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1 Introduction

Inspired by the papers [2,3] due to Adams and Xiao, we introduce Morrey-type spaces
generated by the basis of functions. The main aim of this paper is to give a character-
ization of their Kothe dual space.

Morrey spaces, which were introduced by C. Morrey in order to study regularity
problem arising in Calculus of Variations, describe local regularity more precisely than
Lebesgue spaces. We note that Morrey spaces are widely used not only in harmonic
analysis but also in partial differential equations (cf. [6]).

We shall consider all cubes in R” which have their sides parallel to the coordinate
axes. We denote by Q the family of all such cubes. For a cube Q € Q, we use [(Q) to
denote its side length and | Q| to denote its volume.

Let0 < p < oo and 0 < A < n. The Morrey space L7-*(R") is defined to be the
subset of all f € L{;c (R™) such that

1 , l/p
P (RRY) - = —_— d .
I f 1 p ey ;lellé (I(Q))‘/QU(X)' x) < 00

Clearly, || f |l r»®r) 1s @ norm (resp., quasi-norm) provided 1 < p < oo (resp.,
0 < p < 1). The completeness of Morrey spaces follows easily by that of the Lebesgue
LP-spaces.

Before discussing the problem and the contents of the paper, we introduce some
definitions and notation.

All measure spaces considered throughout this paper will be complete and o -finite.
Let (2, X, 1) be a complete o-finite measure space and let L(u) (resp., LO(u))
denote the space of all equivalence classes of real-valued (resp., complex-valued)
measurable functions on €2 with the topology of convergence in measure on p-finite
sets. A quasi-Banach (function) lattice X on (€2, X, w) is a subspace of L), which
is complete with respect to a quasi-norm || - || x and which has the property: whenever
felLl%u,ge Xand|f] <|gl p-ae., f € Xand|fllx < lgllx; moreover, we
will assume that there exists u € X withu > 0 u-a.e..

A quasi-Banach lattice X is said to have the Fatou property whenever 0 < f,, 1 f
u-a.e., fp € X, and sup,» || fullx < oo imply that f € X and || fullx — IIfllx-

The Kothe dual space X’ of a quasi-Banach lattice X on (2, X, ) is defined as
the space of all f € LO(w) such that fQ | fgldu < oo forevery g € X. Itis a Banach
lattice on (€2, ¥, u) when equipped with the norm

Ifllx = sup /Qlfgldu.

lgllx=1

In certain cases, X’ could be trivial, for instance, if X = L? on a nonatomic measure
space with 0 < p < 1, then (L?)’ is trivial.

Notice that a Banach lattice X has the Fatou property ifand only if X = X" := (X’)’
with equality of norms (see, e.g., [10, p. 30]).

We recall that e-dimensional Hausdorff content H¥(E) with 0 < a < n of a set
E C R" is defined by
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Morrey-type Space and Its Kothe Dual Space 1183

H*(E) := inf [ ZI(QJ)“],
i

where the infimum is taken over all coverings of E by countable families of cubes
{gj}ce.

We also recall that the Choquet integral of a function ¢ : R" — [0, co) with respect
to the Hausdorff content H¢ is defined by

/ $dH” ::/o H*({y € R"; ¢(y) >t} dt.

Following [3], forO0 < A < n, define the class B3, to be the set of all weights w € A
such that fRﬂ wdH”* < 1. By weights we mean non-negative, locally integrable
functions which are positive on a set of positive measure. One says that a weight w
on R" belongs to the Muckenhoupt class A; whenever there exists C > 0 such that

|IE/Q wkx)dx <C eiseigf wx), QeQ.

The infimum of C > 0 satisfying the above condition is denoted by [w]4, .

To discuss the Kothe duality for Morrey spaces, we need to define the space
H?*(R"), 1 < g < 00,0 < A < n, which is made up of all f € L%(dx) such
that

1/q
I f 1l gra.x qrny 2= inf_ (/Rn | wx) 4 dx) < 00.

u)EB)L

As usual if p and ¢ are positive real numbers such that 1/p 4+ 1/g = 1, then we
call p and g a pair of conjugate exponents.

