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1182 M. Mastyło et al.

1 Introduction

Inspired by the papers [2,3] due to Adams and Xiao, we introduceMorrey-type spaces
generated by the basis of functions. The main aim of this paper is to give a character-
ization of their Köthe dual space.

Morrey spaces, which were introduced by C. Morrey in order to study regularity
problem arising in Calculus of Variations, describe local regularitymore precisely than
Lebesgue spaces. We note that Morrey spaces are widely used not only in harmonic
analysis but also in partial differential equations (cf. [6]).

We shall consider all cubes in R
n which have their sides parallel to the coordinate

axes. We denote byQ the family of all such cubes. For a cube Q ∈ Q, we use l(Q) to
denote its side length and |Q| to denote its volume.

Let 0 < p < ∞ and 0 < λ < n. The Morrey space L p,λ(Rn) is defined to be the
subset of all f ∈ L p

loc(R
n) such that

‖ f ‖L p,λ(Rn) := sup
Q∈Q

(
1

l(Q)λ

∫
Q

| f (x)|p dx
)1/p

< ∞.

Clearly, ‖ f ‖L p,λ(Rn) is a norm (resp., quasi-norm) provided 1 ≤ p < ∞ (resp.,
0 < p < 1). The completeness ofMorrey spaces follows easily by that of the Lebesgue
L p-spaces.

Before discussing the problem and the contents of the paper, we introduce some
definitions and notation.

All measure spaces considered throughout this paper will be complete and σ -finite.
Let (�,�,μ) be a complete σ -finite measure space and let L0(μ) (resp., L̃0(μ))
denote the space of all equivalence classes of real-valued (resp., complex-valued)
measurable functions on � with the topology of convergence in measure on μ-finite
sets. A quasi-Banach (function) lattice X on (�,�,μ) is a subspace of L0(μ), which
is complete with respect to a quasi-norm ‖ · ‖X and which has the property: whenever
f ∈ L0(μ), g ∈ X and | f | ≤ |g| μ-a.e., f ∈ X and ‖ f ‖X ≤ ‖g‖X ; moreover, we
will assume that there exists u ∈ X with u > 0 μ-a.e..

A quasi-Banach lattice X is said to have the Fatou property whenever 0 ≤ fn ↑ f
μ-a.e., fn ∈ X , and supn≥1 ‖ fn‖X < ∞ imply that f ∈ X and ‖ fn‖X → ‖ f ‖X .

The Köthe dual space X ′ of a quasi-Banach lattice X on (�,�,μ) is defined as
the space of all f ∈ L0(μ) such that

∫
�

| f g| dμ < ∞ for every g ∈ X . It is a Banach
lattice on (�,�,μ) when equipped with the norm

‖ f ‖X ′ = sup
‖g‖X≤1

∫
�

| f g| dμ.

In certain cases, X ′ could be trivial, for instance, if X = L p on a nonatomic measure
space with 0 < p < 1, then (L p)′ is trivial.

Notice that aBanach lattice X has the Fatou property if and only if X = X ′′ := (X ′)′
with equality of norms (see, e.g., [10, p. 30]).

We recall that α-dimensional Hausdorff content Hα(E) with 0 < α ≤ n of a set
E ⊂ R

n is defined by
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Morrey-type Space and Its Köthe Dual Space 1183

Hα(E) := inf

{∑
j

l(Q j )
α

}
,

where the infimum is taken over all coverings of E by countable families of cubes
{Q j } ⊂ Q.

We also recall that the Choquet integral of a function φ : Rn → [0,∞)with respect
to the Hausdorff content Hα is defined by

∫
Rn

φ dHα :=
∫ ∞

0
Hα({y ∈ R

n; φ(y) > t}) dt.

Following [3], for 0 < λ < n, define the classBλ to be the set of all weightsw ∈ A1
such that

∫
Rn w dHλ ≤ 1. By weights we mean non-negative, locally integrable

functions which are positive on a set of positive measure. One says that a weight w

on Rn belongs to the Muckenhoupt class A1 whenever there exists C > 0 such that

1

|Q|
∫
Q

w(x) dx ≤ C ess inf
x∈Q w(x), Q ∈ Q.

The infimum of C > 0 satisfying the above condition is denoted by [w]A1 .
To discuss the Köthe duality for Morrey spaces, we need to define the space

Hq,λ(Rn), 1 < q < ∞, 0 < λ < n, which is made up of all f ∈ L0(dx) such
that

‖ f ‖Hq,λ(Rn) := inf
w∈Bλ

(∫
Rn

| f (x)|qw(x)1−q dx

)1/q

< ∞.

