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Abstract In this paper, we study the property of solutions to axially symmetric
incompressible MHD equations in three dimensions. First, we present the three-
dimensional axially symmetric incompressible MHD equations. We propose a new
one-dimensional model that approximates the MHD equations along the symmetric
axis. This one-dimensional model can construct a family of exact solutions to the
three-dimensional MHD equations. Second, we give a family of particular solutions
to the three-dimensional and a prior estimates of one-dimensional MHD equations.
Finally, we construct a family of global smooth solutions to the three-dimensional
MHD equations by applying the one-dimensional solutions.
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1 Introduction

Magnetohydrodynamics (MHD) [1] (magneto fluid dynamics or hydromagnetics) is
the study of dynamics of electrically conducting fluids. Such fluids include plasmas,
liquid metals, salt water, and electrolytes. The word magnetohydrodynamic is derived
from magneto-meaning magnetic field, hydro-meaning liquid, and dynamics meaning
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movement. The field of MHD was initiated by Hannes Alfvén, for which he received
the Nobel Prize in Physics in 1970.

The fundamental concept behind MHD is that magnetic fields can induce currents
in a moving conductive fluid which in turn creates forces on the fluid and also changes
the magnetic field itself. The set of equations which describe MHD are a combina-
tion of the Navier-Stokes equations of fluid dynamics and Maxwell’s equations of
electromagnetism.

This paper concerns itself with the incompressible three-dimensional MHD:

u+ u-Vyu=-Vp+ uAu—+ (V x B) x B,
B; =vAB+ V x (u x B), (1.1)
V-u=0, V-B=0.

Here, B(x, t) denotes the magnetic field. u(x, ¢) is the velocity field. p(x, ¢) is the pres-
sure. ;o > 0is the fluid viscocity. v > 0 is the resistivity. First, using the transformation
of cylindrical coordinate, we obtain the three-dimensional axially symmetric incom-
pressible MHD equation: (2.13) and (2.14). Second, we get a new one-dimensional
model, and this model approximates the three-dimensional asymmetric MHD along
the symmetry axis. By expanding the angular velocity u?, the angular vorticity ?, the
angular stream function ¢, the angular magnetic BY, the angular current density j¢,
and the angular magnetic stream function ®¢ around » = 0. We neglect the high-order
terms in r and assume that the second partial derivative of u(f, a)(f, 1//19, Bf, jlo ,and
<I>(f with respect to z is much larger than the functions with respect to r. We get the
one-dimensional coupled nonlinear partial differential equations are

@) = 20D)uf + 290 W), = ). — 29, BY +209(BY),,  (1.2)
@ + 29 (@), — (W) = @)z + 207G, — [(B)?1..  (1.3)
—())z: = o, (1.4)
(BY), + 290 (BY), = (B)).. + 20 )., (1.5)

GO = @Dzl + 201Gz = ()zz = (@)).0f + 20 ().
3N (@D — 3@ (Yo, (16)

—(@),, = j. (1.7)

Third, we construct a family of exact solutions from the above one-dimensional model.
If (u?, a)f, wf, Bf , jf, @‘f) is an exact solution to one-dimensional model, then

Wl (r,z,0) =ruf(z,0), @z, 1) =raf(z, 1) YOz, 0 =rylz 1),

(1.8)
B(r,z,t)y=rBY(z,1), j%(r.z.0)=rjl(z, 1) ®(r,z,1) = rdf(z,1).

is an exact solution to the three-dimensional axisymmetric MHD equations (Theo-
rem 2.1). Fourth, we consider a family of particular solutions to three-dimensional
axisymmetric MHD equations u’ = 0 and BY = 0, we arrive at
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(@) + 29 (@): = (@)zz +2D(j)-,

@) 420 @): + @)% = D)2z +20(). + I + e(0),

- (W) =,

D+ 0] + 20 ()2 = ez + 10 + 20(@)- + 30(); — 31(D)-,
O +29 D)z = D2z +20(0); + f(1),

— () =J.

