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1 Introduction

A subset U of a finite semigroup S is a generating set for S if every element of S may
be written as a finite product of elements of U; in this case we write S = (U). An
element ¢ of S is said to be idempotent if £ = ¢. If S has a generating set consisting
of idempotents, then S is said to be idempotent generated or semiband. The latter
term was introduced by Pastijn [1]. In the abstract theory of semigroups, idempotents
are extremely important in the structure theory of semigroups, both finite and infinite.
They help classify different types of semigroups, identify subgroups, determine left
or right ideals, and describe the general structure of a given semigroup. Our interest
in idempotents stems from the question whether some semigroups are semibands or
not.

A large body of work involving semibands arises in the context of the singular (non-
invertible) endomorphisms of a structured set. Erdos [2] proved that the semigroup of
singular endomorphisms of a finite dimensional vector space is a semiband. Fountain
and Lewin [3] proved that the semigroup of singular order-preserving endomorphisms
of an independence algebra of finite rank is a semiband, while Oliveira [4] proved a
similar result for order-independence algebras.

Let X, be a finite chain with n elements, say X, = {l <2 < --- < n}. As usual,
we denote by P7,, the monoid of all partial transformations of X, (under composition)
and by 7, the submonoid of P7,, of all full transformations of X,.

We say that a transformation o € P7,, is order-preserving if x < y implies xa <
ya, for all x,y € dom(«). We denote by PO, the subsemigroup of P7, of all
order-preserving partial transformations (excluding the identity map) and by O, the
semigroup PO, N 7, of all full transformations that preserve the order. Let M,, €
{On, PO,}. Set

Mm,r)={a e M, : |im(a)| <r}.

The sets M(n, r), with 0 < r < n — 1, together with the empty set (if necessary),
are the two-sided ideals of M,, and each is a regular subsemigroup of M,,. Various
properties of M(n, r) are known. In particular, Howie [5] showed that the semi-
group O, = O(n,n — 1) is a semiband and later jointly with Gomes [6] proved that
PO, = PO(n,n — 1) is also a semiband. Garba [7] proved that, for2 <r <n — 2,
M(n,r) is a semiband. We observe that the semigroup O, is a semiband but its
maximal (regular) subsemigroups in general need not be a semiband (see [8, Theo-
rem 3.1 and Theorem 4.1]). Dimitrova and Koppitz [9] classified completely maximal
regular subsemigroups of O(n, r), for 2 < r < n — 2. Zhao [10] showed that, for
2 < r < n — 2, any maximal regular subsemigroup of the semigroup O(n, r) is a
semiband and obtained that the maximal regular subsemigroups and the maximal reg-
ular subsemibands of O(n, r) coincide, for 2 < r < n — 2 (see [10, Theorem 2.26]).
In this paper, we investigate the maximal regular subsemigroups and the maximal reg-
ular subsemibands of PO(n, r). First, we completely describe the maximal regular
subsemigroups of the semigroup PO(n, r), for 1 < r < n — 1. Secondly, using a
similar approach from Zhao [10], we show that, for 2 < r < n — 2, any maximal
regular subsemigroup of the semigroup PO(n, r) is a semiband and obtain that the
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maximal regular subsemigroups and the maximal regular subsemibands of PO(n, r)
coincide, for 2 < r < n — 2. Finally, we obtain the complete classification of maximal
regular subsemibands of PO,,.

Let « € PO,. As usual, we write im(«) and dom(«) for the image of o and
domain of «, respectively. The kernel of « is the equivalence ker() = {(x,y) €
dom() x dom(e) : xa = ya}. Given a subset U of PO,,, we denote by E(U) its set
of idempotents. We denote by V («) the set of all inverses of o, and by L,, , Ry, Hy, and
Jy the L-class, R-class, H-class, and J-class, respectively, of an element « € PO,,.
For general background on Semigroup Theory, we refer the reader to Howie’s book
[11].

2 Main Result

Recall that the Green’s relations on PO, can be characterized as « LS if and only
if im(w) = im(B), aRB if and only if ker(e) = ker(B), and «gp if and only if
|im(e)] = |im(B)|, for every transformations « and S. The semigroup PO, has
trivial H-classes and has n J-classes: Jo, Ji, ..., J,—1, Wwhere Jy consists of the empty
mapping and J, = {« € PO, : |im(«)| = r}. Clearly, PO(n,r) = JoUJU---UJ,.

