 1

2
T (1 + s), s = 2τ

T
− 1,
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and let

u(x) = y

(

1

2
T (1 + x)

)

, g(x) = ĝ

(

1

2
T (1 + x)

)

,

f (t, u) = ̂f

(

1

2
T (1 + x), y

(

1

2
T (1 + x)

))

,

K (x, s, u) =
(

T

2

)−μ

̂K

(

1

2
T (1 + x),

1

2
T (1 + s), y(

1

2
T (1 + s))

)

,

then we get

u′(x) = f (x, u(x)) +
∫ x

−1
(x − s)−μK (x, s, u(s))ds + g(x), 0 < μ < 1,

u(x) =
∫ x

−1
u′(s)ds + u(−1), x ∈ I = [−1, 1].

(2.3)

Set the collocation points as the set of (N + 1) Jacobi–Gauss points, {x−μ,−μ
i }N

i=0

associated with Jacobi weight ω−μ,−μ. Assume that (2.3) holds at x−μ,−μ
i :

u′(x−μ,−μ
i ) = f (x−μ,−μ

i , u(x−μ,−μ
i ))

+
∫ x−μ,−μ

i

−1
(x−μ,−μ

i − s)−μK (x−μ,−μ
i , s, u(s))ds + g(x−μ,−μ

i ),

u(x−μ,−μ
i ) =

∫ x−μ,−μ
i

−1
u′(s)ds + u(−1).

(2.4)
The main difficulty in obtaining high order of accuracy lies in the computation of

the integral term in (2.4). Furthermore, for small values of xi , there is little informa-
tion available for u(s). To overcome this difficulty, we transfer the integral interval
[−1, x−μ,−μ

i ] to a fixed interval [−1, 1], thenmake use of some appropriate quadrature
rule. More precisely, we first set

s(x, θ) = 1 + x

2
θ + x − 1

2
θ, −1 ≤ θ ≤ 1. (2.5)

Then, (2.4) becomes

u′(x−μ,−μ
i ) = f (x−μ,−μ

i , u(x−μ,−μ
i ))

+
∫ 1

−1
(1 − θ)−μ

˜K (x−μ,−μ
i , s(x−μ,−μ

i , θ), u(s(x−μ,−μ
i , θ)))dθ

+ g(x−μ,−μ
i ),

u(x−μ,−μ
i ) =

(

1 + x−μ,−μ
i

2

)

∫ 1

−1
u′(s(x−μ,−μ

i , θ))dθ + u(−1), (2.6)
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where

˜K (x−μ,−μ
i , s(x−μ,−μ

i , θ), u(s(x−μ,−μ
i , θ)))

=
(

1 + x−μ,−μ
i

2

)1−μ

K (x−μ,−μ
i , s(x−μ,−μ

i , θ), u(s(x−μ,−μ
i , θ))).

Next, using Jacobi–Gauss integration formula, the integration term in (2.6) can be
approximated by

∫ 1

−1
(1 − θ)−μ

˜K (x−μ,−μ
i , s(x−μ,−μ

i , θ), u(s(x−μ,−μ
i , θ)))dθ

≈
N

∑

k=0

˜K (x−μ,−μ
i , s(x−μ,−μ

i , θk), u(s(x−μ,−μ
i , θk)))ω

−μ,0
k ,

(2.7)

where the set {θk}N
i=0 is the Jacobi–Gauss points corresponding Jacobi weights ω

−μ,0
k .

Similarly,
∫ 1

−1
u′(s(x−μ,−μ

i , θ))dθ ≈
N

∑

k=0

u′(s(x−μ,−μ
i , θ̃k))ωk, (2.8)

where the set {θ̃k}N
k=0 is the Legendre-Gauss points corresponding Legendre weights

{ωk}N
k=0.

