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Abstract Splitting methods have recently received much attention due to the fact
that many nonlinear problems arising in applied areas such as image recovery, signal
processing and machine learning are mathematically modeled as a nonlinear operator
equation and this operator is decomposed as the sum of two (possibly simpler) nonlin-
ear operators. Most of the investigation on splitting methods is however carried out in
the framework of Hilbert spaces. In this paper, we consider these methods in the setting
of Banach spaces. We shall introduce a viscosity iterative forward—backward splitting
method with errors to find zeros of the sum of two accretive operators in Banach
spaces. We shall prove the strong convergence of the method under mild conditions.
We also discuss applications of these methods to monotone variational inequalities,
convex minimization problem and convexly constrained linear inverse problem.
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1 Introduction

Let X be areal Banach space. We study the following zero point problem: find x* € X
such that
0 € Ax* + Bx*™, (1

where A : X — X is an operator and B : X — 2% is a set-valued operator. This
problem includes, as special cases, convex programming, variational inequalities, split
feasibility problem and minimization problem. To be more precise, some concrete
problems in machine learning, image processing and linear inverse problem can be
modeled mathematically as this form (1). For example:

Example 1 A stationary solution to the initial value problem of the evolution equation
0
0e 3—1;+Fu, u(0) = o )

can be rewritten as (1) when the governing maximal monotone F is of the form
F=A+B.

Example 2 In optimization, it often needs to solve a minimization problem of the form
min{ f (x) + g(Tx)} 3)
xeH

where H is areal Hilbert space, and f, g are proper lower-semicontinuous and convex
functions from H to (—oo, co] and T is a bounded linear operator on H.

Indeed, (3) is equivalent to (1) if f and g o T have a common point of continuity
with A := df and B =: T* 0 dg o T. Here T* is the adjoint of T, and df is the
subdifferential operator of f. It is known [1,6,19] that the minimization problem (3)
is widely used in image recovery, signal processing and machine learning.

Example 3 If B = 3¢ : H — 29, where ¢ : H — (—00, 00] is a proper convex

and lower semicontinuous, and d¢ is the subdifferential of ¢, then problem (1) is
equivalent to find x* € H such that

(Ax*, v =)+ ¢() —¢p(x") =20, Yve H “

which is said to be the mixed quasi-variational inequality.

Example 4 In Example 3, if ¢ is the indicator function of C, i.e.,

_ 0, ifxeC,
d’(x)_{ too, if x ¢ C,
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then problem (4) is equivalent to the classical variational inequality problem, denoted
by VI(C; A), i.e., to find x* € C such that

(Ax*, v—x") >0, YveC. 5)
It is easy to see that (5) is equivalent to finding a point x* € C such that
0e(A+ B)x™,

where B is the subdifferential of the indicator of C.

A classical method for solving problem (1) is the forward—backward splitting
method [6,10,14,21] which is defined by the following manner: for any fixed x; € X
and for r > 0,

Xnpt = (I +7B) (g —rAxy), ¥n > 1. (©6)

We see that each step of the iteration involves only with A as the forward step and B
as the backward step, but not the sum of B. In fact, this method includes, in particular,
the proximal point algorithm [2,7,17] and the gradient method.

In 2012, Takashashi et al. [20] proved some strong convergence theorems of the
Halpern-type iteration in a Hilbert space H, which is defined by the following manner:
for any x| € H,

Xnt1 = Buxn + (1 = B (@uut + (1 — @) J2 (xn — raAxn)), Vn = 1, (7)

where u € H is a fixed point and A is an a-inverse strongly monotone mapping on H
and B is an maximal monotone operator on H. Under suitable conditions, they proved
that the sequence {x,} generated by (7) converges strongly to a zero point of A + B.

Recently, Lopez et al. [11] introduced the following Halpern-type forward—
backward method: for any x| € X,

Xni1 = it + (1= o) (L2 (5 — ra(Axy + an)) + bn) (8)

where u € X, A is an a-inverse strongly accretive mapping on X and B is an m-
accretive operator on X, {r,} C (0, 00), {a,} C (0, 1] and {a,}, {b,} are the error
sequences in X. They proved that the sequence {x,} generated by (8) strongly con-
verges to a zero point of the sum of A and B under some appropriate conditions.

Very recently there have many works concerning the problem of finding zero points
of the sum of two monotone operators (in Hilbert spaces) and accretive operators (in
Banach spaces). For more details, see, e.g., [5,18,20,21,23-26] and the references
therein.