In [3], Adams and Xiao established some results on duality between L”-*(R") and
H%*(R"). Their result in the language of the Kothe duality can be stated as follows:
Let p and q be conjugate exponents, 1 < p < o0, and let 0 < A < n. Then the
following formulas hold with equality of norms:

LP,A(RVL)/ — Hq,A(Rn)’ Hp,)»(Rn)/ — Lq,)»(Rn)'

For the preduals of Morrey spaces, we refer to [7,9,16].

The above result of Adams and Xiao was the main motivation for this paper. In
Sects. 2 and 3, we define a variant of L”**-spaces and H9**-spaces on a measure
space (€2, X, ) and we will give a characterization of the Kithe dual spaces of these
spaces. Our approach is different from those by Adams and Xiao in that it is based on
the famous Komlés property. Section 4 is devoted to examples. In the last section, we
introduce the class B! which is smaller than the class B but plays the same role in
the description of the Kéthe dual of the Morrey space LP*(R").

Throughout the paper, the letter C will be used for constants that may change from
one occurrence to another.
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1184 M. Mastyto et al.

2 The Main Results

Let (2, £, ) be a measure space and let L&(u) be a cone of all non-negative u-
measurable functions on 2. The characteristic function of a ;-measurable subset A of
2 will be denoted by 1 4. Throughout this and next sections, we fix a countable subset
B ={bj} = {bj}jen of LY (w).

For 1 < p < oo, we denote by LPB(u) the Morrey-type space of all f € LO(u)
supported in | J j supp b; and equipped with the norm given by

1/p
1 lr5ge = sup (/ 178, du) .
jeN Q

We now define the class B C Lg(u) which will play an essential role in the sequel;
it is defined by the minimal set (with respect to inclusion) that satisfies the following
conditions:

() {bj} C B C LYWy
(ii) If {w;} C B, then, for any non-negative sequence {c;} with ||{c;}|l,;1 < 1, one
has 3" ; cjw; € B;
(iii) For all w € B,

sup / |fwldp < 1;
Q

Il 1B <1

(iv) (the Komlds property) If {w;} C B, then there exist w € B and a subsequence
{v;} of {w;} such that

1 n

lim —Zvjzw u—a.e..
n—oop 4 !
j:

In other words,
o0
B=1> cibj : llejdlp <1
j=1

as long as there exists a function v € LB (w) such that v(x) > 0 for p-almost all
x € Q. In fact, defining B as above, we can readily check (iii) (iv).
In Sect. 4, we present some examples of the class 5.

To discuss the Kothe duality for Morrey-type spaces, we define the “set” HY B,
for 1 < g < oo, the space of all f € L%(u) such that

1/q
Il 0.5, := inf_ (/ |fl9w!=9 du) < o0.
weB Q
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Morrey-type Space and Its Kothe Dual Space 1185

We say that a function ¢ € Lo(y,) is a (g, B)-block provided that

161l 0.5y < 1.

We also need the definition of the space Bq‘B(u) which consists of all f € LO(u)
such that

1/ oy = inf {[Gads £ =D hede - e} < oo,
k

where each ¢y is a (¢, B)-block and the infimum is taken over all possible decompo-
sitions of f. Clearly, || - || g¢.5(,, is @ norm.
We state and prove the following result:

Theorem 2.1 Suppose that B fulfills the condition (ii). Then for any 1 < q < oo, we
have B9-B (n) = H-B (w) with equality of norms. In particular, HB (w) is a Banach
space.

Proof Notice that the functional || - || g¢.5(,,) on B4-B (w) is a norm. Thus, we see that
I Il 4.5, 1s @ norm once we prove their equality. Clearly,

I fllgasy < W fllgaBy. f€ HB(Q).

We now prove the converse is true.

In general, the inclusion map between quasi-normed spaces id: X — Y satisfies
llid|| x—y < 1if and only if the following condition holds: ||x ||y < 1 wheneverx € X
satisfies ||x]|x < 1.

Indeed, fix 0 < ¢ < 1. Then for any nonzero x € X, we have z := I\;ﬁx € X and
lzllx = ¢ < 1. By the condition, |z||y < 1 and so

clixlly = llxlix.