We use ui , u′
i , 0 ≤ i ≤ N to approximate the function value u(xi ), u′(xi ), 0 ≤ i ≤

N , and use

U (x) =
N

∑

j=0

u j Fj (x), U ′(x) =
N

∑

j=0

u′
j Fj (x), (2.9)

where Fj (x) is the Lagrange interpolation basis function associated with {x−μ,−μ
i }N

i=0
which is the set of (N +1) Jacobi–Gauss points. Combining the above equations yields

u′
i = f

⎛

⎝x−μ,−μ
i ,

N
∑

j=0

u j Fj (x−μ,−μ
i )

⎞

⎠

+
N

∑

k=0

˜K

⎛

⎝x−μ,−μ
i , s(x−μ,−μ

i , θk),

N
∑

j=0

u j Fj (s(x−μ,−μ
i , θk))

⎞

⎠ω
−μ,0
k

+ g(x−μ,−μ
i ),

ui =
(

1 + x−μ,−μ
i

2

)

N
∑

k=0

⎛

⎝

N
∑

j=0

u′
j Fj (s(x−μ,−μ

i , θ̃k))

⎞

⎠ ωk + u0.

(2.10)

The numerical scheme (2.10) leads to a nonlinear system; we can obtain the values of
{ui }N

i=0 and {u′
i }N

i=0 by solving the nonlinear equation system.
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3 Some Useful Lemmas

In this section, we present some useful lemmas for convergence analysis in Sect. 4.
Here and below, C denotes a positive constant which is independent of N , and whose
particular meaning will become clear by the context in which it arises.

Lemma 3.1 (see [17]) Let integrate the product uϕ is computed by (N + 1)-point
Gauss quadrature formula relative to the Jacobi weight. If u ∈ Hm(I ) for some
m ≥ 1 and ϕ ∈ PN , then

∣

∣

∣

∣

∫ 1

−1
u(x)ϕ(x)dx − (u, ϕ)ωα,β ,N

∣

∣

∣

∣

≤ C N−m |u|Hm,N
ωα,β (I )‖ϕ‖L2

ωα,β (I ), (3.1)

where

|u|Hm,N
ωα,β (I ) =

⎛

⎝

m
∑

j=min(m,N+1)

‖u( j)‖2
ωα,β (I )

⎞

⎠

1/2

,

(u, ϕ)ωα,β ,N =
N

∑

j=0

u(x j )ϕ(x j )ω
α,β
j . (3.2)

Lemma 3.2 (see [17]) Assume u ∈ Hm,N
ω−μ,−μ(I ), I −μ,−μ

N u is denoted as the interpo-

lation polynomial associated with the (N + 1) Jacobi–Gauss points {x j }N
j=0, namely,

I −μ,−μ
N u(x) =

N
∑

j=0

u(x j )Fj (x).

Then, we have

‖u − I −μ,−μ
N u‖L2

ω−μ,−μ(I ) ≤ C N−m |u|Hm,N
ωα,β (I ), (3.3a)

‖u − I −μ,−μ
N u‖L∞(I ) ≤

⎧

⎨

⎩

C N 1−μ−m |u|Hm,N
ωc (I ), 0 ≤ μ < 1

2 ,

C N
1
2−m log N |u|Hm,N

ωc (I ),
1
2 ≤ μ < 1,

(3.3b)

where ωc = ω− 1
2 ,− 1

2 denotes the Chebyshev weight function.

Lemma 3.3 (see [20]) Let {Fj (x)}N
j=0 denote the Nth degree Lagrange basis poly-

nomials associated with the Jacobi–Gauss points. Then,

‖I α,β
N ‖L∞(I ) ≤ max

x∈[−1,1]

N
∑

j=0

| Fj (x) |=
{

O(log N ), −1 < α, β ≤ − 1
2 ,

O(N γ+ 1
2 ), γ = max(α, β), otherwise.

(3.4)
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Lemma 3.4 (Gronwall inequality, see [21] Lemma 7.1.1) For L ≥ 0, 0 < μ < 1, u
and v defined on [−1, 1] satisfying

u(x) ≤ v(x) + L
∫ x

−1
(x − τ)−μu(τ )dτ, u(x), v(x) > 0.

