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Abstract We give a property of symplectic quadratic Lie algebras that their Lie alge-
bra of inner derivations has an invertible derivation. A family of symplectic quadratic
Lie algebras is introduced to illustrate this situation. Finally, we calculate explicitly
the Betti numbers of a family of solvable Lie algebras in two ways: using the coho-
mology of quadratic Lie algebras and applying a Pouseele’s result on extensions of
the one-dimensional Lie algebra by Heisenberg Lie algebras.
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1 Introduction

Let g be a complex Lie algebra endowed with a non-degenerate invariant symmetric
bilinear form B, {Xi, ..., X, } be a basis of g and {w1, ..., w,} be its dual basis.
Denote by {Y1, ..., Y,} the basis of g defined by B(Y;,.) = w;, 1 <i < n. Pinc-
zon and Ushirobira [5] discovered in that the differential 3 on /\(g*), the space of
antisymmetric forms on g, is given by 0 := —{I, .} where [ is defined by:
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I(X,Y,Z2)=B(X,Y].Z), VX, Y, Zeg

and {,} is the super Poisson bracket on /\(g*) defined by

Q. Q= DY B Y (@) Ak, (), V2 e N\, @ e A@.
iJj

In Sect. 1, by using this, we detail a result of Medina and Revoy [4] that there is an
isomorphism between the second cohomology group H?(g, C) and Der, (g)/ ad(g)
where Der, (g) is the vector space of skew-symmetric derivations of g and ad(g) is its
subspace of inner ones.

A well-known theorem of Jacobson says that a Lie algebra over a field of charac-
teristic zero is nilpotent if it admits an invertible derivation, but on the contrary, there
exist nilpotent Lie algebras that have no invertible derivation. It is also well known
that symplectic quadratic Lie algebras are nilpotent and hence so too are their algebras
of inner derivations. We prove that the latter algebras have an invertible derivation. In
particular, we have the following (Proposition2.5).

Theorem 1 Let (g, B, w) be a symplectic quadratic Lie algebra. Consider the map-
ping 9 : ad(g) — ad(g) defined by Z(ad(X)) = ad ((ﬁ‘l (lx(a)))) with ¢ : g — g%
¢(X) = B(X, .), then P is an invertible derivation of ad(g).

The reader is referred to [2] for further information about symplectic quadratic Lie
algebras. A family of such algebras is given to illustrate this situation.

In Sect. 2, motivated by Corollary 4.4 in [4], we give the Betti numbers for
a family of solvable quadratic Lie algebras defined as follows. For each n € N,
let go,42 denote the Lie algebra with basis {Xo, ..., Xy, Yo, ..., Y} and nonzero
Lie brackets [Yp, X;] = X;, [Yo,Y:i] = Y, [Xi;,Yi] = Xo,1 < i < n.
Denote by BX(g2n12) = B¥(g2n42. C), Z*(g2012) = ZF(g2n12. ©), HN(gany2) =
H k(gzn+2, C) and by = br(g2n+2, C). By computing on super Poisson brackets, our
second result is the following.

Theorem 2 The kth Betti numbers of gon+2 are given as follows:
(1) Ifk is even, then one has

(2) If k is odd, then one has
e ifk <n+1, then

= () () (S ()

e ifk=n+1, then

n
bn+1 =2 (ﬂ)
2
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o ifk >n+1, then

= () ()~ () ()

Our method is direct and different from Pouseele’s method given in [6] that we
shall recall in Appendix 1. In Pouseele’s method, the Betti numbers of g,4o are
derived from the Betti numbers of the 2n + 1-dimensional Lie algebra § defined by
[Y,X;]=X;and [Y, Y;] = —Y; forall 1 <i <n.

For other results of Betti numbers for some families of nilpotent Lie algebras, we
refer the reader to [1,6] or [7].