Since ¢ € (0, 1) was arbitrary, we get the required inequality. The converse is obvious.
With this observation in mind, we now assume that || /|| g¢.5(,y < 1. By the defin-
ition of the norm, f can be represented in the form f = > & AP, where

[{AcHlp <1 2.1)

and ¢ is a (g, B)-block for each k € N. Assume that each wy € B, k € N satisfies

1 1/q
( / el du) <. 22)
Q
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1186 M. Mastyto et al.

Define w := >, |Ax|wk. Then, by (2.1) and the condition (ii), we see that w € B. 1t
follows from Holder’s inequality that

q q—1
1f14 < (Zw |¢k|) < (wak) (wa,l‘%z)
k k k
= wq—l(z Akl w,iq),

k

which implies

[t =Sl [ gl au <1
k

where we have used (2.1) and (2.2). This means that || f || y¢.5¢,) < 1. Thus, we

conclude || 1l a5,y < | f Il ga.5(,,y- This completes the proof. O
The following theorem generalizes the result due to Izumi, Sato, and Yabuta [8].
For the Fatou property of block spaces, we refer to [14]. As the theorem says, it is (iv)

that counts.

Theorem 2.2 Suppose that B fulfills the condition (iv). Then the space H 4B () has
the Fatou property for every 1 < g < oo.

Proof Let f and f,, n € N, belong to L(_)F(M) and satisfy 0 < f,, 1 f p-a.e. and
nll)rgo I full oy < 1.

Then we can find a sequence {w),} in B such that

By the condition (iv), extracting a subsequence if necessary and still denoted by {w,,},
we may assume that

N
. 1 _
Nh_r)nC>o N E] wy, =w u—aeand weB. 2.3)
n=

Letk <n.Since 0 < f; < f, by assumption, we have

7 1-g 1/q . 1-g 1/q
(/kawn dﬂ) 5(/anwn dM) < 1.
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Morrey-type Space and Its Kothe Dual Space 1187

Since the function !~7 is convex, we have

1 k+N—1
q
Lo(y = =)

1—q 1/q

| - 1 1/q
dp S(ﬁ > /Qf,gwn qdu)
n=k
| KN 1 1/q
< = q *qd
_(N S [ u)

< 1.

This yields, by the Fatou theorem and (2.3),

1/q
(/ fkqwlqdu) < 1.
Q

Letting k — oo, we obtain

1/q
(/ flw'—4 du) <1.
Q

Thus, || f Il a.5(,,) < 1 and this completes the proof. O
We can now state and prove the main theorem on the Kothe duality.

Theorem 2.3 Suppose that B fulfills the conditions (i)—(iv). Let 1 < p < oo and
1 < g < 00 be conjugate to each other. Then the following Kothe duality formulas
hold with equality of norms:

HPB(u) = LBy, and LPBu) = H'B ().

Proof We first observe that for any f € L9B(w) and g € H?B(u) we have

/gz [fgldm < 1 fllpan ol mrs - (2.4)

Indeed, notice that if w € B then by the condition (iii), we get

1/q
(‘/Q 17w dl/v) < W fllaB -

For a given ¢ > 0, choose w € B so that

. 1/p
(/Q ghw F du) < lighgrs + &
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1188 M. Mastyto et al.

In this case, w # 0 p-a.e. on supp g. Consequently, we obtain

/Ifgldu=/ w4 gl du
Q Q

1/q 1/p
5(/Q|f|qwdu) (/nglpwl_”du)

< 1 fllzaBw (”g”HpB(M) + 8) .

Since ¢ was arbitrary, (2.4) follows.
Applying the estimate (2.4), we obtain

sup [/ |fgldws Ngllgrny = 1| =W flla.B -
Q

We claim that the converse estimate holds.
By combining the definition of the L7-8(;1)-norm and the duality we see that, for
a given ¢ > 0, there exist wg € B and gog € L”(u) with | gollz» < 1 such that

1
1l < /Q Feolwl/ dp + .

So we have, by letting g := |g0|w(1)/q,

- 1/p 1/p
(/ gl wg pdu) = (/ Igolpdu) <1
Q Q

This means that, by the condition (i), l|g1 | 7.5,y < 1 and, hence,

I fllpa5( < sup [/Q [fgldu; NIgllprsy < 1] + ¢,

which yields, by letting ¢ — 0,

11l 050y < sup [ /Q | feldus lgl sy < 1} .

