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@' (0) > 0. Let f(z) = z+ arz® +azz> + --- be an analytic function satisfying the
subordination af'(2) + (1 — @)zf'(2)/f (2) < @), (f'@)*&f @)/ f @)~ <
(@), (f'@)* (I +2f"@/f' @)™ < ¢(2). (f@/)* @S @/Lf @) < (@),
or (f(2)/2)%(1 + zf" (@) /f @)1~ < ¢(z). For these functions, the bounds for
the second Hankel determinant ayas — a% as well as the Fekete—Szego coefficient
functional are obtained. Our results include some previously known results.

Keywords Second Hankel determinant - Fekete—Szego coefficient functional -
Subordination - Functions with positive real part

Mathematics Subject Classification 30C80 - 30C45

Communicated by V. Ravichandran.

B4 See Keong Lee
sklee @usm.my

Kanika Khatter
kanika.khatter @yahoo.com

S. Sivaprasad Kumar
spkumar @dce.ac.in

Department of Applied Mathematics, Delhi Technological University, Delhi 110042, India
School of Mathematical Sciences, Universiti Sains Malaysia, 11800 (USM) Penang, Malaysia

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40840-016-0414-3&domain=pdf

456 K. Khatter et al.

1 Introduction

Let A be the class of all normalized analytic functions of the form f(z) = z +
> o, apz" in the open unit disk D := {z € C : |z| < 1}, and S be the subclass of
A consisting of univalent functions in D. The gth Hankel determinant (denoted by
Hy(n))forg =1,2,...andn =1, 2,3, ... of the function f is given by

an Ap+1 -+ dpig-—1
ap+1 dp42 - An+q
Hq (n) == . . .
Apn+g—1 Adn+q -~ Qn42q-2

In 1996, Pommerenke [36] investigated the Hankel determinant of areally p-valent
functions, univalent functions and starlike functions. Further, the Hankel determinants
of areally mean p-valent functions were investigated in [29-31]. Noor studied the
bounds on Hankel determinant of close-to-convex functions in [32—-34]. Pommerenke
[37] also established that Hankel determinant of univalent functions satisfying the
following relation: |H,(n)| < Kn_(%"’ﬂ)‘”'% nmn=12,...;9g =1,2,...), where
B > 1/40,000 and K depend on g. Later, Hayman [14] proved that |H>(n)| <
Anl/? (n =1,2,...; Aisan absolute constant) for areally mean univalent functions. In
1986, Elhosh [9, 10] investigated the Hankel determinant for univalent functions with
a positive Hayman index « and k-fold symmetric and close-to-convex functions. The
second Hankel determinant H»(2) := araq — a% for the class of functions derivative
of which has positive real part, the classes of starlike and convex functions, close-to-
starlike, and close-to-convex functions with respect to symmetric points have been
studied in [13,16], respectively. Lee et al. [26] obtained bounds on second Hankel
determinant for the classes of Ma—Minda starlike and convex functions with respect
to ¢ and two other similar subclasses. One may refer to the survey given by Liu et
al. [27] for the other works done in the research of Hankel determinant for univalent
functions. They also obtained the second Hankel determinant for some other subclasses
of analytic functions. Hankel determinants have been studied by several other authors
for various classes of analytic functions and can be referred to in [1,4,23].
In 1933, Fekete and Szegd proved that

4u —3, (1> 1);
a3 —padl <  1+ep (724). O=wu=;
3 du, (1 =0).

holds for functions f € S, and the result is sharp. Keogh and Merkes [17], in 1969,
obtained the sharp upper bound of the Fekete—Szeg6 functional |a3 — ua% | for functions
in some subclasses of S. The Fekete—Szego functional problem for close-to-convex
functions was investigated among others by Koepf [21], Kim et al. [6,20] and Cho
et al. [S]. The problem for starlike and convex functions were investigated in a more
general settings by Ma and Minda [28]. For other general classes of p-valent func-
tions, the Fekete—Szego functional problem was investigated by Ali et al. [2] and
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Coefficient Bounds for Certain Analytic Functions 457

Ali et al. [3]. For classes defined by quasi-subordination, see Mohd and Darus [12].
Jakubowski and Zyskowska [15] obtained the estimate for |a, — ca§| + clap|™ for
c € R, f € S. Kiepiela et al. [19] obtained bounds for certain combinations of initial
coefficients of bounded functions; these results were used later for estimating fourth
coefficients of many classes [2, 18]. Other results related to this functional can be seen
in [2,3,7,22,24,25,35].

An analytic function f is said to be subordinate to F, written f < F or
f(z) < F(2), (z € D) if there exists an analytic function w : D — D satisfy-
ing w(0) = 0 and f(z) = F(w(z)) in D. If F is univalent in D, then f(z) < F(2)
if and only if f(0) = F(0) and f(D) € F(D). Let ¢ be a univalent function with
positive real part, (0) = 1 and ¢’(0) > 0. In this paper, we determine the bounds
on the second Hankel determinant H>(2) and the Fekete—Szegd functional for the
functions f for which af'(z) + (1 — 0)zf'(@)/f (@), (f'(2)*(f'(2)/ F ()=,
(f'@)*A + 2" @/ f @I, (f()/2%Gf @/ f @)™ or (f(2)/2*( +
2f"(2)/ f(z))1~ is subordinate to ¢. Our results include some previously known
results.

2 Main Results
Let ¢ : D — C be a function with positive real part with
9(2)=1+Biz+ B>+ Bz’ +--+ (Bi>0;B1,By,BseR). (2.1

For 0 < « < 1, the class V, (¢) consists of functions f € A satisfying the following
subordination:

af'(2) + (1 — a)zjf(g) < @)
Note that
S*(9) = Volp) = [f cA: Z;((ZZ)) < w(z)]

is the class of Ma—Minda starlike functions and
Rip) =Vilp)={f € A: f(2) < p(2)}

is a subclass of close-to-convex function. Thus, our class provides a continuous passage
from a subclass of starlike functions to the subclass of close-to-convex functions when
o varies from O to 1.

For functions in the class V, (¢), we have the following result:

Theorem 2.1 Let the function f € V,(¢) be given by f(z) = 7+ wm+aP 4.
(1) If By, By and Bs satisfy the conditions

a(l —a)B2 +2(1 +a)|By| < (I +a) (a2+4a+2) ;0
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458 K. Khatter et al.

and
‘(a -1 (3a2 + 50+ 1)31‘ —(A+a)*G+a)B2+ (1+a)’2+a)?B B
+a(l =@ +@)B B = (1 +0)* G+ B},

then the second Hankel determinant satisfies

2 B}
_ < —1
lazas — a3| < 2ta)
(2) If By, B> and Bs satisfy the conditions
a(l —a)B?> +2(1 + a)|Bs| = (1 +a) (a2 + 4o +2) B

and

2‘(05 —1 (3a2 450+ 1)31‘ — A+ a)*G+ B2+ (1+a)’Q+a)?B B
+a(l—a)l +a)231232‘ > (1 + ) [a(l — @)B} +2(1 + a)| Ba| By

+(+ 0@ +w?B ],
or the conditions
a(l —a)B> +2(1 +a)|Bs| < (1 +a) ((x2 + 4o +2) B
and

‘(a 1 (3a2 4 Sa+ 1)Bf (1 +a)*G+a)B2 + (1 +a)3(@+2)*B B

ol —a)(1+ a)231232( > (1+a)*G +a)B?,
then the second Hankel determinant satisfies

1
2
axag — az| <
24 3|_(1+a)4(2+a)2(3+a)

— (l+a)*C+a)Bi+ (1 +a)Q2+a)’BB;
+a(l —a)(l + ot)zBlng‘.

