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Abstract We consider the problem of describing the form of biderivations of a trian-
gular ring. Our approach is based on the notion of the maximal left ring of quotients,
which enables us to generalize Benkovic’s result on biderivations (Benkovic¢ in Linear
Algebra Appl 431:1587-1602, 2009). Our result is applied to block upper triangular
matrix rings and nest algebras.
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1 Introduction

Let R be an associative ring. For x, y € R we denote xy — yx by [x, y]. An additive
map d : R — R is called a derivation if d(xy) = d(x)y + xd(y) forall x,y € R.
For example, if we take an element a € R, then the map x — [a, x] is a derivation.
These kinds of derivations are called inner derivations. Next, a biadditive map B :
R X R — R is said to be a biderivation if it is a derivation in each argument, i.e., for
each y € R the maps
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X+ B(x,y) and x +— B(y,x)

are derivations. For example, if we take a central element A € Z(R), then the map
(x, y) — A[x, y]is abiderivation. Such kind of biderivations is called inner bideriva-
tions.

Biderivations appear in many areas. BreSar et al. [5] have shown that each bideriva-
tion B of a noncommutative prime ring R is of the form B(x,y) = A[x, y], for
some element A in the extended centroid of R. It has turned out that this result can
be applied to the problem of describing the form of commuting maps. The reader
is referred to a survey paper [4] where applications of biderivations to some other
areas are described. Biderivations were also studied on nest algebras by Zhang et al.
[12] and on upper triangular matrix algebras by Zhao et al. [13]. In 2009, Benkovi¢
[2] considered biderivations on a certain class of triangular algebras. He proved that
a bilinear biderivation B of a triangular algebra R satisfying certain conditions (see
conditions (a)—(e) on page 4) is of the form

B(x,y) = Alx, y] + [x, [y, r]]

for some elements A € Z(R) and r € R. On the other hand, Ghosseiri [9] considered
(biadditive) biderivations of an arbitrary triangular ring R (not assuming that eRf is a
faithful bimodule). He proved that each biderivation B : R X R — R can be written
as

B(x’ }’) = Bl(x7 )’) + [X, [)’7”]] +A(~x’ )’),

forsome elementr € R and some biderivations B and A satisfying certain conditions.
However, the explicit form of biderivations By and A was not described. The goal of
this paper is to generalize BenkoviC’s result [2, Theorem 4.11]. Namely, using the
notion of the maximal left ring of quotients, we shall describe the form of (biadditive)
biderivations for a much larger class of triangular rings than the one considered in
[2] (see our main result, Theorem 3.3). In this context, we shall obtain a refinement
of the result of Ghosseiri [9, Theorem 2.4] giving explicit form of biderivations By,
A and consequently the one of B. We shall also apply Theorem 3.3 to (block) upper
triangular matrix rings and nest algebras, obtaining a generalization of [2, Corollary
4.13] and an extension of [2, Corollary 4.14].

2 Preliminaries

The maximal left ring of quotients (or Utumi left quotient ring) of an associative ring
R was introduced in 1956 by Utumi [14]. It turns out that each associative ring R,
whose right annihilator ranng (R) := {x € R | Rx = 0} is zero (in particular, if R is
unital), has its maximal left ring of quotients, denoted by Q(R). A left ideal I of R is
called dense if for every 0 # r; € R, rp € R there exists an element r € R such that
rri # 0and rry € I. Let us denote the set of all dense left ideals of R by D;(R). The
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maximal left ring of quotients of a unital ring R can be characterized in the following
way.

Proposition 2.1 (Theorem 24.8 in [11]) Let R be a unital ring. The maximal left ring
of quotients Q(R) satisfies the following properties:

(i) R is a subring of Q(R) with the same 1,
(ii) for any q € Q(R), there exists a dense left ideal I of R such that Iqg C R,
(iii) if 0 #% g € Q(R) and I is a dense left ideal of R, then Iq # 0,
(iv) for any dense left ideal I of R and a left R-module homomorphism f : I — R
there exists g € Q(R) such that f is a right multiplication by q.

Moreover, the properties (i)—(iv) characterize Q(R) up to an isomorphism, which is
the identity on R.

By C(R), we denote the center Z(Q(R)) of Q(R), and we call it the extended
centroid of R. Note that Proposition 2.1 implies that

C(R) ={q € Q(R)| gx = xq forall x € R} D Z(R).

A unital ring R with a nontrivial idempotent e is said to be a triangular ring if eRf
is a faithful (eRe, f Rf)-bimodule and fRe = 0, where f denotes the idempotent
1 — e. Each triangular ring R has the following Peirce decomposition:

R =eRe®eRf & fRf.