This completes the proof of the first formula.

Now observe that the formula we have just proved yields L9 By = HP-Bu)”
with equality of norms. To conclude, it is enough to apply Theorem 2.2, which gives
HPB(u)” = HP-B(u) with equality of norms (see, e.g., [10, p. 30]). O

3 The End Point Case

In this section, we discuss the endpoint case ¢ = co. The results hold by the same
argument in Sect. 2 with the necessary modifications.
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Morrey-type Space and Its Kothe Dual Space 1189

We denote by H 00,8 (w) the space of all f € Lo(y,) such that

. _1
I fll ooy := Inf || fw™ [l Looquy < 00.
webBB

Every function ¢ € HOO’B(/,L) with [|@]] o5,y < 11s said to be an (oo, B)-block.
Define the Banach space BB () which consists of all f € L%(u) such that

11l .y o= inf [ [} £ =D e e~ a.e.} < o0,
k

where each ¢y is an (co, B)-block and the infimum is taken over all possible decom-
positions of f.
Now we state and prove the following duality result.

Theorem 3.1 The space H B (1) is a Banach space with the Fatou property which
agrees with BB (). Moreover, the following Kothe duality formulas hold with equal-
ity of norms:

H®Bwy = L"Bw) and L"Bu)y = H®B ().

Proof 1t is obvious that B®B(u) > H®B(u) and I flgoos(y = I f Il goosy, for

all f e H>®B(u). We prove the converse is true.
Let f € BOO’B(M) be such that || f|| g.5(,) < 1. Then we can find a decom-

position f = >, Ak, p-ae., where {Ar} € ¢! satisfies [HAk}lp0 < 1 and
each ¢y is an (0o, B)-block. By the definition of the block, we can find w; with
||¢jw;1||Loow) < 1. Thus, by setting w = >, [Ax|wg, we obtain w € B from the
condition (ii) and

1Flw™ <D agelw™ < D glwew ™" = 1.
k k

Hence, H°5 () > BB () and || fll e 1y < 11/ | gy forall f € B=E(u).
Suppose that we are given a non-negative increasing sequence {f;};cn which is
bounded in HOO'B(M). Let A > 0 be such that

]li>ngo ”f] ||HOO’B(/_A) < A.
Then, by the definition of the norm, we can find {w;} in B such that

—1
1 fill ooy < ILfjw; Loy < A.

By the condition (iv), we may assume that

owpt w2+ -+ W
w = lim
N—o0 N
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1190 M. Mastyto et al.

exists p-a.e. and w € B. Since 0 < fi < fj+1, we have

-1 -1
I fjwe ey < N frewy L) < A

for all j < k. By using the inequality

N <1 1+ 1 n n 1 0
— | — — —1, ai,az,...,any >0,
ar+a+---+ay — N e N

we obtain

Wi+ wjp + o Fwipv-1)
fi N

N
1 -1
fﬁiuﬁ%Mqhwm<A
L% () k=1

Letting N — oo and then j — oo, we obtain || fw ™! lLoo() < A. This means that
fe H>®B (1) and I f N ooy < limjsoo | fjll ooy, The reverse is obvious.

Now let f € LLB(E). We note that for any g € H°B (1) with the norm less than
1, we can find wg € B such that |g| < wg u-a.e., thus, we have from the condition

(iii)
If&llizigy = fwollpigy = 1 llprs.
This means that
||f||1—10<>~8(“)' =< ”f”Ll’B(M)'

But, we have the reverse inequality, since b; € H 00.B (w) has the norm less than 1 for
any j € N. Thus,

11 ggee By = 1F 1150

and, hence, we conclude that H OO’B(,u)’ = L1>B(u) with norm coincidence. Thanks
to the Fatou property of the space H>®B(1), we obtain H®B(n) = H®Bu) =
LYB(w)'. This completes the proof. O

4 Examples of the Class B

In this section, we provide examples of the sets 3. We will need the following Koml6s
theorem (see [11, Theoremla]) which states: If (2, X, w) is a measure space, then
for every bounded sequence { f,} in L' (1) there are f € L' () and a subsequence