2 A Characterization of Symplectic Quadratic Lie Algebras

Let g be a complex Lie algebra endowed with a non-degenerate invariant symmetric
bilinear form B. In this case, we call the pair (g, B) a quadratic Lie algebra. Denote
by Der, (g) the vector space of skew-symmetric derivations of g, that is, the vector
space of derivations D satisfying B(D(X),Y) = —B(X, D(Y)) forall X, Y € g,
then Der, (g) is a Lie subalgebra of Der(g).

Proposition 2.1 There exists a Lie algebra isomorphism T between Der,(g) and the
space {Q2 € N\ 2(g") | {1, Q) = 0}. This isomorphism induces an isomorphism from
ad(g) onto 1g(I) = {tx () € \*(8) | X € g).

Proof Let D € Der,(g) and set Q € /\2(9*) by Q(X,Y) = B(D(X),Y) for all
X, Y € g. Then D is a derivation of g if and only if

Q(X, Y], 2)+Q(Y, 2], X) + Q([Z,X].Y) =0

for all X, Y, Z € g. It means {/, 2} = 0. Define the map T from Der,(g) onto
{Qe /\z(g*) | {1, 2} =0} by T(D) = R, then T is a one-to-one correspondence.

Now we shall show that T([D, D']) = {T (D), T(D")} for all D, D’ € Der,(g).
Indeed, set Q = T(D), Q' = T(D’) and fix an orthonormal basis {Xj}’}:1 of g. One
has

Q21X ) = — [ D0, (@ A, (@) | (X, 1)
j=1

=D (X, 0 (X, V) - QX;. Q' (X, X))
j=1

=_ Z B (B(D(Xj), X)D'(X;) — B(D'(X;), X)D(X),Y))
j=1

— Z B (D'(D(X)) — D(D'(X)),Y)) = —B(lD', DI(X), Y).
j=1
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That means, T([D, D']) = {T (D), T(D')}, and then, T is a Lie algebra isomorphism.
If D = ad(Xy), then T(D)(X,Y) = B(Xo,X1,Y) = I[(X0,Y,Z) =
tx,(I)(X,Y). Therefore, T (D) = tx,(I). O

Corollary 2.2 {ix (1), ty (1)} = ¢x,y(]).
Corollary 2.3 [4] The cohomology group H*(g, C) ~ Der, (g, B)/ ad(g).

Definition 2.4 A non-degenerate skew-symmetric bilinear form w : g x g — Cis
called a symplectic structure on g if it satisfies

(X, Y], Z) +o(Y, Z], X) + 0([Z, X],Y) =0

forall X, Y, Z € g.

A symplectic structure w on a quadratic Lie algebra (g, B) is corresponding to a
skew-symmetric invertible derivation D defined by w(X, Y) = B(D(X), Y), for all
X, Y € g. As above, a symplectic structure is exactly a non-degenerate 2-form w
satisfying {I, o} = 0. If g has a such w, then we call (g, B, w) a symplectic quadratic
Lie algebra.

For symplectic quadratic Lie algebras, the reader can refer to [2] for more details.
Here we give a following property.

Proposition 2.5 Let (g, B, ) be a symplectic quadratic Lie algebra. Consider the
mapping 9 : ad(g) — ad(g) defined by Z(ad(X)) = ad (¢! (tx(w))) with¢ : g —
g ¢(X) = B(X, .), then 2 is an invertible derivation of ad(g).

Proof As above, we have {I, w} = 0 and thenty ({, w}) = O forall X € g. Itimplies
{tx(D), w} = {I,1x(w)} for all X € g. Note that if X is nonzero, since w is non-
degenerate, then x (w) is non-trivial. Set ¥ = ¢! (tx(w)), then {I, tx (@)} = 1y (1),
and therefore, this defines an inner derivation. Let D be the derivation corresponding
to w, then one has [ad(X), D] = ad(Y).

Let ad(X) € ad(g). Set « = ¢(X). Since w is non-degenerate, then there exists an
element Y € g such that @ = ty (w). In this case, Z(ad(Y)) = ad(X). That means, ¥
onto and therefore it is bijective. O

Next, we give a family of symplectic quadratic Lie algebras that has been defined
in [3] as follows.