Obviously, a unital ring R is triangular if and only if there exist unital rings A, B and
a unital faithful (A, B)-bimodule M such that R is isomorphic to the ring

a m

Tri(A, M, B) := { |:0 b

}; acA, meM, beB}

with the usual matrix addition and multiplication. The most important examples of
triangular rings are upper triangular matrix rings, block upper triangular matrix rings,
and nest algebras. We shall need the following three results on triangular rings, which
were obtained in our previous paper [8].

Proposition 2.2 (Proposition 2.6 in [8]) Let R be a triangular ring. Then eR is a
dense left ideal of R and for each g € Q(R) the following holds:

(i) eRfq = 0 implies fqg =0,
(ii) geRf = 0 implies ge = 0.

Proposition 2.3 (Proposition2.7in [8]) Let R be a triangular ring. Then the following
holds:

(i) Z(R) ={c €eRe® fRf |c-exf =exf -c forall x € R},

(ii) C(R)y={q€eQe® fOf |q-exf =exf-q forall x € R},
(iii) Z(eRe) € C(R)e,
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(iv) There exists a unique ring isomorphism t : C(R)e — C(R) f such that Ae -
exf =exf -t(re) forallx € R, » € C(R). Moreover, r(Z(R)e) =Z(R)f.

Lemma 2.4 (Lemma 3.1 in [8]) Let R be a triangular ring. Suppose that F, G :
eRf — C(R)e are arbitrary maps such that

F(exf)eyf + G(eyflexf =0 2.1
forall x,y € R. Then there exist s,t € Q(R) such that
F(exf) =exfse and G(exf) = exfte,

and exfse — ftexf,exfte — fsexf € C(R) forallx € R.

Remark 2.5 If both F and G from Lemma 2.4 map eRf to Z(R)e, then exfse —
ftexf € Z(R) and exfte — fsexf € Z(R) forall x € R.

Let R be a triangular ring. We know that
Z(R)e C Z(eRe) S C(R)e and Z(R)f C Z(fRf).
In general, however, Z(fRf) §Z C(R) f (see [8, Section 6]). We shall see that the set
S(R):={q € fOR)f |lg. fRf1=0 and eRq C R}
plays an important role in our treatise. Obviously,
Z(R)f S Z(fRf) € S(R).

In the following proposition, we give a sufficient condition for a triangular ring R to
satisfy S(R) € C(R) f. As in [2], we say that an (R, R)-bimodule endomorphism
of eRf is of the standard form if there exista € Z(eRe) and b € Z(f Rf) such that
Y(exf) =aexf 4+ exfbforall x € R.

Proposition 2.6 If R is a triangular ring such that:

(i) Z(fRf) S C(R)f,
(ii) each (R, R)-bimodule endomorphism of eRf is of the standard form,

then S(R) € C(R)f. In particular, if Z(eRe) = Z(R)e and Z(fRf) = Z(R)f,
then S(R) = Z(R) f.

Proof Let g be an arbitrary element in S(R). Then [¢, fRf] =0and eRg € R. We
claim that ¢ € C(R) f. Let us define amap v : eRf — eRf by ¥r(exf) = exfq.
Obviously, v is an (R, R)-bimodule endomorphism. Thus, there exista € Z(eRe) C
C(R)eand b € Z(fRf) € C(R) f such that

Yexf) =aexf +exfb
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for all x € R. Consequently, we get ¥ (exf) = exf(t(a) + b) and so
eRf(qg—t(a)—b) =0.

Hence, g = t(a) + b € C(R)f. In particular, if Z(eRe) = Z(R)e and Z(fRf)
Z(R)f,theng =t(a) +b e Z(R) f. O

Let R be an arbitrary ring. For any subsets X, ¥ C R, wedefine the sets: anny (Y) :=
{xeX|xYUYx =0}andranny(Y) :={x € X | Yx = 0}.

3 The Main Result

In [2], Benkovic¢ described the form of bilinear biderivations of a triangular algebra R
satisfying the following assumptions:

(a) Z(R)e = Z(eRe),

(b) Z(R)f = Z(fRf),

(c) either eRe or fRf is noncommutative,

(d) if0 £Aa € Z(R)and 0 # a € R, then wa # 0,
(e) each linear derivation of R is inner.