In this paper, we introduce and consider a viscosity iterative forward—backward
splitting method with errors to find zeros of the sum of two accretive operators in
the setting of Banach spaces. We shall prove the strong convergence of the method
under mild conditions. We also discuss applications of these methods to variational
inequalities, convex minimization problem and convexly constrained linear inverse
problem.
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108 S.-S. Chang et al.

2 Preliminaries

In order to prove the main results of the paper, we need the following basic concepts,
notations and lemmas.

In what follows, we always assume that X is a uniformly convex and g-uniformly
smooth Banach space for some ¢ € (1, 2] (the definitions and properties, see, for
example [4]).

Recall that the generalized duality mapping J, : X — 2X" is defined by

Jg(x) = {jg(x) € X* 2 (g (), x) = [Ix[19,  [1jg@)l = [1x]]97"},
and the following subdifferential inequality holds: for any x, y € X,

lx + 1T < Hxll? + gy, jg(c + ), Jgx +y) € Jg(x + y). ©)

Recall that [11] if X is g-uniformly smooth, ¢ € (1, 2], then there exists a constant
kg > 0 such that

llx + yI1T < [Ixl1? +q(y, jg() +rqgllyll?, x,y € X. (10)

The best constant «, satisfying (10) will be called the ¢ -uniform smoothness coefficient
of X.

Proposition 1 ([4]). Let 1 < g < 2. Then the following conclusions hold:

(1) Banach space X is smooth if and only if the duality mapping J, is single valued.
(2) Banach space X is uniformly smooth if and only if the duality mapping J, is
single valued and norm-to-norm uniformly continuous on bounded sets of X.

Recall that a set-valued operator A : X — 2X with the domain D(A) and the range
R(A) is said to be accretive if, for each x, y € D(A), there exists j(x —y) € J(x —y)
such that

(u—v, j(x —y)) >0, Yu € Ax and v € Ay. (11

An accretive operator A is said to be m-accretive if the range R(/ +AA) = X, VA > 0.

For any « > 0 and ¢ € (1, 2], we say that an accretive operator A is «-inverse
strongly accretive (shortly, a-isa) of order g, if for each x, y € D(A), there exists
Jg(x —¥) € J;(x — y) such that

(u—v, jo(x—y) =allu—v||?, Yu e Ax and v € Ay. (12)

Let C be a nonempty closed and convex subset of a real Banach space X and K be

a nonempty subset of C. A mapping T : C — K is called a retraction of C onto K if
Tx = x forall x € K. We say that T is sunny if, for each x € C and ¢ > 0,

T(tx+ (1 —)Tx) = Tx, (13)

whenever tx 4+ (1 —t)Tx € C. A sunny nonexpansive retraction is a sunny retraction
which is also nonexpansive.
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Zero Point Problem of Accretive Operators in Banach Spaces 109

Proposition 2 ([15,28]). Let X be a uniformly smooth Banach space, T : C — C
be a nonexpansive mapping with a fixed point and f : C — C be a contraction
mapping. Foreacht € (0, 1) the unique fixed point x; € C of the contractive mapping,
tf + (1 —0)T : C — C, converges strongly as t — 0 to the unique fixed point z
of T with z = Qf(2), where Q : C — Fix(T) is the unique sunny nonexpansive
retraction from C onto Fix(T).

Lemma 1 (/12, Lemma 3.1] ). Let {a,)}, {c,} C RT, {a,} C (0, 1) and {b,} C R be
the sequences such that

an+1 < (1 —ap)ay + by +c,Vn > 1.

Assume that Y oo | ¢, < 00. Then the following results hold:

(1) If by < anM, where M > 0, then {a,} is bounded.
(2) IF Y5 ey = 00 and lim sup,_, o 22 < 0, then limy, . oo @y = 0.

Lemma 2 (/8]). Let {s,} be a sequence of nonnegative real numbers such that
Sl = (1 = ¥u)Sn + VT
and
Sn+1 = Sn = Nn + pn, Y0 = 1,

where {y,} is a sequence in (0, 1), {n,} is a sequence of nonnegative real numbers,
{tn} and {pn} are real sequences such that

(@) D52y v =00
(b) lim, o0 pn = 0;
(c) limg_so0 Ny, = 0 implies lim supy_, o Ty, < 0 for any subsequence {ny} C {n}.

Then lim,_ oo 5, = 0.
It is easy to prove the following conclusion holds.