It is well known that PO, is a regular semiband and PO(n,r) 2 <r <n—1)is
generated by idempotents of rank r (see [7, Lemma 3.3 and Proposition of Page 195]
and [6, Lemma 3.14]). Notice that PO(n, r) is an ideal of PO,,. From the result [[12],
Corollary 1.4] that every ideal of a regular semiband S is also a regular semiband, we
immediately deduce:

Lemmal Let2 <r <n— 1. Then PO(n, r) is a regular subsemiband of PO,, and
PO, r)=(E(J;)).

The following lemma is from Clifford and Preston [13, Theorems 2.17 and 2.18].
Lemma 2 (1) For any two elements a, b in a semigroup S, ab € R, N Ly, if and only
if E(Ry N L,) # @. (2) Let a be a regular element of a semigroup S. (i) Every inverse
of a lies in Dy. (ii) An H-class Hp contains an inverse of a if and only if both of the

H-classes R, N L and Ry N L, contain idempotents.

Let Q1, O2, ..., O, be all subsets of X,, with cardinality r, where m = (’;), and
let

R(Q;) = {a € J; : dom(a) = O},
where 1 < i < m. Then R(Q1), R(Q2), ..., R(Q,,) are some of the R-classes of
Jr. Clearly, |[E(R(Q;))| = 1forall 1 < j < m. We denote the unique idempotent of

R(Q;) by ¢;. Then ¢; is the identity mapping on Q ;.

Lemma3 Let 2 < r < n — 1. Let S be a regular subsemigroup of PO(n, r). If
SN Ry #0, forall o € Jy, then S = PO(n, r).
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Proof We claim that
SNLg#W, forall BelJ,. 2.1

Otherwise, if there exist 8 € J, such that Lg € J,\S. Let im(8) = Q;, then ¢; €
E(R(Qi))NLgandso ¢ ¢ S. Notice that R;;, = R(Q;) and |[E(R(Q;))| = 1. This
will yield S N R;; = ¥ (otherwise, since S is regular, we have ¢; € S). Notice that §
is regular. By condition and (2.1), we have

SNE(Ry) # %, SNE(Lg) # @, foralla, B € J,. 2.2)

We show that E(J,) € E(S) and so S = PO(n, r) by Lemma 1. Suppose that
e € E(J)\E(S). Notice that D = J in every finite semigroup. By (2.2), we can
choose f € E(S)NL,and g € E(S) N R,. Since e ¢ E(S), we have e # f and
e # g.ByLemma2, wehave fg € SNRyN L, (sincee € E(LyNR,)). Asusual, by
L5, RS denote Green relations of the subsemigroup S of PO(n, r). Since S is regular,
we have that RS = RN (S x S) and L5 = L N (S x S). Then fRS fgL5g (since
fRfglg). Notice that f, g € E(S) and fg € S. By Lemma 2, there exist 5 € V(fg)
such that § € Lfc N Rg. Since fLeRg, we have § € Lfc N Rg CSNLfNRy =
SNL:NR, =8N H,.Then e = § € S (since every H-class of PO(n, r) is trivial),
which contradicts e € E(J,)\E(S). Thus E(J,) C E(S). O

Let 2 < r < n — 1. A proper subsemigroup S of PO(n, r) is called a maximal
regular subsemigroup if S is a regular semigroup, and any regular subsemigroup of
PO(n, r) properly containing S must must be PO(n, r).

Our first main result is:

Theorem 4 Let 2 < r < n — 1. Then any maximal regular subsemigroups of the
semigroup PO(n, r) are of the form: PO(n,r — 1) U (J,\Ry), for some a € J,.