Namely, he proved that in this case, each biderivation B : R x R — R is of the form

B(x,y) = Alx, y] + [x, [y, r]] (3.1

for some A € Z(R) and r € R. The goal of this paper is to show that using the notion
of the maximal left ring of quotients, we are able to describe the form of (biadditive)
biderivations of a triangular ring R assuming only that S(R) € C(R) f. Note that this
condition is considerably weaker than assumptions (a)—(e) together. Namely, assuming
only (b) and (e), it follows already that S(R) € C(R) f (see [2, Corollary 3.4] and
Proposition 2.6). However, when dealing with this more general class of triangular
rings, we may also encounter biderivations different from those described in (3.1). For
example, suppose that R = T>(K) is the ring of all upper triangular 2 x 2 matrices
over a commutative ring K with unity. Let e := ej] and f := ex. Pickany 0 # g €
fM>(K)e. Then it is easy to see that amap B : R X R — R defined by

B(x,y) =exfqeyf

is a biderivation, which is not of the form (3.1) (see also [2, Remark 4.15]). The main
result of this paper, Theorem 3.3, states that each biderivation B of a triangular ring
R such that S(R) € C(R) f is of the form

B(x,y) = Ax, y] +[x, [y, ue +r]l +exfqeyf,

for some elements A, u € C(R),r € R,and g € Q(R).
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510 D. Eremita

Let R be a unital ring, and let B : R X R — R be a biderivation. Then
B(x,1) = B(1,x) =0and B(x,0) = B(0,x) =0,
and according to [3, Corollary 2.4], we have

B(x, y)[u, v] =[x, y]B(u, v) (3.2)
forall x, y,u,v € R.

Lemma 3.1 Let R be a triangular ring. If B : R X R — R is a biderivation, then
(i) B(e,e) = —B(e, f) = —B(f,e) = B(f, /),
(ii) B(e,e)[R, R] =0 =[R, R]B(e,e),
(iii) B(x,e), B(e, x), B(x, f), B(f, x) € eRf,

(iv) B(exf,eyf) € eRf,

(v) B(exe,e) = B(e,exe) = exeB(e,e)f,

(vi) B(fxf, )= B(f, fxf)=eB(f, /) fxf

(vii) B(exe,eyf), Bleyf,exe), B(fxf, eyf). Bleyf, fxf) € eRf
(viii) B(exe, fyf) =exeB(e, f)fyf = B(fyf, exe)

forallx,y € R.

Proof Obviously, the proof of (i) is straightforward (see [2, Lemma 4.2(iii)]) and (ii)
follows immediately from (3.2). Note that [2, Lemma 4.3] implies (iv). Since

B(x,e) = B(x,e)e + eB(x, e)
we get eB(x,e)e = 0 and fB(x,e)f = 0. Hence, B(x,e) = eB(x,e) f € eRf for

all x € R. Similarly, B(e, x), B(x, f), B(f,x) € eRf forall x € R and so (iii) holds
true. Using (iii), we see that

B(exe,e) = eB(exe,e) f = eB(exe,e)ef +exeB(e,e)f =exeB(e,e)f

and similarly B(e, exe) = eB(e, exe) f = exeB(e, e) f for all x € R, which proves
(v). Analogously, (vi) holds true. Using (iii), we get

B(exe,eyf) = B(exe,eyf)f = eB(exe,eyf)f € eRf

for all x, y € R. Analogously, B(eyf, exe), B(fxf,eyf), Bleyf, fxf) € eRf for
all x, y € R and so (vii) holds true. For all x, y € R, we have

B(exe, fyf) = Blexe, fyf)e+exeB(e, fyf)
= fB(exe, fyf)e + Blexe, f)fyfe+exeB(e, [)fyf
= exeB(e, f) fyf

and similarly B(fyf, exe) = exeB(e, f) fyf, which proves (viii). O
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Lemma 3.2 Let R be a triangular ring. If B : R X R — R is a biderivation such that
B(e, e) = 0, then there exist s, sy € S(R) and additive maps p, p’ : eRf — S(R)
such that

(i) B(x,y) — B(exe, eye) =[x, ylsi + [y, exfls + exfp(eyf),
(ii) B(exe,eye)ezf = [exe, eyelezfsy,

where [R, RleRs =0 = f[R, Rls and exfp(eyf) = eyfp'(exf) forall x,y € R.

Proof Since B(e, e¢) = 0, Lemma 3.1 yields

B(exe, e) = B(e, exe) =0,
B(fxf, f) = B(f, fxf) =0,
B(exe, fyf) = B(fyf, exe) =0, (3.3)

and hence B(exe, eye) € eRe and B(fxf, fyf) € fRf forall x,y € R. Let us
define amap ¢; : ¢eR — eRf by

¢1(ex) = B(e, exf).