‘(cx —1 (3a2 + 50+ 1)3;‘

(3) If By, By and Bs satisfy the conditions

a1 —a)B? +2(1 +a)|Bs| > (1 +a) (a2 t 4o+ 2) ;0
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and
2’(04 — 1 (3a2 450+ 1)3;‘ — A+ a)*G+ B2+ (1+ )32+ )?B) B3
+a(l—a) 1+ BB = (1+0)? [a(l — ) B +2(1 + )| BBy

+(+a)2+ a)zBf] ,

then the second Hankel determinant satisfies

) BIM
lazas — az| < 3 .
42+ a)*G + )N

where
M = 4(3 +oz)’(a -1 (3a2 + 50 + 1)B;‘ —(1+a)*G+a)B?
+ 1+ @ +)Bi By +a(l —a) (1 + 0B B,|
2 2 2
n [2(1 ) Bo| — (1 +0) ((x + 4 +2) Bl +a(l —a)Bl]
and

N = \(a —1DBa® + 50+ DB — (1 +)*B+@)B5 + (1 + )’ (2 +@)* B B3

+ a(1—a)(1+a)231232)—a(1—a)(1+a)23? _ (1+a)3(231|le+Blz).

Remark 2.2 When ¢(z) = (1 + (1 —2X0)z2)/(1 —2), (0 < X < 1), /1 42z, 1 +
2/72(log((1 + 2)/(1 — J2))? and ((1 + 2)/(1 —2))#, 0 < B < 1, the class
S*(p) becomes the class S*(y) of starlike functions of order y, the class S of
lemniscate starlike functions, the class S;‘ of parabolic starlike functions and the
class S; of strongly starlike functions of order B, respectively. When o« = 1 and
¢ = (1 +2)/(1 — z), Theorem 2.1 reduces to [16, Theorem 3.1]. When o = 0,
Theorem 2.1 reduces to [26, Theorem 1].

In particular, we get the following corollary:

Corollary 2.3 [26, Theorem 1]

() If f € S*(y), then |azas — a3| < (1 — y)*.

() If f € S%, then |azas — a§| <1/16 = 0.0625.

() If f € S}, then |azas — a3| < 16/7* ~ 0.164255.
@) If f € S, then |azas — a3| < B~

Theorem 2.1 is proved by expressing the coefficient of the function f in terms of
the coefficient of a function with positive real part. Recall that the class P of functions
with positive real part consists of all analytic functions p(z) = 1+ > o ¢,z" with
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460 K. Khatter et al.

Re p(z) > 0 for z € D. Let £2 be the class of all analytic functions w : D — D of the
form w(z) = wiz+ wrz2+---.To prove our results, we need the following lemmas:

Lemma 2.4 [8] If the function
PR =1+ciz+ez’+cz°+--- (2.2)
is in ‘P, then the following sharp estimate holds: |c,| <2 (n=1,2,3,...).
Lemma 2.5 [11] If the function given by (2.2) is in P, then,
2 =3 +x (4 - c%) , 2.3)
4¢3 = c% +2 (4 — c%) c1x — ¢y (4 — c%) x42 (4 - cf) (1 - |x|2) y, (2.4)
for some x, y with |x| < 1 and |y| < 1.
Lemma 2.6 [28] Let p € P be given by (2.2). Then,
—4v+2, ifv<0;
ez —veil < 12, ifo<v<I;
4y — 2, ifv>1.

Proof of Theorem 2.1 Since f € Vy(¢), there is an analytic function w(z) = w1z +
w2z2 + --- € £2, such that

Define p;(z) by
pl(Z):ii——ZEg:l—i_ch—i_czzz—i_”"
Then
PR LGkl LY (Y GREG VS
¢ Cp@+1l 2 ! 275 :

Clearly p; is analytic in D with p1(0) = 1 and p; € P. Since ¢(z) = 1 + Bz +
Byz? + B3z 4 -, we get

p1(z) —1 1 1 o1 [N W
———)=1+4+-B —-B - — -B oL (26
® (p](z) n 1) + 5 1c1z + 5B o > + 1 ol Fals (2.6)
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Coefficient Bounds for Certain Analytic Functions 461

Also, the Taylor series expansion of f gives

f ()

of @)+ (== =1+ a1 + @z + (2 +@as - (1 - wad) 2

f@)
+ ((3 +a)as — (1 —a) (3a2a3 - ag) )z3 e
(2.7)
Then from (2.5), (2.6), and (2.7), we get
_ ﬂ (2.8)
2T 0t '
_ v 4-9 p _ 2
3= 42+ @) [23102 - ((1 +a)? Bit (B Bl)) Cl] ' @9
B . 3-w »  U—o)(—da) 5
“T 83+ [43163 * (Bl Trocto T rarara 2
3(1 —a) e 6(1 —a) 5
—(1 TOCt® BBy + 33) A +( 4Bl+—(1 T2t By + 432) CICZ]
(2.10)
Therefore,
, 1 (@—1) (B> +5a+1) ,
@204 — a3 = EBI |:[ I+ a)*Q+a)23 + a)B]

a(l —a)
B
(I+2)?Q2+a)?G+a)
1 B} 1 1

T e B T (4 aG+e T U+ 00+ Gra)

+[ 4 s Byt 2a(l — a)
AI+0C2+a)2CG+a) 2 VT 1¥0)22+a)?G + o)

+

1(B2 — By)

(B —232)] ct

2 2
h ] 20

4
" BE+— " B .
2+ T (¥ 0)G+a) 10163}

Since the function p(e’?z) (9 € R) is in the class P for any p € P, without loss of
generality, we can assume that ¢c; = ¢ > 0. Substituting the values of ¢; and ¢3 from
(2.3) and (2.4) in the above expression, we get

,oo 1 (@—1) (3> +5a+1) , a(l —a)
TS 1{(1+a>4(2+a>2(3+a) "t rereraGra P
S 3—22+ 1 Bs{c* 2 B
Q+a?B  (1+a)G+a 3]‘ +[(1+a)(2+a)2(3+o¢) 2

a(l —a) 2 20 ooy 1 5
(1+a)2(2+a)2(3+a)31}c (4-c)x [(1+a)(2+a)2(3+a)c
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462 K. Khatter et al.

L4
Q2 +a)?

2

2.2
131(4 V¥ o6t

Bic(4—¢c*) (1—Ix?) y|.

Replacing |x| by u and by making use of the triangle inequality and the fact that
|y| < 1in the above expression, we get

|aa_a2|<iB[<(a—l)(3a2+5a+1)33_ 1 B}
Bl arote+e?G+a) T 22 By
4+ ——— B3+ ol - o) 3132] et
(1+a)3+a) A+ a)?22+a)2@+ )
2c 2 a(l —a) 5
- (1+a)<3+a)31(4 C)+|(1+a)z(2+a)z(3+a)31

2 2(4 2
- (1+a)(2+tx)2(3+a)|B2|]C (4 c)“

+[ c? B 2c N 4 ]
14+0)2+a0)?B+a) (1+a0)B+a) Q2+a)?

x By (4 . c2) MZ} — F(c, ). 2.11)

We shall now maximize F(c, u) for (¢, u) € [0, 2] x [0, 1]. Differentiating F(c, )
in (2.11) partially with respect to ., we get

3_F_i a(l —a) 2(4 2\ p2
o 16 ‘[(1+a>2<2+a>2<3+a>c (4=¢) Bi
2 2(4 2
* TToaterare’ G-C) 8

2 1 2
28 (=) (oarararer

2 4
TN (2+a)2)] (2.12)

For 0 < u < 1, and for any fixed ¢ € [0, 2], we observe that d F/du > 0. Thus,
F(c, ) is an increasing function of u, and for ¢ € [0, 2], F(c, u) has a maximum
value at © = 1. Thus, we have

maxF(c, u) = F(c, 1) = G(c). (2.13)