Lemma 3 Foranyr > 0, if
T, :=JB(I —rA)=U+rB)" (U —rA),
then Fix(T;) = (A + B)~1(0).
Lemma4 ([11, Lemma 3.2]). For any s € (0,r] and x € X, we have
[lx = Tsx|| < 2[lx — Trx||.

Lemma 5 ([11, Lemma 3.3]). Let X be a uniformly convex and q-uniformly smooth
Banach space with q € (1, 2]. Assume that A is a single-valued a-isa of order q on X.
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110 S.-S. Chang et al.

Then, for any r > 0, there exists a continuous, strictly increasing and convex function
¢q : RT™ — RT with ¢4(0) = 0 such that for all x, y € By,
1Trx — Toyll? < |lx = yI|? = rag — r""ky)||Ax — Ay]||?
—¢g (11 = IPYT —rA)x — (I = JEYT —rA)ylD), (14)

where k4 is the q-uniform smoothness coefficient of X.

It is easy to prove that the following inequality holds.

Proposition 3 Let 1 < g < 2 and let X be a real smooth Banach space with the
generalized duality mapping j,. Let m be a fixed positive integer. Let {x;}7" | C X
andt; > 0 foralli =1,2,...,m with Z:”:l t; < 1. Then we have

m m
DA A (15)
i=1 i=1

3 Main Results

We are now in a position to give the following main results.

Theorem 1 Let X be a uniformly convex and q-uniformly smooth Banach space,
g € (1,2). Let A : X — X be an a-isa of order ¢ and B : X — 2% be an m-
accretive operator such that I' := (A + B)~L(0) # (. Let {e,} be a sequence in X
and f : X — X be a contractive mapping with contractive constant & € (0, 1). Let
{xn} be a sequence generated by x| € X and

Xp1 = A [ (X) + Apxy + Bn-]rlj(xn —rpAxy) +ep, n > 1, (16)

where Jrf = +r,B)", kg is the q-uniform smoothness coefficient of X, 0 < r, <
(%)1/(’1_1) and {ay,}, {An} and {8, } are sequences in [0, 1] with o, + Ay + 6, = 1.
Ifolozl [len]] < o0, orlim,— ||len]l/an = 0, then {x,} is bounded.
Proof Foreachn > 1, weput T, = J,Ij (I — rpA) and let the sequence y, be defined
by

Y1 = A [ () + XnYn + 6n Ty yn. (17
By the condition 0 < r, < (%)1/(‘7_1) and Lemma 5, we know that 7}, is a nonex-
pansive mapping. Hence we have

xn+1 — Yurtll = HAn (F ) — F ) + An(xn — yu) + 80 (Tnxn — Tyn) + enl
< Miéllxn = Yull + Aallxn — Yull + nllxn — yull + llenl|
=1 — o, (1 =ENIxn — yaull + llenll.

By Lemma 1 (2), we conclude that lim,,_,  ||x,;, — yu|| = 0.
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Next we show that {y,} is bounded. Indeed, let z € I". By Lemma 3 this implies
that z € (A + B)~1(0) = Fix(T,), Vn > 1. Hence we have

Nynt1 — zll = Non (f (Yn) — 2) + Au (Y — 2) + 8 (Tyn — 2II
< ol f On) — F@OI +anll f (@) = zll + Anllyn — 2ll + 8ullyn — 2l
< (I —an(I =&)lyn — zll + anll f(2) — 2l (13)

By Lemma 1 (1), {y,} is bounded, so is {x, }. This completes the proof of Theorem 1.
O

Theorem 2 Let X, A, B, f,q,kq, {en}, I" and {x,} be the same as in Theorem 1. If
I" # () and the following conditions are satisfied:

(i) {an}, {In} and {8,} are sequences in [0, 1] with oy, + Xy + 6, = 1;
(ii) lim, 0 @y, = 0 and Zsil o, = 00,
(iii) 0 < liminf, ooy, < limsup,_,  rn < (aq/,(q)l/(q—l);
(v) liminfy o008, > 0, and Z?zozl [len|| < 00 or limy, oo |lexll/an =0,

then {x,} converges strongly to z = Qf (z), where Q is a sunny nonexpansive retrac-
tion of X onto I'.

