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Abstract Each conjugacy class of actions of PGL (2, Z) on the projective line over
a finite field F; denoted by PL (Fq) , can be represented by a coset diagram D (6, g),
where 8 € F, and g is a prime power. The coset diagrams are composed of fragments,
and the fragments are further composed of two or more circuits at a certain common
point. Professor Graham Higman raised a question: for what values of ¢ and 6, can
a fragment y be found in D (6, ¢)? Mushtaq in 1983 found that the condition for the
existence of a fragment in D (0, g) is a polynomial f in Z [z]. In this paper, we answer
the question: how many polynomials are obtained from the fragments, composed by
joining the circuits (ny, np) and (m, my), where ny < ny < my < mp, at all points
of connection.
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1 Introduction

It is well known that the modular group PSL (2, Z) [1,3,4] is generated by the linear
fractional transformations x : z - —1/z and y : z — z — 1/z which satisfy the
relations x> = y3 = 1.
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If t is z — 1/z which does not belong to PSL (2, Z), then x, y, t generate the
extended modular group PGL (2,7) and satisfy the relations x> = y*> = 1> =
@n?=(n’ =1

Let g be a power of a prime p. Let PL (Fq) denote the projective line over
the finite field F,. Then PL (F,) = F, U {oc}. The group PGL (2,q) has its
customary meaning, as the group of all linear fractional transformations z —
az+b/cz+d such that a,b,c,d are in F; and ad — bc is non-zero, while
PSL (2, g) is its subgroup consisting of those where ad — bc is a quadratic residue
in Fy.

In 1978, G. Higman introduced a new type of graph called a coset diagram for
PGL (2,7). In 1983, Mushtaq [6] laid its foundation. The three cycles of y are
denoted by small triangles whose vertices are permuted counter-clockwise by y and
any two vertices which are interchanged by x are joined by an edge. The fixed points of
x and y are denoted by heavy dots. Notice (y1)?> = 1is equivalent to fyr = y~!, which
means that ¢ reverses the orientation of the triangles representing the three cycles of
y (as reflection does); because of this, there is no need to make the diagram more
complicated by introducing ¢-edges. For details about coset diagrams, one can refer
to [2,8-10].

Two homomorphisms « and 8 from PGL (2,7Z) to PGL (2, q) are called con-
jugate if B = ap for some inner automorphism p on PGL (2,q). We call « to
be non-degenerate if neither of x,y lies in the kernel of «. In [7] it has been
shown that there is a one-to-one correspondence between the conjugacy classes of
non-degenerate homomorphisms from PGL (2,7Z) to PGL (2, q) and the elements
0 # 0,3 of F, under the correspondence which maps each class to its parameter
6. When 6 = 0,3 we get degenerate homomorphisms [7]. In other words, it has
been shown that for each 6 in F, there exists a conjugacy class determined by the
pair (x,y) via o. Thus each 6 of F, determines a pair (x,y) which further gives
a coset diagram. This implies that for each such conjugacy class, we get a unique
coset diagram. It is unique in the sense that for all pairs (¥, y) in the same conju-
gacy class, we get the same coset diagram except that the labeling of the vertices
vary from pair to pair. Thus the elements, which are conjugate over the field F,,
will give essentially the same coset diagram. Let D (6, g) denote the coset diagram
corresponding to the action of PGL (2,7Z) on PL (F,) via a homomorphism with
parameter 6.

2 Occurrence of Fragments in D (0, q)

By a circuit in a coset diagram for an action of PGL (2,Z) on PL (F,), we mean
a closed path of triangles and edges. Coset diagrams for the action of PGL (2, Z)on
PL (Fq) are composed of fragments, whereas the fragments themselves are composed
of circuits. For a sequence of positive integers ny, n, ..., nag, the circuit which contains
a fixed point of an elementw = (xy)™ (xy~!)" ... (xy~1)"* € PSL (2, Z) for some
k > 1, we mean the circuit in which n; triangles have one vertex inside the circuit
and n triangles have one vertex outside the circuit and so on. Since it is a cycle
(ny1, na, ..., n2x), so it does not make any difference if n; triangles have one vertex
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outside the circuit ny, ns, ..., nor and ny triangles have one vertex inside the circuit
and so on.

For a given sequence of positive integers, the circuit of the type (n1, na, ..., noy, ni,
N2, ooy NOR7y ooy 1, N2, ..., Nopr), Where k' divides k, is said to have a period of length
2k’. A circuit which is not of this type is called a non-periodic circuit. A circuit is
called simple, if each vertex of the circuit is fixed by a unique word w or its inverse
w~L. Two circuits (n1,ny, ...,n2) and (my, mo, ..., moy) are connected circuits, if
any two vertices in the circuits (n1, na, ..., nax) and (mp, ma, ..., my) are joined by
a path.

Consider two non-periodic and simple circuits (ny, na, ..., n;) and (my, ma, ...,
myyr). Let v; be any vertex in (n1, na, ..., ny;) fixed by a word w; and v; be any vertex
in (m1, my, ..., my) fixed by a word w;. In order to connect these two circuits at v;
and v;, we choose, without any loss of generality (11, n2, ..., n2;) and apply w; on
v; in such a way that w; ends at v;. Consequently, we get a fragment y, containing a
vertex v = v; = v; fixed by the pair w;, w;.

The action of PGL (2,Z) on PL (F,2) yields two components, namely PL (F,)
and PL (qu) —PL (Fq). For sake of simplicity, let PL (Fq) denote the complement

PL (Fp)—PL (F,).Ifafragment occurs in the coset diagram D (6, ¢) corresponding
to an action of PGL (2,7Z) on a projective line, then the projective line in which

it occurs may be PL (Fq) or PL (Fq) . Since D (0, q) is made of fragments, it is
therefore necessary to ask, when a fragment exists in D (0, ¢). In [5], this question is
answered in the following way.

Theorem 1 Given a fragment, there is a polynomial f in Z [z] such that

(i) if the fragment occurs in D (6, q), then f (6) =0,

(ii) if f (0) = O, then the fragment, or a homomorphic image of it occurs in D (0, q)
orin PL (Fq).