Proof Leta € J,, and let My, = PO(n,r — 1) U (J-\Ry). We shall show that M,
is a maximal regular subsemigroup of PO(n, r). For any 8,y € J,, either By Rp
or By € PO(n,r — 1) by Lemma 2, so M, is a subsemigroup of PO(n, r). From
Lemma 1, we know that PO(n,r — 1) is regular. Let 8 € J,\R,. Suppose that
im(B) = {b1 < --- < b,}. Let e be the identity mapping on im(f), and let

o — (B1 B, - Br)
2= \by by - b )

where By = {1,...,b1}, Bi = {bj_1 +1,...,b;j},for2 <i <r —1,and B, =
{br—1+1,...,n}. Clearly, e, e2 € E(Lg) and (eq, e2) ¢ R. Since PO, is regular,
we have |E(Rg)| > 1. Let f € E(Rg). Then ¢;LAR f. By Lemma 2, we have that
R.; N Ly contains inverse of a. Let y; € R,, N Ly NV (a),i = 1,2, then ¢;Ry; L f
and so (y, y2) ¢ R. It follows that y; € J,\Ry € My or y» € J,\Ry € M,. Then B
is regular and so M, is a regular subsemigroup of PO(n, r).

Suppose T is a regular subsemigroup of PO(n, r) properly containing M. Then

T NRg # @, forall B € J.. Thus, by Lemma 3, T = PO(n,r) and so M, is a
maximal regular subsemigroup of PO(n, r).
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Conversely, suppose M is a maximal regular subsemigroup of PO(n, r). Then there
existw € J, such that M N R, = ¥ (otherwise, by Lemma 3, we have M = PO(n, r))
andsoM € PO(n,r—1)U(J:\Ry) = M,. Thus, by the maximality of M, M = M,,.

O

Let A be a subset of X;,. We say that a subset C of A is convex on A if
x,yeC,zeAandx <z<y=zeC.

We shall refer to an equivalence 7 on the subset A of X, as convex if its classes are
convex subsets of A, and we shall say that 7 is of weightr on A if [r/A| = r. Now, we
consider the top class J. of PO(n, r). We denote by A, the collection of all subsets
of X, of cardinality r. Let A € A,. Then a typical L-class in J, may be denoted by
Ls={a € PO(n,r):im(a) = A}. The number of L-classes within J, is the number
of image sets in X,, of cardinality », namely, (’f) We denote by 2, the collection of
all convex equivalences of weight r on all subsets of X,,. Let w € €2,. Then a typical
R-class in J, may be denoted by R; = {&@ € PO(n,r) : ker(e) = m}. Thus, J, has
i, (Z) (lr‘ j)) R-classes corresponding to the X' (']:) (lr‘:})) convex equivalences of
weight r on all subsets of X, and () L-classes corresponding to the (") subsets of

X, of cardinality r. It follows that J, has (%) (Z]'_, (}) (lr‘:%)) H-classes. Also we may
write Hy, 4y for the J{-class, which is the intersection of R; and L4. A is said to be
a transversal of 7 if |A N X| = 1 for every equivalence class x of . Then Hz 4) is
a group H-class if and only if A is a transversal of 7. Notice that every J{-class of
PO(n, r) is trivial. Thus every group H-class consists of an idempotent.

The following lemma is from G.U. Garba [7, Lemma 3.3 and Proposition of
Page 195]:

Lemma 5 Thereis away of listing the subsets of X,, of cardinalityr as Ay, Az, ..., An
(Where m = ('rl) and r > 2) so that there exist distinct convex equivalences
T, T2, ..., T, Of weight v with the property that A;—1, A; are both transversals
ofmi (i =2,...,m)and Ay, Ay are traversals of 1. Each H(-class Hx; a;) consists
of an idempotent &; (i =1, ..., m), H-class He, a,_,) consists of an idempotent n;
(i =2,...,m) and H-class H, a,,) consists of an idempotent 01, and there exist
idempotents &y 41, ..., &p (Where p = E,’{’:r (Z) (I;:i)) such that €1, &2, ..., &p cover
all the R-classes in J, and {&1, €2, . . ., ep} is a set of generators for PO(n,r).

Before presenting our next lemma, we introduce the following notation.