The Eqgs. (2.11) and (2.13), upon a little simplification, yield

1 (@-1@e’+5a+1) 5 1 B L
Gle) = EBIH 1+ +aG+a | CralB  (+0Gtm
a(l — ) a(l —a) 2

+ 18>

(1+a)2Q2+a)?G+a) BiBy| ~ 1+0)2Q2+a)?@+a) Bi
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Coefficient Bounds for Certain Analytic Functions 463

— ! (21B,|+B )] 4+4[ o~ o) B>
I+ 2+ 0231 TV T 0?2+ ?G+a) !
. 1By — a?+4a+2 ] 2
I+0)C2+02C+a) 2  +002+a0)?2C+a)
16
* <2+a)231]
_Bi(,4 P
= = (Pc + 0c +R), (2.14)

where
P=(+a0)*C+a0) 2@ +a)! ()(a —1) (3a2 450+ 1)313

B2
— (14+a)*G+ a)B—2 + (0 +a)PQ+a)?Bs+a(l —a)(1 +a)’B B,
1

—a(l—a)(I+a)*Bf — (1 +)’2|By +Bl>), (2.15)
0=4140)224+a0)*CG+a)”! (a(l —a)B? +2(1 + a)| By
— (4@ +4a+2)B), 2.16)
and
R =162+ a) ?B,. (2.17)
We know that
max (P2 + Q1+ R) = | 16P+4Q+R, 0=0.P=-§ or 0<0.P>—%:
0<r<4 5
%7 Q > 05 P E _%'
(2.18)
Thus, we have, from (2.14),
R, Q = 07 P < _21
2, _ B 0 0.
lazaq — a3| < 6 16P +40+R, Q>0,P>—-% or Q<0,P>—7%;
[
8

where P, O, and R are given by (2.15), (2.16), and (2.17), respectively. A simple
computation will give the results stated in the theorem. O

Our next theorem gives the Fekete—Szegd inequality for functions in the class Vy (¢).
Theorem 2.7 Let ¢ be defined as in (2.1) and let the function f(z) = z + az”> +
a3z’ + -+ € Vy (). Then we have the following:

@ Springer



464 K. Khatter et al.

(1) If By, By and A satisfy the condition
Q+a)Bir < (1 —a)B] + (By — B)(1 + ),

then

a —Aa2 <
a3 =22l = e

(- ., Q+ahi ,
[32 oy (1+a>231]

(2) If By, By and A satisfy the condition
(1 —a)Bf + (By — B1)(1 +a)* < 2 +a)BiA
< (1 —a)B} + (B, + B)(1 +a)?,
then

By

az — ra3| < .
|3 2| 2ta

(3) If By, By and A satisfy the condition
(1 —a)B} + (By + B)(1 + ) < 2 +a)B?A,

then

l—a , @Q+a) 2}

1
— A 2 < —|—-B) —
143 a2|—2+a[ At a2

Proof By using (2.8) and (2.9), we get

4 —rad = — | 2B ciBi  c¢iBy (I1—e)cfB}  ABici
P 2ta| 2 4 4 40+w? 41 +e)?
B
- _1(62 —ved),
22+ a)
where
1 1 Bz (1 _a)Bl (2+Ol)Bl
V= - - =
2 Bi  (1+a)?  (I1+a)?
Now, by using Lemma 2.6, we get the desired result. O

Remark 2.8 Bounds for the second and the third coefficients for f in V,(¢) can be
directly obtained from Eq. (2.8) and Theorem 2.7 as follows:
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and

(1+a)?

24+«
1

lazl < 1 2+4a’

By + =% B?
—————  (1-a)B?+ (B, —B)(1+a)?=>0;

(1 —a)B? + (B, — B)(1+a)? <0 or
(1 —a)B} + (B2 + B)(1 + @)* > 0;

11—« 2
—B2 — Gy Bi

2 2
i , A —a)B2+ (Ba+ B)(1 +a)> <0.

Let ¢ : D — C be an analytic function given by (2.1). For 0 < o < 1, the class
M (p) consists of functions f € A satisfying the following subordination

/ l—«
()" (Zj: ) <ot

We see that My (p) = S*(¢) is the class of Ma—Minda starlike functions and

Mi(p) =R(p) ={f € A: f'(z) < 0(2)}
is a subclass of close-to-convex function. Thus, this class also provides a passage from
a subclass of starlike functions to the subclass of close-to-convex functions when «
varies from O to 1. Also, for different functions of ¢, we get different subclasses of

starlike functions as stated earlier.

Theorem 2.9 Let the function f € Mg (@) be givenby f(z) = z+arz> +azz> +- - -.
Then,

(1) If By, By and Bs satisfy the conditions
2|B| = (1 + )3 +a) — 1By,
and

Q2+ a)?G+a)Bf —12(1 + @)’ 3 + &) BF + 12(1 + &)*(2 + @)* B B
— 120 +a)*3+a)B} <0,

then the second Hankel determinant satisfies

2
Bl

— 42 < 1
laray a3|_(2+a)2.

(2) If By, By and Bs satisfy the conditions

2[By| = (I + )3 +a) — DBy,
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466 K. Khatter et al.

and
~(1—a)2+)’B+ B! —12(1 +)*G +a)B3
+ 12(1 + @)>(2 + @)>B1 B3| — 12(1 + «)?| B2| B
—6(1+a)*((1 + )@ +a)+ DBf >0,
or the conditions
2Bl = (1 + )3+ ) — DBy,
and
— 2+ a)’G+a)Bf — 120 +a)*G+a)B5 4+ 12(1 + a)>’(2 + «)* B B3
- 120 +a)*G+a)B} 20,
then the second Hankel determinant satisfies

1

— 42 <
Sl = DA Tareta’Gra)
— 24 a)’G+a)Bf + 1200 + 0)*2 + «)? B B3|

—12(1 + @)*(3 + @) B

lazay

(3) If By, By and Bs satisfy the conditions
2|B2l > (1 +a)(3+a)—1) By,
and
—(1—a)2+ )@ +a)B* — 121 + 0)*(3 + a) B2
+ 1201 + )22 + @)2B B3| — 12(1 + @)?| B2 | By

— 6(1+a)* (1 4+ )3 +a)+ 1B <0,

then the second Hankel determinant satisfies

| 2 < BIM
aras — a ,
MBI Q2@+ a)N

where

M=|—(1-a)2+a)*3+a)’Bf —12(1 + @)’ (3 + «)*B?

+ 120 + )2 + )3+ a) B B3| — 12(1 + )2 + )* By | By |
— 1200 +a)B3 —3(1 + )2 + «)* B,
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Coefficient Bounds for Certain Analytic Functions 467

and
N=|-(1-0)2+a)?’G+a)Bf — 120+ )3+ a)B3
+ 1201+ )22 + a)23133‘ — 121 + @)2 B2 — 24(1 + @)By | Ba).

Proof Since f € My (¢), there is an analytic function w(z) = wiz+wz>+--- € £2,
such that
zf' (@)

f(@

l—«a
P () =ew@). 2.19)

Define pi(z) by

1+ w(z)

—— =l+ciztol+ o,
1 —w(z) ! 2

p1(2) =

then this implies

_pn@-1 1 _C% 2
w(Z)—m—z(Clz-i-(cz ?)Z +--- ).