Then

p1(yex) = gi(eyex) = B(e, eye - exf) = eyeB(e, exf) + B(e, eye)exf
=eyeB(e, exf) = ypi(ex)
for all x, y € R. Thus, ¢1 : eR — R is a left R-module homomorphism. Moreover,
since eR is a dense left ideal of R, Proposition 2.1 implies that there exists s; € Q(R)
such that ¢(ex) = exs; for all x € R. Since es; = ¢1(e) = B(e,0) = 0 and
p1(eR) C eRf, wesee thats; = fs1f € fO(R)f. Thus,
B(e,exf) = exfs)

for all x € R. Analogously, defining a map ¢, : ¢eR — eRf by ¢a(ex) = B(exf, e),
we obtain an element s € f Q(R) f such that

B(exf,e) = exfso
for all x € R. Consequently,

B(exe,eyf) = B(exe -e,eyf) = B(exe,eyf)e + exeB(e, eyf)
= eB(exe,eyf)e + exeyfs, f

and since eB(exe, eyf)e = 0 (see Lemma 3.1(vii)), we get
B(exe,eyf) = exeyfsi f 3.4)
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512 D. Eremita

for all x, y € R. Analogously,

B(eyf,exe) = exeyfsaf 3.5

for all x, y € R. Note that

Blexf, f) = eB(exf, f) = Blexf,ef) — B(exf,e) f
=—exfsof

and hence
Blexf, fyf) = fB(exf, fyf)+ Blexf, /) fyf = —exfs2fyf.
Thus,
B(exf, fyf) = —exfs2fyf (3.6)
and analogously

B(fyf,exf) = —exfsifyf 3.7

for all x, y € R. Next, we claim that s1, s € S(R). Namely, using Lemma 3.1(iii)
and (3.4), we see that

0= eXfB(E, fyf) = B(evexfyf) - B(€,€Xf)fyf
=exfyfsif —exfsifyf =exfLfyf 51l

forall x, y € R. Hence, Proposition 2.2 implies that [s;, f Rf] = 0 andsos; € S(R).

Similarly, s, € S(R). Setting x = exe, y = eye, u = e, v = ezf in (3.2) and using
(3.4), we obtain

B(exe, eye)ezf = [exe, eyelezfs1 f 3.8)

for all x, y, z € R. Similarly, setting x = exe, y = eye, u = ezf,v = f in (3.2) and
using (3.6), we get

B(exe, eye)ezf = —[exe, eyelezfsa f 3.9)

forall x, y, z € R. Consequently, [R, R]eRf (s1 + s2) = 0. On the other hand, setting
x=e,y=ezf,u= fxf,v= fyfin (3.2) and using (3.4), we obtain

exfsifLfxf, fyfl=ezf B(fxf, fyf)
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andso eRf (si[fxf, fyf1— B(fxf. fyf)) = Oforallx, y € R. Hence, Proposition
2.2 yields

B(fxf, fyf) = silfxf, fyf] (3.10)

for all x, y € R. Similarly, we see that

B(fxf, fyf) = —=salfxf. fyf] (3.11)

forall x, y € R. Thus, (s; +s2)[ fRf, fRf] = 0. Next, foreachm € eRf, we define
amap V¥, : eR — eRf by

Um(ex) = Blexf, m).

Since v, is additive and

VUm(yex) = Y (eyex) = Bleyexf, m)
= eyeB(exf, m) + B(eye,m)exf
= Y¥m(ex)

forall x, y € R, wesee that ¢, : ¢eR — R isaleft R-module homomorphism. Hence,
there exists p,, € Q(R) such that

Ym(ex) = expm = exfpmf
for all x € R. Moreover, using Proposition 2.2, we see that fp,, f is uniquely deter-

mined by m. Consequently,amap p : eRf — fQO(R)f givenby p : exf > fpexs f
is well defined. Thus,

B(exf,eyf) = exfp(eyf) (3.12)

for all x, y € R. Analogously, defining a map v, : eR — eRf by V¥, (ey) =
B(m, eyf), we see that there exists amap p’ : eRf — fQ(R)f such that

B(exf,eyf) = eyfp'(exf) (3.13)

for all x, y € R. Comparing (3.12) and (3.13), we get

exfp(eyf) —eyfp'(exf) =0

for all x, y € R. Moreover, since B is a biderivation, we have
exflfzf, pleyf)] = Blexfzf, eyf) — Blexf,eyf) fzf =0
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for all x, y, z € R and so Proposition 2.2 yields that p(eRf) € S(R). Analogously,
p'(eRf) € S(R). Now, using (3.3), (3.11), (3.4), (3.7), (3.5), (3.6), and (3.12), we
obtain

B(x,y) — B(exe,eye) = B(fxf, fyf) + B(exe,eyf) + B(fxf, eyf)
+ Blexf,eye) + Blexf, fyf) + Blexf, eyf)
=[fxf, fyflsi +exeyfsi —eyfsifxf +eyexfss
—exfsyfyf +exfp(eyf)
=[x, yls1 + evexfs) —exfyfs) +eyexfs
—exfyfs2+exfp(eyf)
=[x, yls1 +eyexfs —exfyfs+exfpleyf)

for all x, y € R, where s := 51 + s3. Thus,
B(x,y) — B(exe, eye) =[x, yls1 + [y, exfls + exfp(eyf)
for all x, y € R, where f[R, R]s = 0and [R, R]leRs = 0. O

We are now ready to prove our main theorem.