In [5], the method of calculating a polynomial from a fragment is given. Here
we describe this method briefly. Let (ny, na, ..., ny;) and (my, ma, ..., moy) be two
non-periodic circuits, and a fragment y is composed by joining a vertex v;, fixed by
w; = (xy)™ ()C)Fl)n2 (xyfl)nzk in (n1, ny, ..., ny) with the vertex v; fixed by
wj = ()™ (xy™H)™ . (xy™1)"* in (m1, ma, ..., moy). Then A contains a vertex
v; = v;, fixed by the pair w;, w;. Let X and Y be the matrices corresponding to x and
yof PGL (2, g). Then w; and w; can be expressed as

n noy
Wi = (XY)™ (XY") . (XY’]) *

m w ’
Wi = (XY)™ (XY_I) . (Xy—l) 2

where k, kK’ > 0. By making use of Egs. (3.1)—(3.7) of [5], the matrices W;, W; and
W; W; can be expressed linearly as

Wi = Aol + M X + 1Y + 23XY
Wi = pol + 1 X + pu2¥ + pu3 XY
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1118 Q. Mushtaq, A. Razaq

such that A; and pu;, fori = 0, 1,2, 3 are expressions in » and A, where r is the
trace of XY and A is its determinant. Since (v) w; = v and (v) w; = v, the 2 x 2
matrices W; and W; have an eigenvector in common. This by Lemma 3.1 of [5] means
that the algebra generated by W; and W; has dimension 3. The algebra contains
I, Wi, W;, W;W; and so these must be hnearly dependent. Using Eqgs. (3.1)—(3.7) of
[5], the matrix W W; can be expressed as

WiW; =vl +vi X + Y +13XY,

where v;, for i = 0, 1,2, 3 can be calculated in terms of the A; and p;, using Egs.
(3.1)=(3.7) of [5]. The condition that I, W;, W; and W; W; are linearly dependent, can
be expressed as

Al A2 A3

w1 p2 pn3 | =0.
Vi V2 V3

If we carry out the calculation of vy, vz, v3 in terms of A; and u;, we find that this is
equivalent to

(s — 1223)? + A (Aspr — u3ri)? + (A pa — wir)?
+r (A3 — pn2A3) (A3 — p3i1) + (Aapuz — moA3) (Ao — pmirz) = 0.

This gives a homogeneous equation in A and r. In [7],  is defined as 72/ A, so we
can substitute Af for 72 to get a polynomial in 6.

Let v; and v be any two vertices in a fragment A, such that v; is fixed by the pair
w;, w; and vy is fixed by the pair wy, w;. Suppose f (6) is a polynomial obtained
by choosing the vertex v; in A, that is, f (¢) is obtained from the words w; and w;.
Suppose g () is a polynomial obtained by choosing the vertex v in A, that is, g (0) is
obtained from the words wy and w;. If f () = 0, then by Theorem 1, the fragment A,
or its homomorphic image occurs in D (6, g) orin PL ( ) So there exists a vertex

inD(0,q)orin PL ( ) which is fixed by wy and w;. Again, by Theorem 1, we have

g (8) = 0. Similarly,if g (8) = 0, then f (8) = 0. This shows that a unique polynomial
is obtained from a fragment. Also there does not exist two distinct fragments y and
6 such that if y exists in D (0, ¢), then also § and vice versa. This shows that two
distinct fragments do not have the same condition for the existence in D (6, q), that
is, they have distinct polynomials.
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Let the homomorphic image of the fragment y

vvyv

Y

v
occur in the coset diagram D (6, g). Since D (0, ¢) admits an axis of symmetry, the
mirror image of y under the permutation ¢ will also occur.

v N4 v v

Y N

By y* we shall mean, the mirror image of y. If w = xyMxy"..xy"™ (n = lor
—1) is a word, then let w* = xy Txy .. xy ™ 1If a vertex v is fixed by w, then
the vertex fixed by w* is denoted by v*.

Remark 1 Since t reverses the orientation of the triangles representing the three cycles
of y (as reflection does), so if y contains a vertex v fixed by the pair w;, w;, then
obviously its mirror image y* contains a vertex v* fixed by the pair w;, w;“ Since
D (6, g) has a vertical symmetry, therefore if y existsin D (0, q), then its mirror image
y* also exists in D (6, ¢). So condition for the existence of y and y* in D (0, q) is
the same, that is, a unique polynomial is obtained from y and y*. The mirror image
of y is formed by flipping it horizontally. There are certain fragments which remain
exactly the same, if we flip them horizontally, that is, they have the same orientations
as those of their mirror images. These kinds of fragments have vertical symmetry
and may have fixed points of t. A fragment y containing a vertex v fixed by the
pair w;, wj, has the same orientation as that of its mirror image if and only if it
contains a vertex v* fixed by the pair w;, w;.‘. For example, the fragment formed by

joining a vertex vy, fixed by (xy)" (xy~!)"™ in (n1, n2) with the vertex v;, fixed by
(xy)mi+ni/2 ()cy_l)m2 (xy)™~"/2in (my, m») has the same orientation as that of its
mirror image. Diagrammatically, it means
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n, triangles

/\/\/\/\/\/“

<
*
<

ny — 2 triangles |

- triangles
LM triangles

2

my —n

[ m triangles ]

Since y and y* are the same fragments except their orientations, so we have the
following Theorem.

Theorem 2 Let y and § be two fragments, such that y contains a vertex fixed by the
pair w;, wj. Then y and § are the same if and only if § contains a vertex fixed by the

pair wi, w; or the pair wy, wi.

3 Points of Connection

If a fragment y is created by joining a vertex v; in (n1, na, ..., nat) with the vertex v;
in (my, my, ..., myy), then v; and v are not the only vertices, that are joined. But there
are many (depends upon v; and v;) vertices in (n1, na, ..., nz) and (m1, mo, ..., moy)
that are joined. That is, a fragment has finitely many vertices of connection in
(ny,ny, ...,no) and (my, ma, ..., moyr).

Remark 2 If v is fixed by w; € PSL (2,7Z), then (v) w is fixed by the conjugate
1

w™ w;w of w;.

Definition 1 Let v;, v; and v}, v; be the vertices in (n1, na, ..., n2) and (my, m, ...,
myy), respectively, such that v;, vk, v; and v are fixed by w;, wy, w; and wy, respec-
tively. Let y be the fragment formed by joining v; with v;. Then a pair of vertices
V (vg, v7) is equivalent to the pair of vertices V (Ul‘, v j) if and only if by joining v; and
v; to create y, v, and v; also get connected with each other. If two pairs of vertices
V (v, v) and V (v;, vj) are equivalent, then we write V (v, v;) ~ V (vi, vj).