{gn} of {fn} such that the sequence of arithmetic means {% p gk} converges to
n

f almost everywhere. Moreover, the conclusion remains true for every subsequence

of {gn}
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Morrey-type Space and Its Kothe Dual Space 1191

Since for every Banach lattice X on (2, X, u), the inclusion X < X” has a norm
less than or equal to one, it follows that fQ xwdyp < ||x||x,foranyx € X andw € X’
with |w|lys < 1. So, X < L'(v) with dv = wdpu. Here, we a priori assume that
there exists w > 0 u-a.e. such that w € X’ and ||w||x» < 1, which is a consequence
of the fact that there exists u > 0 p-a.e. such thatu € X and |ju||x < 1.

This simple observation allows us to apply the Komlds theorem for any bounded
sequence in X.

We now state a simple example of the class B in the setting of the Lebesgue measure
space (R", dx).

We denote by D the family of all dyadic cubes of the form Q = 27%(m + [0, 1)"),
keZ,meZ" Letl < p <o00,0 <X <n.Lethg _1Q/1(Q))‘ Q € D, and
define B := {hp}gcp- Then one sees that L” MRY = LP B (dx) with the equivalence
of norms. Let

B:= [w = ZchQ; co =0 and |[{co}llp < 1].
Q0

It is easy to see that the class B satisfies the conditions (i)—(iii). We shall verify that B
satisfies the condition (iv) as well.

First of all, we notice that |[bgll;»» = 1 forall Q € D and [[w][z»» < 1 for all
w € B. Suppose that {w j} C B. Since L"/*(R") is a Banach function space, by the
Komlés theorem, extracting a subsequence if necessary and still denoted by {w;}, we
may assume that

11m— E wj =w ae.

k—o0 k

with [|lw|| ;. < 1. We have to show w € B. To this end, we write

1 k
;Z = 2 crobo

withcg, o > Oand |[{ck,0}oll;0 < 1. We apply a diagonalization argument and, hence,
extracting a subsequence if necessary and still denoted by {vy}, we may assume that

lim vy =w ae. 4.1)
k— 00
and, for all Q € D,
lim Ck,0 = CQ- (4.2)
k— 00
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1192 M. Mastyto et al.

Define

wo = Z CQbQ.

QeD
Then by the Fatou theorem for ¢', we have

Heotollpr < liminf |[{ck o}oller <1,
k—o00

which means wo € B. Thus, we need only verify that w = wy a.e.
We show that, for any Q¢ € D,

lim vr(x)dx = / wo(x) dx. “4.3)
Qo Qo

k— 00

We recall the well-known fact that in the Lebesgue space LP(R"), 1 < p < oo,
convergence a.e. implies weak convergence if the norms are uniformly bounded (cf.
[4]). By the use of this fact, once (4.3) is established, (4.1) and the fact that vy € B
yield, for all Qg € D,

/w(x)dx:/ wo(x) dx,
Qo Qo

which implies w = wy a.e. by virtue of the Lebesgue differentiation theorem.
We notice that, for any Q € D with O N Q¢ # ¥,

/ lg(x) dr — 1(Q)"*, whenQ C Qy,
00 O 7 |1(Q0)"(Q)™",  otherwise.

Let ¢ > 0 be given. We set

Di(Qo) :={Q €D; Q0N Qo #0, 1(Q)"* <¢/6},
D2(Q0) :={Q € D: QN Qo # 0. 1(Qo)"I(Q)™" < &/6},
D3(Qo) :={Q € D; QN Qo # 0} \ (D1(Qo) UD2(Qo)).

It follows that

I
Z / lck,0 — colbo(x)dx < Z (ck,0 + CQ)Z(Q)" b < § “4.4)
0€D1(Qo) 0€D1(Qo)
It follows also that

2. / leo = colbodr = > (cko+co) 1((QQO))A =3
0€D1(Qo) 0€D1(Qo)

4.5)
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Morrey-type Space and Its Kothe Dual Space 1193

Finally,

> lek.o — colbo() dx <1(Q0)"™ > lewg —col. (4.6)
0eDs(Qp) ” €0 0eD3(Q0)

From (4.2) and the fact that D3(Q¢) contains the only finite number of dyadic cubes,
the right-hand side of (4.6) can be majorized by ¢/3 for large k. (4.4)—(4.6) prove
(4.3).

