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Abstract In this paper, we consider of finding efficient solution and weakly efficient
solution for nonconvex vector optimization problems. When X and Y are normed
spaces, F is an anti-Lipschitz mapping from X to Y, and the ordering cone is regular,
we present an algorithm to guarantee that the generated sequence converges to an
efficient solution with respect to normed topology. If the domain of the mapping is
compact, we prove that the generated sequence converges to an efficient solution with
respect to normed topology without requiring that mapping is anti-Lipschitz. We also
give an algorithm to guarantee that the generated sequence converges to a weakly
efficient solution with respect to normed topology.
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1 Introduction

Recently, some numerical methods for solving convex multiobjective optimization
problems have been proposed in the following papers: The steepest descent method
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for multiobjective optimization was dealt with in [1], and an extension of the pro-
jective gradient method to the case of convex constrained vector optimization can be
found in [2]. Bonnel et al. [3] constructed a vector-valued proximal point algorithm to
investigate convex vector optimization problem in Hilbert space, and they generalized
the famous Rockafellar’s results [4] from scalar case to vector case. Ceng and Yao
generalized Bonnel’s results to approximate case in [S]. Chen and Zhao [6] proposed
a generalized proximal point algorithm for convex vector optimization problems in
uniformly convex and uniformly smooth Banach spaces. Chen et al. [7] introduced
a vector-valued Tikhonov-type regularization algorithm for an extended-valued mul-
tiobjective optimization problem, and under some mild conditions, they proved that
any sequence generated by the algorithm converges to a weak Pareto optimal solution
of the multiobjective optimization problem. Similar study can also be found in [8].

In this paper, we consider of finding efficient solution and weakly efficient solution
for nonconvex vector optimization problems. By the method of scalarization, under
the condition that mapping is anti-Lipschitz, and the ordering cone is regular, we
present an algorithm to guarantee that the generated sequence converges to an efficient
solution with respect to normed topology. If the domain of the mapping is compact,
we prove that the generated sequence converges to an efficient solution with respect
to normed topology without requiring that the mapping is anti-Lipschitz. We also give
an algorithm to guarantee that the generated sequence converges to a weakly efficient
solution with respect to normed topology.

2 Preliminaries and Definitions
Throughout this paper, let X and Y be real normed linear spaces. Let Y* be the
topological dual space of Y. Let C be a closed convex pointed cone in Y. The cone C
induces a partial ordering in Y defined by
x <y ifandonlyif y —x € C.
Let
C*={feY*: f(y) >0, forally e C}
be the dual cone of C. Denote the quasi-interior of C* by C¥, i.e.,
Cl:={feY": f(y)>0 forall y e C\{0}}.
Let D be a nonempty subset of Y. The cone hull of D is defined as
cone(D) ={td :t > 0,d € D}.
Denote the closure of D by cl(D) and the interior of D by intD.

A nonempty convex subset B of the convex cone C is called a base of C if C=
cone(B) and 0 ¢ cl(B).
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By the separation theorem of convex sets (see [9], Theorem 3.20, Theorem 3.16),
we can get the following two lemmas.

Lemma 2.1 If C is a closed convex pointed cone in Y, then C* # @ if and only if C
has a base.

Lemma 2.2 IfC isaclosed convex pointed cone inY withintC # (), then C*\{0} #£ @.

Let A be a nonempty subset of X, and let F: A — Y be a mapping. We consider
the following vector optimization problem (in short (VOP)):

min F (x).
X€eA ()

Definition 2.1 A vector xg € A is called an efficient solution to the (VOP) if
{F(x0)} = (F(x0) — C) N F(A).

The set of efficient solutions to the (VOP) is denoted by E (A, F).

Definition 2.2 Let intC # (). A vector xo € A is called a weakly efficient solution to
the (VOP) if

(F(x0) — intC) N F(A) = 0.

The set of weakly efficient solutions to the (VOP) is denoted by Ew (A, F).

A set D C Y is said to be bounded from below if there exists some yy € Y, such
that

yo <y forall y e D.

Definition 2.3 (see [10]) The closed convex pointed cone C is said to be regular
if every decreasing sequence which is bounded from below is convergent in norm
topology.

Remark 2.1 The spaces R", ¢, [, 12, L[a, b], and L?[a, b] are Banach spaces, whose
positive cones are regular.