Let y be the fragment formed by joining the vertex v;, fixed by w;, in
(n1, n2, ..., nyr) with the vertex v, fixed by wj, in (my, ma, ..., myp) and R be the
set of pairs of vertices that are equivalent to V (vi, v j). Suppose P is the set of words
such that for any w € P, both vertices (v;) w and (v;) w lie on (11, na, ..., n) and
(my,ma, ..., myy), respectively.

Theorem 3 For any w € P, there is a pair of vertices in R.

Proof Let w € P, then (v;) w and (vj) w lie on (ny, no, ...,ny) and (my, mo, ...,
moy), respectively. We join (v;) w with (v j) w and create a fragment §. Then by
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Remark 2, the vertex (v;) w = (vj) w of § is fixed by the pair w_lw,-w, w_lew,

whereas the vertex ((vj))w)w™! = ((vj) w) w~ ! of § is fixed by the pair
w (wwiw) w™! = wi, w (w'wjw) w™! = w;. This show that § and y are the
same fragments. Therefore, by joining v; and v; to create y, (v;) w and (v j) w also
get connected. Hence V ((v;) w, (vj) w) ~ V (vi, v;). ]

Remark 3 Let v; and v; be any vertices in a circuit such that v; is fixed by w;, and
(vi)) w = v;. Thenin addition to w, there is another path w;” 'w from v; tov;. Moreover,
w; and wi_1 w are the only two paths from v; to v;.

Theorem 4 Corresponding to each pair of vertices V (vk, v;) € R, there is a unique
word w € P such that (v;) w = vg, (vj) w = vy.

Proof LetV (vg,v;) € R,soV (v, vy) ~V (vi, vj). Therefore, by joining v; and v;
to create y, v and v; also get connected with each other. This implies that there is
a same path from v; to vg in (ny, na, ..., n2) and from v; to v; in (my, mo, ..., moy)
that is, (v;) w = v and (vj) w = v;. Since vg and v; lie on (ny, ny, ..., ny;) and
(my,my, ..., myp), respectively, therefore (v;) w and (v;) w lie on (ny, na, ..., n2r)
and (my, my, ..., mpy), respectively. This shows that w € P. By Remark 3, there is
another path wl._lw, from v; to v in (ny, no, ..., ny), that is, (v;) wi_lw = v;. But
(vj) wi_lw = vy, therefore wl._lw ¢ P. Similarly for the second path w;lw, from v;

to vy in (my, mo, ..., my), we have (v;) wj_lw # vi. Hence w is a unique word in P.
O

Theorem S There is a one-to-one correspondence between R and P.

The Proof is an immediate consequence of Theorems 3 and 4.

4 Counting of the Number of Vertices of Connection for a Fragment

Each point of connection gives a pair of words, which further gives a polynomial.
Since a unique polynomial is obtained from a fragment y, so a unique polynomial is
evolved for all the vertices of connection for y. Therefore, it is important to know all
the vertices of connection for y.

Let y be created by joining the vertex v; fixed by w; in (1, n2) with the vertex v;
fixed by w; in (m1, m3), and s = |R|. Then there are at least s vertices of connection
in (n1, n2) and (m1, my) to obtain y. Note that s is not the total number of vertices
of connection in (n1, n2) and (my, my) to compose y. To find the total number of
vertices of connection, one has to be extra careful.

If y has different orientations from its mirror image, then by Remark 1, y does not
contain a vertex fixed by the pair w}, w;f. That is, by joining v; with v; to create y, v}
and v;f are not connected. So there are s vertices of connection for the mirror image
of y.

But if y has the same orientation as that of its mirror image, then by Remark 1, y
contains a vertex fixed by the pair w}, w;f. That is, by joining v; with v, the vertices
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*
J
[ 2s if y has different orientations from its mirror image

s if y has the same orientation as that of its mirror image

v’ and v¥ also get connected. Hence total number of vertices of connection for y are

5 Joining of Circuits

Consider two circuits (n1, ny) and (my, m»).

€] €3 ey €6 €3p,-2 €3p,
e \/ v V_\
e es €3n,-1

i fs Jo Je S3n—2 f3n,
- - O T
N N N

f2 f5 f3n2—1

Uy  uj Uy Ug Usm -2 U3m,
- \/ \/ .................
us Us Uzm -1

L Vi V3 Va4 Ve Vim,-2 Vim,

Vo Vs V3m,-1

In above figures, one can see that

i i -1\" ni—i
e3i;+11s fixed by (xy) (xy ) (xy) .
. n .
f3ji+11s fixed by (xy)”! (xy“) )
. 1 ni—(@1+1) n 1 i1+1
e3(i;+1) is fixed by (xy ) (xy)™ (xy ) ,
. 1 na—(ji1+1) " 1 j1+1
Sf3(ji+1) 1s fixed by (xy ) (xy)™ (xy ) ’

. m .
w1 is fixed by (1) (xy7) " ey,
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. m i

v3jp+11s fixed by (xy)”? (xy*l) oy,
: =G v
u3(i,+1) is fixed by (xy ) (xy)™2 (xy ) ,

ma—(j2+1) Jjo+1
V3(j,+1) is fixed by (xy_l) (xy)™ (xy_l) ,
where

i1 = 0, 1, 2...,n1 — 1, j1 = 0, 1, 2...,n2 — 1,
ir=0,1,2....m —1,jp=0,1,2...,mr — 1.

The number of vertices in (ny, ny) and (my, my) are 3 (n; + ny) and 3 (m + my),
respectively. So there are 9 (n1 + ny) (m1 + my) vertices of connectionin (1, n,) and
(m1, my). For convenience, let n; > n, and m cannot be less than n1, ny and m». For
example, consider two circuits (3, 5) and (7, 8), then wetake m| = 8, my =7,n1 =5
and np, = 3 thatis, (m,m>) = (8,7), (n,n2) = (5,3).

Professor Graham Higman raised a question: for what values of g and 6, can a
fragment y be found in D (6, ¢)? Mushtaq in 1983 found that the condition for the
existence of a fragment in D (0, ¢) is a polynomial f in Z [z]. Letus join (n{, ny) and
(m1, my) atacertain point, and form a fragment y . As, a fragment has so many vertices
of connection in (n1, ny) and (m1, my). So if we change the point of connection in
(n1, ny) and (m1, my), it is not necessary that we get a fragment different from y. It is
therefore necessary to ask, how many distinct fragments (polynomials) are formed, if
we join the circuits (n1, n2) and (m1, my) at all vertices of connection? In this section,
we answer this question for (ny, n2) and (m1, my), where np, < n; < my < mj.
We also mention those vertices of connection in (n, no) and (my, my), which are
important. There is no need to join (n1, ny) and (m1, m2) at the points, which are not
mentioned as important. Because if we join (n1, n2) and (m1, m) at such a point u,
we obtain a fragment, which we have already been obtained by joining at important
points.