Proof In Theorem 1 we have proved that lim,_,  ||X;, — || = 0. In order to prove
the conclusion, it suffices to show that lim, .o y» = z = Qf(z). In fact, from (9),
we have

HYn+1 — Z||q = |lan(f(Yn) — 2) + X (n — 2) + 80 (Tnyn — Z)”q
< Nann —2) + 80 (Tnyn — 2|7
F+qon(f () — 2, jgOns1 — 2)). (19)

Since z = Qf(z) € I' = Fix(T,), Yn > 1, from Proposition 3 and Lemma 5 we
have

An(yn — 2) + 85 (Tnyn — 2|4
< Aallyn = 21 + 8l Tayn — 2l
< Aallyn = 2l + 8l Tuyn — Tuzl|?
< Jnllyn — 219 4 8 {llyn — 2ll? = ruleg — rg_llfq)llz‘\yn — Az||?
— ¢q(lyn — rnAyn — Ty + raAzlD}
=1 —a)llyn — zll? = 8urulag — rfz’_llfq)llAyn — Az]|?. (20)

Substituting (20) into (19) we have

st — 219 < (1= a)llyn — 2l = 8pra(ag — rd i) || Ay, — Az]|?
_and)q(”yn — rnAyn — Tuyn + rnAzl])
+qon(f () = 20 jgnt1 — 2)). 1)
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112 S.-S. Chang et al.

. -1
Since ag — 1yl

kg > 0, we have
Nyns1 = zll? < (L= a)llyn — 217 + qon(f Vn) = 20 Jjg(n+1 — 2)) (22)

and

-1
Hynst — 217 < llyn — 2ll? = Spra(oqg — il k)|l Ay — Az||
_8n¢q(||yn —rpAyn — Tyyn + rnAzl])
+qan(f () — 2, jgOu+1 —2)). (23)

For eachn > 1, let

Sn = lyn — 2175 ¥ = an;
Pn = qan(f(yn) — 2, jgOn+1 —2);
T =q{(fOn) — 2, Jg(Yn+1 —2));
Nn = Suln(og — rZ_IKq)IIAyn — AzZ||T 4 8, (1yn — TaAyn — Tuyn + raAzl]).

Then (22) and (23) can be written as:
Snt1 < (1 = Yu)Sn + v (24)
and
Sp+1 = Sn — Mn + Pn- (25)
Since a;, € (0, 1), oty — O and X2, = oo. It follows that y;, € (0, 1), ZZOZI Vn =
oo and lim;,—  p, = 0.Inorder to prove s, — 0, by Lemma 2, itis sufficient to prove
that for any subsequence {ny} C {n}, if limy_ o 7,, = 0, then lim sup, _, ., 7,, < 0.

Indeed, if {n;} is a subsequence of {n} such that limy_, 17,, = O, then by the
assumptions and the property of ¢, , we can deduce that

limg— o0 ||Aynk — Az|| = 0; (26)
limy o0 ||.Vnk - rnkAynk - Tnkynk + rnkAZH =0.
This implies, by the triangle inequality, that
lim ||Tnk)’nk - )’nk|| =0. (27)
k—o00

Since liminf,,_, 5o 7, > 0, there is r > 0 such that r, > r for all n > 1. In particular,
Iy, = r forall k > 1. It follows from Lemma 4 and (27) that

lim sup ||Trynk - )’nkH < 2lim sup ||Tnk)’nk - ynk” =0, (28)

k— 00 k— 00
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which implies that
kll)n;o ||Tr)’nk - Ynk” =0. (29)

Put
z=tf(z) + A =0Tz, t € (0,1).

By Proposition 2, z; converges strongly as t — 0 to the unique fixed point z =
Qf(z) € Fix(T;) = (A + B)~'(0), where Q : X — Fix(T}) is the unique sunny
nonexpansive retraction from X onto Fix(7,) = (A + B)~'(0). So we obtain

Nze = Y1 = Nt (f @) = yn) + A = 0)(Trze — yu)l|
< (U =DMNTrze — yu 1 +qt{f @) = 210 gz — Yny))
+qt{zr — Yngs Jg (e — Yny))
<A ="zt = Ty + 1Ty yng — Yug 11}
+qt(f(ze) = zs Jg (@ — yu)) +qtllze — yu 1
< A ="zt = Yu |l + Ty — Yui 11}?
+qt(f (@) — 20 Jg(zr — yu)) +qtllze — yu 7.