Definition 2.4 Let A be a nonempty subset of X. A mapping F: A — Y is said to be
anti-Lipschitz, if there exists a real number « > 0 such that

lx =yl <l F(x) — F(y)| forall x,ye A.
Remark 2.2 Let X be areal Hilbert with inner product (-, -) and norm || - ||, respectively.
Let A be anonempty subsetof X.Let F: A — X be amapping. If F is strong monotone

on A, that is , there exists some 8 > 0 such that

(F(x) = F(y).x —y) = Bllx — y|* forallx, y €A,
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then, by Schwarz inequality, we have
IF(x) = F)lllx =yl = (F(x) = F(y).x —y) = Bllx — y||* forallx, y € A.
Thus, we have

[F(x) = F)Il = Bllx —yll forallx, y € A.

From this, we can see that if X is a real Hilbert space, A is a nonempty subset of X,
and F: A — X is strong monotone on A, then F' is anti-Lipschitz.

3 Algorithm

In this section, let C be a closed convex pointed cone in Y, A be a nonempty subset
of X,and F: A — Y be a mapping. Assume that F'(A) is bounded from below.

The first algorithm (to be called A1) is given as follows.

Let C have a base, and let f € C* (see Lemma 2.1). The method generates a
sequence {x,} C X in the following way:

Initialization: Choose x| € A.

Stopping rule: Given x,, € A, if x, € E(A, F), then x;,1, = x,, forall p > 1.
Iterative step: Given x, € A, if x, ¢ E(A, F), then take as the next iterate any
Xn+1 € A such that

Fxnt1) € (F(xp) = C) N F(A), G.1)
and
F(F(ng1)) < inf{f(y) s y € (F(xp) = C) N F(A)} +1/2". (32)
The second algorithm ( to be called A2 ) is given as follows.

Let intC # ¢, and let f € C*\{0} (see Lemma 2.2). The method generates a
sequence {x,} C X in the following way:

Initialization: Choose x| € A.

Stopping rule: Given x, € A, if x, € Ew (A, F), then x,, = x, forall p > 1.
Iterative step: Given x,, € A, if x,, ¢ Ew (A, F), then take as the next iterate any
Xn+1 € A such that

F(xp41) € (F(x,) —intC) N F(A), (3.3)
and

J(F(xpg1)) <inf{f(y) : y € (F(xp) —intC) N F(A)} +1/2". 34
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Under some conditions, we will prove that the generated sequence converges to an
efficient solution.

Theorem 3.1 Let X and Y be real normed linear spaces, and C be a closed convex
pointed cone in Y. Let A be a nonempty subset of X, and let F: A — Y be a mapping.
Assume that the following conditions are satisfied.:

(i) C has a base, and C is regular;
(i) F(A) is closed and bounded from below;
(iii) F is an anti-Lipschitz mapping.

Then, any sequence {x,} generated by algorithm Al converges to an efficient solution
of the (VOP) with respect to norm topology.

Proof By assumption, C has a base, in view of Lemma 2.1, ct * 0. Let f € ct,
Givenxj € A,if x; € E(A, F), then x14, = x forall p > 1.
If x; ¢ E(A, F). Since F(A) is bounded from below, there exists some yp € Y
such that
vo < F(x) forallx € A. 3.5)
By f € C*, we have
f(o) < f(F(x)) forallx € A.

Thus, inf{ f(y):y € (F(x1) — C) N F(A)} is a real number. By the definition of
infimum, there exists x, € A such that

F(x2) € (F(x1) = C) N F(A),
and
J(F(x2) <inf{f(y): y € (F(x1) = C)NF(A)} +1/2.
So, we can obtain the conclusion through finite iterations to get some x,, such that
x, € E(A, F) , by picking x,,1, = x, forall p > 1, or else we can get a sequence
{F (x,)} with x,, € A such that
F(xpt1) € (F(xp) —C) N F(A), (3.6)

and

F(F(xpq1)) <inf{f(y) 1 y € (F(xp) — C) N F(A)} +1/2". (3.7
By (3.5) and (3.6), we have

Yo < S F(xyy1) S F(xp) <--- < F(xp).
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924 X.-H. Gong, F. Liu

Since C is regular, { F(x,)} converges to some y € Y in norm. As F(A) is closed, we
have y € F(A). Thus, there exists some x € A such that y = F(x). So

nlggo F(xp) = F(x). (3.8)
Now we claim that x € E(A, F). If not, then there exists some X € A such that
F(x) — F(x) € C\{0}. (3.9)
Since f € C*, we have
FFX) > f(F(X)). (3.10)

