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Abstract In this paper, we consider the long-time behavior of the convective Cahn—
Hilliard equation in 2D case. A linear fully discrete Galerkin—Fourier spectral
approximation scheme is constructed and the existence of the global attractors of
the discrete system is obtained. All results in this paper are obtained without any
restriction on the time step size.
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1 Introduction

With the development of studies in the field of infinite-dimensional dynamical systems,
the long-time behavior of solutions for nonlinear dissipative evolution equations has
attracted more and more attention of scientists. As is known to all, the long-time
dynamics of a dissipative systems is completely determined by the attractor of the
equation. Hence, the existence and structure of the attractor are the most important
characteristics for evolution equations. There are many papers related to the global
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attractor for dissipative nonlinear evolution equations, such as Navier—Stokes equation,
Kuramoto—Sivashinsky equation, Cahn—Hilliard equation (see [1-6]).

However, the study of long-time behavior for nonlinear evolution equations
depended on the results of numerical experimentation to a great extent. For this rea-
son, it is worth studying whether the numerical results are reliable and the calculation
schemes are suitable. During the past years, many authors have paid much attention
to this problem. For example, in [7], based on Galerkin approximations, Hale, Lin,
and Raugle studied the approximate system of a given evolutionary equation as a
compact attractor which converges to the original one as the approximation is refined.
Furthermore, using finite element approximation, Marion and Temam [8], Elliott and
Larsson [9] studied the numerical approximation to attractor for some nonlinear evo-
lution equations. Eden, Michaux, and Rakotoson [10] considered a time discretization
of a doubly nonlinear parabolic type equations by the Euler forward scheme. They
proved the existence of a compact attractor and estimated its Hausdorff dimension
using CFT theory. Lii and Lu [11, 12] studied the dynamical properties of the discrete
systems of Ginzburg—Landau type equation and generalized KdV-Burgers equation.
They constructed the fully discrete scheme, proved the existence, convergence of
global attractors of the discrete systems. There is much literature concerned with the
approximation to global attractor for evolution equations, for more recent results we
refer the reader to [13-20] and the references therein.

The convective Cahn—Hilliard equation, which arises naturally as a continuous
model for the formation of facets and corners in crystal growth (see [21,22]), is a kind
of important nonlinear equations. For this reason, the research of it is of theoretical
and practice significance. In this article, based on Fourier spectral approximation, we
study the periodic initial value problem of the 2D convective Cahn—Hilliard equation

3
8—? +yA% U —Afw)—V-gu)=0, x=(x,x)eR>® >0, (L)
u(xy +2m, x2, 1) = u(xy, x2 4+ 27, 1) = u(x1, x2,1), x €R? 1>0,(1.2)
u(x,0) = upx), xeR% (1.3)

In the following, we first construct a fully discrete Fourier spectral approximation
scheme, which is a linear scheme. Then the existence and the convergence of approxi-
mate attractors, as well as the stability of discrete scheme, are proved. Throughout this
paper, we use the following notation: Q2 = [0, 2] x [0, 2 ]; (-, -) denotes the inner
product of L*(R), | - Il the norm of L™ (), and || - [| = || - l|2, [| - oo = || - lz2¢()-
On the other hand, we point out one basic fact about problem (1.1)—(1.3): the spatial
average of any solution u is preserved. Indeed,

0
—/u(x,t)dx:O, /u(x,t)dx:/uodx, Vvt > 0.
it Jo Q Q

We assume that the initial function satisfies fQ updx = my.
For any given positive integer N, j = (ji, j2), j - x = jix1 + jax2, let Sy =
span{e’/™* : |j| < N}, where |j| = max{|ji[, |j2|}. Denote by Py : L%(Q) — Sy
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the orthogonal projection ogerator(see [27]). Let T be the mesh size in the variable
t, tx = kt, uk = u(x, ty), atuk = %(uk — uk=1). The Fourier spectral scheme for
solving (1.1)—(1.3) is to find “11{\/ € Sy such that

(5,ull‘v + yAzu],‘\,, (p) + (f’(u'jvfl)Vu],‘v, Vgp) —B (u];vfl, ulj‘v, go) =0, VoeSy,
(1.4)
u(/)\, = PNM(). (1-5)

where
B (il o) = (G o, Vi) = (Gl )i v ).

and
G i ulz Jo sg'(s)ds, foru # 0,
u) =

%g/(O), foru = 0.