(1.9)

where 5 = —(§),, [ = —(®), e(t) = 3 [} #2dz + [ B2dz, and d(r) = 0. More-
over, we get a prior estimates of B(z, t) and v(z, t) (Theorems 3.2, 3.3). Finally, we
construct a family of globally smooth solutions to the three-dimensional MHD using
the particular solutions to the one-dimensional model (1.9), then

W (r,z, 1) = rlin (2, DG () +ur(r, 2,01, (1,2, 1) = rl@1(z, DG (r) + w1 (1, 2, 1],
VO 2, ) =rlV(z, 06 () + 1z, 01, BY(r,z,1) = r[Bi(z, p(r) + Bi(r, 2, )],
P 0=rljiz, Do) + 1z, 01, D@, z,1) = r[®1(z, NP (r) + 1 (r, 2, 1)],

where

W (z, 1), o} (z, 1), ¥!(z, . BY(z,1), j{(z, 1), ®{(z, 1))
= (0,&1(z,1), ¥1(z, 1), Bi(z,1),0,0)

is a particular solution to (1.2)—(1.7). ¢ (r) is a cut-off function to ensure that the
solution has finite energy. We prove that there exist a family of globally smooth
functions u(r, z,t), wi(r,z,t), ¥1(r,z,t), Bi(r,z, 1), Jl(r z,t), and ®(r, z,1t)
such that 2%(r, z, 1), &°(r,z, 1), ¥P(r,z,1), B?(r,z, 1), j(r,z, 1), and ®°(r, z, 1)
are solution to three-dimensional axisymmetric MHD (Theorem 4.1).

Let us mention some important results in the field of incompressible MHD equa-
tions. Caflish and Klapper [2] derived analogous conservation results of incompressible
ideal MHD (i.e., zero viscocity and resistivity) for both energy and helicity. Moreover,
they derived necessary condition for singularity development in ideal MHD gener-
alizing the Beale—Kato—Majda condition for ideal hydrodynamics. He and Xin [3]
derived an estimate of Hausdorff dimension on the possible singular set of a suit-
able weak solution as in the case of pure fluid. Various partial regularity results
are obtained as consequences of his blow-up estimates. Zhou and Gala [4] proved

2 .
that if the velocity field satisfies u € L7 (0, T, X, (R3),y € [0, 1] or the gra-

dient field of velocity satisfies Vu € Lﬁ(O, T, XV (R3)), y € [0, 1], then the
solution remains smooth on [0,T]. Cao and Wu [5,6] established two regularity cri-
teria for the three-dimensional incompressible MHD equations: the first one was
in terms of the derivative of the velocity field in one direction, while the second
one required suitable boundedness of the derivatives of the pressure in one direc-
tion in 2010. They proved global regularity for the two-dimensional MHD equations
with mixed partial dissipation and magnetic diffusion in 2011. Wang and Wang
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[7] proved if the initial data satisfy |luo||gt + ||bol|gn < e, where ¢ is a suf-
ficiently small positive number, then the 3D MHD equations with mixed partial
dissipation and magnetic diffusion admit global smooth solutions. Tran and Yu [8]
proved that if the dissipation terms are —v(—A)%u and —k(—=A)Pb, smooth solu-
tions are global in three cases: o > %,,3 > 1;0 < a < %,201 + B8 > 2; and
o > 2,8 = 0. Recently, Lei [9] proved the global regularity of axially symmet-
ric solution to the ideal MHD in three dimension for a family of non-trial magnetic
fields.

The rest of this paper is divided into three sections. The second section is devoted
to the derivation of the one-dimensional model (2.17)—(2.22) and construct an exact
solution to three-dimensional model. The third section presents a family of particular
solutions equations: (3.10)—(3.11) and a prior estimates of v(z, t) and 1(z, 1). Finally,
we construct a family of global smooth solutions to three-dimensional MHD equations
using the particular solutions of the one-dimensional model.