Example 2.6 Let p € N\ {0}. We denote the Jordan block of size p by J1 := (0) and
for p > 2,

010 ...0

1 .0
Jpi=:0 .

00. 01

000 ...0
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The Betti Numbers for a Family of Solvable Lie Algebras 739

For p > 2, we consider q = C2P with a basis {X;, Yi}, 1 <i < p, and equipped
with a bilinear form B satisfying B(X;, X;) = B(Y;,Y;) = 0 and B(X;, Y;) = §;;.

Let C : ¢ — g with matrix
_(r O
= (8)

in the given basis. Then C € o(2p).

Let h = C? and {Xo, Yo} be a basis of h. Define on the vector space 2p =q@h
the Lie bracket [Yp, X] = C(X), [X,Y] = B(C(X), Y)Xo and the bilinear form
B(Xo,Yy) = 1, B(Xg, Xo) = B(Yy,Yy) = B(Xo,X) = B(Yp,X) = 0 and
E(X, Y) = B(X,Y) forall X, Y € q. So jpp is a nilpotent Lie algebra, and it
will be called a 2 p + 2-dimensional nilpotent Jordan-type Lie algebra.

Denote by {c, ay, ..., ap, B, B1,..., Bp}thedualbasisof {Xo, ..., X, Yo, ...,
Yy}, thenl = BA Zl.p:_ll oj4+1 A Bi. Inthis case, we choose w = ¢ A B+ Zle i ABi
then {/, w} = 0 and therefore (j2),, B, w) is a symplectic quadratic Lie algebra. Notice
that if we define Z(ad(Yy)) = —ad(Yyp), Z(ad(X;)) = i ad(X;), and Z(ad(Y;)) =
—iad(Y;), then Z is an invertible derivation of ad(jz).

3 The Betti Numbers for a Family of Solvable Quadratic Lie Algebras

Foreachn € N, let g;,,+7 denote the Lie algebra with basis { X, ..., X,, Yo, ..., Y}
and nonzero Lie brackets [Yy, X;] = X;, [Yo, Y;1 = —Y;, [X;, Yi] = X0, 1 <i <n.
Then g is quadratic with invariant bilinear form B given by B(X;,Y;) = 1,0 <i <n,
zero otherwise.

Let{o, a1,..., @y, B, Bi, ..., Bn}bethedual basis of {Xg, ..., X,, Yo, ..., Yy}
andset V = span{¢;}, W = span{f;}, 1 <i < n.Itis easy to check that the associated
3-form of gy, 42:

I=BAY ainpi

i=1

Denote by €2, := Y ", o; A Bi, then one has

B*(g2012) = {tx(D)| X € gony2} =span{BAai, BAB. Q|1 <i <n}.
If n = 1, then we can directly calculate that H 2(g4) = {0}. If n > 1, we have the
nonzero super Poisson brackets:

O {L,anaj}=a; AQ, —aABAajand{[,a ABi} =Bi A2y +a ABABi,
(i) {L,aAB}=1,
@ii) {7, «; /\Olj} =28 AN« N and {/, B; Aﬂj} =-2B8 A Bi A,Bj.
It results that Z*(gos42)=span { Aaj, B A Bi,a; ABj |1 <i,j <n} and then
the second cohomology group Hz(gz,H_z): span {[ozi/\,Bj]} / span {[Z:’zl aiAﬁi] }
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where 1 < i, j < n.So we recover the result of Medina and Revoy in [4] obtained by
describing the space Der, (g2,+2) that by = n? — 1.
To get the Betti numbers by for k > 3, we need the following lemma.

Lemma 3.1 Themap{Q,..} : A\OV)QN" (W) = NS(V)QNA™ (W) withk, m > 0
is a vector space isomorphism if k # m and {Q,,, /\k(V) ® /\k(W)} = {0}.
Proof We have {Q,,a;; A ... Ao} = kaiyy Ao A, {20, B Ao A Biy )

—m/\ﬂil /\.../\,Bim and {Qn,ail AN 7 /\,3]'1 /\.../\ﬂjm} = (k—m)()ll'l
. Aa ABj AL A Bj,, then the result follows.

o> |l

By a straightforward computation on super Poisson brackets, we have the following
corollary.