Clearly p; is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) = 1 + B1z+
Byz? + B3z> + -+, we get

p1(z) — 1 1 1 C% 1 2).2
2 )=1+-B _B -2 )+-B 4+.-.. (220
(p(pl(z)—i— 1) 2 reis 27! = 2 4 2 )= (2:20)

Also, the Taylor series expansion of f gives

2f'(2)
f(@

1
+ £ B+ )(6as = 6(1 —wazas + (1 — )2 =)@ 4+ . (2.21)

11—«
(f' @)~ ( ) =l4+a(l+a)z+ %((2 +a)az — (1 — oc)a%)z2

Then from (2.19), (2.20) and (2.21), we get

Bicy

1 [ (2<1 +a)2(B) — By) — (1 —a><2+a>B%) 2}
a3 = — | Bjco — s
22 +a) 4(1 + )2
(2.23)
_ 1 B (d-0)@B+a) , (I-o)d-20)3+a) 3
=Gt [ 1es ( 2 et T 24(1 + )3 Bi
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468 K. Khatter et al.

B (1-a)3+a) 1Bz+&)6%+(—3 (1-a)3+a) ,

2 il +02+a) 4 TS Yoy
+B2) Clcz:| . (2.24)
Thus,
- iB —(l—a) , 1 3_22 1 3
BRUTB " 120402 VT 2102 B A+a3C+a)
! B; —2By) ¢ ¢t
Tl ToCtaG e B T A
4 B> — By)cac?
P U T 0@t aR0 1o B2 BaA

4
- B+ ————Bicics |
cra2 2T MrwGto ‘0‘63]

Since the function p(e’z) (8 € R) is in the class P for any p € P, without loss of
generality, we can assume that ¢; = ¢ > 0. Substituting the values of ¢> and ¢3 from
(2.3) and (2.4) in the above expression, we get

2
lazaq — a3| = — By

a—1 1 B? 1 4
. Ble
16

D0+’ T 2rar B T Ur0G10”

+ ‘ 2 lecz (4—c2)x—[ ! 2
(1+a)2+a)*(3+a) I+0)2+a)?@+a)

B (4—62)x2+ Blc(4—c2) (1—|x|2)y‘.

L] 2
Q24 a)? (14+a)3+a)

Replacing |x| by u and by making use of the triangle inequality and the fact that
|y| < 1 in the above expression, we get

4

[ a1 5 i§+ 1 B]
20+a’ ' 2+l B (+a)Bta)
+#31(4
I+a0)3+a)

laza a2|<LB
204 3= 16 P

- %) |Balc? (4 —c?) p

i f0Cr0’G1a)

+ { ¢ R . }B (4—c?) 2]
(11024020610 (1+0)G+a)  Ctra?|’! H
= F(c, ). (2.25)

We shall now maximize F(c, p) for (¢, u) € [0, 2] x [0, 1]. Differentiating F(c, 1)
in (2.11) partially with respect to ., we get
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aF 1 2 , ,
9 B . ¢ (4—c)|32|
ou 16 14+a0)2+a)*G+w)

2 1 2
+ 2B (4—c ) [(1 e TEFRr S

2 4
BTN (2+a)2H' (2.26)

For 0 < p < 1, and for any fixed ¢ € [0, 2], we observe that 0 F /9 > 0. Thus
F(c, n) is an increasing function of u, and for ¢ € [0, 2], F(c, n) has a maximum
value at y = 1. Thus, we have

maxF(c, n) = F(c, 1) = G(c). (2.27)

The Eqgs. (2.25) and (2.27), upon a little simplification, yield

G © Bi| 4 1 B3 l—a s N B
O)=—|c"1|— —= — i
16 CtalB R0+ 'TU+0)C+a) °

T T 02 +02G 1o B2 Bl)}
+2{ ! 4By +2|Baf) — — B]+ 16 g
“Nroet02Gra) TP T e T 22!
B (pet 4 o2
= = (Pc + Q¢ +R), (2.28)

where
P=Ltit0?Ctra?Gra (\12<1 +a)’3 +a)_—B§
12 B
— -0+’ G+a)B] + 1201 + @)+ )Bs|
—12(1 + )% (B + 2|Bz|)), (2.29)
0=401+a0)"'Q+a) 2B+ a)"! ((31 +2|B) — (1 +a)(3 + a)Bl), (2.30)
R =162+ ) 2B. (2.31)

Thus, using (2.18) and (2.28) we get,

R’ Q S 07 P < _Qa
B
la2as — a3 < 75 1 16P +4Q +R. Q20.P>—§ or 0<0.P =%
2
PR2Q 0>0,P<-9.
where P, Q, andR are given by (2.29), (2.30), and (2.31), respectively. m|
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Remark 2.10 When o« = 1 and ¢ = (1 4+ z)/(1 — z), Theorem 2.9 reduces to [16,
Theorem 3.1]. When o = 0, Theorem 2.9 reduces to [26, Theorem 1]. Therefore,
Corollary 2.3 follows as a particular case.

Our next theorem gives the Fekete—Szegd inequality for functions in the class
Ma ().

Theorem 2.11 Let ¢ be defined as in (2.1) and let the function f(z) = z + arz> +
a3z’ + - € My (¢). Then we have the following:

(1) If By, By and u satisfy the condition
22 +@)Biu < 2+ a)(1 —a)Bf +2(B2 — B)(1 +)?,

then

Crad-w g, Ctauy)

1
— 2 < (B
a3 = pay] 2P v T At

T Q24w

(2) If By, By and p satisfy the condition

(1—a)2+a)B} +2(By — B)(1 +)? <22+ ) Bl
< (1 —a)2+a)B} +2(By + Bi)(1 + )2,

then

— a2l < 1
las — pad] < 57
(3) If By, By and p satisfy the condition
(1—a)2+a)B} +2(B 4 B))(1 + @) <22+ @) By,

then

d-o)Q+@) ,  Qtou 2)_

1
— 2 <_(_B
|a3 /'La2| — 2+Ol 2(1+C¥)2 1 (1+a)2 1

Proof Using (2.22) and (2.23), we get,

) 1 B AEB 3B (1-a)2+a) 5.,
as — pay = - 2 C1P1
Crao\ 2 4 4 41+ o)
12+ a)Bic
41 + )2
By 2l By (1—0)2+a) 2+a)
= B (—e(i(i-B) - B B
22 +a) (02 Cl(z( Bl) at+a? T a0 xa2® ‘))
——Bl (c —vcz)
T 224 2T h
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1 B 1—a)2 2

where v = = (1 — =2 — 1-9@+e) 1 pet o) Bip ). Using Lemma 2.6,
2 B 2(1 + a)? (1+a)?

we get the desired result. O

Remark 2.12 Bounds for the second and the third coefficients for f can be directly
obtained from Theorem 2.11 as follows:

and

(=) 2+a) p2
By + 2(7+a)2a Bl

24+«
: (1—a)2+a)B? +2(B, — B))(1+a)> <0 or
(1 =)@+ @) B} +2(B2 + B)(1 +)* = 0;

. (1—a)Q+a)B} +2(By — B)(1 +a)? > 0;
B
las| < § 2+«

_p, _ U=0)C+a) p2

2 1
21“;"” , (1 —a)2+a)B2+2(By + B)(1 + @)2 < 0.

Let ¢ : D — C be an analytic function given by (2.1). For 0 < o < 1, the class
Ly (p) consists of functions f € A satisfying the following subordination:

w)l—“ -

(F@y 1+ o

®(2).
We see that Lo(¢) = K(¢) is the class of Ma—Minda convex functions and

Lip) =R(p) ={f € A: f'(2) < 9(2)}

is a subclass of close-to-convex function. Thus, this class also provides a continu-
ous passage from a subclass of convex functions to the subclass of close-to-convex
functions when « varies from O to 1.