Theorem 3.3 Let R be atriangular ring suchthat S(R) S C(R)f. IfB: RxR — R
is a biderivation, then there exist A € C(R), u € annc(r)(f[R, R] U [R, R]e),
r € anng([R, R]), and q, q' € f Q(R)e such that

B(x,y) = Alx, yI + [x, [y, pe +rll + exfqeyf (3.14)
and exfqeyf = eyfq'exf € eRf forallx,y € R.

In particular, if S(R) = Z(R) f, then A, w, exfq'e + fqexf,exfqe+ fq'exf €
Z(R) for each x € R.

Proof According to [2, Proposition 4.10]
B(x,y) = Bi(x,y) + [x, [y, rl] (3.15)
for all x,y € R, where r = B(e,e¢) € eRf,r[R,R] = 0 = [R, R]r, and B; :

R X R — R is abiderivation such that By (e, ¢) = 0. Hence, Lemma 3.2 implies that
there exist elements s, s; € S(R) and additive maps p, p’ : eRf — S(R) such that

Bi(x,y) = Bi(exe, eye) + [x, yls1 + [y, exfls +exfp(eyf),  (3.16)
Bi(exe, eye)ezf = [exe, eyelezf sy, (3.17)

and
exfpleyf) —eyfp'(exf) =0 (3.18)
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for all x, y,z € R, where f[R, R]s = 0 and [R, R]eRs = 0. Since s; € S(R) C
C(R)f, (3.17) yields

(Bl(exe, eye) — ril(sl)[exe, eye])eRf =0
and hence
Bi(exe, eye) = til(sl)[exe, eye]
for all x, y € R. Thus, (3.16) can be rewritten as
Bi(x,y) =t (s1)lexe, eyel + [x, ylsi + [y, exfls + exfp(eyf)  (3.19)
for all x, y € R. Note that

= (s1)lexe, eyel + [x, ylsi =t (sp)elx, yle + el[x, y1 fs1 + fx, y1fsi
= (v (s1) + s1)(elx, yle +elx, y1f + flx, y1f)
= (t ' (s1) + sD)lx, ]

and so
=1 (s1)[exe, eye] + [x, yls; = Alx, y] (3.20)
for all x,y € R, where A’ := v '(s)) + 51 € C(R). Let u := —1t7'(s) —s5 €
C(R). Note that in case Z(R)f = S(R), it follows that ./, u € Z(R). Obviously,
WwfIR, Rl =0and [R, RleRfu = 0. Thus, u[R, Rle = 0 and
[y, exfls = plexf, y] (3.21)
for all x, y € R. Since (3.18) can be rewritten as
o (pleyfexf — v (pexf)eyf =0
for all x, y € R, Lemma 2.4 implies that there exist ¢, ¢’ € f Q(R)e such that
t (plexf) = exfq'e and 7! (p(exf)) = exfye,
where
exfq'e + fgexf € C(R) and exfqge + fq'exf € C(R)
for all x € R. Note that if Z(R) f = S(R), then ! (p(eRf)), T~ (p/(eRf)) C

Z(R)e and so exfq'e + fqexf,exfqe + fq'exf € Z(R) for each x € R (see
Remark 2.5). Hence,

plexf) = fqexf and p'(exf)= fq'exf (3.22)
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516 D. Eremita

for all x € R. Now, using (3.19), (3.20), (3.21), and (3.22), we obtain

Bi(x,y) = M[x, y] + ulexf, yl + exfqeyf, (3.23)

where eyfq'exf = exfqeyf € eRf forall x,y € R. Since u[eRe, eRe] = 0 and
wlfRf, fRf] =0, it follows that

wlexf, y1 = ulx, yI + [x, [y, nell (3.24)

for all x, y € R. Thus, using (3.15), (3.23), and (3.24), we may conclude that

B(x,y) = Mx, yl +[x, [y, ue +rll +exfqgeyf

for all x,y € R, where A := A’ + u € C(R) (in case Z(R)f = S(R), we have
A € Z(R)). O

Corollary 3.4 Let R be a triangular ring such that Z(R) f = S(R). If either eRe or
fRf does not contain nonzero central ideals, then each biderivation B of R is of the
form

B(x,y) = Alx, y] + [x, [y, ue +r]] (x,y €R)

forsome . € Z(R), u € anngzg)(f[R, RIU[R, Rle), and r € anng([R, R]).
Proof Since S(R) = Z(R)f € C(R)f Theorem 3.3 implies that there exist A €

Z(R), i € anngzgy(f[R, R1U[R, R]e), r € anng([R, R]), and ¢,q" € fQO(R)e
such that