It is a linear iteration scheme, and then it needs only to solve a class of linear algebraic
equations for every iteration.

Remark 1.1 The main tool for studying the numerical approximation to long-time
behavior for evolution equations is nonlinear Galerkin methods. The nonlinear
Galerkin methods sometimes can be linear schemes, but the dimension of which is
many times that of the nonlinear Galerkin ones: consequently, the computation amount
is very heavy. Here, we construct a linear full discrete Galerkin spectral scheme. In
comparison with the nonlinear Galerkin methods with linear schemes or classical
Galerkin methods with nonlinear schemes, the computation amount of this scheme
can be greatly reduced. In addition, without any restriction on the time step size,
the results about the uniform stability and convergence of this discrete scheme are
obtained.

Remark 1.2 To be more specific in this paper, we restrict ourselves to study the Fourier
spectral approximation to global attractor for the convective Cahn-Hilliard equation,
which is a kind of important nonlinear equations. More generally, similar schemes
and analysis are applicable to other higher-order nonlinear evolution equations, for
example, molecular beam epitaxy model [23,24], viscous Cahn—Hilliard equation
[25,26], and so on.

The following lemmas are useful in our analysis.

Lemma 1.3 (see [27]) Ifu € H 21(9), then there exists a constant ¢ independent of
u, N such that

lu — Pyull, < eN*“" [ D"ull, Y0 < <m.
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Lemma 1.4 (Poincaré inequality(see [28])) Let Q C R" be a bounded domain and
| - || be the norm of L*>(2), then Vv € H' (), we have

2 198 o 1 L
lvll 3 | Dl +IQI vdx) , n=1,
Q

2
c@) [||Dv||2+ (/ v(x)dx) } 2,
Q

Lemma 1.5 (Sobolev’s interpolation inequality [29]) Suppose that u € L9(R),
D"u e L"(Q2), Q CR", 1 <r <00, 0 < j < m. Then there exists a constant
c=c(j,m, 2, p,q,r) independent of u such that

IA

2
vl

IA

. 1—
1D ullLr < cllD™ Gy el 17,

where

J 1 m 1
—==4al|l-—— )+ —-a)—-, —<a<l
p n roon qg m

Lemma 1.6 (Discrete Gronwall’s inequality [10,12,13]) Let yk, gk, and h* be three
series satisfying
yk+1 _ yk
T

<gv+nk, k=0,1,2,...

Hence, we have
n—1 n—1 n—1
y' < yoexp(r ng) +1 th exp(r Zg’), Vn > 1.
k=0 k=0 i=k

Lemma 1.7 (Discrete uniform Gronwall’s inequality [12,13]) Let y*, g*, and h* be
three series satisfying

yhHL K
< g + 1k, Yk =k,
T
and
no+ki no+ki no+ki
> o, T Y h<m, T Y Y <a, Y=k,
k=k k=k, k=ki

with tnog = r. Hence, we have

v < <%+az)e“‘, Vk > ng + kj.
r
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The rest of the article is organized as follows. In the next section, the existence
of discrete attractors A}, is obtained by the z-independent prior estimates of discrete
solutions; In Sect. 3, the convergence of A}, is proved by the error estimates in [0, +00)
of the discrete solutions.

2 Existence of Global Attractor

In this section, we prove the existence of the global attractors A}, of problem (1.4)—
(1.5).

Lemma2.1 If f € C!, f'(s) > 0, ug € L%(Q). Then for the solution u'y, of problem
(1.4)—(1.5), we have

lul|* < E3, Vn =1,

lim Mk 2< /2,
T g1 < (o))

n
T N I? < el +16), Vn>1,
k=1

where the constant ¢y = c1(||\ugl|) is independent of N, n, and t.

Proof Let ¢ = ull‘\, in (1.4), we derive that
1- T - _
S P + S8k 1P + y 1 Au 2+ (), V)
—B(u],‘\,_l, ulj\,, ull{v) =0.
Note that f’(s) > 0, then
(f’(ull‘v_l)Vulf\,, Vu’fv) > 0.
On the other hand, we have
B (ulfv_l, u]fv, ull{v) =0.