After simplifying we have

(zr — f(ze), jq(Zt - ynk»

1
< E{(l =)zt = Y|l + 1Ty — Y IDT + (@t — Dllze — yu 193 (30)
It follows from (29) and (30) that

limsup(z; — f(z0), Jq(ze — yn)) < — 1A =T + (gt — DIMY, (3D

1
k—o00 qt

where M = sup;- ;. 1€(0,1) [zt — Ynell. Since lim; ¢ q—l,[(l -9+ (gt —-1)] =0,
2t — z = Qfzast — 0 and by Proposition 1 (2) j, is norm-to-norm uniformly
continuous on bounded subsets of X, we have

gzt = Yn) = Jg (@ = yn)Il = 0 (as 1 — 0). (32)

Observe that

Kze = fOn)s Jg@e — Y)Y — (2= s Jg(@— yu))
s < Wzt — 2, Jg@ — yu )+ 1z = fOn)s Jg @ — Yu) — Jg(@ — yu))|
<zt — zllllze = yu 17+ 11z = FOuIg @ = Yu) — Jg @ = ya)ll- (33)
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This together with (32) shows that

lim sup(z — f(ynk), jq(Z - ynk)>

k— 00

= limsup lim sup(z; — f (yn,), Jg (@ — Ynp))

k— 00 t—0

= limsuplim sup(z; — f(z;) + f(z) — fOn)s Jg @ — Yni))

k— 00 t—0

= lim sup lim sup{ f (z;) — f(Yu,), jq(Zz — yn)) (by (31))

k— 00 t—0

= limsup(f(z) — f(Yne), Jg(@ — yn))

k— 00

=0. (34)
On the other hand, by (17) and (27), we see that

||)’nk+1—)’nk|| = Olnk||f(ynk))—)’nk||+3nk||Tnk)’nk—Ynk|| i O ((lS k - OO) (35)

Combining (34) and (35), we get that

limsup(z — f(¥ny)s Jg(z = Ynp41)) < 0.

k— 00

This implies that lim sup;_, o, 7, < 0. By Lemma 2, y, — z (as n — 00). And so
X, — z (as n — 00). This completes the proof of Theorem 2. O

As well known, if X is a real Hilbert space, then it is a uniformly convex and 2-
uniformly smooth Banach space, with the 2-uniform smoothness coefficient k; = 1.
And note that in this case the concept of monotonicity coincides with the concept of
accretivity. Hence from Theorem 2 we can obtain the following result.

Theorem 3 Let X be a real Hilbert space, A : X — X be an a-inverse strongly
monotone operator of order 2 and B : X — 2% be a maximal monotone operator
such that T" :== (A + B)~1(0) # (. Let f, {e,} and {x,} be the same as in Theorem 1.
If the following conditions are satisfied:

(i) {an}, {In} and {8} are sequences in [0, 1] with oy + Xy + 6, = 1;

(ii) lim, oo 0ty =0and Y 72 | oy = 00;
(iii) 0 < liminf, oo r, < limsup,_, o rn < 20,

(iv) liminf, o0 8y > 0, and > ne; |len|| < 00 or lim,— o0 |l€n|| /ey = 0,
then {x,} converges strongly to z = Qf (z), where Q is a sunny nonexpansive retrac-
tion of X onto I'.

In Theorem 2, if f(x) = u, Vx € X, where u is a fixed point in X, then from
Theorem 2 we have the following result.

Theorem 4 Let X, g, A, B, {ey}and I" be the same as in Theorem 2. Let {x,} be the
sequence generated by x1 € X and

Xnpl = plt + AnXp + 8,05 (cp — rnAxn) + e, n > 1. (36)
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If I' # O and the following conditions are satisfied:
(i) {an}, {dn}, and {5,,} are sequences in [0, 1] with oy, + Xy, + 8, = 1;
(ii) lim, o0ty =0and Y 72 | o = 00;

(iii) 0 < liminf,_ oy, < limsup,_, 7 < (%)1/(‘1*1);

(iv) liminf, 8, > 0, and Zzozl llen]] < o0 orlimy,— o |len||/an = 0,

then {x,} converges strongly to z = Qu, where Q is a sunny nonexpansive retraction
of X onto I'.

Remark I Theorem 2 is an improvement of [3], and it is also a generalization of
[9,13,22,27] from Hilbert spaces to Banach spaces.

4 Applications

In this section we shall utilize the forward—backward methods mentioned above to
study monotone variational inequalities, convex minimization problem and convexly
constrained linear inverse problem.

Throughout this section, let C be a nonempty closed and convex subset of a real
Hilbert space H. Note that in this case the concept of monotonicity coincides with the
concept of accretivity.