First we prove some lemmas, which are used in our main results.

Leti; =0,1,2,...,n1 — 1.

Lemma 1 If the vertex f3y,, fixed by (xy)"! ()C)Fl)"2 in (n1, no) is connected with
the vertices uz;,+1, fixed by (xy)i (xy’l)m2 (xy)™ =" in (my, ma), then there are
ny distinct fragments, and there are 6 Z;l|l=_01 (i1 + 2) vertices of connection of these
fragments.

Proof Let y;, be the fragments formed by joining the vertex f3,, with the vertices
U3jj+1- Then

P = {x,xy_l,xy,xyx,xyxy_l, ()2,

s ), o) Ty ™h () ey, y’l}
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1124 Q. Mushtaq, A. Razaq

is the set of words such that for any w € Py, both the vertices ( f3,,) w and (u3i,41) w
lie on (n1, ny) and (m1, my), respectively. By Theorem 5, each fragment in { Vi, { has
at least | P1| = 3 (i1 + 2) vertices of connection in (11, no) and (m, my). O

Now we show that none of the fragments in {y;, } has the same orientation as that
of its mirror image. Let yx € {y;}. then y is formed by joining the vertex f3,,
fixed by (xy)"! (xy~1)"*, with the vertex uz;11 fixed by (xy)* (xy=!)"* (xy)m=*.
By Theorems 3 and 4, V (f;jzz, “§k+1) ~V (fgnz, u3k+1) if and only if there exists
a word w € Pj such that (f3,,2) w = f;zz’ U3k w = u§k+]. But there does
not exist such a word in Pj. This implies that V ( f3*n2, 7598 +l) is not equivalent to
\% (f3n2, u3k+1), thatis, by joining f3,, with 3,4 to create yy, f3*n2 is not connected
with u3; ;. Therefore, y; has different orientations from its mirror image. So each
fragmentin {J/i1 } has atleast6 (i1 + 3) vertices of connectionin (121, np) and (m, m»).

Now we show that any two fragments y¢, y; € {y;,} where k # [, are distinct.
Since yy is formed by joining the vertex f3,, fixed by (xy)"! (xy~!)"?, with the vertex
skt fixed by (xy)* (xy™1)™ (xy)™ =¥ and y; is formed by joining the vertex f3u,
fixed by (xy)"! (xy~!)", with the vertex uz11 fixed by (xy)’ (xy=!)"* (xy)™=.
Therefore, by Theorem 4, if V (f3n2, u3l+1) ~V (f3,,2, u3k+1), then there exists a
word w € Pj such that f3n2) W = f3n,, (U3k+1) W = wu3;41. There is only one
word e¢ € P; for which f3n2) e = f3n,, but (u3g41) e # wuz41. This implies that
V (f3ny, u3i41) is not equivalent to V (f3,,, u3k+1), that is, by joining f3,, with
U341 to create yx, f3n, is not connected with u3;41. Therefore, yx does not contain
a vertex fixed by (xy)™! ()cy_l)n2 and (xy)’ ()cy_l)m2 (xy)™ . Also by Theorem 4,
if V (f3*n2, “§1+1) ~V (f3n2, u3k+1), then there exists a word w € P; such that
(f3n2) w = f;;z, (u3k+1) w = u3; . But Py does not contain such a word. This
implies that V (f;;lz, ”§1+1) is not equivalent to V (f3n2, u3k+1), that is, by joining
Sf3n, With uzi1q to create yx, f3’;2 is not connected with u%, +1- Therefore, y; does
not contain a vertex fixed by ()cy_l)nl (xy)"2 and (xy_l)l (xy)™ (xy—l)ml_l. Hence
by Theorem 2, all the fragments in {yi 1} are distinct. Therefore, |7/,~ . | = n; and there

are 6 2?11;01 (i1 + 2) vertices of connection for all these fragments.
Let

mi+n+r m+n+2+n
2 ’ 2

j1: 7-"3m1_1s
0if my + n is even integer

where r| = 1if my + ny is odd integer

. Itis clear that j; > ij.

Lemma 2 If the vertex f3,,, fixed by (xy)™ (xy_l)n2 in (ny, ny) is connected with
the vertices u3j, 11, fixed by (xy))! ()cy_l)m2 (xy)™ =1 in (m1, my), then there are
1/2 (my — n1 — ry) distinct fragments, and there are 3 (n1 + 2) (m; —np — 1) ver-

tices of connection of these fragments.
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Proof Let j, be the fragments formed by joining the vertex f3,, with the vertices
u3j,+1. Then

2T e x, o)y @)t ey y

Cxoxy T xy, oy, xyxy T () Gy, o) T ey T ey ]
is the set of words such that for any w € Py, both the vertices ( f3,,) w and (u3j,+1) w
lie on (11, n») and (m1, my), respectively. By Theorem 5, each fragment in { wj,  has
at least | P2| = 3 (n1 4 2) vertices of connection. O

Now we show that all fragments in {u j, } are distinct, and only m,+n,/2 € {1}, }
has the same orientation as that of its mirror image. Let px, 1; € {,u i }, then uy is
formed by joining the vertices, f3,, and u3;41 and y; is formed by joining f3,, with
u3;+1. By Theorem 3 and 4, V (f3,,2, u31+1) ~V (f3n2, u3k+1), if and only if there
exists a word w € P> such that (f3,12) W = f3n,, (U3k+1) W = u3z;41. There is only
one word e € P, for which (f3nz) e = f3n,, but (U3k+1) e # u3z41. This implies
that V (f3n,, u31+1) is not equivalent to V ( f3n,, u3k+1), that is, by joining f3,, with
U341 tocreate (g,  f3n, isnotconnected with u3; 1. Therefore, px does not contain a
vertex fixed by (xy)"! (xy~!)"* and (xy)’ (xy~!)"* (xy)"™1~!. Also by Theorem 3 and
4,V (f3*n2, ”§1+1) ~V (f3nz, u3k+1), if and only if there exists a word w € P, such
that (fg,,z) w = f3*n2, (u3k+1) w = u3; . There is only one word (xy)"' x € P for
which (f3n,) (xy)"' x = Fiy and 341) )™ x =, 1, - This implies
that forl = m; +n; — k, V (f3*n2, “§l+1) ~V (f3n2, u3k+1), that is, by joining
Sf3n, With uszpyy to create fig, fs’"n2 and u3, , also get connected. Therefore, ik
contains a vertex fixed by (xy~!)"" (xy)" and (xy_l)[ (xy)m2 (xy=1)™ ! Hence by
Theorem 2, the fragments pi; and p; are the mirror images of each other if and only if
I =mi+n;—k.Nowforallk € {m| +ny+r1/2,m +n;1+2+r1/2,....,m — 1}—
m1 +n1/2,wehavemi+n1—k < m1 +ny +r1/2,implying that fy, 4n, -k ¢ {Mh}-
Butfork =mj +n1/2,wegetmi+ny;—k = my + ny/2. Therefore, ty, 4n, 2 has the
same orientation as that of its mirror image. Hence any two fragments ug, u; € { g }
are distinct. Since j;1 = my +ny +r1/2,my +n1 +2+4r1/2,...,m; — 1, therefore
lwj | =1/2(my —ny —ry).