Theorem 2.13 Let the function f € Lq (@) be givenby f(z) = z+a2z> +azz> +- - -.
Then,

(1) If By, By and Bs satisfy the conditions
21B2| (90 — 200 + 12) + BX(1 — a)(6 + 5) < (—9a2 tda + 12) Bi,

and

(1 —a)2a® — 50 — 6)Bf —8(3 —2a)B3 +9 (2 — a)* B1 B3

+ (1 —a)(6 + 5a)B?By| — 8(3 — 2a) B} < 0,
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then the second Hankel determinant satisfies

BZ
larag —a3| < ——1—.
912 — )2

(2) If By, By and Bs satisfy the conditions
21B|(9a® — 200 + 12) + BX(1 — a)(6 + 500) > (—90[2 t 4o+ 12) ;0
and
2‘(1 —a) (2a2 ~ 5S¢ — 6)Bj‘ — 83— 2a)B2 +9(2 — )’ BiB;
+(—a)6+ SQ)B%BZ‘ ~ 20902 — 20a + 12)| B By
— (1 —a)(6+5a)B; —92 —a)’B} >0,
or the conditions
21B;|(9e2 — 200 + 12) + B2(1 — &) (6 + 5a) < (—9a2 +da + 12) B,
and
(1 — )20 — 50 — 6)B} — 8(3 —2a)B3 +9(2 — )’ By B3
+(—a)6+ Sa)Blng‘ — 83 —20)B? > 0,
then the second Hankel determinant satisfies

— Cl%| < 1
= 22— a2(3—2a)
192 — a)?BiBs + (1 —a)(6 + Sa)Blsz‘.

lazaa ‘—8(3—201)3% +(-a) (2a2 — Sa— 6) BY
(3) If By, By and Bs satisfy the conditions
21B3](9a — 20 + 12) + BX(1 — &) (6 + 5e) > (—90(2 t 4o+ 12) B,
and
2‘(1 —a) (2a2 — 5q — 6)Bf — 83 —20)B2 +9 (2 — )® By B

F -6+ Sa)Blsz‘ — 20902 — 20a + 12)| B | By
—(1—a)(6+52)B; —92 —a)’B? <0,
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then the second Hankel determinant satisfies

B*M

— 42 <
@204 = 431 = 1535 = PG 200N

where

M=4 (‘32(1 — )3 - 2a) (2a2 — 5q — 6) BY — 256(3 — 2a)*B2
+ 288(2 — a)*>(3 — 2a) By B3 + 32(1 — a)(6 + 5a)(3 — 201)31232‘
— 18(1 — )2 — @)%(6 + 5a) B} —36(2 — )? (12 — 200 + 9a2)31 | B>
— 812 — a)*B? — (1 — )(6 + 5&)*B* — 4 (12 — 20 + 9a2)2B§
—4(1 — a)(6 + 5a) (12 — 20 + 9a2) 312|Bz|)

and

N = |(1 —a)(2a® — 5a — 6)Bf — 8(3 — 2a) B3 + 9(2 — )’ B B3
+ (1 — @)(6+5a) B By|— (1 — &) (6 + 5a) B} —2(9a®> — 20a + 12) By | Bs|

— (9a® —20a + 12)B}.

Proof Since f € Ly(¢), there is an analytic function w(z) = w;z +unz+---€ R,
such that

/ o 2f"(2)\ 1« _
F@(1+55)  =ew. 232)
Define p;(z) by
pl(Z): M =1+Clz+c2Z2+... ,
1 —w(z)

which then implies

-1 1 AR
w(Z)_m_E(ClZ+(C2 ?)Z +--- ).

Clearly p; is analytic in D with p{(0) = 1 and p; € P. Then, since p(z) = 1+ B1z+
Brz? + B3zd + -+, we get

p1(z) —1 1 1 o1 1, 2\
———)=1+-B —B - — -B ..o (233
) (PI(Z) n 1) + 5 1c1z + > B ) > + 2 el )+ ( )
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Also, the Taylor series expansion of f gives

(@ (1+ Z;m(;)))] =14 20+ (2 - @i - 41 - a2
+ (4(3 —2a)as — 18(1 — a)azas + 8(1 — a)ag)f e (2.34)

Then from (2.32), (2.33), and (2.34), we get

BlCl

ar = (2.35)

<31 By) — (1 —a)B?
a3 = (2 g, |: ( )Cl] , (2.36)

o [Bm (ﬂ 3(1 — a) ; (1—01)(1—20()3%_&
8(3—201) 4 42-a) 42 —a) 2
3(1 — ) B 31 —a)
i BBt 73) A+ (—B1 + mb}% + Bz) clc2i| @37
Thus,
o, (1-a)2e*—5a—-6) 5 8 B_g 9
T H 202G -20) ' T G—a2B T3-2>
902 — 200 + 12 (1 —a)(6+ 5a) 4
—m(31—232)+m31(32—31) ()
4(9a2 — 20a + 12) 20— a)(6+5a) ,]
B [ @—aPG-2a) 2 TEOF (2—a>2(3—2a>31] 2
32 36
_ (2_a)231C2 + 3 2 ———Bjcic3

Since the function p(e’z) (9 € R) is in the class P for any p € P, without loss of
generality, we can assume that ¢c; = ¢ > 0. Substituting the values of ¢; and ¢3 from
(2.3) and (2.4) in the above expression, we get

_ 2 _ B
|a2a4 _ a%| — 1 B H (1 Cl) (20[ Sa 6) B3 (1 Ol)(SO[ + 6)

1152 2 — )23 —20a) ' 2 -a)23 -2
8 B2 8 ] 4 [2(9a2 —20a + 12)
— —= B3 tc
Q2-—a)? B (3-2a) 2 —a)2(3 - 2a)
(1 —a)(6 + 5a) 31] (4—62)x H9ot ~20a+12 ,
(2 — )23 — 2a) 2 —a)2G—20)°

+ —(2 iza)z ]B] (4 — c2) x>+ 3 igzaB]c (4 — cz) (1 — |x|2) y‘.

2
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Replacing |x| by u and by making use of the triangle inequality and the fact that
|y| < 1in the above expression, we get

1 (1 —a)(20®> =50 —6 8 B? 8
mM—éml B{I ( ) 53 2 B3

152 Q-—a)2B3-2a) ' @2-a)2?B ' 3-20
((21 - 02)2((530:_22)) +3 1—8;(1 Bi (4 - Cz)
[Soaorse g 20— Bt D) (s-)
2 2
oG o P ()]
= F(c, ). (2.38)

3132}

We shall now maximize F(c, n) for (c, n) € [0, 2] x [0, 1]. Differentiating F'(c, u)
in (2.11) partially with respect to u, we get

i: ! B |:<1_a)<6+5a)c2(4—02)B12
o 1152 2 —a)2(3 —2a)

2(9a% —20a + 12) , 5 )
4—c*)|By| — 2uBy (4—
el R IR CRYS)

922 — 200 + 12 , 18 32
_ . 2.39
x ((2—a)2(3—2a)c 3—20¢C+(2—a)2)i| 2.39)

For 0 < p < 1, and for any fixed ¢ € [0, 2], we observe that dF/du > 0. Thus
F(c, ) is an increasing function of u, and for ¢ € [0, 2], F(c, n) has a maximum
value at u = 1. Thus, we have

maxF(c, u) = F(c, 1) = G(c). (2.40)

The Egs. (2.38) and (2.40), upon a little simplification, yield

By | 8 B (1—a)(20®>—50—6) , 9
G(c)_nsz[c [_(2—a)2B1 C—alG-20) DT 345
(1—a)(6+5x) (I —a)(6+5a) , 902 —200+12
2—a)2(—20) 2‘_(2—(1)2(3—2@) 1_(2—a)2(3—2a)(31+2|32|)]
5 [2(9a? — 20« + 12) (A—a)6+50) , 9o —da—12 ]
e ’ 22620 P e A T e e o2 !
128
T zar
B, 4 2
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where

2
P=Q2—-a) 232" (‘ — 83— 20()% — (- (2a2 ~ Sa— 6) B}
1

4902 —a)’Bs+ (1 —a)(6+ Sa)Ble‘ —2(9a% — 20 + 12)| By |

— (1 —a)(6 + 5a) B — (9a® — 20a + 12)31), (2.42)
0=02-a)2@-2a)"! (4(1 —a)(6 + 50) B} + 4(9a® — 4o — 12)(B; + 2|Bz|)),
(2.43)
R =128 — o) 2B,. (2.44)

Thus using (2.18) and (2.41) we get,

2 By 0 9]
|a2a4—a3|§m 16P+4Q+R, QZO,PE—g or QfO,PZ—I,
%7 Q > 09 P S _%'
where P, Q, R are given by (2.42), (2.43) and (2.44), respectively. m]

Remark 2.14 Whena = 1 and ¢ = (1 4 z2)/(1 — z), Theorem 2.13 reduces to [16,
Theorem 3.1]. When o = 0, Theorem 2.13 reduces to [26, Theorem 2].