Corollary 3.2 The restrictions of the differential 9 from o A /\ V) ® /\J (W) onto
ANV SN W) BanBAN VIO N (W) and from N'(V)® N (W) onto
BAN(V)® /\’ (W) withi, j >0, i # j are vector space isomorphisms.

Let us now give the cases for which ker(d) can be obtained. The following lemma
is easy:

Lemma 3.3 We have d (/\"(V) ® /\"(W)) -9 (,3 ANV ® /\f(W)) —{0} with

i,j > 0. Moreover, d (a ABANV)® /\j(W)> c o (/\i+1(V) ® /\j+1(W))
foralli, j>0,i # jand

(i) d(anBANVIBA W) =B A2 AN V)& N W),
(ii) 9 (a A N (VY® N W)) =20 A N (V)@ N (W),
By the reason shown in (i) and (ii) of Lemma 3.3, we set the map
Grrkon s N\ @r, ) @ NGB B = N\ @ )
® N\ B, B

defined by ¢y, k,.n (@) = 2, A w, then we have the following result.

Proposition 3.4 (i) Ifk is even, then

k—1
smerin = (1) (8) + 1 <z~> (25L)

+ dim ker ¢px—

=
o

=
~\

|
oS

=~
e

(3]
~—
N

~
N|I S

[\e)
N~

(ii) If k is odd, then

k—1
dim ker(d;) = dim ker qka =1+ (’:) <k ntl ) .

=

)
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The Betti Numbers for a Family of Solvable Lie Algebras 741

Using the formula b (g2,42) = dimker(d;) + dimker(dx—1) — (2kn_+]2>’ the

binomial identity

and the formula

()2 - ()

we obtain the following corollary.

Corollary 3.5 The kth Betti numbers of gyn+2 are given as follows:

(i) If k is even, then
) ( ) +2dimker giz 12, — (é) <k”;2>
2

n n )
bi(gon+2) = (ﬂ) (@) —l—dlmker(j)%’%’n
2

2

+dimker g ks, - (_) (_)
2 2

Hence, it remains to compute dim ker (qbk’ k,n). Consider the power ¢,’("1 foun of the
map @k, k,,n, and let

bi(gon42) = (

(TR
[STEEN

(ii) If k is odd, then

K(m, ki, ky, n) = dimker (¢} ,, ) -

then one has:

Lemma 3.6 (i) The map
. 1
9/?1!,](2,}'14-1 - ker (¢Zi4—_l,k2—l,n) @ ker (¢z—l,k2,n) @ ker (d)/’;’:,kz—l,ﬂ)
-1
@ ker (q),’c':’kz’n) — ker (¢,’(’i’k2’n+1)
defined by

Oy oy 1 (@1, @2, 03, @4) = Qpi1 A Bpgt AL+ Qg A2+ Byt A @3

1
+ w4 — —Piy—1.ky—1,n(@1)
m

is a vector space isomorphism.
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742 T. M. Duong

(ii) K(m,ky,kp,n) =Km+1,ky— 1, ko —1,n—1)+K(m,k; — 1,kp,n — 1)+
Km,ky,kp —1,n—1)+ K(m —1,k1, ko, n —1).