Let m; + ny be an even integer, then there is only one fragment 44, /2 € { /le}

having the same orientation as that of its mirror image, and all other 1/2 (m; — n; — 2)
fragments have different orientations from their mirror images. Hence there are

my —ny—2 my —ng —2
2|P2|(f)+|1’2| =6 +2) (T)+3(H1+2)

=3 +2)(m;y —n; —1)

vertices of connection for the fragments in {u, }.
Let m; + n; be an odd integer, then all fragments in {M jl} have different
orientations from their mirror images. Hence there are 2 |P>| (m; —ny — 1/2) =

@ Springer



1126 Q. Mushtaq, A. Razaq

6(ny+2)(my —ny —1/2) = 3(m; +2)(m; —n; — 1) vertices of connection for
the fragments in {u i }

Lemma 3 If the vertex f3p,, fixed by (xy)"! ()C)Fl)"2 in (n1, no) is connected with
the vertices v3j, +1, fixed by (xy)i ()C)Fl)m1 (xy)™~ in (my, m2), then there are
ny distinct fragments, and there are 6 Zﬁl:_ol (i1 + 2) vertices of connection of these
fragments.

The proof is obtained by interchanging m, m2, P and y;, by ma, my, P3 and yl.’l,
respectively, in the proof of Lemma 1.

Let
. mp+ni+ry myt+ni+2+nr
2= s ye,my — 1,
2 2
where y, — | Oif m2 - n1is even integer
27 | 1if ma + ny is odd integer

Lemma 4 If the vertex f3,,, fixed by (xy)™ (xy_l)n2 in (n1, ny) is connected with
the vertices v3j, 1, fixed by (xy)”2 ()cy_l)m1 (xy)™~12 jn (my, my), then there are
1/2 (my — ny — ry) distinct fragments, and there are 3 (n1 + 2) (my —ny — 1) ver-
tices of connection of these fragments.

The proof is obtained by interchanging my, my, ji, P> and wj, by my, my, jo, Py
and M/jz , respectively, in the proof of Lemma 2.
Letirn =1,2,...,np — 1.

Lemma 5 If the vertex e3,,, fixed by (xy)"? ()cy_l)nl in (n1, ny) is connected with
_l)m2 (xy)™~2 in (my, m>), then there are
np—1
ir=1

the vertices usi,+1, fixed by (xy)2 (xy

(np — 1) distinct fragments, and there are 6
these fragments.

(ia + 2) vertices of connection of

The proof is obtained by interchanging n1, n, i1, Pi and y;, by na, ny, iz, Ps and
Ay, respectively, in the proof of Lemma 1.

Let
. my+na+ry m+n+2+r3
J3 = ) ) eeey M —1,
2 2
where 7« — | 01 m1 +nais even integer
37 | Lifmy + ny is odd integer

Lemma 6 If the vertex e3,,, fixed by (xy)"™ (xy’l)n1 in (n1, ny) is connected with
the vertices u3j;11, fixed by (xy)73 (xy_l)m2 (xy)™ =5 in (my, m>), then there are
1/2 (my — no — r3) distinct fragments, and there are 3 (ny + 2) (m; —ny — 1) ver-

tices of connection of these fragments.

@ Springer



Homomorphic Images of Circuits in PSL(2, Z)-Space 1127

The proof is obtained by interchanging n1, n2, ji, P> and uj, by nz, ny, j3, P and
V5, Tespectively, in the proof of Lemma 2.

Lemma 7 If the vertex e3,,, fixed by (xy)"? ()cy_l)n1 in (n1, ny) is connected with
_1)m1 (xy)’”z_i2 in (my, m»), then there are

ny—
ir=1

the vertices v3i,+1, fixed by (xy)2 (xy
(np — 1) distinct fragments, and there are 6 ! (ip + 2) vertices of connection of

these fragments.

The proof'is obtained by interchanging n, na, my, ma, i1, Py and y;, by np, ny, my,
mi, iz, P7 and k§2, respectively, in the proof of Lemma 1.

Let
. mp+ny+ry my+ny+2+ry
J4 = s ,...,mz—l,
2 2
__ | Oif my + ny is even integer
where rq = [ 1 if my + ny is odd integer

Lemma 8 If the vertex e3,,, fixed by (xy)"? ()C)Fl)n1 in (ny, no) is connected with
the vertices v3j, 41, fixed by (xy)H ()C)Fl)m1 (xy)™~J* in (my, my), then there are
1/2 (my — ny — r4) distinct fragments, and there are 3 (np 4+ 2) (my — np — 1) ver-
tices of connection of these fragments.

The proof’is obtained by interchanging ny, nz, my, ma, ji, Pand uj, byna, ny, mo,
my, ja, Pg and v;.4, respectively, in the proof of Lemma 2.

Let
— 2
=12 mi—1, pp=1,2,smy—1, g1 = 1,2, ..., % and
— 2
Gp=12 .., n2 — (6 +2)
2
_ | Oif ny is even integer _ | Oif ny is even integer
where rs = [ 1 if n is odd integer dre = [ 1 if ny is odd integer

Lemma 9 If the vertices e3y,, fixed by (xy_l)n'fq1 (xy)™ (xy_l)q1 in (ny,ny)
are connected with the vertices uzp, 11, fixed by (xy)”! (xy_l)m2 (xy)™=P1 jn
(my, my), then there are 1/2 (ny — (r5 + 2)) (my — 1) distinct fragments, and there
are 6 (n1 — (rs + 2)) (m1 — 1) vertices of connection of these fragments.