B(x,y) = Alx, y] + [x, [y, ue +rll +exfqeyf

and

exfq'e + fgexf, exfge + fq'exf € Z(R)

for all x, y € R. Consequently, eRfge C Z(R)e and fq’eRf C Z(R)f. Moreover,
eRfqge is a central ideal of eRe and fq'eRf is a central ideal of fRf. Thus, the
assumption implies that either eRfge = 0 or fq'eRf = 0. Now, using Proposition
2.2, it follows that ¢ = ¢’ = 0. O

Corollary 3.5 Let R be a triangular ring such that S(R) € C(R)f. If either
eR[R, RIRe = eRe or fR[R, RIRf = fRf, then each biderivation B of R is
of the form

B(x,y) = Alx, y] (x,y € R)

for some ) € C(R). In particular, if S(R) = Z(R) f, then > € Z(R).
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Proof According to Theorem 3.3, there exist A € C(R), u € anncr)(f[R, R]U
[R, Rle), r € anng([R, R]), and q, ¢’ € f Q(R)e such that

B(x,y) = Mx, yl +[x, [y, ue +rll +exfqgeyf

and
exfq'e + fgexf, exfge + fq'exf € C(R)
forall x,y € R. Hence, eRfge € C(R)e and fq'eRf C C(R) f and so
exe(eye -exfqge) = (eye - exfqe)exe = (exfqe - eye)exe = eye(exe - exfqe)

for all x, y, z € R. Thus, [exe, eyeleRfge = 0 and analogously fq'eRf[fxf, fyf]
= 0 for all x,y € R. Then ¢R[R, RIReRfge = 0 and fq'eRfR[R, RIRf = 0.
Now, the assumption yields that ¢ = ¢" = 0. Next, since r € anng([R, R]) C eRf, it
follows that [eRe, eRelr = 0andr[fRf, fRf] = 0. Consequently, eR[R, R]Rer =
O and rfR[R, RIRf = 0. Now, the assumption implies that » = erf = 0. Similarly,
since u = pe + uf € C(R) and pweR[R, R]Re = 0, uf R[R, RIRf = 0 our
assumption yields that 4 = 0. Note that according to Theorem 3.3 A € Z(R) if
S(R)y=Z(R)f. O

Let us give an example of a triangular ring R such that S(R) ¢ C(R)f and an
example of a biderivation of R, which is not of the form (4.3).

Example 3.6 Let F [X, Y] be the unital ring of all polynomials in commuting indeter-
minates X and Y with coefficients in a field F' with char(F) = 0. By M, we denote the
quotient ring F [X, Y]/(X%, Y%, XY).Let A := F [X]/(X?) and B := F[Y]/(Y?).
Obviously, A and B are unital subrings of M. Moreover, M is an (A, B)-bimodule,
which is faithful as a left A-module and also as a right B-module. Let R be the
triangular ring

ag + o1 X + w1 X + wY
o+arX po+ X+ u ];ai, 5. uieF}.

Tri(A, M, B) = { [0 B0t 517

Then Z (R) = FI,Z (eRe) = eRe,and Z (fRf) = fRf, where

e:= |:(1) 81| andf:=|:8 (1)]

According to [8, Section 4], it turns out that

. ag+a1X 0 )
C(R)—H:O a0+a1X:|,Olo,Ol]€F}.
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Since fRf = Z(fRf) € S(R), it follows that S(R) SZ C(R) f. Thus, R does not
satisfy the assumption from Theorem 3.3. Let us define amap ¢ : R — R by

¢<|:Olo+0£1X M0+M1X+M2YD_[0 noY }
0 Bo+ B1Y L0 (Bo—ap)Y |

We leave it to the reader to verify that amap B : R x R — R defined by
B(x,y) =[¢(x), yl

is a biderivation, which is not of the form (4.3).

4 Applications

(Block) upper triangular matrix rings Let S be a unital ring and let n > 2. Suppose
that k = (k1, k2, ..., ky) € N™ is an ordered m-tuple of positive integers such that
ki +ky + - - - + ky, = n. The block upper triangular matrix ring BX (S) is a subring of
M, (S) of the form

M, () Miyxk, (S) -+ My xk, (S)
T 0 Mkz (S) e Mkzka (S)
B, (5) = : : . :
0 0 . Mg, (S)

Obviously, the full matrix ring M, (S) and the upper triangular matrix ring 7, (S)
are just special examples of block upper triangular matrix rings. It turns out that
O(M,(S)) = M,(Q(S)) (see, e.g., [1, Proposition 2.4]) and hence C(M,(S)) =
C(S)I. By e¢;j, we denote the (i, j)th matrix unit. Since e;1 M, (S) € T,(S) C

BE (S) € M, (S) and since ej1 M,,(S) is aright ideal of M,,(S) such that
ranny, (s)(e11 My (S)) = 0.
it follows that
O(T,(S)) = Q(BE (5)) = My (Q(S))
(see Exercise 9 on page 380 in [10]). Hence
C(Ty(8) = C(BE (8)) = C(S)1.