Our next theorem gives the Fekete—Szego inequality for functions in the class
Ly (9).

Theorem 2.15 Let ¢ be defined as in (2.1) and let the function f(z) = z + az® +
a4+ €Ly, (¢). Then we have the following:

(1) If By, By and p satisfy the condition
32— a)Biu < 4(1 — &) B} +4(B, — By),
then

32 —a)u Bz)

< L B -
laz — pay| < By + (1 — a)Bj 2 i)

~32-0a)
(2) If By, By and p satisfy the condition
4(1 —a)B? +4(By — B)) <32 —a)B*1u < 4(1 — a) B} + 4(By + By),

then

las — a2|<i
3THRI=30 )
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(3) If By, By and p satisfy the condition
4(1 —a)B? +4(Ba + By) <32 — a) By,

then

2
laz — pay| =

- 1 3(2—01);1,32)
32+ a)

(=B = =B+ =—=L5)).

Proof Using (2.35) and (2.36) we get,

o = (2ia> (6263l B 6%1? + C%llzgz e B - M(z_l—?B%)
= 6(2——|1-a)(02 — vc%),
where v = % (l — 2—? — (1 —a)B; + WBI),USing Lemma 2.6 we get the
desired result. q

Remark 2.16 Bounds for the second and the third coefficient for f can be directly
obtained from Theorem 2.13 as follows:

By
@] < =,
laz| < >

and

[ B2+ (1 - ) B}

32 —a)
By

las) < { 32 —)’

., (1—a)B} + (By— By) > 0;

(1—a)Bf + (B, — B)) <0 or
(1 —a)B} + (B> + By) > 0;
—B, — (1 —a)B}

e U —a)B} + (By+ By) <0.

Let ¢ : D — C be an analytic function given by (2.1). For 0 < o < 1, the class
K« (@) consists of functions f € A satisfying the following subordination:

() () <o

We see that Co(¢) = S*(¢) is the class of Ma—Minda starlike functions.
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Theorem 2.17 Let the function f € Ky (@) be given by f(z) = z a3+
Then,

(1) If By, By and Bs satisfy the conditions
2(1 — @)?|By| + (1 — a)aB? < (2 _ 052) ;0

and
—(1—a)Bl —(3—2a)B3 + (2 —a)* BiB3 + a(l —a) BB,
— (3-2a)B} <0,

then the second Hankel determinant satisfies
BZ
2 1
lazas — az] < m-
(2) If By, By and Bs satisfy the conditions

2(1 — @)?|Ba| + (1 — a)aB? > (2 _ az) ;0

and
—2(1 —a)B} —2(3 —20)B3 +2 (2 —a)? B B3 + 2a(1 — a) B} B,
—2(1 —)?|By|B) — (1 —a)aB} — (2 —a)?B} >0,

or the conditions

2(1 — @)2|By| + (1 — )aB? < (2 _ 052) ;0
and

—(1—a)Bf —(3—2a)B7 + (2 —a)* BiBs + a(l —a)BI B,
— (3-2a)B? >0,

then the second Hankel determinant satisfies

lazay — a3| < ~(3 —2a)B3 — (1 —)B}

2 —w)?2(3 —2a)
+ Q2 —a)’BiB;s +a(l — a)B%Bz(.
(3) If By, By and Bs satisfy the conditions

2(1 — a)?|By| + (1 — )a B? > (2 — a2) B,
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and

—2(1 —a)B} —2(3 —20) B3 +2 (2 — a)? B1 B3 4+ 2a(1 — a) B} B,

—2(1 —a)?|By|B; — (1 —a)aB} — (2 —a)’B} <0,

then the second Hankel determinant satisfies

5 BIM
lazas — az] < ,
2 —a)2(3 -2a)N

where

M =|—(1 —a)(3—2a)B} — (3 —2a)*B5 + (2 — a)*(3 — 2a) B B3
+ a(l—a)(3—2a)B? B, —%(1—a)(z—a)zB?—(1—a)2(2—a)231|Bz|

-t

2
o
7 B} — T(l —a)’Bf — (1 —)*B3 —a(1 — a)’B}|B,|

and

N=|-(1-a)B} —(3—2a)B7 + (2 —a)’B1Bs + a(l —«)Bi B,

— a(l —a)B} —2(1 —a)?Bi|By| — (1 — )’ Bi.

Proof Since f € Ky (¢), there is an analytic function w(z) = w1z +wyz’+--- € £2,
such that

o / 1—«
(F2)'(F3) " =ewen. (2.45)
Define p;(z) by
pl(Z) = 14w = 1+C1Z+C222+'~- ,

1 —w(z)

which implies

_p@—-1 1 AN
w(Z)—m—E(C1Z+(62—E)Z +--- ).

Clearly p; is analytic in D with p1(0) = 1 and p; € P. Then, since ¢(z) = 1+ B1z+
Baz? + B3zd + - - -, we get

p1(z) — 1 1 1 o1 1, 2\
Y )14+ —Bieiz+| =B ~1)+-B e . (246
¢ (pl(z) + 1) 2 ez 2 e 2 4 21 )z ( )
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Also, the Taylor series expansion of f gives

J@\e 2f @\ N o
(=) ( e ) =ltart(C-wa-0-wd):
+ ((3 —2a)aq — 3(1 — a)agaz + (1 — oz)a%) D4,
(2.47)
Then from (2.45), (2.46) and (2.47), we get
B
a = 1261, (2.48)
1
B= 10— [23162 - ((Bl - By —(1~— a)Blz)cf] , (2.49)
_ 1 3d—a) 5, (I—a)(1—2a) ,
a4——8(3_2a)[431€3+(31— o By + 7o Bi —2B;
3(1 — 6(1 —
+ —(2 - ;) BiBy + Bg)c? + ( _yp 4 2T - ;) B? + 432)0102]. (2.50)
Thus,

21y l—a e 1 B§+ L,
BUTGB =16 202G —20) ' 2—a? B, 3-2a "

(1—a)? a(l —a)
3= a6 2w B T T G

4(1 — )? B 2a(1 — o) 2 P
[ 2 — )23 - 2a) (B2 = Bi) + 2—a)?(B—2a) bi ] a

+ B](Bz—Bl)}Ci1

4
2
BT 3_—20[310163]

Proceeding similarly as in the proof of Theorem 2.1, we would see that |ayas — a§|
will be bounded by

Gy Brlall 1 Bj l—«a Bae_Ll p
©=76 ¢ 2—a2l B  Q2-—a2G—20) 1 T3°24 73
a(l — ) B, _ a(l — ) 2

2B —20) " T 2-a)2@ 20 !
(1 —a)? 5 2(1 — a)?
T2 a2G o2 B +2|32|)] e [(2 — oG = 20) 22!
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all—) o (2-a?) 5 16,
2—a026-—20 0 T 2—a2G 20 [T 2—ag™

Bi 4 2
= T2 (Pc* 4 0P+ R), 2.51)

where
B2
P=Q2-a) 23— 2a)" (’ -3 - 2(x)B—2 —(1—a)B} +2—a)’Bs
1

+ a(l — 05)3132’ —2(1 —a)?|By| —a(l —a)B? + (1 — tx)zBl), (2.52)

0=402—a) 23 —2a)"! (2(1 — )?By| + (1 — @) B — (2 - a2) Bl)
(2.53)
R =162 —a) %B,. (2.54)

Thus, using (2.18) and (2.51), we get,

5 B, 0 o
laras — a3] < I3 16P+40+R, 0>0,P>—% or 0Q<0,P>—7F;
N2
%7 Q > 07 P S _%
where P, Q, areR are given by (2.52), (2.53), and (2.54), respectively. O

Remark 2.18 When a = 0, Theorem 2.17 reduces to [26, Theorem 2]. Then Corol-
lary 2.3 comes as a particular case.