Then, there exists a constant C = C(μ) such that

u(x) ≤ v(x) + C L
∫ x

−1
(x − τ)−μv(τ)dτ, for − 1 ≤ x < 1.

If a nonnegative integrable function E(x) satisfies

E(x) ≤ L
∫ x

−1
E(s)ds + J (x), −1 < x ≤ 1,

then
‖E‖L∞(I ) ≤ C‖J‖L∞(I ),

‖E‖ωα,β (I ) ≤ C‖J‖ωα,β (I ), q ≥ 1.
(3.5)

Lemma 3.5 (see [22,23]) For r > 0, κ ∈ (0, 1) and v ∈ Cr,κ (I ), then exists a
polynomial function TN v ∈ PN and Cr,κ > 0 such that

‖v − TN v‖L∞(I ) ≤ Cr,κ N−(r+κ)‖v‖r,κ , (3.6)

where ‖ · ‖r,κ is the standard norm in Cr,κ (I ), as stated in [22,23], TN is denoted as
a linear operator from Cr,κ (I ) into PN .

Lemma 3.6 (see [24]) For κ ∈ (0, 1), M is defined by

(Mv)(x) =
∫ x

−1
(x − t)−μK (x, t)v(t)dt.

Then, for any function v ∈ C(I ) and 0 < κ < 1 − μ, the following estimate hold

|Mv(x ′) − Mv(x ′′)|
|x ′ − x ′′| ≤ C max

x∈[−1,1] |v(x)|, x ′, x ′′ ∈ [−1, 1], x ′ �= x ′′.

This implies that

‖ Mv ‖0,κ≤ C max
x∈[−1,1] |v(x)|, 0 < κ < 1 − μ.

Lemma 3.7 (see [25]) Let {Fj (x)}N
j=0 denote the N − th degree Lagrange basis

polynomials associated with the Jacobi–Gauss points, for every bounded function v,
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304 Y. Yang, Y. Chen

there exists a constant C, independent of v, such that

sup
N

‖
N

∑

j=0

v(x j )Fj (x) ‖L2
ωα,β (I )≤ C max

x∈[−1,1] |v(x)|.

Lemma 3.8 (see [26]) Assume f ≥ 0 is a measurable function, for 1 < p ≤ q < ∞,
u, v are nonnegative weight functions the Hardy’s inequality

(∫ b

a
|(T f )(x)|qu(x)dx

)1/q

≤
(∫ b

a
| f (x)|pv(x)dx

)1/p

, −∞ ≤ a < b ≤ ∞

holds if and only if

sup
a<x<b

(∫ b

x
u(t)dt

)1/q (∫ x

a
v1−p′

(t)dt

)1/p′

< ∞, p′ = p

p − 1
,

where

(T F)(x) =
∫ x

a
k(x, t) f (t)dt

with k(x, t) a given kernel.

4 Convergence Analysis

In this section, we provide a rigorous error analysis for the Jacobi-collocationmethods,
which shows that both the errors of approximate solutions and the errors of approximate
derivatives of the solutions decay exponentially in L∞-norm and weighted L2-norm.
First, we show the convergence analysis in L∞-norm.

Theorem 4.1 Assume u(x) the sufficiently smooth exact solution of the nonlinear
Volterra integro-differential equation (2.3), f (x, u) and K (x, t, u) satisfies the Lips-
chitz conditions. U (x) and U ′(x) are the numerical solution of the spectral collocation
scheme (2.10) with a polynomial interpolation (2.9). If −μ associated with the weakly
singular kernel satisfies 0 < μ < 1 and u ∈ Hm+1

ω−μ,−μ(I ), then

‖ U ′(x) − u′(x) ‖L∞(I )

≤
⎧

⎨

⎩

C N γ− 1
2−m

(

K ∗ + N
1
2U

)

, 0 < μ < 1
2 ,

C N−m log N
(

K ∗ + N
1
2U

)

, 1
2 ≤ μ < 1.

(4.1)

‖ U (x) − u(x) ‖L∞(I )

≤
⎧

⎨

⎩

C N γ− 1
2−m

(

K ∗ + N
1
2U

)

, 0 < μ < 1
2 ,

C N−m log N
(

K ∗ + N
1
2U

)

, 1
2 ≤ μ < 1.