As usual if p and q are positive real numbers such that 1/p + 1/q = 1, then we
call p and q a pair of conjugate exponents.

In [3], Adams and Xiao established some results on duality between L p,λ(Rn) and
Hq,λ(Rn). Their result in the language of the Köthe duality can be stated as follows:
Let p and q be conjugate exponents, 1 < p < ∞, and let 0 < λ < n. Then the
following formulas hold with equality of norms:

L p,λ(Rn)′ = Hq,λ(Rn), H p,λ(Rn)′ = Lq,λ(Rn).

For the preduals of Morrey spaces, we refer to [7,9,16].
The above result of Adams and Xiao was the main motivation for this paper. In

Sects. 2 and 3, we define a variant of L p,λ-spaces and Hq,λ-spaces on a measure
space (�,�,μ) and we will give a characterization of the Köthe dual spaces of these
spaces. Our approach is different from those by Adams and Xiao in that it is based on
the famous Komlós property. Section 4 is devoted to examples. In the last section, we
introduce the class B1 which is smaller than the class Bλ but plays the same role in
the description of the Köthe dual of the Morrey space L p,λ(Rn).

Throughout the paper, the letter C will be used for constants that may change from
one occurrence to another.
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1184 M. Mastyło et al.

2 The Main Results

Let (�,�,μ) be a measure space and let L0+(μ) be a cone of all non-negative μ-
measurable functions on�. The characteristic function of aμ-measurable subset A of
� will be denoted by 1A. Throughout this and next sections, we fix a countable subset
B = {b j } = {b j } j∈N of L0+(μ).

For 1 ≤ p < ∞, we denote by L p,B(μ) the Morrey-type space of all f ∈ L0(μ)

supported in
⋃

j supp b j and equipped with the norm given by

‖ f ‖L p,B(μ) := sup
j∈N

(∫
�

| f |pb j dμ

)1/p

.

We now define the class B ⊂ L0+(μ)which will play an essential role in the sequel;
it is defined by the minimal set (with respect to inclusion) that satisfies the following
conditions:

(i) {b j } ⊂ B ⊂ L0+(μ);
(ii) If {w j } ⊂ B, then, for any non-negative sequence {c j } with ‖{c j }‖�1 ≤ 1, one

has
∑

j c jw j ∈ B;
(iii) For all w ∈ B,

sup
‖ f ‖L1,B≤1

∫
�

| f w| dμ ≤ 1;

(iv) (the Komlós property) If {w j } ⊂ B, then there exist w ∈ B and a subsequence
{v j } of {w j } such that

lim
n→∞

1

n

n∑
j=1

v j = w μ − a.e..

In other words,

B =
⎧⎨
⎩

∞∑
j=1

c j b j : ‖{c j }‖�1 ≤ 1

⎫⎬
⎭

as long as there exists a function v ∈ L1,B(μ) such that v(x) > 0 for μ-almost all
x ∈ �. In fact, defining B as above, we can readily check (iii) (iv).
In Sect. 4, we present some examples of the class B.

To discuss the Köthe duality for Morrey-type spaces, we define the “set” Hq,B(μ),
for 1 < q < ∞, the space of all f ∈ L0(μ) such that

‖ f ‖Hq,B(μ) := inf
w∈B

(∫
�

| f |qw1−q dμ

)1/q

< ∞.
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Morrey-type Space and Its Köthe Dual Space 1185

We say that a function φ ∈ L0(μ) is a (q,B)-block provided that

‖φ‖Hq,B(μ) < 1.

We also need the definition of the space Bq,B(μ) which consists of all f ∈ L0(μ)

such that

‖ f ‖Bq,B(μ) := inf
{∥∥{λk}∥∥�1

; f =
∑
k

λkφk μ − a.e.
}

< ∞,

where each φk is a (q,B)-block and the infimum is taken over all possible decompo-
sitions of f . Clearly, ‖ · ‖Bq,B(μ) is a norm.

We state and prove the following result:

Theorem 2.1 Suppose that B fulfills the condition (ii). Then for any 1 < q < ∞, we
have Bq,B(μ) = Hq,B(μ)with equality of norms. In particular, Hq,B(μ) is a Banach
space.

Proof Notice that the functional ‖ · ‖Bq,B(μ) on Bq,B(μ) is a norm. Thus, we see that
‖ · ‖Hq,B(μ) is a norm once we prove their equality. Clearly,

‖ f ‖Bq,B(μ) ≤ ‖ f ‖Hq,B(μ), f ∈ Hq,B(�).

We now prove the converse is true.
In general, the inclusion map between quasi-normed spaces id : X → Y satisfies

‖id‖X→Y ≤ 1 if and only if the following condition holds: ‖x‖Y ≤ 1 whenever x ∈ X
satisfies ‖x‖X < 1.