Proof Let ¢, p,) be the fragments formed by joining the vertices e3,, fixed
by (xy™1)" " @)™ (xy™H* in (n1,n2) with the vertices uzp, 11, fixed by
(xy)P! (xyfl)m2 (xy)™~Plin (m1, my). Then Py = {e, y~l, y,x,xyfl,xy} is the
set of words such that for any w € Py, both the vertices (e34,) w and (u3,,+1) w lie
on (n1,ny) and (m1, my), respectively. By Theorem 5, each fragment in {¢(q1, i )}
has at least | Pg| = 6 vertices of connection. O
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Now we show that all fragments in {¢(g,.p)} are distinct. Let ¢, 1), Prr.1n) €
{¢(q1,p1)}’ then ¢, ;) is formed by joining the vertex ez, with u3;, 1 and
@(ky,1p) 18 formed by joining the vertex esr, with u3;,41. By Theorems 3 and 4,
\% (e3k2, u312+1) ~V (e3k1, M3ll+1), if and only if there exists a word w € Py such
that (e3r,) w = e3,, (u31,41) W = uz,+1. There is only one word xy™' € Py
for which (E3k1) xy_l = €3(k;+1)> but (u311+1) xy_l * (u312+1). This implies that
1% (e3k2, u312+1) isnotequivalent to V (€3k1, M3ll+1), that is, by joining ez, with u3;, 41
to create ¢, ,1,), €3k, is not connected with u3zy,11. Therefore, ¢, ;) does not con-
tain a vertex fixed by (xy’l)"'_k2 (xy)™ (xy’l)k2 and (xy)2 (xy=1)" (xyym—h.
Also by Theorem 3 and 4, V (eg"kz, ”?lzﬂ) ~V (€3kl, u311+1), if and only if there
exists a word w € Py such that (e, ) w = s (3 41) w = u}, - There is only
one word x € Py for which (e3,)x = Y (u3,41) x = Wy, 1141 this
implies that for ky = nj — kil = my =1,V (ef, 5,00 ) ~ V (exwys uan1),
that is, by joining ez, with u3; 41 to create ¢, 1), eg‘kz and u§12+] also get con-
nected. Therefore, ¢, 1;) contains a vertex fixed by (xy)"' % (xy~1)"* (xy)* and
(xy_l)l2 (xy)m2 (xy_l)m' 2 Hence by Theorem 2, the fragments ¢, ;,) and @, 1)
are mirror images of each other if and only if ko = ny — k1, lp = m; — [;. Now
forall k; € {1,2,....,n1 — (r5 +2)/2}, we have n| — k1 > ny — (r5 + 2)/2, implies
By —ky.mi—11) ¢ {1, pp) |- Hence all fragments in {¢ 4, p,)} are distinct. Therefore,
61| = 1/2 (11 = (5 +2)) (m1 = 1).

Now we prove none of the fragments in {¢(q1, Pl)} has the same orientation as
that of its mirror image. Let ¢, ;) € {¢(q1, ,,1)} has the same orientation as that of
its mirror image, that is, ¢, ;) is the mirror image of itself. But as proved earlier,
@(ky,1;) 1s the mirror image of @y —k; m;—)- This shows that ky = ny — k1,1 =
my — [y, thatis, ki = n1/2,1; = m;/2. Hence ¢, ;) is the mirror image of itself,
ifky =n1/2,l1 = my/2. But ¢, /2,m2) ¢ {(b(m,p])}’ asni/2 >ny—(rs +2)/2.
Hence none of the fragments in {‘P(ql, pl)} has the same orientation as that of its
mirror image. This shows that each fragment in {¢, p)} has 2| Po| = 12 vertices
of connection. Since |¢(ql,p1)| = 1/2(n; — (r5 +2)) (m; — 1), therefore there are
6 (n1 — (rs +2)) (m) — 1) vertices of connection for all fragments in {¢ g, p) }-

Lemma 10 If the vertices e3q,, fixed by (xy_l)n'fq' (xy)™ (xy_l)q1 in (n1,ny)
are connected with the vertices v3p,41, fixed by (xy)P? (xy)~lm (xyym2=r2 jp
(my, my), then there are 1/2 (ny — (rs + 2)) (my — 1) distinct fragments, and there
are 6 (n1 — (rs + 2)) (mp — 1) vertices of connection of these fragments.

The proof is obtained by interchanging m1, m2, p1, Py and ¢4, p,) by ma, my, p2,
P1o and q);ql ) respectively, in the proof of Lemma 9.

Lemma 11 If the vertices f3,, fixed by (xy*])"z_q2 (xy)™ ()C)Fl)q2 in (n1,ny)
are connected with the vertices uzp, 11, fixed by (xy)"! (xy_l)m2 (xy)™=P1 in
(m1, my), then there are 1/2 (ny — (r¢ + 2)) (m1 — 1) distinct fragments, and there
are 6 (ny — (rg + 2)) (m1 — 1) vertices of connection of these fragments.
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The proof is obtained by interchanging ny, n2, g1, Po and ¢y, p,) by n2, n1, g2, P11
and V¥ (4,, p)» Tespectively, in the proof of Lemma 9.

Lemma 12 If the vertices f3,, fixed by (xy*])"z_q2 (xy)™ ()C)Fl)q2 in (ny,ny)
are connected with the vertices v3p,y1, fixed by (xy)P? (xy_l)m1 (xy)™=P2 in
(m1, my), then there are 1/2 (ny — (re¢ + 2)) (ma — 1) distinct fragments, and there
are 6 (ny — (rg + 2)) (mp — 1) vertices of connection of these fragments.

The proof is obtained by interchanging n1, nz, my, m2, g1, p1, Po and ¢y, p,) by
np,ni, my, mi, qa2, p2, P12 and xpng o) respectively, in the proof of Lemma 9.
Let

r L aamp =1 ifnyis odd r | Laamy—1 ifn; is odd
P1= 1,2,..., "5 ifnyiseven ’ P2 = 1,2,..., 75" ifnyiseven ’
where 1 — 0 if m; is even e — 0 if my is even
T ] vifmyisodd "8 T | 1if my is odd

Lemma 13 (i) If n; € 2Z" — 1, and the vertex e3(n;—1y/2, fixed by (xy_l)nl+l/2

(xy)™? (xy_l)nlfl/2 in (n1,ny) is connected with the vertices U3l 41, fixed by
(xy)P1 ()cy_l)m2 (xy)™™P1 in (my, my), then there are (m| — 1) distinct frag-
ments, and there are 12 (m1 — 1) vertices of connection of these fragments.