2 Derivation of the One-dimensional Model
In this section, we derive the three-dimensional incompressible axially symmetric

MHD equations in cylindrical coordinate. Consider the following three-dimensional
resistive MHD equations

u+@U-Viu=-Vp+puAu+ B-V)B - IVBJ,
B+ (u-V)B=vAB+ (B- V)u, 2.1)
u|l:0 - U()(X), Blt:() - BO(X)v X = (.X, y7 Z)'

To simplify, we set the constant x« and v to be 1. The incompressible and the magnetic
divergence constraints are

V.ou=0, V-B=0. 2.2)
Let
_ (Y (.Y _
e,_( , ,0), eg—( r,r,o), e. = (0,0, 1), 2.3)

be three unit orthogonal vectors along the radial, the angular and the axial direction,
respectively, r = v/x2 + y2.

An axially asymmetric solution to the three-dimensional incompressible MHD (2.1)
and (2.2) is a solution (u, B, p) which takes the following form

u(X, t) = ur(,.’ Za t)er + u@(r’ <, t)e9 + uZ(r’ 2, t)eZa
B(x, 1) = B"(r,z,1)e, + BY(r, z, 1)eg + B*(r, z, D)e, 2.4)
p(x, 1) = p(r, z,1).
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The first equality of (2.1) can be expressed in cylindrical coordinate

W+ () = 20 @) = —pr + (V2 = ) u + BT(BY),
—1(B%)? + BX(B"); — [B"(B"), + BY(BY), + B*(B%),],

@) +u" %), + %ugu’ +utu?), = (V2 — riz) u? + B"(B?), 2.5)
+1BYB" + B*(BY).,

U +u" )y +u* (), = —py + V2u® + B"(BY), + B*(BY),
—[B"(B"). + BY(BY), + B*(B%).].

The second equality of (2.1) is

(BY); +u (B, +ui(B), = (V2 = L) B+ BT ('), + B,
(B%), + u" (BY), + Luf B + u*(B%), = (v2 - rlz) BY + B"(u%),

: (2.6)
+;u’B€ + Bz(ug)z,
(B%); + u"(B%), 4 u*(B%); = V2B* + B"(u%), + B*(u).,
where V2 = 8,2 + %8r + 812. The incompressible constraints (2.2) are
r 1 r Z r 1 r Z
(u )r—i-;u + u*), =0, (B )r+;B +(B*), =0. 2.7

If the pressure is given by P = p + |B|?/2, (2.5) can be simplified

W) +u" @)y — L2 + u "),
= =P+ (V2= )+ BB, — LB+ BB,

@) +u" @), + Luu + ut uf), (2.8)
= (V2= %) ul + BT (BY), + LB B + B(BY).,

W) + u" (u)y + u*W?), = —P, + V>u® + B"(B%), + B*(B)..

Similarly, the vorticity field @ and the current density J can be expressed in cylindrical
coordinate

wx, 1) =V xuXx,1)=ao (r,z1)e + o’ (r,z, 1)eg + (1, z, te,, (2.9
J(X’ t) = V X B(X’ t) = jr(rs Z’ t)er +j9(r7 Z’ t)ee +jz(r’ Z7 t)e27 (210)

where
r 0 0 r b4 Z 1 6 0
o =—W);, o =W);— W), Clnl + @)y,

) (2.11)
Jr=(B: = (BN = (B, T =BT+ (B,
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We can introduce the stream function ¥ and the magnetic stream function @.
u?, o, 1//9, B?, je, and @Y is called the swirl component of the velocity field u,
the vorticity field @, the stream function ¥, the magnetical field B, the current density
J, and the magnetic stream function @, respectively. Therefore, u”, u*, B", and B*
can be expressed in terms of ¥ and ®? as follows:

u=—w,, W= %we + @, B =—(@", B = %cbe + (@),
(2.12)