Indeed, fix 0 < c < 1. Then for any nonzero x ∈ X , we have z := cx
‖x‖X ∈ X and

‖z‖X = c < 1. By the condition, ‖z‖Y ≤ 1 and so

c‖x‖Y ≤ ‖x‖X .

Since c ∈ (0, 1)was arbitrary, we get the required inequality. The converse is obvious.
With this observation in mind, we now assume that ‖ f ‖Bq,B(μ) < 1. By the defin-

ition of the norm, f can be represented in the form f = ∑
k λkφk , where

‖{λk}‖�1 ≤ 1 (2.1)

and φk is a (q,B)-block for each k ∈ N. Assume that each wk ∈ B, k ∈ N satisfies

(∫
�

|φk |qw1−q
k dμ

)1/q

< 1. (2.2)
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1186 M. Mastyło et al.

Define w := ∑
k |λk |wk . Then, by (2.1) and the condition (ii), we see that w ∈ B. It

follows from Hölder’s inequality that

| f |q ≤
(∑

k

|λk | |φk |
)q

≤
(∑

k

|λk |wk

)q−1(∑
k

|λk |w1−q
k φ

q
k

)

= wq−1
(∑

k

|λk |φq
k w

1−q
k

)
,

which implies

∫
�

| f |qw1−q dμ ≤
∑
k

|λk |
∫

�

φ
q
k w

1−q
k dμ ≤ 1,

where we have used (2.1) and (2.2). This means that ‖ f ‖Hq,B(μ) ≤ 1. Thus, we
conclude ‖ f ‖Hq,B(μ) ≤ ‖ f ‖Bq,B(μ). This completes the proof. ��

The following theorem generalizes the result due to Izumi, Sato, and Yabuta [8].
For the Fatou property of block spaces, we refer to [14]. As the theorem says, it is (iv)
that counts.

Theorem 2.2 Suppose that B fulfills the condition (iv). Then the space Hq,B(μ) has
the Fatou property for every 1 < q < ∞.

Proof Let f and fn , n ∈ N, belong to L0+(μ) and satisfy 0 ≤ fn ↑ f μ-a.e. and

lim
n→∞ ‖ fn‖Hq,B(μ) < 1.

Then we can find a sequence {wn} in B such that

(∫
�

f qn w
1−q
n dμ

)1/q

< 1.

By the condition (iv), extracting a subsequence if necessary and still denoted by {wn},
we may assume that

lim
N→∞

1

N

N∑
n=1

wn = w μ − a.e.and w ∈ B. (2.3)

Let k ≤ n. Since 0 ≤ fk ≤ fn by assumption, we have

(∫
�

f qk w
1−q
n dμ

)1/q

≤
(∫

�

f qn w
1−q
n dμ

)1/q

< 1.
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Morrey-type Space and Its Köthe Dual Space 1187

Since the function t1−q is convex, we have

⎛
⎝∫

�

f qk

(
1

N

k+N−1∑
n=k

wn

)1−q

dμ

⎞
⎠

1/q

≤
(
1

N

k+N−1∑
n=k

∫
�

f qk w
1−q
n dμ

)1/q

≤
(
1

N

k+N−1∑
n=k

∫
�

f qn w
1−q
n dμ

)1/q

< 1.

This yields, by the Fatou theorem and (2.3),

(∫
�

f qk w1−q dμ

)1/q

≤ 1.

Letting k → ∞, we obtain

(∫
�

f qw1−q dμ

)1/q

≤ 1.

Thus, ‖ f ‖Hq,B(μ) ≤ 1 and this completes the proof. ��
We can now state and prove the main theorem on the Köthe duality.

Theorem 2.3 Suppose that B fulfills the conditions (i)–(iv). Let 1 < p < ∞ and
1 < q < ∞ be conjugate to each other. Then the following Köthe duality formulas
hold with equality of norms:

H p,B(μ)′ = Lq,B(μ), and L p,B(μ)′ = Hq,B(μ).

Proof We first observe that for any f ∈ Lq,B(μ) and g ∈ H p,B(μ) we have

∫
�

| f g| dμ ≤ ‖ f ‖Lq,B(μ)‖g‖H p,B(μ). (2.4)

Indeed, notice that if w ∈ B then by the condition (iii), we get

(∫
�

| f |qw dμ

)1/q

≤ ‖ f ‖Lq,B(μ).

For a given ε > 0, choose w ∈ B so that

(∫
�

gpw1−p dμ

)1/p

≤ ‖g‖H p,B(μ) + ε.
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1188 M. Mastyło et al.