We conclude this section with some related examples.

Example 4.1 Letl < p <ooand0 < XA <n.For f € Lf;c(R”), it define

1 1/p
NfI, po = sup ( / |f(x)|de) .
L ™ gear 1)< \I(@ g

The local Morrey space sz)’c)‘ (R™) is defined to be the subset of all L”(R")-locally
integrable functions f on R" for which ||f||Lp,~A is finite. Letbg = lQ/l(Q))‘, QeD,
loc

as before, and define B := {bp}gep; 1(0)<1- Then we have a similar conclusion as
before.

Example 4.2 Let1 < p < co.For f € L{ (R"), it define

1/p
Ifllpe = sup (/ If(x)lpdx) .
amalgam 0eQ; 1(Q)=I o

The amalgam space L” (R™) is defined to be the subset of all L? (IR")-locally

amalgam
integrable functions f on R" for which || f][,» 1 is finite. Let D as before, and
amalgam

define

B :={10}0ep; 1(0)=1-
Then we have a similar conclusion as before.

Example 4.3 Let 1 < p < oo and ¢ > 0. Denote by B(r) C R” the open ball
centered at the origin. For f € L (R"), it define

loc

1/p
If1lzg := sup (2"""’ / If(X)Ide)
keN B(2%)

and

1/p
Il /1l go := sup (2_"”"/ If(x)l”dx) :
e keZ B(2F)
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1194 M. Mastyto et al.

The inhomogeneous B space B (R") and the homogeneous B space Bg (R™) are

defined to be the subsets of all L? (R")-locally integrable functions f on R" for which

||f||Bg and || fl o are finite, respectively. Let by = Z_kpng(zk), k € Z, and define
P .

B := {bi}ren and B := {bi}rez. Then we have a similar conclusion as before. See

[12] for a discussion of Bg (R™) and Bg (R™).

Example 4.4 Our method will work for Mock Morrey spaces considered in [1]. Let
‘P be the class of all compact subsets of R” and let S: P — [0, co) be a non-negative
set function on P such that, if Q € Q(C P), S(Q) ~ [(Q)? for some o > 0. Let
l<p<ooand0 < A <n.For f € L{;C(R”), define

1 , 1/p
||f||M§~k = ;161% (WA Lf (0l dx) .

The Mock Morrey space M 5 ’A(R”) is defined to be the subset of all L? (R")-locally

integrable functions f on R” for which || f|| I is finite. Assume that {Ej} ey C P
! .
satisfies the following:

(i) Forall E € P, there exists j such that £ C E; and 2S(E) > S(E});
(ii) Foralle > Oandall Q € O, |E; N Q] < eS(Ej))‘/" with the possible exception
of a finite number.

Then we have a similar conclusion as before.

5 Concluding Remarks

Let 1 < p < coand 0 < A < n. In this section, we introduce the class B! which
is smaller than the class B; defined in Introduction but plays the same role in the
definition of the Kothe dual of the Morrey space L”* (R"). We shall need the following
two lemmas (see [13,15, Lemmas 1 and 3]).

Lemma 5.1 Let0 < o < nand p > o/n. Then, for some constant C depending only
ona, nand p,

M[1¢]P dH® < CI(Q)°.
Rn

Here M denotes the Hardy-Littlewood maximal operator defined for every f €
1 n
L, (R™) by

1
Mf(x) := sup (—/ If(y)ldy) Iop(x), xeR"
QeQ |Q| 0

Lemma 5.2 For f > 0, we have
/
/ FOrdx < f(/ Foe dme ()"
Rn o Rn
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Fix0 < A < A < n.For Q € D, let bg = M[1p]*/"/1(Q)* and define
= {bg}pep. Let
Bl = [w = ZchQ; co > 0and [{co}llp < 1].
0

It is well-known that for non-negative functions f; one has

/,, ij dH* < CZ/R" fjdH* (5.1)
j=1 j=1

for some constant C depending only on A and n (cf. [13]). We recall that, for every
dyadic cube Q € D,

Mo/n
—MEEZ])KO dH* < C (5.2)
Rn

by Lemma 5.1. It follows from (5.1) and (5.2) thatif w € B! then fRn wdH* < C.We
also observe that every by belongs to the Muckenhoupt class A and has the uniform
bound of [bgla,, Q € D, (cf. [5, Chapter II]). Thus, we see that w € A whenever

w e Bl Consequently, we have ¢~ B! ¢ B, for some appropriate constant ¢ > 0.
We conclude this paper with the following:

Proposition 5.3 Letl < p <ocoand0 < A < Ay < n.