(4.2)
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where

K ∗ = max
x∈[−1,1] |K (x, s(x, θ), u(s(x, θ)))|Hm,N

ω−μ,0 (I ). (4.3)

U = |u′|Hm,N
ωc (I ) + |u|Hm,N

ωc (I ). (4.4)

Proof First, by Eq. (2.10), we have

u′
i = f (x−μ,−μ

i , ui ) +
N

∑

k=0

˜K
(

x−μ,−μ
i , s(x−μ,−μ

i , θk), U (s(x−μ,−μ
i , θk))

)

ω
−μ,0
k

+ g(x−μ,−μ
i )

= f (x−μ,−μ
i , ui ) +

∫ x−μ,−μ
i

−1
(x − s)−μK (x−μ,−μ

i , s, U (s))ds

+ g(x−μ,−μ
i ) + Ii,1,

ui =
∫ x−μ,−μ

i

−1
U ′(s)ds + u(−1),

(4.5)

where

Ii,1 =
N

∑

k=0

˜K
(

x−μ,−μ
i , s(x−μ,−μ

i , θk), U (s(x−μ,−μ
i , θk))

)

ω
−μ,0
k

−
∫ 1

−1
(1 − θ)−μ

˜K (x−μ,−μ
i , s(x−μ,−μ

i , θ), U (s(x−μ,−μ
i , θ)))ds.

(4.6)

Using Lemma 3.1 and Lipschitz condition, we obtain

| Ii,1(x) |≤ C N−m |˜K (x, s(x, θ), U (s(x, θ)))|Hm,N
ω−μ,0 (I )

≤ C N−m
(

|K (x, s, u(s))|Hm,N
ω−μ,0 (I ) + |K (x, s, U (s)) − K (x, s, u(s))|Hm,N

ω−μ,0 (I )

)

.

(4.7)

Using the definition of | · |Hm,N (I ) in (3.2) and the Lipschitz conditions, we have

|K (x, s, U (s)) − K (x, s, u(s))|Hm,N
ω−μ,0 (I )

=
⎛

⎝

m
∑

j=min(m,N+1)

∥

∥

∥

∥

∂ j K (x, s, U )

∂U j
− ∂ j K (x, s, u)

∂u j

∥

∥

∥

∥

2

L2
ω−μ,0 (I )

⎞

⎠

1
2

≤
m

∑

j=min(m,N+1)

Li ‖U − u‖L2
ω−μ,0 (I )

≤ C ‖U − u‖L2
ω−μ,0 (I ) .

(4.8)
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Then, (4.7) can be rewritten as

| Ii,1(x) |≤ C N−m |K (x, s(x, θ), U (s(x, θ)))|Hm,N
ω−μ,0 (I )

≤ C N−m
(

|K (x, s, u(s))|Hm,N (I ) + ‖U − u‖L2
ω−μ,0 (I )

)

≤ C N−m (|K (x, s, u(s))|Hm,N (I ) + ‖U − u‖L∞(I )
)

. (4.9)

Subtracting (2.4) from (4.5), we have equations:

u′
i − u′(x−μ,−μ

i ) = f (x−μ,−μ
i , ui ) − f (x−μ,−μ

i , u(x−μ,−μ
i ))

+
∫ x−μ,−μ

i

−1
(x − s)−μK (x−μ,−μ

i , s, U (s))ds

−
∫ x−μ,−μ

i

−1
(x − s)−μK (x−μ,−μ

i , s, u(s))ds + Ii,1,

ui − u(x−μ,−μ
i ) =

∫ x−μ,−μ
i

−1
U ′(s) − u′(s)ds,

(4.10)

By the Lipschitz conditions, we have

|u′
i − u′(x−μ,−μ

i )| ≤ M |ui − u(x−μ,−μ
i )|

+ L0

∫ x−μ,−μ
i

−1
(x − s)−μ|U (s) − u(s)|ds + Ii,1,

ui − u(x−μ,−μ
i ) =

∫ x−μ,−μ
i

−1
U ′(s) − u′(s)ds.