Therefore, we arrive at

W) @)+ b e ) = (V2 = ) ul + B7BY + LBOB + BB,
@)+ @) + w0 = b = L)), = (V2 = ) of

+B7(j"); + B(j"): — 1 B"j" = J(B")L.,
_<v2_ri2)w0:w9’

(2.13)

and

[(BY), +u" (BY), + u*(B%), + 1Bruf = (v2 _ lz) BY
+B" (%), + B (), + Lu" BY,
GO+ GO (0 = (V2= ) J + BT @), + B @), Q214)
1), — ()NB): + (B + (B — (BOAIW): + ()],
- (V2 - riz) o = j.

Any smooth solution to the three-dimensional axisymmetric MHD equations satisfies
the following condition at r = 0:

u?0,2,1) = 0’0,2,1) = ¥%(0,z,1) =0,

P o 8 _ (2.15)
B"(0,z,t) = j ' (0,z,t) = (0, z,¢t) = 0.

Moreover, all the even-order derivatives of u?, »?, w(’, BY, je, and ®¢ with respect
to r at r = 0 must vanish. We expand the above solution around r = 0 as follows:

3 5
6 _ .6 L " 9
u (r,z,t) =ruy(0,z,1) + 3'u3(0,z,t)+ 5’u5(0,z,t)+...,

0 _ 0 fa f@
a)(r,Z,t)—r(l)l(O,Z,t)+3‘0)3(0,Z,I)+S'wS(O,Z,t)+"',

vz, 0 =ryf 0,21 G 0 e, (216
s Ky - 1 s <y )+ 3,1/f3(,2,t)+5|1/f5(7Z,f)+ ) ( )
5

3
B’ — B0 " B%0 " B0
(r,z,t) =r 1(,z,t)+3' 3(,z,t)+5‘ s(0,z,8) + -,
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/3 /5
i z, I)_le(OZ 1+ — ]3(Oz t) + — ]5(0z 1)+ -

3
®%(r, z,1) = r®9(0, z,1) + §<D‘3)(0, 1)+ §¢2(0, L)+,

Substituting the above expansions into (2.12) and (2.13), we obtain

rd)e = 2r(p) ) + 2rpf ),

4
- gmg +r(),; — 2r(®f )239 +2r®%(BY), + o(r?),

r@)+2ryl (@), —r@w)? = —ra)3 + r(@f)e +2r @4 (j1); — r(B)2 + o(r?),
—%n/fﬁ —r(Y).: = rof +o(r?),
r(BY) +2ryl (BY), = rB3 +r(BY)z. + 2rdf ), + o(r?),

.0 0y .0 4 .0 0
r(j)e —V(l/’l)zh +2”W1 ()= 57]3 + 1)z — r(CI> )za)l + 2r &} (a)l)z

+3r () (@), — dr (), @G — 3r(), (Y!) . + 4r(@) W8 + o(r?),
4 0 0 .0 3
—§r®3 - r(cbl)zz =rj + o(r?),

where u{ = u?, ug = uf,, and u(fzz = uY... Cancel r from both sides and

neglecting the high-order terms in r and assume that the second partial derivative of

u‘l), a)’f, 1//19, B?, jf), and <I>? with respect to z are much larger than the second partial

derivation of these functions with respect to r, we obtain one-dimensional model

W) — 200D uf + 297 W), = @) — 2(%). B + 204 (B)),, (2.17)
@ + 297 @), — (W) = @)z + 201 — [BD ., (2.18)
~W)z: = of, (2.19)

(BY), + 290 (BY), = (B).. + 20 )., (2.20)

G = W0 4298 (D), = ()2 — (@9).0] 4+ 208 (09),
3N (@) — 3, (¥i)e, (2:21)

—(®)),. = jl. (2.22)