Let A;, m;, &;, and n; be as defined in Lemma 5, and let 7; = ker(s;), for
i=m+1,...,p ThenQ = (m,m,....7p} (p = =f_ (1)(*7]) and A, =
{A1, Ay, ..., Ap} (m = (’;)) Let ¥ = U™ H(ﬂi,A_/)’ G+(E) ={e1, €2, ..., 8m},

i,j=1
G () ={n.m.....0n}and G(X) = GH(E)U G (D).
Asin[14],letk € {0, 1,2, ..., m} and define a total order <; onthe set {1, ..., m}
by

k4+1<pk+2 <4 - <gm=pl =g - =gk,
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where i <i jifi <¢ jandi # j. In the following lemma, it will always be clear
from context when additions are modular m.

Lemma 6 X C (G(X)).
Proof Let

Qij =NiNi—1-Nj+1, 1 = j <i <m,

Bij = ¢€igiy1---€j, 1 =i <j<=m.

Then, by Lemmas 2 and 5, ;; € (G~ (X)) N Hz, 4,y and Bjj € (GT(2)) N Hz, 4.
Since PO, is H-trivial, we have

Higoap) = {aij} S(GT (X)), 1 =j <i=m,

Heroap = Bij} S(GT(D), 1 =i <j<m.
Notice that ¥ = U/";_ | H(z;, 4. It follows immediately that ¥ < (GH(Z) U
G (X)) =(G(X)). O
Lemma 7 X\R;, € (E(J,\Ry,)), foralll <k <m.
Proof Let m;, A;, ¢;, and n; be defined as before. Let
k]
J
4

s
s

[
o;
B!

Notice that G(X)\{ex, nx} € E(J,\Ry,). Then, by Lemmas 2 and 5,

=nini-1---nj, J=<ki<kk,

j = Ei€iv1€j L=k ] <k k.

o € (G (DN N Horyoa,y) S (EUAR)) N Honyoa ),
B € (GT(D\exh) N Himpoaj) S (E(J\R)) N Hw ).

Since PO, is H-trivial, we have

Himy,a; - = (@) SUEUARR)), j <xi <k k,
Hz ) = (BN} S (EUA\R)). i <4 J <k k.
It follows immediately that X\R,, = Ui’?zl Hez a5 = [(UjfkkkkH(m,Aj_l)) U
i#k '
Vi<j<ikHir, 471 S (E(J\Rxy)). a
Lemma8 Let2 <r <n—2.Then J,\Ry = (E(J,\Ry)) N J,, forall o« € J,.

Proof Let m;, A;, &, and n; be defined as before. Notice that 2, = {71, 72, ..., 7p}
(P = T, ()G and Ay = (A1, Az Ay} (o = () Let £ = J\X.
Then ¥ = UfzmH U’;‘zl H(z; 4. Let @ € J, and ker(er) = 7, then there exist

@ Springer



Maximal Regular Subsemibands of the Finite Order-Preserving... 1181

k € {1,2,..., p} such that m = my. Clearly, Ry = Ry, and J,\Ry = J-\Ry,. We
first prove that J,\Ry € (E(J;\Ry)) N Jp, 1€, J\Ry, S (E(J\Rz)) N J. We
distinguish two cases:

Case 1 1 < k < m. Clearly J;\Ry, = (£\Rz,) U Z. We shall show that & <
(E(J\Rz)). Let « € X. Then o € H(m.,Aj) for some i € {m + 1,...,p} j €
{1,...,m}. Notice that «Re;. Suppose that &; € H(z, a,) for some s € {1,..., m}.
Let

s s=k
US_[SS s #k.

Then ¢;Lo; and 05 € E\Ry,. Let B € Ry, N Lg. Clearly oy € E(Lg; N Rp) and
B € X\Rg, . Notice that PO, is H-trivial and &; € E(Z) C E(J:\Rz,). Then, by
Lemmas 2 and 7,

a=¢if € E(Jy\Rxy) - E\Rn, € E(J:\Rx) - (E(Jr\Rz,)) S (E(Jr\Rz,))
and so £ C (E(J,\Ry,)). Thus, by Lemma 7, J\R;, = (S\Ry) U X C
(E(Jr\Rx)) and s0 J:\ Ry, = (Jy\Rx) N Jr S (E(Jr\Ry,)) N Jy.