Proof (i) The map 9,?:, ko.n+1 18 clearly injective. To prove 6,2’1" ky.n 1 Surjective, letus

considerw € A\ (a1, ..., s D@ A (B1, ... Bus1) suchthat @ Aw = 0.
Observe that w can be written in the form @ = &, A Bu+1 A 01 + a1 A
@) + a1 A w3+ oy where o € AL @ ANTNBL L B,
w € NN a) @ ARGBL . B w3 € N, an) ®

AN B, B and ws € AV (@rs . o) @ AP (BLL ... Ba). By Q7 A
w = 0, weobtain Q' Awr = QFPAw3 = QF Awy = 0, QF Aw =

m—1 : : m+1 _ m+1
—m' ™" A wy. It implies Q'™ A w1 = 0 and then w; € ker (¢k1—1,k2—1,n)’
Moreover, 2, A w1 + mwy4 € ker <¢/’::_ki n) means
m 1
Ok, kynt1 | @1, @2, 03, 04 + Z¢k1—l,k2—l,n(a)l) = w.
(i) The assertion (2) follows (1).
O

To calculate K (m, ki, k2, n), we use the following boundary conditions from the
definition of ¢,’(’iq ky.n IN Which we assume q),?h kp.n 1S the identity map:

(1) KO, ky,ky,n) =0forallky, kp, n >0.
0, ifm<n,

(2) K(@m,0,0,n) = .
1, ifm > n.

0, ifm=0orn>m,

n, ifl <n<m.

3) K(@m,0,1,n) =K(m,1,0,n)=i

1, ifm>1,ki =k, =0,

4) K(m,ky,ky, 0) =
@) K( k2, 0) {0, otherwise.

By the condition (2), we extend K (m, k1, ko, n) = 0 for negative k; or kp, and
by the condition (1), we set the condition (5) by K (—m, ki, ky,n) = —K(m, k| —
m,ky —m,n).

Lemma 3.7

noon

K(m,k,k,n):E;)(Z)<Z)K(m+n—p—q,k—n+p,k—n+q,0).

Proof By induction on [/, we prove that

K(m,k,k,n):ii(l>(Z)K(m+l—p—q,k—l+p,k—l+q,n—l).
5=04=0 P) \4

Let! = n to get the lemma. O
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The Betti Numbers for a Family of Solvable Lie Algebras 743

The Betti numbers of g»,+> are in the case m = 1. By the conditions (4) and (5),
we reduce the following.

Corollary 3.8

0, ifk < in,

K(1,kk.n) = (n) (n)_< n )( " ) ifk > in.
k) \k)  \k+1) \k+1

Finally, by applying this formula, we obtain the Betti number of g»,42 according
to Corollary 3.5.

Appendix 1: Another Way to Get the Betti Numbers of g,,42

In this part, we shall give another way to get the Betti numbers of go,+7. It is based
on the following result.

Proposition 3.9 [6] Let g be an extension of the one-dimensional Lie algebra (Z) by
the Heisenberg Lie algebra >, 1, for some n,

1 — hoypy1 — g — (Z) — 0

such that g acts trivially on the center 3 = (W) of bop+1. Let f = g/3. Then

by () fork=0o0rk =1,
b (f) — br—2(f) for2 <k <n,
br(g) = § 2 [bn+1(f) - bn—l(f)] fork=n+1,
br—1(f) — brs1(f) forn+2 <k <2n,
bi—1(f) fork =2n+1o0rk =2n+2.

It is easy to see that g, 42 is an extension of the one-dimensional Lie algebra (Y()
by h2,+1. To calculate the Betti numbers of g»,,42, it needs to find the Betti numbers
of the 2n + 1-dimensional Lie algebra f with a basis {Y, X1, ..., X,,, Y1,..., Y} and
the Lie bracket

[Y, X;]1=X;, [¥,Yi]=-Y;

foralll <i <n.
Let{Y*, X7,..., X}, Y[, ..., Y }bethedualbasisof {¥, Xy, ..., X, Y1, ..., V).

Proposition 3.10 (/) One has

ok (Y* A (/\k—l(x*,...,Xj‘;, Y;‘,...,Y;))) =0.

(2) Assume j + 1 = k, then we have
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744 T. M. Duong

e if j =1, then

ok (/\j(X*,...,X;,")@/\I(Y[*, ...,Y;)) —0,
e if j #1, then
o (AN xpe NOF YD) =Y A (/\/(X*,...,Xj;)
o N\ D).