(4.11)

Let

e(x) = U (x) − u(x), e′(x) = U ′(x) − u′(x),

we have

|u′
i − u′(x−μ,−μ

i )| ≤ M

∣

∣

∣

∣

∣

∫ x−μ,−μ
i

−1
e′(x)ds

∣

∣

∣

∣

∣

+ L0

∫ x−μ,−μ
i

−1
(x − s)−μ|e(s)|ds + Ii,1,

ui − u(x−μ,−μ
i ) =

∫ x−μ,−μ
i

−1
e′(s)ds.

(4.12)
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Multiplying Fi (x) on both sides of (4.12) and summing up from 0 to N yields

|U ′(x) − I −μ,−μ
N u′(x)| ≤ M I −μ,−μ

N |
∫ x

−1
e′(x)ds|

+ L0 I −μ,−μ
N

∫ x

−1
(x − s)−μ|e(s)|ds + J1(x),

U (x) − I −μ,−μ
N u(x) = I −μ,−μ

N

∫ x

−1
e′(s)ds,

(4.13)

where

J1(x) =
N

∑

i=0

Ii,1Fi (x).

Consequently,

|e′(x)| ≤ M
∫ x

−1
|e′(x)|ds

+ L0

∫ x

−1
(x − s)−μ|e(s)|ds + J1(x) + J2(x) + J4(x) + J5(x),

e(x) =
∫ x

−1
e′(s)ds + J3(x) + J6(x),

(4.14)

where

J2(x) = I −μ,−μ
N u′(x) − u′(x),

J3(x) = I −μ,−μ
N u(x) − u(x),

J4(x) = M I −μ,−μ
N

∫ x

−1
|e′(s)|ds − M

∫ x

−1
|e′(s)|ds,

J5(x) = L0

(

I −μ,−μ
N

∫ x

−1
(x − s)−μ |e(s)| ds −

∫ x

−1
(x − s)−μ |e(s)| ds

)

,

J6(x) = I −μ,−μ
N

∫ x

−1
e′(s)ds −

∫ x

−1
e′(s)ds.

Due to the second equation of (4.14), we have

| e′(x) | ≤ M
∫ x

−1

∣

∣e′(s)
∣

∣ ds + L0

∫ x

−1
(x − s)−μ

∫ s

−1

∣

∣e′(τ )
∣

∣ dτds

+ L0

∫ x

−1
(x − s)−μ |J3(x) + J5(x)| ds

+ J1(x) + J2(x) + J4(x) + J5(x).

(4.15)
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Taking advantage of Dirichlet’s formula

∫ x

−1

∫ τ

−1
�(τ, s)dsdτ =

∫ x

−1

∫ x

s
�(τ, s)dτds,

we get

| e′(x) | ≤ M
∫ x

−1

∣

∣e′(s)
∣

∣ ds + L0

∫ x

−1

(∫ x

τ

(x − s)−μds

)

∣

∣e′(τ )
∣

∣ dτ

+ L0

∫ x

−1
(x − s)−μ |J3(x) + J6(x)| ds

+ J1(x) + J2(x) + J4(x) + J5(x),

(4.16)

for −1 ≤ s ≤ x, x ∈ [−1, 1], we have

∫ x

τ

(x − s)−μds ≤ 21−μ

1 − μ
. (4.17)

By Gronwall inequality, we have

‖ e′(x) ‖L∞(I )≤ C
6

∑

i=1

‖ Ji (x) ‖L∞(I ) . (4.18)

According to the second equation of (4.14), we obtain

‖ e(x) ‖L∞(I )≤ 2 ‖ e′(x) ‖L∞(I ) + ‖ J3(x) ‖L∞(I ) + ‖ J6(x) ‖L∞(I ) . (4.19)