Case2m+1 <k < p. Clearly J\Rz, = X U (X\Ry,). We shall show that
Z\Rnk C (E(J\Ryg)). Leta € Z\Rﬂk Then o € H(,,“A  for some i € {m +
1,..., p\{k}, j € {1, ..., m}. Notice that «Re;. Suppose that &i € H(z, a,) for some
s €{l,...,m}. Then S,LES and &s € Y.LetB € R;;,NLy.Clearly &g € E(Lg; N Rp)
and B8 € E Notice that &; € E(E\Rnk) C E(J:\Rz), G(¥) € E(J:\Ry,), and
PO, is H-trivial. Then, by Lemmas 2 and 7,

a=¢ip € E(J-\Ry) - X S E(J:\Ry) - (G(X)) S (E(Jr\Rr,))

and so £\R;, < (E(J,\Ry,)). Thus, by Lemma 6, J,\R;, = = U (£\Ry,) <
(G(Z)) U(EWr\Rz)) S (E(J\Rz)) and so J\Ry, = (J\Rg) N Jr C
(E(J:\Rx) N Jr.

It remains to prove that (E (J,\Ry))NJ, € J\Ry.LetS = PO, r—1)U(J,\Ry).
From Theorem 4, we know that S is a subsemigroup of PO(n, r). It is obvious that
E(J-\Ry) C S.Then (E(J,\Ry)) C Sandso (E(J:\Ry))NJ, € SNJ, = J\Ry.

O

Our next main result is:

Theorem 9 Let2 < r < n—2. Then any maximal regular subsemigroup of PO(n, r)
is a semiband.

Proof From Theorem 4, we know that each maximal regular subsemigroup of
PO(n, r) must be in the following form: PO(n, r — 1) U (J,\Ry), for some o € J,.
By Lemmas 1 and 8, we have

PO, r —1) U (Jr\Ra) = (E(Jr-1)) U (E(J\Ro)) N Jr) = (E(Jr—1) U E(J\Ry)).

Then any maximal regular subsemigroup of PO(n, r) is a semiband. O
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1182 P. Zhao et al.

Asin [7], we shall refer to an element « in PO, as being of type (k, r) or belonging
to the set [k, r] if |dom(«)| = k, |im(«)| = r. Clearly J, = U;’zr[i, rland J,—1 =
[n,n — 11U [n — 1,n — 1]. We draw attention to the J-class J,_;. Gomes and
Howie [6] used the notation [i — i + 1] for the increasing idempotent ¢ defined
by ie =i+ 1, xe = x (x # i) and the notation [{ — i — 1] for the decreasing
idempotent n defined by in =i — 1, xn = x (x # i). They also used the notation &
for the identity mapping on X, \{k}. Let E;Ll ={li >i+1]:1<i<n-—1}and
E,  ={li —» i—1]:2 <i < n} be the increasing and decreasing idempotent sets
of [n,n — 1], respectively. Let E,,_1 = E:_l UE, _,,andlet F,, 1 = {51,...,8,}.
Then E([n,n —1]) = E,,_1 and E([n — 1, n — 1]) = F,,_;. For convenience, we use
[n — n+ 1] or [1 — 0] to denote 6 (the empty mapping).

Forany i, j € X, let

Mij={aeOn:(Vx,yeXp)x <i=xa<i, y>j= ya=>j}, (2.3)
PM; ;= {a € PO, : (¥x,y edom(@)) x <i==xa <i, y> j = ya > j}UJ.
(2.4)

Let o € O, and fix some i € X,,. It is easy to prove that

ia<is@xeX)x<i=xa<li,

ia>is (eX)y>i=yx>I.

Notice that [n,n — 1] = O, N J,_. From the above fact and [15, Lemma 2.5], we
easily deduce the following:

Lemma 10 Letn > 3. Then M; j = (E([n,n — 1D\{[i — i +1],[j — j —11}), for
alli, j € X,.

Let 1x, be theidentity mapping on X,,, and let (9,11 = 0,U{lx,}. Forastrictly partial
transformation 8 = (2\) € PO,,letc = min(A U {a}) and d = max(A U {a}).

Now, we define the completion 8* of 8 in O,ll as follows:

Xp* = a, ¢=<x=d,
X, otherwise.

Clearly p* = 1y, if and only if A = {a}.

Lemma 11 Letn > 3. Then PM; j = (E(J,—)\{li — i +1],[j — j — 11}), for
alli, j € X,.