Noting that { F(x,)} is a decreasing sequence, for any fixed n, when m > n, we have
that

F(xpy) < F(xp). (3.11)

Taking the limit on the both sides of (3.11), letm — oo, by (3.8) and by the closedness
of C, we get

F(x) < F(xp).
Thus,
F(x) < F(x,) forall n. (3.12)
By (3.12), for each n, there exists ¢,, € C such that
F(x) = F(x,) — ¢y
This together with (3.9), we have
F(X) € (F(x,) — C)N F(A) forall n.
From (3.7), we have
F(F(ng1)) < f(F(X)) +1/2" forall n. (3.13)
Taking limit on the both sides of (3.13), by the continuity of f, we get
FF@) = f(F(X).

It contradicts (3.10). Thus, x € E(A, F).
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Now, we show that {x,} converges to x with respect to norm topology. If not, then
there exist some gy > 0 and a subsequence {x,, } of {x;} such that

[l Xn, — XII = 0. (3.14)
By assumption, there exists some o > 0 such that
lx =yl <@l F(x) = F)I| forany x,y € A.
This together with (3.14), for all k, we have
€0 < [lxn, — X[l < || F(xp) — F(X)I.
This contradicts (3.8). The proof is completed. O

Theorem 3.2 Let X and Y be real normed linear spaces, and C be a closed convex
pointed cone in 'Y with intC # (). Let A be a nonempty subset of X, and let F: A — Y
be a mapping. Assume that the following conditions are satisfied:

(i) C is regular,
(i) F(A) is closed and bounded from below,
(iii) F is an anti-Lipschitz mapping.

Then, any sequence {x,} generated by algorithm A2 converges to a weakly efficient
solution of the (VOP) with respect to norm topology.

Proof Since intC # @, by Lemma 2.2, C*\{0} # @. Let f € C*\{0}. Given x| € A,
ifx; € Ew(A, F),thenxjy, = xj forall p > 1. Letx; ¢ Ew(A, F). Since F(A) is
bounded from below, there exists some yo € Y such that
yo < F(x) forallx € A.

By f € C*\{0}, we have that

f(yo) < f(F(x)) forall x € A. (3.15)
Since x1 ¢ Ew (A, F),

(F(x1) —intC) N F(A) # @.
This together with (3.15), we know that
inf{ f(y) : y € (F(x1) —intC) N F(A)}

is a real number. By the definition of infimum, there exists x, € A such that

F(x2) € (F(x1) —intC) N F(A),
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and
f(F(x2) <inf{f(y) : y € (F(x1) —intC) N F(A)} 4+ 1/2.
So, we can obtain the conclusion through finite iterations to get some x, such that
x, € Ew(A, F) , and by picking x,4, = x, for all p > 1, or else we can get a
sequence {F(x,)} by induction with x,,1 € A such that
F(xp41) € (F(x,) —intC) N F(A), (3.16)

and

J(F(nq) <inf{f(y) 1 y € (F(xn) —intC) N F(A)} +1/2". (3.17)
By (3.15) and (3.16), we have

Yo < - = F(xpy1) S Fxp) < -+ < F(xp).

Since C is regular, { F (x,)} converges to some y € Y in norm. As F(A) is closed, we
have y € F(A). Thus, there exists some x € A such that y = F(x). So

lim F(x,) = F(). (3.18)

Now we claim that x € Ew (A, F).
If not, then there exists some X € A such that

F(x) — F(x) € intC. (3.19)
This together with f € C*\{0}, we have
FF@) > f(F(X). (3.20)

Noting that { F'(x,,)} is a decreasing sequence, for any fixed n, when m > n, we have
that

F(xm) = F(xn). (3.21)

Taking the limit on the both sides of (3.21), letm — 00, by (3.18) and by the closedness
of C, we get

F(x) < F(xp).
Thus,

F(¥) < F(x,) forall n. (3.22)
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By (3.22), for each n, there exists ¢, € C such that
F(x) = F(x,) — cp.
This together with (3.19), we have
F(x) € (F(xy) —intC) N F(A) for all n.
From (3.17), we have
F(F(xp41)) < f(F (X)) +1/2" forall n. (3.23)
Taking limit on the both sides of (3.23), by the continuity of f, we get
FF®) < fFX).