Therefore B _
I lluby 17 + T lld,ub 12 + 2y | Ak |1 < 0. @2.1)

By Poincaré’s inequality, we obtain

c)
Iy 12 < e (I1vufy 12 +mf) =< c) ( Iy 2 + ==l Aufy 1P +m5) ,

2C(2)

that is
luk 12 < [C PN AUk 1> 4 2C(2)m]. (2.2)
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Then

2 2
||u’;v||2) <M (03

30k 2 3k 2 k p2
Olluy I + Tl | +V(||AMN|| + =@

[C?

Multiplying (2.3) by [1 + #r]k_l and summing them for k from 1 to n, we have

—n

2 14 0,2 2 2

iy | s(1+[C(Q)]2r) (12 + 2mBC () + 2mbC ()
<[uS11? +2m3C(Q) £ E},

that is

T 1k 112 2 A N2
nll)n;o”“]v” <2m{C(82) = (pg)”-

Taking the sum of (2.3) for k from k9 + 1 to n, we recover the proof of the
lemma. O

Corollary 2.2 For any given py > py and Ry > 0, if |ugll < Ro, then

R? %
W12 < . Vn = no=(1n——0__ /ln(1+ r).
N P — (p()> [C)P

Lemma 2.3 In addition to the conditions of Lemma 2.1, we suppose that f, g € C,
Lf'(s)| < Als|3, |g'(s)| < Bls|? uo € HY(Q), lluolli < Ro. Then for the solution
u'y, of problem (1.4)—(1.5), we have

VK |12 < p?, Vn = no+ No 2 ny,
IVuk, 1> < E?, vn=>1,

n
2 NGV < 21+ 4), Va1,
k=1

where ny is given by Corollary 2.2, Ny an arbitrary positive integer, r an arbitrary
positive number such that Not = r, the constant p; independent of N, n, T and |\uo||1,
¢y = c2(llugllh), and Ev = E1(|lugll1) independent of N, n, and t.

Proof Let ¢ = Aull‘v in (1.4), we derive that

1- T -
zafuwfvnz + Euatw;vnz +yIVAuk|?
2.4)

= (£l hval, vau) - B (ul ! dh, —auk).
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By Sobolev’s interpolation inequality, we deduce that

(7 (") Vi V) =TIV AU 2 + IIf( Y12V 12

YV

sgnmu’;vnz || SR ARk 1 1k )3
YV

SZIIVAMNII + Clluk & 1k 112
Y

sZIVAuNI + ClALAT P a2 b 112

We also have
—B(u]fv_l, uI]‘V —u’fvxx) = 2(G(ulfv_1)Vu§,, Au'fv) + (G’(ulfv_l)Vulf\, lull‘v, Aull‘\,)

Using Sobolev’s interpolation inequality again, we get

k—1 k k V”Iv ! / k
Z(G(MN )VMN,AMN) =2 2 sg (s)ds, Au'y
(uy )" Jo

= (¢ ’(eu’;v—‘)wfv, Auly) < Ig’(eu"‘l)||oo||WI‘V||||Au5‘V||
Bl 2 Va I Aulyl < Cllauly 1l 11V A 1]

A

I /\

—IIVA W 1P + ClAul 1l 1Pl 11,

and
(G’(u'jvfl)Vuljv lu],‘\,, Aulfv)

() el

_ 1
= — uNVuN AuN

k—1 k—1
Uy Uy
<BIIM IIooIIMNIIooIIVM IIIIAMNII

< CllAuly II2IIM II2IIVAMNIIIIMNIIIIVM il

I /\

—IIVA e el N7 | 7o 1 1790 B et o

I /\

—||VAuN||2+C||w NP0k 112 (1 auhy 1 % + 1),

Hence, (2.4) can be rewritten as

0|Vl 17 + 7113 Vuly 1> + v |V Auy |

o T (e e e R R o P o T R S
(2.5)
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Using (2.3), Lemma 2.1, and Corollary 2.2, we obtain for all kg > ng

ko+No
cr 3 [l P (1aul Pl 12 4+ 1)
k=ko+1
ko+No ,
2mgsrr
<Clogt D NAuy P+ p5r | =C| oo A=) WS (PO
k=k C(Q) y
=ko+1
ko+No )
2mgsr r
cr > [hadk P ||uN||]scpg( (Sozﬁ_pg)éaz’
k=ko+1
k0+N0 . k()-‘rN()
Y ||w’;v‘1||255 > (||u 2+ ks II)
k=ko+1 k=ko+1

1 { 2mgyr o,
== (C(Q)‘F—,O()*l—,ool’)éo@.