Suppose that Bf: S) # M, (S). Then BE (S) can be represented as a triangu-
lar ring. Namely, pick any I € {1,2,...,m — 1}. Setting n =k + etk

e:=ej 1+ +eyy and f = I — e, we see that fBX(S)e = 0, eB¥(S)e =
ki,..., k, k ~ Kig1yenns km i ~ .
Yk gy pBR(S)f = BYHR (§) and eBE(S)f = Myyuonw) (S) is a

n n—n’
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faithful (eB,E(S)e, f B,IE(S) f)-bimodule. Accordingly, we may consider B,’f (S) asa
triangular ring of the form

_ (k1,....kp)
B, (8) My sm—n) (S)
B () =( s ) 4.1)
" Bt (5

Moreover, we claim that Z(BX(S)) f = S(BX(S)). Namely, letq € S(BK(S)). Then

q € FM(QS) [, [q. FBX(S)f1 =0, and eBX(S) fqf € eB(S)f. Hence, e); €
eBX(S) f and so

Z [qlij -e1j =eiiq € er(S)f

j=n"+1

foreachi € {n'+1,...,n}, where [g]i; denotes the (i, j)th term of g. Consequently,
[glij € Sforalli, j {n'+1,...,n}. Thus, g € fM,(S)f and [q, fB,f(S)f] =0,
which yields that g € Z(fBX(S) f) = Z(S) f = Z(BX(S)) f.

Applying our results from the previous section to B,f(S), we obtain the following
corollary, which is a generalization of [2, Corollary 4.13].

Corollary 4.1 Let S be a unital ring and let n > 3. Suppose that B is a bideriva-
tion of BE(S), where BN(S) # M, (S). Then there exist ) € Z(S)I, r €
ann B,;(S)([B,’;(S), BX($)) such that

B(x,y) = Alx, y1+[x, [y, r]l, 4.2)

forallx,y e B,]E(S). In particular, ifky > 1 or ky, > 1, thenr = 0.

Proof Suppose that k; > 1. Letn' := kj, e :=ej1 + -+ eyy,and f =1 —e.
Then eBk(S)e = M, (S). Since n’ > 1, it follows that M, (S) coincides with its
ideal generated by the set [M,/(S), M, (S)]. Thus, Z(B Sf = S(Bk(S)) and
eB,’i (S)[Bﬁ(S), B’,j(S)]B,’;(S)e = eB,’;(S)e and so Corollary 3.5 implies that B is an
inner biderivation.

Next, suppose that k,,, > 1. Letn' :=k; + -+ + kjy—1, € := ey +Fewws and
f =1 —e.Then fB*(S)f = My, (S). Hence, f BX(S)[BX(S), B (S)]Bk(S)f =
f B,’j(S) f and so Corollary 3.5 implies that B is an inner biderivation.

It remains to (_:onsider the_case when ki = k,, = 1. Let e = ej] and f =
I —e. Then fBX(S)f = B* |(S) # M,_1(S). Hence, fBX(S)f is a triangular
ring and so it does not contaln nonzero central ideals. Thus, according to Corollary
3.4, there exist A € Z(S)1, u € annz s (F[BX(S), B¥(S)1 U [B(S), BX(S)]e), and
r € ann 35(3)([3,’5(3), BK(8)]) such that

B(x,y) = Alx, ]+ [x, [y, pe +rl]
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for all x,y € B,’f(S). Obviously, there exist i, j such that i < j and e;;, e;; €
FBY(S)f. Since e;; = [eii,eij] € fIBX(S), BK(S)1f, it follows that pe;; = 0
and so u = 0. O

Now, we are able to describe biderivations of T},(S), where n > 3.

Corollary 4.2 Let S be a unital ring and let n > 3. Suppose that B is a biderivation
of T,,(S). Then there exist . € Z(S)I, r € annr, 5)([T,,(S), T,,(S)]) such that

B(x,y) = Alx, yI + [x, [y, 1l
forall x,y € T,(S).

Proof Obviously, T,,(S) = B,gl""’ b (S) and hence Corollary 4.1 yields the conclusion.

Next, applying Theorem 3.3, we also describe biderivations of 7> (S).

Corollary 4.3 Let S be a unital ring and let B be a biderivation of T>(S). Then there
exist A € Z(S), i, v € anngs)([S, S1), and s € anng([S, S1) such that

B(x,y) = Alx, ]+ [x, [y, perr + seiall + verixeziyexn (4.3)

forall x,y € T>(S).