Proof LetE = E(J,—)\{[i — i+11,[j — j—11}. We firstshow that PM; ; C (E).
It is obvious that & = 8,85 - - - 8,,. Notice that F,,_; € E. Thus Jo = {6} C (E). Let
a € PM; j\Jo. We distinguish three cases.
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Case 1 o € O,. Clearly o € M; ;. By Lemma 10, we have
@€ Mjj=(E(ln.n— ID\{li = i +11.[j — j — 11}) € (E).
Case 2 « is an identity mapping in [r, r], where | <r < n — 1. Now, put
X\ dom(a) = {x1,x2, ..., Xp—r},

and define ¢x to be the identity mapping on X, \{xt}, then ex € F,—1 < E, for all
ke{l,...,n—r}. Itis obvious thata = ejep---¢,—,. Thus o € (E).

Case3aisin[r,s](1 <s <r <n—1),buta isnot an identity mapping. Suppose
that

ay az ---dg

ot:(Al Az'”AS) e [r,s].

Let o be a completion of (Z‘I(k) in (’),ll. We shall prove that

O[T,Ol;,...,()l;k €M U{lx,}.

Suppose that o # 1y,. Notice that (Vx € X,) xaf € {x,a;}. Let x € X, such
that x > j. (i) If ax > j, then xoz;: > j. (ii) f ar < j, then x > ai. Suppose
that xef = ay. By the definition of &} and x > a;, we have x < maxA; and so
J < maxAg. Since maxA; € Ay C dom(a) and @ € PM; j\Jo, we have j <
(maxAy)a = ay, a contradiction. Then xa; = x and so xo;f > j. Similarly, we can
prove that x <i = xo <i.Thus} € M; ;.

Let o be an identity mapping on dom(e). It is easy to prove that

o =apo] -

From Case 2 above, we know that g € (E ). By Lemma 10, we have

o €M =(E(n,n—1I\{li > i+11,[j — j—11}) € (E).

Thus « € (E). _ _
It remains to prove that (E) € PM, ;. Notice that F;, | € PM, ;j and E =
(E([n,n—1D\{li —» i +11,[j — j — 11}) U F,—1. By Lemma 10, we have

E(In,n —1D\{li = i+ 1}, [j — j— 11} S M;; C PM; ;.

Then E C PM;, j- It is easy to prove that PM; ; is a subsemigroup of PO,,. Thus

(E) S PM, ;. O

Lemma 12 Let 1 <i <n — 1. Then PM; ;1 is a regular subsemiband of PO,,.
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1184 P. Zhao et al.

Proof From Lemma 11, we know that PM; ;1 is a subsemiband of PO,,. Let o €
PM; ;1. If |im(a)| = 0, then clearly « = #. Then @ = «? and so « is regular. If
|im(a)| > 1, suppose that

(A] Ay - Ar)
o = .
ai aj ay

Let ¢, € Ar, 1 < k < r. Notice that if a < i, then ¢; < i (otherwise, since

a € PM; iy, we have ar = Ay = ¢y > i + 1, a contradiction); if ax > i + 1,
then ¢y > i + 1 (otherwise, since « € PM; 41, we have ay = Ay = cyx < i, a

contradiction). Let
_ (A A - A
b= (61 c o)’

Then clearly B € PM, ;41 and o = oBa. Thus « is regular. O

Let2 <r < n—1. A proper subsemigroup S of PO(n, r) is called a maximal regu-
lar subsemiband of PO(n, r) if S is a regular semiband, and any regular subsemiband
of PO(n, r) properly containing S must be PO(n, r).

Lemma 13 Let 1 <i <n — 1. Then PO(n,n —2) U PM; ;1 is a maximal regular
subsemiband of PO,,.

Proof Let B = PO(n,n —2)U PM; ;1. From Lemmas 1 and 12, we easily deduce
that B; is a regular subsemigroup of PO,. By Lemmas 1 and 10, we have B; =
PO(,n—2)U PM;it1 = (E(Jn-2)) U(E(p-D\{li > i+ 1L [ +1 —i]}) =
(E(Jn—2)U(E(Jp—D\{li = i+11,[i +1 — i]})). Then B; is aregular subsemiband
of PO,.