Applying discrete uniform Gronwall’s inequality to (2.5), we have
1V 12 = (52 +a2)e 2 o}, Vn = mp =m0+ No.

For n < ny, using Discrete Gronwall’s inequality to (2.5), we deduce that

2 2 2
Eg 2m 1
v, |12 < v +7Et+— EN =9y, + — 2 )+ p3t
Vi |l _(” UO” c©Q) oln )exp|: O(C(Q) ny )/”uO” PG Iny

£(ED.
Set E % = max{plz, (E 1)2}. Hence, the second relation is proved. Taking the sum of
(2.5), we complete the proof of this lemma. O
Corollary 2.4 In addition to the conditions of Lemma 2.3, we have the following

estimates ;
luyllLr < C(po,p1), ¥Yn>mny, 1<p<oo,

luyllLr < C(Eo, E1), Yn=>1, 1<p <oo.

Lemma 2.5 In addition to the condition of Lemma 2.3, we suppose that f € C2,
L") < A'ls]2, ug € H2(Q) satisfying |uol3 < R§. Then

I AU |? < p3, ¥n>ny=ni + No,
AU < E3, Vn > 1,

n n
AU P+ 1 D IR < 31+ 1), Yn= 1,
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where ny is given by Lemma 2.3, No an arbitrary positive integer, r an arbitrary
positive number such that Not = r, the constant py independent of N, n, t, and
luoll2, E2 = E2(|lugll2), and c3 = c3(||ugll2) independent of N, n and t.

Proof Let ¢ = Azull‘v in (1.4), we have

1- T -
—atnAu’;vn2 + —||azAuN||2 + ylazdb )2

= (VLSO bl a2l ) + B (kT a%).

When k > ny: Based on Lemma 2.1, Corollary 2.2, Lemma 2.3, Corollary 2.6, and
Sobolev’s interpolation inequality, we deduce that

(V . [f/(u];\,_l)v . u]]‘\,] , Azulfv)
= (f’(u'jvfl)Aul,‘\,, Azu],‘v) + (f”(ul;v*])IVul,‘ﬂz, ull‘v)
< ||f/(u"‘1)||L4||Au’;v||m||A2 I+ IIf”( Dol 12l A% |

ko2 2, kytoa2 k4
CII T2 6||uN||8||A ||8 +C|Iu hpz 3|IuN||6||A upylle

IA

| /\

ZquuNuz + C(po, p1)-

and

B(uk_1 ull{v, A%uk V)

= (26 (ul ") Vidky + 6" (k") vady iy, A%
( ) _¢od)
= (Zg/(eull‘v_l)VuN uk_l uk, vuk!, Azulj\,)

scug/euﬁ‘v—l||L4||VuN||L4||A2u I+ Cllaly ™ 1o Vil o llaky ol A% |
< Clig'0uly Ll Valy ol A%y |

+ AT sl AUET I k16 ko A%k |

= LU 12 + Cloo. o) (18012 + 1).

Summing up, we derive that

Bill Auly I + 18, Ay 12 4+ v 1A%k 12 < Clpo, o) (46K 124+ 1). 26)
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1128 X. Zhao

Note that

ko+No
T > Clpo, p1) =Clpo, pr L e, i =1,2,
k=ko+1

ko+No 2

2mar r

T Auk 2=—O-|——Zéo{.