It contradicts (3.20). Thus x € Ew (A, F).
In a fashion similar to Theorem 3.1, we can see that lim,_, oc x, = X. The proof is
completed. O

Theorem 3.3 Let X and Y be real normed linear spaces, and C be a closed convex
pointed cone in Y. Let A be a nonempty subset of X, and let F: A — Y be a mapping.
Assume that the following conditions are satisfied:

(i) A is a nonempty compact subset of X;

(i1) C has a base, and C is regular;
(iii) F is continuous on A, and F (A) is bounded from below;
(iv) F is injective.

Then, any sequence {x,} generated by algorithm Al converges to an efficient solution
of the (VOP) with respect to norm topology.

Proof Let f € C*. By assumption, we can see that F(A) is closed. In a fashion similar
to Theorem 3.1, we can obtain the conclusion through finite iterations to get some x,,
such that x, € E(A, F) , and by picking x,, 1, = x, forall p > 1, or else we can get
a sequence {F(x,)} by induction with x4 € A such that

F(xnt1) € (F(xp) — C) N F(A),
and
F(FGpg1) <inf{f(y): y € (F(xy) —C)NF(A)} +1/2%,
and there exists some x € E(A, F) such that lim,,_, o F(x,) = F(x). Now, we show

that x, — Xx. We pick any subsequence {x,, } of {x,}. By the compactness of A,
there exists a subsequence {xnkj} of {x,}, {xnkj} converges to some x € A. By the

continuity of F', we have lim;_, F(xnkj) = F(x). Since lim _, oo F(xnkj) = F(x),
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we have F(x) = F(x). As F is injective, we have x = X. Thus, for any subsequence
{x,} of {x,}, there exists a subsequence {xnkj} of {x,,}, {x,,kj} converges to same
X € A. We can see that {x,} converges to x. The proof is completed. O

Similar to the proof of Theorem 3.2 and Theorem 3.3, we can get the following
theorem.

Theorem 3.4 Let X and Y be real normed linear spaces, C be a closed convex pointed
cone in'Y with intC # (). Let A be a nonempty subset of X, and let F: A — Y be a
mapping. Assume that the following conditions are satisfied.:

(i) A is a nonempty compact subset of X;

(i1) C is regular,
(iii) F is continuous on A, and F (A) is bounded from below;
(iv) F is injective.

Then, any sequence {x,} generated by algorithm A2 converges to a weakly efficient
solution of the (VOP) with respect to norm topology.

Now, we give two examples illustrating Theorem 3.1 and Theorem 3.2.

Example 3.1 Let
X=RY=R,C=Rl={u=(x,y):x=0,y>0}A=[l+00).
Let F: A — R? be defined by
2 1
F(x)=(x,x2),x € A.
It is clear that F is not convex.

By the mean value theorem, for any x, y € A with x < y, there exist £ € (x, y)
and n € (x, y) such that

I 1
IF(x) — FO)Il = [|(x* _yz’x% =y =125 — y), Eﬂ_%(x =)l

I 1
= \/(2$(x - )+ (zn_z(x —y)? =2x —yl.
It is clear the conditions of Theorem 3.1 and Theorem 3.2 are satisfied.
Example 3.2 Let

X=Y=R'"C=R|={x=x1,x,...,%) 1% >0,i =1,2,...,n},

Al ={x=(x1,...,xn):x12+x§+--~+x,2,=1},A=A1+R",
and let ag, az, ..., a, be positive real numbers. Let F: R" — R" be defined by
F(x) = (a1x1,a2x2, ..., apXy), X = (X1,X2,...,%,) € R".

@ Springer



An Algorithm for Vector Optimization Problems 929

We have

(F(x) = F(y),x —y) = ((a1(x1 = y1), ..., an(Xn = ¥n)), (X1 = Y1, -+, Xn = Yn))

n n
=Y ailti—y)? =By Ik —yil> =Blx -yl

i=1 i=1

where f = min{ay, aa, ..., a,}. This means that F: A — Y is anti-Lipschitz. It is
easy to see that F'(A1) is closed and bounded, and so is compact. We can also see that
F(A) = F(Ay) + R!.. Since F (A1) is compact and R} is closed, FF(A) is closed.
It follows from intC # ¥ and F (A1) is bounded that F'(A) is bounded from below.
Thus, the conditions of Theorem 3.1 and Theorem 3.2 are satisfied.
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