In this case, w 
= 0 μ-a.e. on supp g. Consequently, we obtain

∫
�

| f g| dμ =
∫

�

| f |w1/q · |g|w−1/q dμ

≤
(∫

�

| f |qw dμ

)1/q (∫
�

|g|pw1−p dμ

)1/p

≤ ‖ f ‖Lq,B(μ)

(‖g‖H p,B(μ) + ε
)
.

Since ε was arbitrary, (2.4) follows.
Applying the estimate (2.4), we obtain

sup

{∫
�

| f g| dμ; ‖g‖H p,B(μ) ≤ 1

}
≤ ‖ f ‖Lq,B(μ).

We claim that the converse estimate holds.
By combining the definition of the Lq,B(μ)-norm and the duality we see that, for

a given ε > 0, there exist w0 ∈ B and g0 ∈ L p(μ) with ‖g0‖L p ≤ 1 such that

‖ f ‖Lq,B(μ) ≤
∫

�

| f g0|w1/q
0 dμ + ε.

So we have, by letting g1 := |g0|w1/q
0 ,

(∫
�

gp
1 w

1−p
0 dμ

)1/p

=
(∫

�

|g0|p dμ
)1/p

≤ 1.

This means that, by the condition (i), ‖g1‖H p,B(μ) ≤ 1 and, hence,

‖ f ‖Lq,B(μ) ≤ sup

{∫
�

| f g| dμ; ‖g‖H p,B(μ) ≤ 1

}
+ ε,

which yields, by letting ε → 0,

‖ f ‖Lq,B(μ) ≤ sup

{∫
�

| f g| dμ; ‖g‖H p,B(μ) ≤ 1

}
.

This completes the proof of the first formula.
Now observe that the formula we have just proved yields Lq,B(μ)′ = H p,B(μ)′′

with equality of norms. To conclude, it is enough to apply Theorem 2.2, which gives
H p,B(μ)′′ = H p,B(μ) with equality of norms (see, e.g., [10, p. 30]). ��

3 The End Point Case

In this section, we discuss the endpoint case q = ∞. The results hold by the same
argument in Sect. 2 with the necessary modifications.
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Morrey-type Space and Its Köthe Dual Space 1189

We denote by H∞,B(μ) the space of all f ∈ L0(μ) such that

‖ f ‖H∞,B(μ) := inf
w∈B

‖ f w−1‖L∞(μ) < ∞.

Every function φ ∈ H∞,B(μ) with ‖φ‖H∞,B(μ) < 1 is said to be an (∞,B)-block.

Define the Banach space B∞,B(μ) which consists of all f ∈ L0(μ) such that

‖ f ‖B∞,B(μ) := inf

{∥∥{λk}∥∥�1
; f =

∑
k

λkφk μ − a.e.

}
< ∞,

where each φk is an (∞,B)-block and the infimum is taken over all possible decom-
positions of f .

Now we state and prove the following duality result.

Theorem 3.1 The space H∞,B(μ) is a Banach space with the Fatou property which
agreeswith B∞,B(μ).Moreover, the followingKöthe duality formulas holdwith equal-
ity of norms:

H∞,B(μ)′ = L1,B(μ) and L1,B(μ)′ = H∞,B(μ).

Proof It is obvious that B∞,B(μ) ⊃ H∞,B(μ) and ‖ f ‖B∞,B(μ) ≤ ‖ f ‖H∞,B(μ) for

all f ∈ H∞,B(μ). We prove the converse is true.
Let f ∈ B∞,B(μ) be such that ‖ f ‖B∞,B(μ) < 1. Then we can find a decom-

position f = ∑
k λkφk , μ-a.e., where {λk} ∈ �1 satisfies ‖{λk}‖�1 < 1 and

each φk is an (∞,B)-block. By the definition of the block, we can find w j with
‖φ jw

−1
j ‖L∞(μ) < 1. Thus, by setting w = ∑

k |λk |wk , we obtain w ∈ B from the
condition (ii) and

| f |w−1 ≤
∑
k

|λkφk |w−1 ≤
∑
k

|λk |wkw
−1 = 1.

Hence, H∞,B(μ) ⊃ B∞,B(μ) and ‖ f ‖H∞,B(μ) ≤ ‖ f ‖B∞,B(μ) for all f ∈ B∞,B(μ).
Suppose that we are given a non-negative increasing sequence { f j } j∈N which is

bounded in H∞,B(μ). Let A > 0 be such that

lim
j→∞ ‖ f j‖H∞,B(μ) < A.

Then, by the definition of the norm, we can find {w j } in B such that

‖ f j‖H∞,B(μ) ≤ ‖ f jw
−1
j ‖L∞(μ) < A.