Theorem 2.1 Let (uf(z,1), f(z,1), ¥{(z, 1), BY(z,1), ji(z, 1), ®{(z,1)) be the
solution to the one-dimensional model (2.17)—(2.22), and define

ug(r,z,t) =ru(f(z 1), wg(r zZ, 1) =ra)(f(z 1), 1//9(r Z, 1) =r1//f(z 1),
B'(r.z.t) =rBl(z. 1), jornz.0)=ri’z. 1), ®(r.z.1) = rd{(z, 1), (2.23)

then u® (r,z,1), & (r, 2, 1), WO (r, 2, 1), BY(r, 2, 1), jO(r, 2, 1), ®°(r, 2, 1)) is an exact
solution to the three-dimensional axisymmetric MHD equations (2.13)—(2.14).
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180 S. Wang, J. Wu

Proof By substituting (2.23) into (2.13) and (2.14) and canceling r, respectively, we
can obtain (2.17)—(2.22). O

Let

ﬁ:u?, 132—(1#19)0 J):w?, 1/_,:1//19, (2.24)
b=l '

=
By integrating the @ and j equations with respect to z and using the relationship (2.19)

and (2.22), we get evolution equations for v and I. Now the complete equations of
u,v,, B,l, and j are given by

iy 4 200 + 29 (it), = ()2 + 2[B + 2®(B)., (2.25)

(@) +20/(@); — (i1); = (@)zz +29()); — (B?)., (2.26)

@) + 20 @) + )7 — (@)* = D)z + 200D, + P = B>+ (1), (227
~(V)z: = @, (2.28)

(B); +29/(B). = (B), + 2®(i)., (2.29)

D +0j + 29 ()2 = (zz + 10+ 20(@); + 30(1), — 31(D);,  (2.30)
D + 29 (D) = D7z +20(0); +d (1), (2.31)

—(®).: = J, (2.32)

where c¢(¢) and d(t) are integration constants:

c(t) = =Yz (0, 1) = 207(0, ) P22 (0, 1) + (¥)*(0, 1) — it (0, 1)

+ Y2220, 1) +28(0, 1) D, (0, 1) — (2,)%(0, 1) + B*(0, 1),
d(t) = =D, (0, 1) — (0, )®,(0, 1) — 29 (0, 1) P, (0, 1)

+ @, (0, 1) +1(0, )Y (0, 1) +2(0, Y- (0, 1).

If ¥ and @ is periodic with period 1 in z, then c(r) = 3 [ 8% — IPdz + [, B® —
#2dz, d(r) = 0. Note that the equations @ (2.26) and J (2.30) are equivalent to that
for v (2.27) and I (2.31), respectively. So it is sufficient to consider the coupled system
for ii, v, B, and [.

ity + 200 + 29 (1), = (i1),; +2IB +2®(B),, (2.33)
D) + 29 (D), + ()% — (@) = )z +20(), + 1> — B> + (1), (2.34)
(B) +2¢(B); = (B).; + 2®(i)., (2.35)
D+ 29 () = (), + 2P0, +d(2). (2.36)

3 A Family of Particular Solutions

In this section, we will present a family of particular solutions to the three-dimensional
MHD equations. Consider a family of non-trial solutions with the form
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Property of Solution to Axially Symmetric Incompressible... 181

u=ur(rrz’t)eV+uz(r1Z’t)eZa B=Br(r’Zyt)er+Bz(r’Zyt)eZ' (31)

It is easy to check (u?, BY) be zero all for time if they are zero initially, and it is
also satisfied the incompressible condition (2.2). In this case, (2.13) and (2.14) are
simplified
(@) + " (@), + u* (@), — Ju" o’

(v2 L) e + Bfu )+ B0 = 1B,
G +u" (GO +u?(%): (3.2)

= (V2= L)/ + B @), + B (@)

+[(u")r = W) A(B")z + (B ]+ [(B%); — (BN 1[(u"); + )],

—(v2-k)ef ="