2 AUy =55+ e 2

k=ko+1

Hence, using discrete uniform Gronwall’s inequality to (2.6), we deduce that
lauyl? = (32 +a2)e™ 2 03 Vi = mo=m + No. @7)
When k > 1: As in the proof of the inequality (2.6), we have
Bl Auly I + 18, Ak 12 4+ v 1A%k 2 < C (o, En(laul 2 4+1)  28)
Using Discrete Gronwall’s inequality to (2.8), we have
18w} 12 = (Il Auol> + C(Eo, Enty )« Eo-EV 2 . 2.9)

Taking the sum of (2.8) for k from 1 to n, we deduce that

n n
Ay ? + 22 D8 Ay P+ y D IA%NY IR < CU+ 1), Yn= 1. (210)
k=1 k=1

Combining (2.7), (2.9), and (2.10), we complete the proof of this lemma. O

Corollary 2.6 In addition to the conditions of Lemma 2.5, we have the following

estimates )
luylloo < C(p0, p1, p2), Vn = na,

lu’y lwir < C(po, p1,p2), Yn=ny, 1< p<oo,
”u’[l\]”Wl‘l’ S C(E()a E]? E2)7 vn Z 17 1 < p < OQ0.

Now, we give the main result in this section.
Theorem 2.7 If f € C2, g € C\, f/(s) > 0, | f/(s)| < Als|3, |f"(s)| < Als|?,
lg' ()| < B|s|2, and ug € H]%(Q), then the semigroup of operator {SITv (n)}n>0 gener-

ated by problem (1.4)—(1.5) has a compact global attractor A}, C Hg(Q) ) Sn-

Proof Using Theorem I.1.1 of [30] and Lemmas 2.1, 2.3, 2.5, we complete the proof
of this theorem. Since it is classical, we omit it. O
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3 Convergence of the Global Attractors

Let Gy : L%,(Q) — Sy be the integral projection operator, i.e., for any given u €
L?(2), we have

(VGyu, Vv) + (Gyu,v) = (u,v), Yve Sy. 3.1

Then for any u, v € L%(2), we have (Gyu, v) = (u, Gyv).

Lemma 3.1 (see [12]) For the integral projection operator Gy, we have

(1) G yull2 [Pyull, Yu € L3 (S);

2) IGNVull = VGyull, Yu € H)(Q);

3) IGNAull = |VIGNVulll = |AGNu], Vu € Hy(Q);
@ 1GRAull = [VIGK Vull = |AG W), Vu € HY ().

Similar to Lemma 2.5, the following result can be proved easily.

Lemma 3.2 Under the hypotheses of Lemma 2.5, we have the estimates for the smooth
solution u(x, t) of problem (1.1)—(1.3)

t
/ IVul?ds < C(1 +1),
0
t
t||Mt||2+/ sl Au|2ds < C(1+12).
0
t
t2||Vu,||2+/ sV Au2ds < C(1 + %),
0
t
tmeF+/S%WMF+W¥WWMs§Ca+ﬁL
0

where the constant t is independent of t.

Using the same method as [31], we can obtain the following result easily.

Lemma3.3 If f € C2 g € CL, f'(s) > 0, |f'(s)] < Als|* |g'(s)| < Bls|, and
ug € HZ(Q), then there exists an unique global solution u(x,t) € L®(R™; HI%(Q))
for the problem (1.1)—(1.3) such that

t
/(nun’gw lus1Pde < Ct+1), Vi >0,
0

where the constant c is independent of t. Furthermore, if f € C3, g € C?, thenu(x, 1)
satisfies

IVAul®> < et +1), Vi >0,
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1130 X. Zhao

and there exists a global attractor A C Hg(Q) of problem (1.1)—(1.3).

Now, we give the main result of this subsection.
Theorem 3.4 Suppose that the conditions of Theorem 2.7 hold, then
dist(Ay, A) — 0, ast— 0, N - 4o0.
Proof Let ||up|| g2 < Ro. On account of Lemma 3.3, this theorem will be proved by

taking the error estimates of the solution u; of discrete problem (1.4)—(1.5). Now, we
accomplish them through two steps.