Using Lemma 3.3, the estimates (4.9), we have

‖ J1 ‖L∞(I ) ≤
{

C N
1
2−μ max0≤i≤N |Ii,1|, 0 < μ < 1

2 ,

C log N max0≤i≤N |Ii,1|, 1
2 ≤ μ < 1,

≤

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

C N
1
2−μ−m(maxx∈[−1,1] |K (x, s, u(s))|Hm,N

ω−μ,0 (I )

+2‖e′(x)‖L∞(I ) + ‖J3(x)‖L∞(I ) + ‖J6(x)‖L∞(I )), 0 < μ < 1
2 ,

C N−m log N (maxx∈[−1,1] |K (x, s, u(s))|Hm,N
ω−μ,0 (I )

+2‖e′(x)‖L∞(I ) + ‖J3(x)‖L∞(I ) + ‖J6(x)‖L∞(I )),
1
2 ≤ μ < 1.

(4.20)
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Due to Lemma 3.2,

‖ J2 ‖L∞(I )≤
⎧

⎨

⎩

C N 1−μ−m |u′|Hm,N
ωc (I ), 0 < μ < 1

2 ,

C N
1
2−m log N |u′|Hm,N

ωc (I ),
1
2 ≤ μ < 1,

‖ J3 ‖L∞(I )≤
⎧

⎨

⎩

C N 1−μ−m |u|Hm,N
ωc (I ), 0 < μ < 1

2 ,

C N
1
2−m log N |u|Hm,N

ωc (I ),
1
2 ≤ μ < 1.

(4.21)

Using Lemma 3.2 (3.3b) with m = 1,

‖ J4 ‖L∞(I )≤
⎧

⎨

⎩

C N−μ| ∫ x
−1 |e′(s)|ds|H1

ωc (I ) ≤‖ e′(x) ‖L∞(I ), 0 < μ < 1
2 ,

C N− 1
2 | ∫ x

−1 |e′(s)|ds|H1
ωc (I ) ≤‖ e(x) ‖L∞(I ),

1
2 ≤ μ < 1.

(4.22)
Similarly,

‖ J6 ‖L∞(I )≤
{

C N−μ ‖ e′ ‖L∞(I ), 0 < μ < 1
2 ,

C N− 1
2 ‖ e′ ‖L∞(I ),

1
2 ≤ μ < 1.

(4.23)

We now estimate the term J6(x). In the virtue of Lemmas 3.5, and 3.6, we have

‖ J6 ‖L∞(I )=‖ (I −μ,−μ
N − I )Me ‖L∞(I )

=‖ (I −μ,−μ
N − I )(Me − TNMe) ‖L∞(I )

≤
(

1+ ‖ I −μ,−μ
N ‖L∞(I )

)

C N−κ ‖ Me ‖0,κ

≤
{

C N
1
2−μ−κ ‖ e ‖L∞(I ), 0 < μ < 1

2 ,
1
2 − μ < κ < 1 − μ,

C N−κ log N ‖ e ‖L∞(I ),
1
2 ≤ μ < 1, 0 < κ < 1 − μ,

≤
{

C N
1
2−μ−κ(2‖e′(x)‖L∞(I ) + ‖J3(x)‖L∞(I ) + ‖J4(x)‖L∞(I )), 0 < μ < 1

2 ,

C N−κ log N (2‖e′(x)‖L∞(I ) + ‖J3(x)‖L∞(I ) + ‖J4(x)‖L∞(I )),
1
2 ≤ μ < 1.

(4.24)

Provided that N is sufficiently large. Combining (4.20), (4.21), (4.22), (4.23) and
(4.24) gives

‖ U ′(x) − u′(x) ‖L∞(I )

≤

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

C N
1
2−μ−m

(

maxx∈[−1,1] |K (x, s, u(s))|Hm,N
ω−μ,0 (I ) + N

1
2 (|u′|Hm,N

ωc (I ) + |u|Hm,N
ωc (I ))

)

,

0 < μ < 1
2 ,

C N−m log N

(

maxx∈[−1,1] |K (x, s, u(s))|Hm,N
ω−μ,0 (I ) + N

1
2 (|u′|Hm,N

ωc (I ) + |u|Hm,N
ωc (I ))