(ii) If ny € 277, and the vertex €3n, /2, fixed by (xy_l)nl/2 (xy)"? ()cy_l)nl/2 in

/ I
(n1, ny) is connected with the vertices U3 p 1 1.fixed by (xy)P1 (xy*‘ )'”2 (xy)™M =P
in (my,my), then there are 1/2 (m| — r7) distinct fragments, and there are
6 (m1 — 1) vertices of connection of these fragments.

Proof (i) Let ¢(n1 —1/2.p}) be the fragments formed by joining the vertex e3(;,-1),2,
fixed by (xy’l)"lﬂ/2 (xy)™ ()C)Fl)"l_l/2 in (n1, n2) with the vertices u3 - , 1, fixed

by (xy)p/l ()cy_l)m2 ()cy)’"‘_pq in (my, my). Then Pj3 = {e, y~ L y,x,xy_l,xy}
is the set of words such that for any w € Pj3, both the vertices (e3(,,—1y/2) w and

(u3 », +1) w lie on (n1, no) and (m1, my), respectively. By Theorem 5, each fragment

in {¢(n. 7]/2,17/1)} has atleast | P13 | = 6 vertices of connection. Since in Lemma 9, it

is proved that any two fragments ¢, 1), P(k,,1,) are distinct, this implies that all frag-

ments in {¢ / } are distinct. Since p, = Lvmi =1 %fnl s odd
(n1=1/2.p1) Py 1,2,...,m —r7/2ifny iseven’

therefore

‘f’nl—l/Z,pﬁ =mj — 1. Also in Lemma 9, it is proved that ¢, /2,1, /2) has
the same orientation as that of its mirror images. But ¢, /2,m,/2) ¢ {¢(n]71/2’p;) },

implying that none of the fragments in {¢(n| ~12.p)) } has the same orientation as that

of its mirror image. Hence there are 2| P3| |¢,, 12, 7 ‘ = 12 (m; — 1) vertices of

connection for all fragments in {qﬁ(m —1/2.p) }
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(i) Let ¢, o, ) be the fragments formed by joining the vertex es,, 2, fixed
by (xyfl)nl/Z (xy)"™ (xyfl)n1/2
(ey)P1 (xy=1)™ (xy)™ =P in (my, m2). Then P13 = {e, y~ !, y, x, xy~

in (ng,ny) with the vertices U3pl 41> fixed by

1,xy} is the

set of words such that forany w € Pj3, both the vertices (63,,1 /2) w and (u3 P +1) w lie

on (n1, ny) and (m1, my), respectively. By Theorem 5, each fragment in {¢(n1 /2, Pi)}
has at least |Pj3| = 6 vertices of connection. Since in Lemma 9, it is proved that
any two fragments @, 1), @k, b) are distinct, this implies that all fragments in
I,...m —1 if ny is odd

. . , therefore
1,2,...,m; —r7/2 if ny is even

{¢(n1/2,p’1)} are distinct. Since p; =

= my —r7/2. Also in Lemma 9, it is proved that ¢, /2,m,/2) has the

\¢(n1/z,pa>

same orientation as that of its mirror images. O
Now if m is an even integer, then all fragments in {d)(n 1/2.9)) } are distinct and only
one fragment ¢, /2,m, /2) In {¢’(n1 /2.0 )} has the same orientation as that of its mirror

—1) + 1Pl = 12(m —2/2) + 6 =

image. Hence there are 2 | P3| (‘d)(%l )
6 (m; — 1) vertices of connection for all fragments in {¢,, /2, o[

If m; is an odd integer, then all fragments in {d)(nl /2, Pi)} are distinct and none
of them has the same orientation as that of its mirror image. Hence there are

2Pl by )

Lemma 14 (i) If ny € 2Z% — 1, and the vertex €3, —1)/2, fixed by ()C)Fl)nlﬂ/2
(o)™ (ey =)™
()cy)p/2 (xy’])m1 (xy)mzfpé in (my, my), then there are (my — 1) distinct frag-
ments, and there are 12 (my — 1) vertices of connection of these fragments.

(ii) If ni € 277", and the vertex e3,, 2, fixed by (xyfl)"l/2 (xy)"? ()C)F])nl/2 in
(n1, ny) is connected with the vertices v3p/2+1,ﬁxedby (xy)[’é (xy_l)m' (xy)mz_l’/2
in (my,my), then there are 1/2 (my — rg) distinct fragments, and there are
6 (mo — 1) vertices of connection of these fragments.

= 6 (m1 — 1) vertices of connection for all fragments in {qﬁ(m /2.p) }

2. . . .
in (ny, ny) is connected with the vertices V3p) 41 fixed by

The proof is obtained by interchanging pi,mp,m2, Pz and ¢(n17r5/2,p’1) by
p5.ma,my, Py and ¢>’(n17 $2.0)° respectively, in the proof of Lemma 13.
r5/2 P>
Let

" 1, e, M — 1 ifnziS odd " _ 1, ey My — 1 ifnziS odd
Pr=11,2, .., M if ny is even P2=11,2, .., M8 ifnyis even |

Lemma 15 (i) If ny € 22t — 1, and the vertex f3n,—1))2, fixed by (xy_l)"ﬁ]/2
(xy)™ (xyil)nz_lﬂ in (n1,n2) is connected with the vertices u3,y ., fixed by

(xy)p/l/ ()cy_l)m2 (xy)m‘_”/l/ in (m1, my), then there are (m| — 1) distinct frag-
ments, and there are 12 (m1 — 1) vertices of connection of these fragments.
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(ii) If np € 277, and the vertex f3,,)2, fixed by ()C)F])HZ/2 (xy)™ ()cy*l)m/2 in
(n1, np) is connected with the vertices u3pi/+1,ﬁxedby (xy)”/l/ (xy_l)m2 (xy)ml_p,l/
in (my,my), then there are 1/2 (m| — ry) distinct fragments, and there are
6 (m1 — 1) vertices of connection of these fragments.

The proof is obtained by interchanging pj,ni,n2, P13 and ¢(nl_,5/2,p/l) by

p/{, ny,ni, Pi5 and 1/f(n2_,6 2.0) respectively, in the proof of Lemma 13.