Step 1 Take the error estimates of the solution v” of the linear scheme as follows:

(Fhv’,‘v +y ATl =2y AVK, + yul — Afun) — V- glun), w)

= (—ZVAu';V —i—yulj\,,go), (3.2)
v = Pyug, Vg € Sy. (3.3)

Set uk — v],‘V =uk — PNuk + PNuk — vlfv = pk + 6%, Hence, 0% satisfies

(5[9" +yA20F — 2y AG 4+ ok — (é,u" - uf), ¢) —0, VgeSy, (34
6% = 0. (3.5)

Letg = 6% in (3.4). Simple calculations show that

1= T - -

SHOMI2+ 18,617 + v (18612 + IV I + 16513) = (B — uf. %),
Note that

(étuk — uf, Qk)

(V[ow (Bt = uf) | v6*) + (Gu (3t = uf). %)

Yigky2 4 L 3k k)12
S0 + 5 1Gw (3 = )1

IA

= ” ” ! 12 ” /tk (s —1 ) ”
0 + S _1)GpNuuds
) 1 2)/ - k—1 NUt 1

IA

Y Ak 11 i (S_l‘kfl)2 Tk 2 2
Y6k +——/ Gty [ 216y s
2 172y ¢2 fot 52 th

Ir—1

IA

Yok 2 2 L 2
=6 +—/ S“NGnullids.
2|| Iy w2 )y, G nuelly
Therefore

_ _ T Ik
I NOFNZ + 118,651 + 2p 11A6% 1> + v 16512 < o / 5% |G g |13 ds.

k k-1
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Fourier Spectral Approximation to Global Attractor... 1131

Multiplying the above inequality by t,f, taking the sum for k from 1 to n, using
IGNunlli < Cllugllz, we get

n n
21012+ ve Y (2186512 + 16417) + 72 > 215,61
k=1 k=1
$ k2 o [ 2 2
<3t a4l IP+—=> | s’IGNunlids
k=1 Vo=t e
. . (3.6)
< SIZtk||9k||2+CT2/ 52 |lu; 13
0
k=1

n
<3t > 6P+ CP (1 +1).
k=1

Setting ¢ = GnO¥ in (3.4), we have
(5,9" +yA20F — 2y AGF 4 ok — (5tuk - uf), GNQk) —0.

Note that

_ 1-

(36", Gno*) = SaIGN VO,
(ya2" =2y 86" + y6*, Gyo*) = ¥ IVOHI2 + v 11652,
_ 1 _
(A — uf, Gu6*) < Z10512 + 16w (Bt — k)12
2 2y

Hence
_ 1 _
NGNVOIP 4y (IV6HIP +1617) < 1Gw (3t —uf )P 37)

Multiplying (3.7) by t#, taking the sum for k from 1 to n, using |G yus | <
Cllugllz, we get

n
Ll GuVerI2 + v > w(IVOFIP + 1641
k=1

n n

T _

S 2 lG (At — )P+ 2 3 1Gy Ve P
k=1 k=1

IA

(3.8)

n

2 rt
T n
—/ sIGNuulPds +7 > Gy V6« |?
Y Jo =1

IA

n
<CPA+6)+1 Y Gy VL2,
k=1

Setp = G%\,Gk in (3.4). Therefore
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(étek +yA20F — 2y AG 4 ok — (5,uk ~ uf), G?Nek) —o.
Note that
(36", GRe*) = %MGN@"MZ + SIGN VeI,
(va26* — 2y 86 1 y6*, GY6*) = Y IAGNO* I + Y 1GNEM I,
(3 — uk. G0%) = ZiGn ek + %ncﬁv (At — uf) 13,

Thus |
WNGNE I + yIGNE I = G (3 =) I} (3.9)

Taking the sum of (3.9) for k form 1 to n, applying || G%\,Vut, I < ClIVu,|, we
obtain

n
IGNO P+ yT D IGNO I}
k=1

n 2 o
T - T n -
= 230063 (ot — )k = = [ 1GR (A~ ut) as
Vs vJo

< Ct2(1 + 1.