)

,

1
2 ≤ μ < 1.
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‖ U (x) − u(x) ‖L∞(I )

≤

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

C N
1
2−μ−m

(

maxx∈[−1,1] |K (x, s, u(s))|Hm,N
ω−μ,0 (I ) + N

1
2 (|u′|Hm,N

ωc (I ) + |u|Hm,N
ωc (I ))

)

,

0 < μ < 1
2 ,

C N−m log N

(

maxx∈[−1,1] |K (x, s, u(s))|Hm,N
ω−μ,0 (I ) + N

1
2 (|u′|Hm,N

ωc (I ) + |u|Hm,N
ωc (I ))

)

,

1
2 ≤ μ < 1.

We have the desired estimate (4.1) and (4.2). ��
Now, we show the convergence analysis in L2

ω−μ,−μ-norm.

Theorem 4.2 If the hypotheses given in Theorem 4.1 hold, then

‖ U ′(x) − u′(x) ‖L2
ω−μ,−μ(I )

≤
⎧

⎨

⎩

C N−m
(

N
1
2−μ−κ K ∗ + N 1−μ−κU + V

)

, 0 < μ < 1
2 ,

C N−m
(

log N N−κ K ∗ + log N N
1
2−κU + V

)

, 1
2 ≤ μ < 1.

(4.25)

‖ U (x) − u(x) ‖L2
ω−μ,−μ(I )

≤
⎧

⎨

⎩

C N−m
(

N
1
2−μ−κ K ∗ + N 1−μ−κU + V

)

, 0 < μ < 1
2 ,

C N−m
(

log N N−κ K ∗ + log N N
1
2−κU + V

)

, 1
2 ≤ μ < 1,

(4.26)

for any κ ∈ (0, 1 − μ), where

V = U + K ∗ + ‖u‖H2
ωc (I ).

Proof In the virtue of Gronwall’s Lemma 3.4 and the Hardy inequality Lemma 3.8,
from (4.16), we have

‖ e′ ‖L2
ω−μ,−μ(I )≤ C

6
∑

i=1

‖ Ji ‖L2
ω−μ,−μ(I ) . (4.27)

By Lemma 3.7, we get

‖ J1 ‖L2
ω−μ,−μ(I ) ≤ C max

x∈[−1,1] |I (x)|

≤ C N−m
(

max
x∈[−1,1] |K (x, s, u(s))|Hm,N

ω−μ,0 (I ) + ‖e′(x)‖L∞(I )

)

.

(4.28)
Using the convergence result in Theorem 4.1 with m = 1, we obtain

‖ e′ ‖L∞(I )≤ C‖u‖H2
ωc (I ).

So that
‖ J1 ‖L2

ω−μ,−μ(I )≤ C N−m
(

K ∗ + ‖u‖H2
ωc (I )

)

. (4.29)
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Due to Lemma 3.2,

‖ J2 ‖L2
ω−μ,−μ(I )≤ C N−m |u′|Hm;N

ωc (I ),

‖ J3 ‖L2
ω−μ,−μ(I )≤ C N−m |u|Hm;N

ωc (I ).
(4.30)

Using Lemma 3.2 with m = 1,

‖ J4 ‖L2
ω−μ,−μ(I ) ≤ C N−1

∣

∣

∣

∣

∫ x

−1
e′(s)ds

∣

∣

∣

∣

H1
ω−μ,−μ(I )

≤ C N−1 ‖ e′ ‖L2
ω−μ,−μ(I ) .

(4.31)
Similarly

‖ J6 ‖L2
ω−μ,−μ(I ) ≤ C N−1

∣

∣

∣

∣

∫ x

−1
e′(s)ds

∣

∣

∣

∣

H1
ω−μ,−μ(I )

≤ C N−1 ‖ e′ ‖L2
ω−μ,−μ(I ) .