Let T be a regular semiband of PO,, properly containing B;. Then E(B;) C E(T).
Notice that PO(n,n —2) € B; C T and E(PM; iy1 N Jy—1) = E(Ju—D\{li —
i+1],[i +1 — i]}. Thus

E(Ju-D\Mli = i + 11, [i +1 = il} = E(PM; ;11 N Jy1)
=EBiNJy,—1) CET N Jy_1),

whence E. | U F,_1 € E(J,-D\li — i+ 11} € Tor Ef,UF,_; C
E(Ju-D\{li +1 — i]} € T. Notice that E,_ | U F,, (E,J[_1 U F,,_1) contains
exactly one (idempotent) element from each R-class of PO, of rank n — 1. It follows
that T N E(Ry) # @, forall @ € J,—;. Thus, by Lemma 3, T = PO,,. O

Lemma 14 Let 1 <i <n — 1. Then PO(n,n —2) U{(E(J,—1\{3;}) = PO(n,n —
2)U{a € PO, :i € dom(x)}.

Proof Let S; = {a € PO, : i € dom(w)}, and let W; = PO(n,n —2) U §;. It is
obvious that W; = PO(n,n —2) U (S; N J,—1). For any «, B € W;, either aff €
POn,n—2)oraf € Jy_1. Ifaf € Jy_1,thena, B e W,NJy—1 =S8N J—1 C S
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and aRaf. Thus ker(e) = ker(aef) and so o € S;. Hence W; is a subsemigroup
of PO,. It is obvious that E(J,—1)\{8;} € S; € W;. Then (E(J,—)\{5;}) S W;
and so PO(n,n —2) U (E(J,—1)\{5;}) € W;. From [16, Lemma 3.6], we know that
(Si) = (E(Jy—1D)\{8: }). It follows that W; € PO(n,n —2) U (S;) = PO(n,n —2)U
(E(Jn—1\{3i}). o

Our final main result is:

Theorem 15 Let n > 3. Then each maximal regular subsemiband of PO,, must be in
one of the following forms:

(A)A; =POn,n—2)U{a € PO, :i edom(a)}, 1 <i <n.

(B) Bi=POn,n—2)UPM;;it1,1 <i<n-—1

Proof Let S; = {a € PO, : i € dom(«)}. From Lemma 13, we know that B; is a
maximal regular subsemiband of PQO,,. By the definition of S;, we easily deduce that
SiNJy—1 = Ju—1\Rs; andso A; = PO(n,n —2)U(J,—1\Rs,). Then, by Theorem 4,
A; is a maximal regular subsemigroup of PO,,. To show that A; is a maximal regular
subsemiband of PO, it is enough to verify that A; is a semiband. By Lemmas 1 and
14, we have

Ai =POm,n=2)US; = (E(Jy—2)) U(E(Jp—D\{8i}) = (E(Jp—2) U(E(Jn—D\{8;})-

Conversely, let S be an arbitrary maximal regular subsemiband of PO,, not of the
form A; or B;. Notice that

E(Ai n Jnfl) = E(Si N Jnfl) = E(Jnfl)\{‘si}s
EBiNJp—1) = E(PM; i1 NJp—1) = EUp-D\{li = i+ 1L L+ 1 —i]}.

We claim that S satisfies
SNE(Ry) #W, foralla € J,_1. 2.5)

Otherwise, there exists A; or B; forsomei € X, suchthat E(SNJ,_1) C E(A;NJ,_1)
or E(SNJ,—1) € E(B; N J,—1). Notice that PO(n,n — 2) C A;, B;. Then E(S) C
E(A;) or E(S) C E(B;). It follows that S C A; or S C B;, since S, A;, and B; are
semibands. Thus, by the maximality of S, S = A; or § = B;

By Lemma 3 and (2.5), We have S = PO, and this is a contradiction. O

From Theorem 4 and Theorem 15, we know that the maximal regular and the
maximal regular subsemibands of PO,, do not coincide. As an immediate consequence
of Theorem 4 and Theorem 9, we have the following:

Corollary 16 Let 2 < r < n — 2. Then the maximal regular subsemigroups and
maximal regular subsemibands of PO(n, r) coincide.
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