We also obtain one-dimensional model

(w?)t + 21//1 (wl)z = (wl)zz +20f (11 )z
_(Wle)zz = w] ,
(J )t — (W] )zJ] + 21/f1 (J )z

(J] )z — (CDG)ZQ)I + 204 (CU1 )z G-
+3W ) (D)2 — 3P (Y],
—(@))z: = j}.
Letd = of, v =y}, v = —W]).. j = ji. andl = —(®)., we obtain the
complete set of evolution equations for @, ¥, j and ®
(@)1 + 29 (@): = (@)zz +2D(j)-, (3.4)
D) + 2V (0); + (0)* = D)2z +20(D); + 7 + e(1), 3.5)
~(V)z: = @, (3.6)
D +0j + 29 ()2 = (zz + 10+ 2(d) + 30(0); — 31(D)z, eq3.7 (3.7)
D+ 29 (D) = (D)zz +20(0): + f(), (3.8)
—(®)z: = J, 3.9)

where e(r) = 3 [} 92dz — [ PPdz, f(t) = 0.
Similar to the second section, it is sufficient to consider the coupled system for B
and v:

@) + 20 @) + (1) = @)z +20(), + 1> + e(1), (3.10)
D + 29 (D) = D)2z +29(0); + f(1). (3.11)
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Theorem 3.1 Let (a)? (z,1), 1//{) (z,1), jf (z,1), <I>? (z,1)) be the solution to the one-
dimensional model (3.3), and define

o’ (r,z,0) =rof(z, ), vz, 0 =ryl(z 1),

(3.12)
Pl =ril@ o, 0z =rde 1),

then (o (r, z, 1), ¥ (r, z, 1), j(r, z, 1), ®%(r, z, 1)) is an exact solution to the three-
dimensional axisymmetric MHD equations (3.2).

Proof 1t is a particular case of Theorem 2.1. O

Theorem 3.2 (A prior estimates of o and [ in H') Consider the one-dimensional
axisymmetric incompressible MHD equations (3.10) and (3.11). Assume that v(2),
lh(z) € Hl[O, 1] and for fixed T > 0 and 0 <t < T, we have

—_ [ —_
115Gz, D172 + 1z DIz + 2/0 (1922, O3 + 1=z, D172)dT
< 2(ll50()172 + [Ho()[72). (3.13)

Proof Multiplying (3.10) by # and (3.11) by /, we have

1d_, - 5 3 - 3 N -
2dtv + Y (), + 07 =), +29(), v+ v+ e(t),

V4 n L 5@ T 4 2@ 4 0
2dtl +F A7), =1z + 20 ()L + f(D)L.

Adding the result equations, we obtain
1d _ _ __ - o o _ -
EE(vz + Y+ (0 + 1), = 0y +1 Ly +20I0), + P05 — 0° + e + f(0)l.

Integrating over z, we arrive at
td o, 5 ! 2,72
——/ (W41 )dz+/ Y (v +17).dz
2dt Jo 0
1 1 1
=/ ﬁﬁzzdz+/ llzzdz—l—/ I? vdz
0 0 0

1 1 1 1
—/ ﬁ3dz+/ 2ci>(iﬁ)zdz+e(t)/ ﬁdz—l—f(t)/ ldz.
0 0 0 0

Integrating over 7, we get (3.13), where we use the integration by parts, Holder inequal-
ity and —y, = v, —®, = [. This completes the proof of Theorem 3.2. O

Theorem 3.3 (A prior estimates of © and / in H?) Consider the one-dimensional
axisymmetric incompressible MHD equations (3.10) and (3.11). Assume that vo(z),
Io(z) € H2[0, 1] and for fixed T > 0and 0 < ¢ < T, we have
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Property of Solution to Axially Symmetric Incompressible... 183

t
0202, D172 + 1@ DI +2 | (1022 D172 + 1z (2, D117 2)dT
0
< Clvo: @172 + oz (2)1172)- (3.14)