Proof Let e = e11 and f = ep. Then Theorem 3.3 implies that there exist A, u €
Z(S),r € T(S),and q, ¢’ € f M2(Q(S))e such that

B(x,y) = Mx, yl +[x, [y, ue +rll +exfqgeyf (4.4)

and exfqge + fq'exf € Z(S)I for all x,y € T»(S), where uf[T2(S), T($)]1f =
0, nel[Tr(S), Ta(S)]e, r[T2(S), To(S)] = 0, and [T»(S), T»(S)]r = 0. Hence, u €
annzs)([S, S1), and there exists s € S such that r = se2 and s[S, S] =0 =[S, S]s.
Thus, we+r = ey +sejn. Next, sinceexfqe+ fq'exf € Z(S)Iforallx, y € Tr(S),
it follows that g = ¢’ = vey| for some v € Z(S) such that vS € Z(S). Therefore,
v € anngs)([S, S1) and (4.4) can be rewritten as

B(x,y) = Alx, y] + [x, [y, neir + se1z]l + verixeriyexn
for all x, y € T»(S). O

Let us mention that Corollary 4.3 is a generalization of [2, Proposition 4.16].

Nest algebras Recall that a nest is a chain N of closed subspaces of a complex Hilbert
space H containing {0} and H, which is closed under arbitrary intersections and closed
linear spans of its elements. The algebra

TWN)=({T €eB(H)|T(N)C Nforall N € N'}.
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is called a nest algebra associated with A/. A nest N is called trivial if V" = {0, H}.
We refer the reader to [7] for the general theory of nest algebras. According to [6,
Proposition 5] and [7, Chapter 2], each nest algebra associated with a nontrivial nest
can be considered as a triangular ring. Namely, let N be a nontrivial nest and pick
any N € M\ {0, H}. Let e be the orthonormal projection onto N and f := [ — e.
Then AV} := e (N) and > := f (N) are nests of N and N+, respectively. Moreover,
TN =eT N)eand T (N3) = fT (N) f are nest algebras, f7 (N)e = 0, and
eT (N) f is afaithful (7 (N7), 7 (N2))-bimodule. Thus,

(TN TS
T(N)-( o ) 4.5)

is a triangular ring and Z(7 (N)) = CI. It is easy to see that Z (¢7 (N)e) = Ce =
Z(TN)e € C(T N)eand Z(fTN) f) =Cf = ZTN)f S CT N)f
and so (i) from Proposition 2.6 holds true. Next, let ¢ : e7 (N) f — 7 (N) f be
a (T (W), T (N))-bimodule endomorphism. We define amap d : 7 (N) — T (N)
by d(x) = ¢(exf). Obviously, d is a C-linear derivation of 7 (N). Since each C-
linear derivation of a nest algebra is inner (see, e.g., [7, Theorem 19.7]), there exists
a € T (N) such that d(x) = ax — xa and so

¢(exf) =aexf —exfa

forall x € 7 (N). Thus, ¢ is of the standard form and hence (ii) from Proposition 2.6
holds true. Now, Proposition 2.6 implies that S(7 (N)) = Z(T (N)) f.

Using Corollaries 3.4 and 4.3, we obtain the following extension of Benkovic’s
result [2, Corollary 4.14].

Corollary 4.4 Let N be a nontrivial nest of a complex Hilbert space H. Suppose that
B is a biderivation of T (N'). Then the following hold.

(i) If dimH = 2, then T(N) = T»>(C) and B is of the form (4.3).
(ii) If dimH > 3, then there exist . € CI and r € anng\)([T(N), T (N)]) such
that

B(x,y) = Alx, y] + [x, [y, ]l

forallx,y € T(N).

Proof Obviously, (i) follows from Corollary 4.3. Next, suppose that dimH > 3 and
pick N € M\ {0, H}. Let e be the orthonormal projection onto N and f := I — e.
Since dimH > 3, it follows that either dimN > 1 or dimN+ > 1. If dimN > 1,
then either ¢7 (M)e = B(N) is a noncommutative prime ring or e7 (N)e is
a triangular ring. Similarly, if dimN+ > 1, then either f7 (N) f = B(N')
is a noncommutative prime ring or f7 (N) f is a triangular ring. Consequently,
either e7 (N)e or f7 (N) f does not contain nonzero central ideals. Moreover,
since S(7 (N)) = Z(T (N))f Corollary 3.4 implies that there exist A € CI,

@ Springer



522 D. Eremita

w € annc; (f[TN), TWN)TUITN), T(N)le), and r € anngan ([T (N), T(N)])
such that

B(x,y) = AMlx, y] + [x, [y, ne +r]]

forallx, y € 7 (N).SinceeithereZ (N)eor f7 (N) fis noncommutative, it follows
that © = 0. m|
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