By the condition (iv), we may assume that

w = lim
N→∞

w1 + w2 + · · · + wN

N
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1190 M. Mastyło et al.

exists μ-a.e. and w ∈ B. Since 0 ≤ f j ≤ f j+1, we have

‖ f jw
−1
k ‖L∞(μ) ≤ ‖ fkw

−1
k ‖L∞(μ) < A

for all j ≤ k. By using the inequality

N

a1 + a2 + · · · + aN
≤ 1

N

(
1

a1
+ 1

a2
+ · · · + 1

aN

)
, a1, a2, . . . , aN > 0,

we obtain

∥∥∥∥∥ f j

(
w j + w j+1 + · · · + w j+N−1

N

)−1
∥∥∥∥∥
L∞(μ)

≤ 1

N

N∑
k=1

‖ f jw
−1
j+k−1‖L∞(μ) < A.

Letting N → ∞ and then j → ∞, we obtain ‖ f w−1‖L∞(μ) ≤ A. This means that
f ∈ H∞,B(μ) and ‖ f ‖H∞,B(μ) ≤ lim j→∞ ‖ f j‖H∞,B(μ). The reverse is obvious.

Now let f ∈ L1,B(μ). We note that for any g ∈ H∞,B(μ) with the norm less than
1, we can find w0 ∈ B such that |g| ≤ w0 μ-a.e., thus, we have from the condition
(iii)

‖ f g‖L1(μ) ≤ ‖ f w0‖L1(μ) ≤ ‖ f ‖L1,B .

This means that

‖ f ‖H∞,B(μ)′ ≤ ‖ f ‖L1,B(μ).

But, we have the reverse inequality, since b j ∈ H∞,B(μ) has the norm less than 1 for
any j ∈ N. Thus,

‖ f ‖H∞,B(μ)′ = ‖ f ‖L1,B(μ)

and, hence, we conclude that H∞,B(μ)′ = L1,B(μ) with norm coincidence. Thanks
to the Fatou property of the space H∞,B(μ), we obtain H∞,B(μ) = H∞,B(μ)′′ =
L1,B(μ)′. This completes the proof. ��

4 Examples of the Class B
In this section, we provide examples of the sets B. We will need the following Komlós
theorem (see [11, Theorem1a]) which states: If (�,�,μ) is a measure space, then
for every bounded sequence { fn} in L1(μ) there are f ∈ L1(μ) and a subsequence

{gn} of { fn} such that the sequence of arithmetic means
{
1
n

∑n
k=1 gk

}
n
converges to

f almost everywhere. Moreover, the conclusion remains true for every subsequence
of {gn}.
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Morrey-type Space and Its Köthe Dual Space 1191

Since for every Banach lattice X on (�,�,μ), the inclusion X ↪→ X ′′ has a norm
less than or equal to one, it follows that

∫
�
xw dμ ≤ ‖x‖X , for any x ∈ X andw ∈ X ′

with ‖w‖X ′ ≤ 1. So, X ↪→ L1(ν) with dν = w dμ. Here, we a priori assume that
there exists w > 0 μ-a.e. such that w ∈ X ′ and ‖w‖X ′ ≤ 1, which is a consequence
of the fact that there exists u > 0 μ-a.e. such that u ∈ X and ‖u‖X ≤ 1.

This simple observation allows us to apply the Komlós theorem for any bounded
sequence in X .

We now state a simple example of the classB in the setting of the Lebesguemeasure
space (Rn, dx).

We denote by D the family of all dyadic cubes of the form Q = 2−k(m + [0, 1)n),
k ∈ Z, m ∈ Z

n . Let 1 < p < ∞, 0 < λ < n. Let bQ := 1Q/ l(Q)λ, Q ∈ D, and
defineB := {bQ}Q∈D. Then one sees that L p,λ(Rn) = L p,B(dx)with the equivalence
of norms. Let

B :=
{
w =

∑
Q

cQbQ; cQ ≥ 0 and ‖{cQ}‖�1 ≤ 1

}
.

It is easy to see that the class B satisfies the conditions (i)–(iii). We shall verify that B
satisfies the condition (iv) as well.

First of all, we notice that ‖bQ‖Ln/λ = 1 for all Q ∈ D and ‖w‖Ln/λ ≤ 1 for all
w ∈ B. Suppose that {w j } ⊂ B. Since Ln/λ(Rn) is a Banach function space, by the
Komlós theorem, extracting a subsequence if necessary and still denoted by {w j }, we
may assume that

lim
k→∞

1

k

k∑
j=1

w j = w a.e.

with ‖w‖Ln/λ ≤ 1. We have to show w ∈ B. To this end, we write

vk := 1

k

k∑
j=1

w j =
∑
Q∈D

ck,QbQ

with ck,Q ≥ 0 and ‖{ck,Q}Q‖�1 ≤ 1.We apply a diagonalization argument and, hence,
extracting a subsequence if necessary and still denoted by {vk}, we may assume that

lim
k→∞ vk = w a.e. (4.1)

and, for all Q ∈ D,

lim
k→∞ ck,Q = cQ . (4.2)
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Define

w0 :=
∑
Q∈D

cQbQ .