Proof Differentiating (3.10) and (3.11) with respect to z, we get

)z + 202 (D) + 20 (D)2 + (0D, = @)zzz +2P.1 + 28, + (%), (3.15)
Dzt +200): Dz + 20 (D zz = (D)zzz + 2P0, + 2D (3.16)

Multiplying (3.15) by v, (3.16) by [, and adding the resulting equations, we have
ld _» 70 TN 1502 1 (T2 T2 1 (72 =2\ -
EE[(vz) + D71+ 2(0):[(0)" + ()] + ¥ [(0)7 + ()7]: + (V7):0;

= (V) (V)zzz + (l_)z(l_)zzz + 4&)zl_z'7z + 2q_)l_zz’jz + 2‘i)l_z'_)zz + (l_z)z'_)z-

Integrating over z, we obtain

1d _ - B _
za(nvzuiz FEN72) + 1@)zzll72 + 11Dzl

1 1 1
5/ |6|(ﬂz>2dz+/ |ﬁ|(lz>2dz+/ %10, |dz
0 0 0

< 10l z2 10170 + 1B 2114 + D174l 102212

< 2CEIBII72115:1172 +2el10z217> + C@IDIT LT +elllIl7-
Integrating over 7, we obtain (3.14), where we use the Theorem 3.2, the second
Gagliardo-Nirenberg inequality, the Yong’s inequality, the integration by parts, and
—; = v, —®, = [. The proof is completed. O
Theorem 3.4 (A prior estimates of v and / in H>) Consider the one-dimensional

axisymmetric incompressible MHD equations (3.9) and (3.10). Assume that vy, Ip €
H 3[0, 1] and for fixed T > 00 < ¢ < T, and C is a positive constant, we have

t
022z ON72 + 1z (2. D172 + 2 / (0222 @ D172 + oz (2. D7 2)dT
0

< CllBoz @122 + Moz DI2). (3.17)

Proof Similar to the proof of Theorems 3.2 and 3.3, we omit this proof. O

4 Construction of a Family of Global Smooth Solutions
to Three-dimensional MHD Equations

In this section, we will construct a family of global smooth solutions to the three-
dimensional MHD equations by the one-dimensional model (3.3).
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Let @1(z, 1), ¥1(z, 1), j1(z, 1), and 1 (z, t) be the solutions to the one-dimensional
model (3.3). We will construct a family of global smooth solutions to the three-
dimensional MHD equations from the solutions to the above one-dimensional model.
Ee(r, z,1), c?)‘g(r, z,1), 1/}9 (r,z,1), 1§9(r, z,1), fe(r, z,t), and @ (r, z, t) are the solu-
tions to the three-dimensional MHD equations (2.13) and (2.14). We define

iz, )y =a’(r, 2, 0)/r, @1(r,z,0) =a%(r,z,0)/r, Yi(r,z,1) = ¥0(r, 2, 0)/r,
Bi(r,z,0)=B(r,z,0)/r, jitr,z,0)=j"(r,z,0)/r, ®1(r,2,0) =3 (r, 2, 1) /r.
4.1

Let ¢ (r) = ¢o(r/Ro) be a smooth cut-off function, where ¢g(r) satisfies ¢o(r) =
1ifro <r < 1/2,r90 = l/Mle and ¢g(r) = 0if0 < r < rgorr > 1/2.
We construct a family of globally smooth functions u; (7, z, t), w1 (1, z, t), ¥1(7, 2, 1),
Bi(r,z,t), j1(r,z, 1), and @ (7, z, t), and they are periodic in z such that