Lemma 16 (i) If ny € 2Z+ — 1, and the vertex f3n,—1))2, fixed by ()C)F])HZH/2
(xy)™ (xy_l)n2_1/2 in (n1,n2) is connected with the vertices v3,y.,, fixed
by (xy)”g (xy_l)m] (xy)mz_pg in (m1,m»), then there are (mr—1) dis-
tinct fragments, and there are 12 (my — 1) vertices of connection of these
fragments.

(ii) If ny € 277", and the vertex f3,,)2, fixed by ()cy_l)nz/2 (xy)™ (xy_l)nZ/2 in
(n1, nyp) is connected with the vertices v3p/2/+1,ﬁxedby (xy)pé/ ()cy_l)m1 (xy)mz_pg
in (my, my), then there are 1/2 (my — r7) distinct fragments, and there are
6 (mo — 1) vertices of connection of these fragments.

The proof is obtained by interchanging ny, ny, m, mz, p}, P13 and ¢(n1—r5/2,p’1)
by no, ny, my, my, pg, Py and 1//6112_%/2 )’ respectively, in the proof of Lemma 13.
P2
Lemma 17 Let B be the fragment formed by joining the vertex f3,,, fixed by

(x))™ (xy)" in (ny, n2) with the vertex v3p,, fixed by (xy)™' (xy)™?* in (my, ma),
then there are 6 (n1 4 ny + 2) vertices of connection for p.

Proof Let us join the vertex f3,,, fixed by (xy)"! (xy)"? in (n1, n2) with the vertex
V3, fixed by (xy)™! (xy)™? in (my, m3), and create a fragment 8. Then

Pz

y~ oy yx, vy~ yxy, 0f L 02y 002y, 0 oy oy, (v
x)" y~h (yx)" y. e

| x,xy ™ xy, ey, eyl ) )™ )™ T ey T )™ )™ et ey eyt

is the set of words such that for any w € P;7, both the vertices ( f3n2) w and (vgmz) w
lie on (n1, ny) and (my, my), respectively. By Theorem 5, each fragment in § has at
least |P17| = 3 (n1 + ny + 2) vertices of connection in (n1, ny) and (m1, m»). O

Now we show that 8 has different orientations from its mirror image. By Theo-
rem4,if V ( f3*n2, vgkmz) ~V ( Sf3nzs U3m2), then there exists a word w € Pj7 such that
(fan) w = Fi (V3m,) w = v3,,- There are two words (xy)"! x, (yx)2"ly e
P17, for which (f3n2) xy)"x = f3*n2 and (f3n2) (yx)y2=ly = f3*n2. But nei-
ther (v3m2) (xy)"x = v;kmz nor (v3m2) (yx)?ly = v;"mz. This implies that
\%4 (f;;u’ vg"m) is not equivalent to V (fgnz, v3m2), that is, by joining f3,, with v3,,

to create 3, fS*nz is not connected with vg‘mz. Therefore, 8 has different orientations
from its mirror image. So 8 has 2 |Pj7| = 6 (n1 + n + 2) vertices of connection in
(n1,n2) and (my, my).
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Lemma 18 Let 8’ be the fragment formed by joining the vertex esy,, fixed by
(xy)" (xy)" in (ny, n2) with the vertex v3p,, fixed by (xy)™! (xy)™?* in (my, my),
then there are 6 (n1 + ny + 2) vertices of connection for ,3/.

The proof is obtained by interchanging n1, na, P17 and 8 by ny, ny, P1g and ﬂl,
respectively, in the proof of Lemma 17.
We define p as

(n1,n2) (my, my)
(even,even) [ (odd,odd)
(even,odd) |(odd,odd)
(odd,odd) |(odd,odd)
(even,even) | (even,odd)
(even,even) | (even,even)
(even,odd) |(even,odd)

WO KO

Now we are in a position, to prove our main results.

Theorem 6 There are 1/2 {(n| + ny) (my + ma) + p} polynomials obtained by join-
ing the circuits (n1, n2) and (my, my), where ny < ny < mp < my, at all vertices of
connection.

Proof Let us connect the following vertices

() f3n, With uzj 41, U35, 41, V3ij41, V3jo+1-
(i) e3n, With usiy41, U3j541, V3ir+1, U3 j4+1-
(iii) €3q, with U3pi+1s V3py+1-

(IV) f3q2 with U3pi+15 V3pyp+1-

(V) e3(n;—rs)/2 With U315 V3p) 41

(V) f3ma—re)/2 With uzpry 1, 03,041
(vii) V3m, with f3n2, €3, -

Then by using Lemmas 1-18, we obtain the set of fragments

/ / I / / /
Vits Bjis Vips Wiys My Vigs Ay Vi @qrpn)s Pigy pay w(q/z,pl)v Vg pr)

F = ’ ’
P55 ) O (erzs )V (5at) Y (0,) PP

7 P2 7 P

and there are

ni—1
=12 (1 +2)+ 1201 +n2+2)+3 (11 +2) (my +my —2n1 —2)
i1=0
np—1
+12 D (2 +2)+3(n2+2) (my +my —2ny —2)

ir=1
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+6(n1+ny—2)(m; +mp —2)

vertices of connection of these fragments. For ny < n; < my < my, § =
9 (n1 + ny) (my + my),and so (n, ny) and (m1, my) are connected at all points. Since
|F| = 5 {(n1 +n2) (my +m2) + p}, hence there are 1/2 {(n1 +n2) (m1 +m2) + p}
distinct fragments, formed by joining the circuits (ny,n2) and (mi, m;), where
ny, < np < my < my, at all vertices of connection. Since a unique polynomial is
obtained from a fragment, hence there are 1/2 {(n| + n2) (m| + m») + p} polynomi-
als, obtained by joining the circuits (n1, np) and (m1, mp), whereny < ny < my < my,
at all vertices of connection.

6 Conclusion

The total number of points of connection of (ny, n) and (my, my) are 9 (n1 + n»)
(m1 + m»). Theorem 6, assures us, in order to create all the fragments, by joining
(n1,ny) and (m1, my), we just have to connect 1/2 {(ny + ny) (m| + my) + p} ver-
tices of these circuits. There is no need to connect these circuits at the remaining
points. So, for each pair of circuits, we find a class of 1/2 {(n| + na) (m| + m>) + p}
number of fragments and corresponding to each such class, we get a class of polyno-
mials. Each polynomial in this class splits linearly in a suitable Galois field [5] and
corresponding to each zero, we get a triplet ()_c, y, f) [7], which is a group. Hence each
pair of circuits gives us a class of groups.
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