Then by the Fatou theorem for �1, we have

‖{cQ}Q‖�1 ≤ lim inf
k→∞ ‖{ck,Q}Q‖�1 ≤ 1,

which means w0 ∈ B. Thus, we need only verify that w = w0 a.e.
We show that, for any Q0 ∈ D,

lim
k→∞

∫
Q0

vk(x) dx =
∫
Q0

w0(x) dx . (4.3)

We recall the well-known fact that in the Lebesgue space L p(Rn), 1 < p < ∞,
convergence a.e. implies weak convergence if the norms are uniformly bounded (cf.
[4]). By the use of this fact, once (4.3) is established, (4.1) and the fact that vk ∈ B
yield, for all Q0 ∈ D,

∫
Q0

w(x) dx =
∫
Q0

w0(x) dx,

which implies w = w0 a.e. by virtue of the Lebesgue differentiation theorem.
We notice that, for any Q ∈ D with Q ∩ Q0 
= ∅,

∫
Q0

1Q(x)

l(Q)λ
dx =

{
l(Q)n−λ, whenQ ⊂ Q0,

l(Q0)
nl(Q)−λ, otherwise.

Let ε > 0 be given. We set

⎧⎪⎨
⎪⎩
D1(Q0) := {

Q ∈ D; Q ∩ Q0 
= ∅, l(Q)n−λ ≤ ε/6
}
,

D2(Q0) := {
Q ∈ D; Q ∩ Q0 
= ∅, l(Q0)

nl(Q)−λ ≤ ε/6
}
,

D3(Q0) := {
Q ∈ D; Q ∩ Q0 
= ∅} \ (D1(Q0) ∪ D2(Q0)).

It follows that

∑
Q∈D1(Q0)

∫
Q0

|ck,Q − cQ |bQ(x) dx ≤
∑

Q∈D1(Q0)

(ck,Q + cQ)l(Q)n−λ ≤ ε

3
. (4.4)

It follows also that

∑
Q∈D2(Q0)

∫
Q0

|ck,Q − cQ |bQ(x) dx ≤
∑

Q∈D2(Q0)

(ck,Q + cQ)
l(Q0)

n

l(Q)λ
≤ ε

3
.

(4.5)
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Finally,

∑
Q∈D3(Q0)

∫
Q0

|ck,Q − cQ |bQ(x) dx ≤ l(Q0)
n−λ

∑
Q∈D3(Q0)

|ck,Q − cQ |. (4.6)

From (4.2) and the fact that D3(Q0) contains the only finite number of dyadic cubes,
the right-hand side of (4.6) can be majorized by ε/3 for large k. (4.4)–(4.6) prove
(4.3).

We conclude this section with some related examples.

Example 4.1 Let 1 < p < ∞ and 0 < λ < n. For f ∈ L p
loc(R

n), it define

‖ f ‖
L p,λ
loc

:= sup
Q∈Q; l(Q)≤1

(
1

l(Q)λ

∫
Q

| f (x)|p dx
)1/p

.

The local Morrey space L p,λ
loc (Rn) is defined to be the subset of all L p(Rn)-locally

integrable functions f onRn for which ‖ f ‖
L p,λ
loc

is finite. Let bQ = 1Q/ l(Q)λ, Q ∈ D,

as before, and define B := {bQ}Q∈D; l(Q)≤1. Then we have a similar conclusion as
before.

Example 4.2 Let 1 < p < ∞. For f ∈ L p
loc(R

n), it define

‖ f ‖L p
amalgam

:= sup
Q∈Q; l(Q)=1

(∫
Q

| f (x)|p dx
)1/p

.

The amalgam space L p
amalgam(Rn) is defined to be the subset of all L p(Rn)-locally

integrable functions f on R
n for which ‖ f ‖L p

amalgam
is finite. Let D as before, and

define

B := {1Q}Q∈D; l(Q)=1.

Then we have a similar conclusion as before.

Example 4.3 Let 1 < p < ∞ and σ > 0. Denote by B(r) ⊂ R
n the open ball

centered at the origin. For f ∈ L p
loc(R

n), it define

‖ f ‖Bσ
p

:= sup
k∈N

(
2−kpσ

∫
B(2k )

| f (x)|p dx
)1/p

and

‖ f ‖Ḃσ
p

:= sup
k∈Z

(
2−kpσ

∫
B(2k )

| f (x)|p dx
)1/p

.