4.1 Application to Monotone Variational Inequality Problems

A monotone variational inequality problem (VIP) is formulated as the problem of
finding a point x* € C such that:

(Ax,y —x) =20 VyeC, (37)

where A : C — H is a nonlinear monotone operator. We shall denote by I" the
solution set of (37) and assume I" # (. In Example 4, we have pointed out that
VI(C; A) (37) is equivalent to finding a point x* so that

0 € (A+ B)x™, (38)

where B : C — H is the subdifferential of the indicator of C, and it is a maximal
monotone operator. By [16, Theorem 3] in this case, the resolvent of B is nothing
but the projection operator Pc. Therefore the following result can be obtained from
Theorem 3 immediately.

Corollary 1 Let A : C — H be an a-inverse strongly monotone operator of order
2 and let f, {e,} be the same as in Theorem 1. Let {x,} be the sequence generated by
x1 € C and

Xn+1 = oy [ (Xn) + AnXp + 8y Po(Xy — rpnAxy) +en,n > 1 (39)

If the following conditions are satisfied:
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(i) {an}, {n} and {8,,} are sequences in [0, 1] with oy, + X + 6, = 1;
(ii) lim, oo oty = 0and Y o2 | oy = 00;
(iii) 0 < liminf, o r, < limsup,_, 7 < 2c;

(iv) liminf, 8, > 0, and Zzozl llen]] < o0 orlimy,— o |len|l/an = 0,

then {x,} converges strongly to a solution z of monotone variational inequality (37).

4.2 Application to the Convex Minimization Problems

Lety : H — R be a convex smooth function and ¢ : H — R be a proper convex
and lower-semicontinuous function. We consider the following convex minimization
problem of finding x* € H such that

Y (") + (") = min{y (x) + ¢ (x)}- (40)

This problem (40) is equivalent, by Fermat’s rule, to the problem of finding x* € H
such that
0e Vy(x™) + ¢ (x™), 41)

where Vi is a gradient of ¢ and d¢ is a subdifferential of ¢. Set A = Vi and
B = 0¢ in Theorem 3. If Vi is (1/L)-Lipschitz continuous, then it is L-inverse
strongly monotone. Moreover, d¢ is maximal monotone. Hence from Theorem 3 we
have the following result.

Theorem S Let v : H — R be a convex and differentiable function with (1/L)-
Lipschitz continuous gradient Vi and ¢ : H — R be a proper convex and lower-
semicontinuous function such that  + ¢ attains a minimizer. Let f : H — H be a
contractive mapping with a contractive coefficient & € (0, 1), and {e,} be a sequence
in H. Let {x,} be the sequence generated by x1 € H and

X1 = Ay f(X0) + Apxy + 8n~]r,, (xXxp —ra Vi (x,)) + €4, V0 > 1, (42)

where J,, = (I + rad¢) L. If the following conditions are satisfied:

(i) {an}, {In} and {8,} are sequences in [0, 1] with oy + Ay + 6, = 1;
(ii) lim,— o0ty =0and Y 02 | o = 00;
(iii) 0 < liminf, o r, <limsup,_, o rn <20,
(iv) liminf, o0 8y > 0, and > oo | |len|| < 00 or lim,— o0 |len|| /ey = 0,

then {x,} strongly converges to a minimizer of ¢ + .
4.3 Application to the Convexly Constrained Linear Inverse Problem
Let K : H — C be a bounded linear operator and b € C. The constrained linear

system
Kx=b, xeC (43)
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is called convexly constrained linear inverse problem. Define ¥ (x) : H — R™ by
1 2
V) =SIIKx =Db|I", x € H. (44)

We have Vi (x) = K*(Kx — b), and Vi is L-Lipschitzian, where L = ||K||?, i.e.,
Vi is 1/L-inverse strongly monotone. It is easy to know that x* € C is a solution
of (43) if and only if 0 € Vi (x*) = K*(Kx* — b). Taking A = Vi and B = 0 in
Theorem 3 we have the following result.

Theorem 6 [f problem (43) is consistent and the following conditions are satisfied

(i) {an}, {In} and {8,} are sequences in [0, 1] with oy, + Ay + 6, = 1;
(ii) lim, o0ty =0and Y 02 | o = 00;
(iii) 0 < liminf, oo r, <limsup,_, rm <2/L;
(iv) liminf, .~ &, > 0, and Z;'f’:l llen]| < 00 or limy, 0 |len||/on = 0,

then for any given contractive mapping f : H — C, the sequence {x,} generated by
x1 € H and

Xpa1 = oy [ (Xp) + ApXp + 6, Po(x, — rnK*(Kxn —Db)),Vn > 1, (45)

converges strongly to a solution of problem (43).
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