Our next theorem gives the Fekete—Szegd inequality for functions in the class
Ko ().

Theorem 2.19 Let ¢ be defined as in (2.1) and let the function f(z) = z + arz> +
@323 + -+ € Ko(@). Then we have the following:

(1) If By, By and p satisfy the condition
(2 - a)Bfu < (1—)Bf + (B2 — By),

then
2 1 2 2
a3 = ua3| = 53— (B2 + (1 —@)B} = 2~ )uBy).
(2) If By, By and p satisfy the condition
(1—@)Bi + (B2 — B1) < 2 —)Bip < (I — ) B} + (B2 + By),
then

By
2—o

2
laz — pay| <
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(3) If By, By and p satisfy the condition
(1—a)Bf + (B, + B) < 2 — ) Bip,

then

2 1 2 2
a3 = pad| = 5— (B2 — (1 =) B} + 2~ )uB}).

Proof Using (2.48) and (2.49) we get,

1
2 2 2 22 22
a3 — pay = m(Zc‘zBl —c1Bi+c1By+ (1 —a)ey By — n(2 — oc)Blcl)
__ b C%((l BQ) (1 —a)B1 + (2 )B)
T202-a0\? 72 B we and
B 2
=30 —a) (c2 —vey),
1 (—B> .
where v = 3 (B_ +1—-0—-a)B +uR2— a)Bl). Using Lemma 2.6, we get
1
the desired result. O

Remark 2.20 Bounds for the second and the third coefficients for f can be directly
obtained from Theorem 2.15 as follows:

laz| < By,

and
By + (1 —a)B}

2—« ’
B

laz] < 12—«

(1 —a)B? + (B> — By) > 0;

(1 —a)B} + (B, — B1) <0 or
(1 —a)B? + (B> + By) > 0;
—By — (1 —a)B?

, (1—a)B? + (B, + By) <0.
2—«o

Let ¢ : D — C be an analytic function given by (2.1). For 0 < « < 1, the class
T+ (@) consists of functions f € A satisfying the following subordination:

(&)a(l N zf"(2)

l—o
z f'@ ) <o

We see that

To(g) = K(g) = [f ced:1+4 @ ¢(Z)]

f(@

is the class of Ma—Minda convex functions.
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Theorem 2.21 Let the function f € Ty (@) be given by f(z) = z +ar+az+---.
Then,

(1) If By, By and Bs satisfy the conditions
4(1 —a)(2 — a)|6 — Ta||Ba| +2(1 — a)|Ta® — 8a — 6| B}
<(Q-a)?(12—1la) —2(1 —a) 2 —a) |6 — Ta|) By,
and
(1 — a)(67a* — 3290 4 5160° + 168 — 576) B} — 12(2 — a)*(12 — 11) B3
+12(6 — 5a)> 2 — @)* B1 B3 — 24(1 — )2 — @)*(7a> — 8a — 6) BB,
— 122 —a)*(12 — 11a) B} < 0,
then the second Hankel determinant satisfies

> B}
lazas — az| < m-
(2) If By, By and Bs satisfy the conditions
4(1 —a)(2 — )|6 — Ta||Ba| + 2(1 — @) |Ta® — 8a — 6| B?
> ((2—a)?(12=1la) —=2(1 —a) 2 — ) |6 — Ta|) By,

and
(1 — a)(67a* — 3290 4 5160° + 168 — 576) B} — 12(2 — a)*(12 — 11a) B3
+12(6 — 5a)> 2 — @)* B1 B3 — 24(1 — a)(2 — @)*(7a* — 8 — 6) BB,
— 24(1 —a)(2 — @)®16 — Ta|| B2| By — 12(1 — a)(2 — @)?|7a* — 8 — 6| B}
- 62—’ —a)|6 —Ta| + 2 —a)(12 — 11a))B? > 0,
or the conditions
4(1 —a)(2 — )|6 — Ta||Ba| + 2(1 — a)|Ta® — 8« — 6| B?
< ((2 —a)?(12=1la) =20 —a) 2 —a) |6 — 7a|)31,

and

(1 — a)(67a* — 3290 4 5160° + 168 — 576) B} — 12(2 — 2)*(12 — 11a) B3
+12(6 —5a)> 2 — )’ B1B3 — 24(1 — a)(2 — a)*(Ta® — 8 — 6)31232‘
— 122 —a)*(12 — 11a) B? > 0,
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then the second Hankel determinant satisfies

1
—a? <
azag a3| = 12(2 _ Ot)4(6 — 5a)2(12 —1la)

+ (1 — a)(67a* — 3290* + 5160 + 168 — 576) B}
+122 —a)*(6 — 50)’B1 B3 — 24(1 — )2 — ) (70> — 8ax — 6)31232‘.

—12Q2 —w)*(12 - 11a) B2

(3) If By, By and Bs satisfy the conditions
4(1 —a)(2 — @)|6 — 7a||Ba| + 2(1 — )|7a® — 8a — 6| B?
> ((2 —a)(12-1la) —2(1—a)2—a) |6 — 7oz|)Bl,

and

|(1—a)(67a* —3290° +5160> + 168 — 576) B} — 12(2 — a)*(12 — 11a) B
+12(6 — 50)> 2 — @)* BB — 24(1 — )2 — &)* (7> — 8« — 6) B By |
— 241 —a)(2 — @)®16 — Ta|| B2 | By — 12(1 — &) (2 — @)?|7a® — 8a — 6| B}
— 62— a)3(2(1 — )6 —Ta| + 2 —a)(12 — 11a))312 <0,

then the second Hankel determinant satisfies

BIM
(2(6 — 50)%2(12 — 11a))N’

lazaq — a3| <
where
M = [2(1 —a)(12 — 11a)(67a* — 329a° + 5160 + 168a — 576) B}
— 242 —a)*(12 — 11a)* B +24(2—a)* (12— 11a)(6—5a)* By B3
—48(1 —a)(2 — )*(12—11a)(7a* — 8o — 6)31232‘
— 24(1—ot)(2—a)|7a2—8a—6|((2—a)(12—11a)+2(1 —oz)|6—7oz|)Bl3
- 48(1—a)(2—a)2|6—7a|(2(1—a)|6—7a|+(2 —a)(12 — 11a))B1 By
— 62— a)2(4(1 — )6 —Ta|(2—a)(12 — 11la) + 2 — a)*>(12 — 11a)?
+ 41 — a)*(6 — 701)2)B12 —24(1 — a)*(7a® — 8a — 6)* B}
—96(1 — a)?(6 — Ta)*(2 — )’ B5 — 96(1 — a)*(2 — &)|6 — Tat|| 7t

— 8o — 6| BY| By

and
N = |[(1 — a)(67a* — 329a° + 516a% + 168a — 576) B}

— 122 —a)*(12 — 11a) B3 + 12(2 — a)* (6 — 5)* B B3
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—24(1 — )2 — a)*(7a* — 8« — 6)BI B,
—24(1 — )2 — a)?*|7a® — 8a — 6| B} —48(1 —a)(2 — a)’|6
— 7a|By|By| — 24(1 — a)(2 — )®|6 — Ta| B.