123



1194 M. Mastyło et al.

The inhomogeneous Bσ space Bσ
p (Rn) and the homogeneous Ḃσ space Ḃσ

p (Rn) are
defined to be the subsets of all L p(Rn)-locally integrable functions f onRn for which
‖ f ‖Bσ

p
and ‖ f ‖Ḃσ

p
are finite, respectively. Let bk = 2−kpσ1B(2k ), k ∈ Z, and define

B := {bk}k∈N and Ḃ := {bk}k∈Z. Then we have a similar conclusion as before. See
[12] for a discussion of Bσ

p (Rn) and Ḃσ
p (Rn).

Example 4.4 Our method will work for Mock Morrey spaces considered in [1]. Let
P be the class of all compact subsets of Rn and let S : P → [0,∞) be a non-negative
set function on P such that, if Q ∈ Q(⊂ P), S(Q) ≈ l(Q)σ for some σ > 0. Let
1 < p < ∞ and 0 < λ < n. For f ∈ L p

loc(R
n), define

‖ f ‖
Mp,λ

S
:= sup

E∈P

(
1

S(E)λ/σ

∫
E

| f (x)|p dx
)1/p

.

The Mock Morrey space Mp,λ
S (Rn) is defined to be the subset of all L p(Rn)-locally

integrable functions f on Rn for which ‖ f ‖
Mp,λ

S
is finite. Assume that {E j } j∈N ⊂ P

satisfies the following:

(i) For all E ∈ P , there exists j such that E ⊂ E j and 2S(E) ≥ S(E j );
(ii) For all ε > 0 and all Q ∈ Q, |E j ∩ Q| < εS(E j )

λ/σ with the possible exception
of a finite number.

Then we have a similar conclusion as before.

5 Concluding Remarks

Let 1 ≤ p < ∞ and 0 < λ < n. In this section, we introduce the class B1 which
is smaller than the class Bλ defined in Introduction but plays the same role in the
definition of theKöthe dual of theMorrey space L p,λ(Rn).We shall need the following
two lemmas (see [13,15, Lemmas 1 and 3]).

Lemma 5.1 Let 0 < α < n and p > α/n. Then, for some constant C depending only
on α, n and p,

∫
Rn

M[1Q]p dHα ≤ Cl(Q)α.

Here M denotes the Hardy-Littlewood maximal operator defined for every f ∈
L1
loc(R

n) by

M f (x) := sup
Q∈Q

(
1

|Q|
∫
Q

| f (y)| dy
)
1Q(x), x ∈ R

n .

Lemma 5.2 For f ≥ 0, we have

∫
Rn

f (x) dx ≤ n

α

( ∫
Rn

f (x)α/n dHα(x)
)n/α

.
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Fix 0 < λ < λ0 < n. For Q ∈ D, let bQ = M[1Q]λ0/n/ l(Q)λ and define
B1 := {bQ}Q∈D. Let

B1 :=
{
w =

∑
Q

cQbQ; cQ ≥ 0 and ‖{cQ}‖�1 ≤ 1

}
.

It is well-known that for non-negative functions f j one has

∫
Rn

∞∑
j=1

f j dH
λ ≤ C

∞∑
j=1

∫
Rn

f j dH
λ (5.1)

for some constant C depending only on λ and n (cf. [13]). We recall that, for every
dyadic cube Q ∈ D,

∫
Rn

M[1Q]λ0/n
l(Q)λ

dHλ ≤ C (5.2)

by Lemma 5.1. It follows from (5.1) and (5.2) that ifw ∈ B1 then
∫
Rn w dHλ ≤ C .We

also observe that every bQ belongs to the Muckenhoupt class A1 and has the uniform
bound of [bQ]A1 , Q ∈ D, (cf. [5, Chapter II]). Thus, we see that w ∈ A1 whenever

w ∈ B1. Consequently, we have c−1B1 ⊂ Bλ for some appropriate constant c > 0.
We conclude this paper with the following:

Proposition 5.3 Let 1 ≤ p < ∞ and 0 < λ < λ0 < n.

(1) L p,λ(Rn) = L p,B1
(dx) with the equivalence of norms.

(2) B1 satisfies the conditions (i)–(iv) in Sect. 2.

Proof We first prove (1). Observe that for any Q ∈ Q and any f ∈ L p,λ(Rn), we
have

∫
Q

| f (x)|p dx ≤ ‖ f ‖p
L p,λ(Rn)

l(Q)λ.