(3.10)

Adding (3.6), (3.8), and (3.10) together gives

n n n
10817 4+ 72 D 100517 + v D 10815 + v D ullotl3
k=1 k=1 k=1 (3 1])

n
+yr D IGNO T < €2 +1)).
k=1

Multiplying (3.11) by % we derive that
r,f(nAeknz + ||9’<||2) <Ctr(l+1). (.12)

Step 2 Take the error estimates of solution u’jﬁ, of problem (1.4)—(1.5). Set vﬁ‘\, — u’l‘v =
e*. Hence, ¢* satisfies

(E_)tek +y A2 1y A0k — ok, (p) + (Vf(uk) — f/(u’;,—l)vu’;,, Vgo)
- (v (), (p) - B(ull‘\fl, uk,. w), Vo e Sy k=1,2,..., (3.13)
& =0. (3.14)
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Setting ¢ = eX in (3.13), we derive that

1- T -
SHIEIP + S 1512 + v A = <2y (86% &) +y (04, &)
— (Vf(uk) - f’(u’;v—l)vu’;v, Vek) + (v ("), ek) - B(u’;v Lok, ek).
(3.15)

Note that

— (Vrahy = f () vk vek) = = (f vt - g () vy, et
=~ (1)t — f v + 1 byl - r kv
A\ A (e N
(vt = vl vek) - ([ £/wh) = £t D] vak, vet)
- ([f/(uk_l) - f’(u’jv—l)]vu’;\,, Vek)
AN+ D+ 1.
1= (1@ + f ahyvikvek ut - k)

IA

(15 @Y ool A+ 117" @) oo IVt 14 1V F 3 ) ek —
= (17 @l A1 + €Il @) oo Vi A ) 1k — ufy )
= Cluk = a1 (1412 + 1ack|?)
o (R i R ) | (e R P
179 _
< C(ne"—ln2 + 105112+ 10517 + r/ lue 2 ds + T |puy ||2)
thk—1
+e(llek12 + 14k 1),
I =—(f" @ + (1 = k= Hvik ok — ), vek)
< 7 (@1 + (1 = g0 ool Varky sl — k=1 vek s
= ClIlf" (o1 + (1 = o0 Yool Vil allek = = 1(11eF 12 + 1 4¢K12)

173
= CIk 1P + 1Ak IP) = k=1 < o (k12 + nack?) + Cr/ o 2,
Th—1

= —(f”(d>2uk" + (1= gyl ) Vak A1 =k, veh)
( +(1—¢z>u"“)||oo||w’;v||L4||u" Vb N vek
= (k12 + nack i) 1=t — kT

< el 12 + 1A 12) + C (105 1P + 1652 + ek 1)1),
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where ¢1, ¢> € (0, 1). Hence
(Vf(uk) — F ) v, Vek) < 38(||€k||2 n ||Ae’<||2)

I _
+C (np"—1 12+ 105112 + fe*11? + r/ lluell®ds + rznazu’;vnz) :

k-1

On the other hand, we have
(V- gh). ) = Bk uk. k)
= (GUHV - = Gl )V -y, ) = (Gt — Gululy v - )
= (GuHV - (W —u). ) + (Gub) = Gur ), V- ufyet)
+ (G(uk*‘ — Gk ). v ull‘\,ek) + (uk(G(uk) —GuY, V. ek)
+ (G = G, V) + (G b — uly), V- o)

_ Ik
<C (ne"—ln2 + 1M+ 1051 + 228 12 + o / ||ut||2ds)

fe—1

+ £(||Aek||2 n |Iek||2). (3.16)
We also have
2y (6", ek) + y(ek, ek) < e(laek)? + ||ek||2) +Clok 2.
Based on Poincaré’s inequality, we have
le1* < [C(@P |1 Adk )%,

Then, a simple calculation shows that

Bk 12 + 2]y — 51 + [C@P) [l Ak I + 7l1Frek 2

_ Ik
<C (ne"‘ 2+ 105712 4+ 160512 + 10511 + 2218y 12 + r/ g 1ds ).
Tk—1
(3.17)
where ¢ is small enough, it satisfies y — 5¢(1 4 [C (1% > 0. Using discrete
Gronwall’s inequality to (3.17), we have

n _ I
le" > < CeCrr > (np"—lu2 + 16417 + 19y 11> + r/ ||u,||2ds)
k=1 le~1
< Ce“"(N~* +1).
(3.18)
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Taking the sum of (3.17) for k from 1 to n and using (3.18), we have

n n
T NAKIP+ D> (kP < cvt 4. (3.19)
k=1 k=1

Setting ¢ = Aé* in (3.13), we derive that

GV + y VA2 + 1|3, Ve ||2:y(V@k,VAek>+y(9k,Aek)
1

+ (Vf(uk) — F vk, VAek) — (v (), Aek) + B(u’;v‘ k) Aek).
Note that

(Vrahy = £/l ) v vaek)