Proof Since f € T4 (¢), there is an analytic function w(z) = wiz + wazl 4 € 82,
such that

@ ” 1—a
(@) (1+ ZJ{,((ZZ))) = p(w(2)). 2.55)
Define p1(z) by
pi1(z) = 1+ w) =1 +C1Z+C2Z2+... ,

1 —w(z)

then this implies

_n@=t 1 R TN
w(Z)—m—z(C’]Z'F(CQ 2)2 + .

Clearly p; is analytic in D with p;(0) = 1 and p; € P. Then, since ¢(z) = 1 + B1z+
Byz? + B3z® + - - -, we get

pi1(z2) —1 1 1 o1 1. 2\
———)=1+-B —-B - — -B ... (2.56
) (pl(z) n 1) + 7 1c1z + > B c 5 + 7 el )27+ ( )

Also, the Taylor series expansion of f gives

(&)a(l N 2f"(2)

l—a 1
. o ) = 1He-wa (6-50a - S0 - 0@ +a)d)

+ ((12— Na)as — (1 —a)(18 + Sa)aras
1
+ (- a)e’ + 28 +48)a§)z3 Y. 257

Then from (2.55), (2.56) and (2.57), we get

_ Bic
@ =35 (2.58)
1 2B — B2 —a)? — (1 —a)8+a)B} ,
“= 86w [43‘” i 0w )
(2.59)
B 1 C(—a)(I8+50) ,
4= 812 11a) [43103 + (B‘ 3 —a)6—5a) 01 ~2B21Bs
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(1 =) (100” + 250> + 186 — 144) e (1 —a)(18+ Sa)B 5 )

602 — )36 — 5a) I 2206 - 50)
21— )18 +50)
+ (—431 + 26— 30 ~|—4Bz) C]C2i|. (2.60)
Thus,
- 1y (1 - @)(67a* —329a° + 5160° + 1680 — 576)
aza4 — a3 = 242 — a)*(6 — 50)2(12 — 11a) !
- LB, ! B
26 —5a)2 B, 22 —a)(12—1la) °
(1 - a)(6 - Ta) B — 48
2 —a)(6—-50)2(12 - 1la) ' 2
(1 —a)(Ta? — 8a — 6) 4
2= a)%6 — 50212 — 11a) 1 B1 — BZ)] “l
n 4(1 —a)(6 — Ta) (Br— B
2 —a)6 = 52212 — 11a) 02 ~ BV
B 2(1 —a)(Ta®> —8a —6)  , ) 2
2= a6 —50)2(12 = 1la) 1 ] 2T~ G sg2 014
2
VIS 11a)BlClc3} '

Again, proceeding as in the proof of Theorem 2.1, we see that |azas — a3 2| is bounded
by

_ Bl 1 B
Glor= [C H 2(6 — 50)2 B
(1 — a)(67a* — 32903 + 51602 + 168 — 576)
242 — a)*(6 — 50)2(12 — 11a) !
N 1 (1 —a)(7a® — 8a — 6)
20—y (12— 1la) > 2—a)2(6—50)2(12 — lla)

B (1 —a)|7a? — 8a — 6 )
2 —a)2(6 —50)2(12 — 1) !

BB,

(1 - )6 - Tal o
_(2_05)(6—5a)2(]2_11a)( 142 2|)}
2 (1 —0)|6 —Ta|

(1 —a)|7a? — 8a — 6] 5
(2 —a)2(6 —50)2(12 — 1) !
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1 B 8B
T 2(6 - 5a)? 1] t 6-sa)2
_Bi, 4 2
== (Pet+ 02+ R). (2.61)

where

P= i(2 —a) 46— 50)72(12 — 1)~ ! () —12Q-w)*12 - 1105)8—22
T 24 B

+ (1 — &)(67a* —3290° + 5160* + 168a — 576) B}
+ 122 — )*(6 — 50)? B3 — 24(1 — @)(2 — a)*>(Ta> — 8a — 6) B B>
—48(1 — )2 — @)’|6 — 7a||Ba| — 24(1 — a)(2 — @)?|Ta® — 8 — 6| B}

241 — )2 —a)’|6 — 7oc|B1), (2.62)
0=22-a)%6-5)"212-1a)™! (2(1 —a)(2 — a)|6 — T«|(2|B2| + B1)

+2(1 — )|7a® — 8a — 6|Bf — (2 — a)*(12 — 11a)31), (2.63)
R = 8(6 — 5) %B,. (2.64)

Thus using (2.18) and (2.61) we get,

B
laras — a| < ?1 16P+40+R, 0>0,P>-%0rQ0<0,P>-2;
2
%» Q > 01 P S _%'
where P, Q, R are given by (2.62), (2.63) and (2.64), respectively. O

Remark 2.22 When oo = 0, Theorem 2.21 reduces to [26, Theorem 2].

Our next theorem gives the Fekete—Szegd inequality for functions in the class 7, (¢).

Theorem 2.23 Let ¢ be defined as in (2.1) and let the function f(z) = z + arz> +
a4 € T (@). Then we have the following:

(1) If By, Ba, and  satisfy the condition
2(6 —5a) B < (1 —a)(8 + ) BY +2(2 — a)*(By — By),

then

(1—a)8+a) B2 _ 2(6 — 5a) 2)

1
P TP |
laz — pas| 2+ 2—a) 1 (2_002#1

= 2(6 — 5a)
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(2) If By, By and p satisfy the condition

(1 —a)(8+a)Bf +2(2 — )’ (B, — By)
<2(6—5a)Bip < (1 —a)(8+a)Bf +22 —a)*(By + By),

then

B
D 1
a _l»l/a < .

(3) If By, By and p satisfy the condition
(1 —a)8+a)B? +2(2 — a)*(By + By) < 2(6 — 5a) By,

then

1I-a)@+a) , 2(6—5a) 2)

1
s (Com e |
laz — pas| 2 = a)2 1 2— oc)z nby

~ 2(6 - 5a)

Proof Using (2.58) and (2.59) we get,

1 I-—a)@+a)
2 _ 2 2 22
a3—//L612—m(4C2B1—2C1B1+2C132+WC1 1
26— 5¢) , ,
- M—(z_a)z 1C1)

= 2(6 = 5a) 4 B, 2 —a)?
2(6 — 5a)
T ear ”“B‘))

_ _2(61j1 - (c2 = ve?),

By (62_5(2(1_@) -0+,

By (1—a)@+a) 2(6 — 5a)

=)- B
Bl) C-a? T ao—apt”
we get the desired result. O

1
where v = 1 2(1 — :| Using Lemma 2.6

Remark 2.24 Bounds for the second and the third coefficients for f can be directly
obtained from Theorem 2.17 as follows:

By
laz]| < ,
2—«a
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and

|as]

(1-0)@+a) p2
Bt e Bi 2 2 .
s, (1-0B+OB+2Q - (B = B) 2 0;
By
B Iy (I—a)(8+a)B} +2(2 —)*(By = B)) <0 or

(1 —a)® +@)B} +2(2 —a)*(B> + By) > 0;

N _ (=a)(8+a) p2
B, 22-a)? 1

6 — Sa

, (1 —a)8+a)B? +22 —a)* (B, + B)) < 0.
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