Proof The assertion (1) is obvious. For (2), we use the following computation:

O (X5 A AXS A AL AYE) = (=Y

/\Xf‘l /\.../\X;kj AY;’j A NY,

foralll <ij <---<ij<mandl1 <rj <---<r <n. |

The following corollary results.

Corollary 3.11 The Betti numbers of | are given as follows:

wo= (1) (1))

where [x] denotes the integer part of x.

Applying this corollary, we have

[ ([ ])_<[k:2]> ([ 2]) for2 <k <n,
(n 1 )(n ]>_2(n["21]> n[" ]) fork =n + 1,
1(@)( ) >_<[k§“1]><[’“zfl] forn+2 <k <2n,

and then Theorem 2 is obtained.

fork=0o0rk =1,

Skl
LSkl
=~
| =

]

n

[\S] ——
TS S~—
m‘-q— 3
| =
4
| =

br(g2n+2) =

—
N‘

~—

fork =2n+1lork =2n+2.

Appendix 2: The Second Cohomology Group of a Family of Nilpotent Lie
Algebras

In this appendix, in the progress of our work, we give the second cohomology of a

family of nilpotent Lie algebras that are double extensions of an Abelian Lie algebra
(see [3] for more details about these Lie algebras).
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The Betti Numbers for a Family of Solvable Lie Algebras 745

Let us denote ga,,+7 a 2-nilpotent quadratic Lie algebra of dimension 41 +-2 spanned
by {X, X1,..., Xwm, Y, Y1, ..., Y2,} where the Lie bracket is defined by [Y, Y2;_1] =
X0i, 1Y, Yai] = —X0i_1,[Y2i—1, Y2i] = X and the bilinear formis givenby B(X, Y) =
B(X;, Y;) = 1, zero otherwise. Let {«, «;, B, Bi} be the dual basis of {X, X;, Y, Y;}.
We can check that the associated 3-form I of g4, 218 I = BAQ where Q = 1 A B2+
B3 ABa+- - -+ Ban—1 A Ban. Therefore, itis easy to see that¢g,, ., (I) = span{2, BAB;}
for all 1 <i < 2n. We have the following proposition.

Proposition 3.12 dim(H?(g4n+2, C)) = 8ifn = 1 and dim(H?(gan12, C)) = 5n>+
nifn > 1.

Proof First, we need to describe ker(d;). Let V be the space spanned by
{B, B1, ..., Pan}, then {I,w} = O for all w € V A V. By a straightforward com-
putation, we have

W {LBAraiy={1, 001 ABai} =1{l,00i A Pai1} =0,

@ {Lanp)=1,

Q) {L,aABric1} = Boict AR, {1, A Boi} = Boi N,

@D {I,arnoi—1} = a1 AQ+BABru A, {I, a Ao} = api AQ—BABri—1 Aa,

5 l,azi—1 ANagj} = =B A Bai Naaj — B A Baj—1 Aagi—t, {1, 00 Aagj) =
BABrici ANazj— B A Brj—1 A,

©6) {I,00i1 A Baj} =—{1,00j—1 A Poi} = =B A Poi A Brj, i # ],

(N U, a2i-1 A Brj—1} ={1,a25 A Pai} = —B A Pai A B2j—1,

®) {I,o0i ABaj—1} = —{I,00j A Boi—1} =B A Boict AB2j—1,i # J.

As a consequence, if n = 1, then it is direct that

ker(d;) = VAV @span{B Aa1, BAay, a AP —ay ABr,ar A B, ay
ABL — a2 A Ba, an A Br}.

Therefore, we obtain dim(H?(g4n42, C)) = 8.
In the case n > 1, then 2 is indecomposable. Hence,

n
ker(d) =V AV @spani B Aazi—1, B A, a AP — Zaz,-,l A Bai—1,
i=1

@2i—1 A Baj +o2j—1 A Pai, o1 A Paj—1 —aj A Pai,oni APaj—1 +aj A Bt}

with 1 < i, j < n and it is easy to check that dim(H?(g4n+2, C)) = 5n° + n. O
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