This implies that for any measurable set E and for any family of countable cubes
{Q j } ⊂ Q such that E ⊂ ⋃

j Q j , we have

∫
E

| f (x)|p dx ≤
∑
j

∫
Q j

| f (x)|p dx ≤ ‖ f ‖p
L p,λ(Rn)

∑
j

l(Q j )
λ (5.3)

and, hence,

∫
E

| f (x)|p dx ≤ ‖ f ‖p
L p,λ(Rn)

Hλ(E). (5.4)
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Combining (5.3) and (5.4) yields that for any Lebesgue measurable function φ ≥ 0
and any f ∈ L p,λ(Rn),

∫
Rn

| f (x)|pφ(x) dx =
∫ ∞

0

(∫
{y∈Rn; φ(y)>t}

| f (x)|p dx
)

dt

≤ ‖ f ‖p
L p,λ(Rn)

∫
Rn

φ dHλ.

This implies with (5.2) that

‖ f ‖
L p,B1

(dx) = sup
b∈B1

(∫
Rn

| f (x)|pb(x) dx
)1/p

≤ C‖ f ‖L p,λ(Rn).

For the reverse inequality, for every cube Q ∈ D,

1

l(Q)λ

∫
Q

| f (x)|p dx = 1

l(Q)λ

∫
Rn

| f (x)|p1Q(x) dx

≤ 1

l(Q)λ

∫
Rn

| f (x)|pM[1Q](x)λ0/n dx

≤ sup
b∈B1

∫
Rn

| f (x)|pb(x) dx .

Next we prove (2). It is easy to see that the class B1 satisfies the conditions (i)–(iii).
We shall verify that B1 satisfies the condition (iv) as well.

We use the same argument in Sect. 4 and use the same notations as well. First we
notice that, by Lemma 5.2, ‖bQ‖Ln/λ ≤ C for all Q ∈ D and ‖w‖Ln/λ ≤ C for all

w ∈ B1. So, we need only verify that (4.3) holds for any Q0 ∈ D.
Let λ1 = (λ + λ0)/2. Then, for any Q ∈ D with l(Q) ≤ l(Q0),

1

l(Q)λ

∫
Q0

M[1Q](x)λ0/n dx ≤ 1

l(Q)λ
|Q0|1−λ1/n

(∫
Rn

M[1Q](x)λ0/λ1 dx
)λ1/n

≤ 1

l(Q)λ
|Q0|1−λ1/n

(
Cl(Q)n

)λ1/n =: c1|Q0|1−λ1/nl(Q)λ1−λ,

where we have used the Lλ0/λ1 -boundedness of M . While, for any Q ∈ D with
l(Q) > l(Q0),

1

l(Q)λ

∫
Q0

M[1Q](x)λ0/n dx ≤ l(Q0)
nl(Q)−λ,

where we have used M[1Q] ≤ 1.
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Let ε > 0 be given. We set

⎧⎪⎨
⎪⎩
D1(Q0) := {

Q ∈ D; l(Q) ≤ l(Q0), c1|Q0|1−λ1/nl(Q)λ1−λ < ε/6
}
,

D2(Q0) := {
Q ∈ D; l(Q) > l(Q0), l(Q0)

nl(Q)−λ < ε/6
}
,

D3(Q0) := D \ (D1(Q0) ∪ D2(Q0)).

We set further

{
D−

3 (Q0) := {
Q ∈ D3(Q0);

∫
Q0

bQ(x) dx < ε/12
}
,

D+
3 (Q0) := D3(Q0) \ D−

3 (Q0).

We claim thatD+
3 is a finite set. Indeed, the quantity

∫
Q0

bQ(x) dx is uniformly small
whenever the dyadic cubes Q are away from the fixed dyadic cube Q0 and l(Q) are
uniformly bounded from above and below.

The estimates forD1 andD2 remain unchanged [see (4.4) and (4.5)]. The estimate
(4.6) for D3 is decomposed as follows:

∑
Q∈D−

3 (Q0)

∫
Q0

|ck,Q − cQ |bQ(x) dx ≤
∑

Q∈D−
3 (Q0)

(ck,Q + cQ)

∫
Q0

bQ(x) dx ≤ ε

6

and

∑
Q∈D+

3 (Q0)

∫
Q0

|ck,Q − cQ |bQ(x) dx ≤ c1l(Q0)
n−λ

∑
Q∈D+

3 (Q0)

|ck,Q − cQ |. (5.5)

From (4.2) and the fact thatD+
3 (Q0) contains the only finite number of dyadic cubes,

the right-hand side of (5.5) can be majorized by ε/6 for large k.
With these modifications, we can check that w ∈ B1 and finish the proof. ��
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