= ([ — et ] vt vad) + (Fat vt - i), vadk,,)
+ ([f/(uk_l) - f/(u’;v—l)]w’;,, VAek)

< 3—(y)||mek||2 + C (k12 + 108 1 + 100 + w20dudk 1),
— (V- gh), act) + B(ul "k, Ak)

= L(IVA 12+ 1V I2) +C (141 + 10417 + 1641 + = a1

y(vek, VAek) + y(@k, Aek) < 1’/_0(||VAe’<||2 n ||ek||2) +Cl6k )%,

Summing up, we get
DIV +yIVACI? < C (I + oM 13 + 16513 + 2218, 11).

Multiplying the above relation by t#;, summing them for k form 1 to n, and
using Lemma 2.3, (3.18), (3.19), we derive that

n
al Ve IF +yT D nllAdk|?
k=1

(3.20)

IA

n n
T DIV 7 D (leFI2 + 1K1 + 1K1 + T2 0Budk 1)
k=1 k=1

IA

C+1HeCn"(N2 4 7).
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Setting ¢ = AZ%¢* in (3.13), we derive that
A+ y A% |1 + 7|5, Aek|?
_ y(— ABF + gk, AZek) + (v- [v by = kY - u’;,], A2ek)
+ B(uk, uk, Azek) — B(ulj\, ! u],‘\,, AQuk).
Note that
y (- a6k 165, a%") < %HA%W + Cl6%13.

On the other hand, we have

(v . [v kY = F Y u’;v], Azek)
- (f/(uk)Auk — (Y A+ VAR = (Y Vel vk, aZe k)
= (rrabyaut — fathauk, a%F) + (7@ aut - fathaug, a%F)
+ (£ ad - £l Ak, a%) + ([£7wh) - ek IV, a%e)
o G G (T Ny
+(f”(uk Yk vk, f”(uk_l)Vuk_IVu],‘\,,Azek)
+(f”(u" Hvuk=1vu, f”(u"—l)wk*lw’,;,ﬁek)
+ ([t = | vals v, a2
= Lyateh? +c(r 13 1 + 110413 + 16413 + l1ek )
and
B(uk, uk, Azek) — B(ul]‘v uN, Ae k)
= Z(G(uk)V b — GV -k, Azek)
+2(G(uk_l)V cuk — G(u];\,_l)v -uk, Azek)
+2<G(u]1<\,7])V cuk — G(ulf\f])V . ull‘\,, Azek)
+(G/(uk)u’<v ik~ G Y -k Azek)
+(G’(uk_l)ukV cuk — G’(ulfv_l)ukv -uk, Azek)
+(G )V -k — G (kY v -k, a2

—i—(G/(u]]‘\,_l)u]]‘\,V cuk — G’(uljv_l)u’]‘\,v cukl Azek)
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—i—(G/(ul]‘V_l)u]]‘VV cukl - G’(u’;,_l)u]]‘vv . ullcv_l, Azek)

< K182H12 + C (10813 + 1613 + llek 12 + 721 By 13

SN—"

Summing up, we get
Bl AP+ 1A%H 12 = € (1013 + 1413 + eI + 220 13) . (32D

By Lemma 1.3 and Lemma 3.3, we have
1
"3 < CN2|IVaut|> < € (7 - tk) N2
k
Therefore, multiplying (3.21) by rtkz, summing up, we deduce that

n
2 2 2 2 k2
AP +yT D A%
k=1

n n
1 _ _
<Cr z 1 [(— +tk)N 216513 + ek + '1:2||8,u]]‘v||%:| +27 z el Ak )?
Ik
k=1 k=1
< Ce“"(N72 + 7).

It then follows from Triangle’s inequality that
" — w13 < 3 (10" 13+ 16713 + 1e"13) < CN"247), Vr € (0, +00).

Then, we complete the proof of the theorem. O
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