(1) L_l”)‘(]R") = LrB (dx) with the equivalence of norms.
(2) B! satisfies the conditions (i)—(iv) in Sect. 2.

Proof We first prove (1). Observe that for any Q € Q and any f € LP*(R"), we
have

/ LFQOIP dx < IFIY 0 g (@)™

This implies that for any measurable set E and for any family of countable cubes
{Q;} C Qsuchthat E C |J; Q;, we have

/ @17 dx <Z/ PO dr < 11 DUQ) (53)
J

and, hence,
/ PO dx < 1FI2, s gy H (E). (5.4)
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Combining (5.3) and (5.4) yields that for any Lebesgue measurable function ¢ > 0
and any f € LP*(R"),

/ If(x)l”zb(x)dx:/ (/ If(x)l”dx) ar
R~ 0 {yeR™; ¢ (y)>t}

p A
f ”f“Ll)’)‘(R") /Rnd)dH .
This implies with (5.2) that
1/p
1Al o8t (gpy = Seup (/ If(X)I”b(X)dX) = ClfllLparwny-

For the reverse inequality, for every cube Q € D,

1
z(Q)k/'f( N7 dx ,(Q)x/ )P () dx

/ | £ 1P M[1g](x)*0/" dx
Rn

1
<
)2
< sup / £ )P b(x) dx.

beB!

Next we prove (2)._It is easy to see that the class B! satisfies the conditions (1)—(iii).

We shall verify that B! satisfies the condition (iv) as well.
We use the same argument in Sect. 4 and use the same notations as well. First we

notice that, by Lemma 5.2, [|bg|[;n» < C forall Q € D and ||w|[;»x < C for all

w € BI. So, we need only verify that (4.3) holds for any Q¢ € D.
Let .1 = (A 4 A0)/2. Then, for any Q € D with [(Q) < I(Qo),

/n
< I(Q)AlQoll i (/ M{10](x)*0/* dx) |

— QoM (C1(@)") " = et ] Qol' MM 1)1

z(Q)k / Mol dx <

B l(Q)A

where we have used the L*0/*1-boundedness of M. While, for any Q € D with
1(Q) > 1(Qo),

. Q)A / MI1g1(r)"/" dx < 1(00)"1(Q) .

where we have used M[1g] < 1.
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Let ¢ > 0 be given. We set

D1(Qo) :={Q € D; 1(Q) <1(Qo), c1]Qol'/"I(Q)** < g/6},
D1(Qo) :={Q € D; 1(Q) > [(Qo), 1(Q0)"1(Q)~* < &/6},
D3(Qo) := D\ (D1(Qo) U D2(Qo)).

We set further

D5 (Qo) = {Q € D3(Q0); [y, box)dx < e/12},
D (Q0) :=D3(Qo) \ D; (Qo).

We claim that D;r is a finite set. Indeed, the quantity |, 0o b (x) dx is uniformly small
whenever the dyadic cubes Q are away from the fixed dyadic cube Q¢ and [(Q) are
uniformly bounded from above and below.

The estimates for D and D, remain unchanged [see (4.4) and (4.5)]. The estimate
(4.6) for D3 is decomposed as follows:

> / lek.o —colbo)dx < D" (cro +cQ)/ bo(x)dx <
0eD; (00" 2° 0€D; (Qo) Qo

Nl ™

and

> / ek, 0 — colbo() dx < cll(Q)"™ D lerg —col- (5.5
0eDf () " ~° 0€Dy (o)

From (4.2) and the fact that 733+ (Qop) contains the only finite number of dyadic cubes,
the right-hand side of (5.5) can be majorized by ¢/6 for large .

With these modifications, we can check that w € B! and finish the proof. |
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