(4.32)
In the virtue of Lemmas 3.5, 3.6 and 3.7, we get

‖ J5 ‖L2
ω−μ,−μ(I )=‖ (I −μ,−μ

N − I )Me ‖L2
ω−μ,−μ(I )

=‖ (I −μ,−μ
N − I )(Me − TN e ‖L2

ω−μ,−μ(I )

≤‖ I −μ,−μ
N (Me − TN e) ‖L2

ω−μ,−μ(I ) + ‖ Me − TN e ‖L2
ω−μ,−μ(I )

≤ C ‖ Me − TN e ‖L∞(I )

≤ C N−κ ‖ Me ‖0,κ , κ ∈ (0, 1 − μ)

≤ C N−κ ‖ e ‖L∞(I ), κ ∈ (0, 1 − μ),

(4.33)

From Theorem 4.1, we obtain that

‖ J6 ‖L2
ω−μ,−μ(I )

≤
⎧

⎨

⎩

C N
1
2−μ−m−κ

(

K ∗ + N
1
2U

)

, 0 < μ < 1
2 , κ ∈ (0, 1 − μ),

C N−m−κ log N
(

K ∗ + N
1
2U

)

, 1
2 ≤ μ < 1, κ ∈ (0, 1 − μ).

(4.34)

The desired estimates (4.25) and (4.26) follows from the above estimates
and (4.27). ��

5 Numerical Experiments

In this section, numerical results are performed to demonstrate the convergence anal-
ysis. In all our computations, we use Gauss-Seidel-type iteration technique to solve
the nonlinear algebraic equations.
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Fig. 1 Example 1: Numerical solution and exact solution of Example 1 (left). The errors in L∞ and
weighted L2 norms versus different N (right)

Example 5.1 Consider the following nonlinear Volterra integro-differential equations
with weakly singular kernels

y′(t) = g(t) −
∫ t

0
(t − τ)−

1
3 y3(τ )dτ, 0 ≤ t ≤ T .

where

g(t) = 2

3
(t + 2)−1/3 + 3

2
(2 + t)2(2t)

2
3 − 3

5
(2 + t)(2t)

5
3 + 3

32
(2t)

8
3 .

This equation has the exact solution y(t) = (2 + t)2/3.

We have illustrated the obtained numerical results of Jacobi spectral collocation
method for N = 10 and γ = 0.4 in Fig. 1(left). We can see that the numerical result
of our approximation solution is in good agreement with exact solution. Fig. 1(right)
illustrates L∞ and weighted L2

ω errors of Jacobi spectral collocation method versus
the number N of the steps. We can see that the errors decay exponentially in L∞-norm
and weighted L2-norm.

Example 5.2 We also consider the following nonlinear Volterra integro-differential
equations with weakly singular kernels as

y′(t) = f (t) −
∫ t

0
(t − τ)−μ tan(y(t))dτ, 0 ≤ t ≤ 2, 0 < μ < 1,

with

f (t) = (1 − μ)t−μ

1 + (t2−2μ)
+ √

π

(

t

2

)2−2μ

(1 − μ)


( 32 − μ)
.

The exact solution is y(t) = arctan(t1−μ).
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Fig. 2 Example 2: Numerical solution and exact solution of y(t) = atan(t1−μ) with μ = 0.4 (left). The
errors in L∞ and weighted L2 norms versus different N (right)

We also illustrated comparison between approximate solution and exact solution
which are in good agreement in Fig. 2 (left). The exponential rate of convergence is
observed in L∞ and weighted L2 norms in Fig. 2 (right).

6 Conclusion

In this paper, a spectral Jacobi-collocation approximation is proposed and analyzed for
nonlinear integro-differential equations of Volterra type with weakly singular kernel,
and a rigorous error analysis is provided for the spectralmethods to showboth the errors
of approximate solutions and the errors of approximate derivatives of the solutions
decaying exponentially in infinity-norm and weighted L2-norm. Numerical results are
presented to confirm the theoretical prediction of the exponential rate of convergence.
Numerical tests are presented to confirm the theoretical results. The main advantage
of the present scheme is simple to implement and easy to apply to multidimensional
problems.
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