iz, ) = rlin(z, DG ) +ur(r, 2, 1) = i? +u?, 4.2)
&? (r,z,t) =rloi1(z, o (r) + w1(r,z,1)] = @’ + we, 4.3)
Oz 0) = rign (@ De () + Y1 (r.z, 01 = ¥ + 97, (4.4)
B%(r,z,t) = r[B(z, )¢ (r) + B1(r, z,1)] = BY + B?, (4.5)
Jran=rlji Do) + iz, 01 = + j°, (4.6)
@, z.0) = r[®1(z. P (r) + @1 (r, 2. )] = D7 + DF .7

be a solution to the three-dimensional MHD equations. With the above defini-
tions, we can derive the other four velocity and magnetic components u’ (r, z, t),
u*(r,z,t), B"(r, z,t), and B*(r, z, t) as

i (rz,t)=—W", = —ry ¢ —ry, =i +u’, (4.8)
@ (r, 7, 1) = (U0, Jr = QUi + ringy) + QUi +ryny) =i +ut,  (4.9)
B'(r,z,1) = —(®%), = —r®.¢ —rd;, = B" + B, (4.10)

Bi(r,z,1) = (r®), /r = Q®1¢ + r®1,) + 2P| +rdy,) = B+ B (4.11)

We can rewrite the velocity and magnetic vectors as

i=u+u  B=B+B, (4.12)
where
= (@, a’, 0% = (=g — ring, ruy, 201 + riné, + 291 +rn,),
=@, i, %) = (—ryn:¢,0,2916 + ring,),
u= @, u’ u) = (=ryp, rur, 291 + ry),
B=(B", B B = (—r®1,¢ —rdi,,r B, 2019 + r® ¢, + 201 +rdy,),
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B = (B",B% B%) = (—r®1.¢,0,2®1¢ + r®14,),
B = (B",B?, BY) = (—r®,,rB;,2®| +rd;,).

We choose the initial data for the one-dimensional model of the following form:

A - _ A -
vo(z) = WV(ZM), lo(z) = Wﬁ(ZM)’
4.13)

- A - - A -
Yo@) = =5 g VM), Po(z) = -3 P@M),

where A and M are some positive constants. V), L), U(y), and Cfb(y)_are smooth
periodic functions in y with period 1. Moreover, we assume that L(y), V), ¥(y),
and ®(y) are odd functions in y. We have —W, =V, —®, = L and

_ A - - A 5
Vo (2) = mvz(ZM)» loz(2) = mﬁz(ZM)a
_ A - - A
V0zz(2) = Mvzz(ZM)’ lozz(z) = Mﬁzz(ZM)-
Therefore, we have
D02z @172 + ozz @172 = A%dg/M?, (4.14)
where m_}ZZ”iZ + ||£_zz||iz = d&. We arrive at

[1B0: @132 + o= (21172 < A%dg/M>, [[50@)I172 + ()13, < A%dg/M>.

(4.15)
Let Rop =M % From the definition of @ and B we have
_ —r -0 -z 7

[lal|2 = |1@", u”, u*)||;2 ~ RoA/M = A/M3,
Ju dua (4.16)

Wil = [[(=. )| ~ RoA/M = A/M5,

3}’ BZ L2

IIBIl,2 = 1(B", B, BY)||,2 ~ RoA/M = A/MS,

(4.17)

~ RyA/M = A/MS.
L2

_ 9B 0B
VB||,. = ||| —, —
[IVB]|2 H(a” 82)

We assume that the initial condition for @ and B satisfying

~ 7 ~ 7 ~ 7 ~ 7
[lugll 2~ A/M3, [[Vugll2~A/MS, ||Boll2~A/M3, ||[VBg||2~A/MS3.
(4.18)
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Therefore, we have ||ii|| .2||Vio||;2 & A2/M%, |[Bol|,2||VBol|,» ~ A2/M7%.By
choosing A is much larger than M, the product can be made enough large. Moreover,

we have the energy inequality of the three-dimensional incompressible MHD equations
2.1

8(r, 2, D117, + B, 2. 017, + 2/0l<||Vﬁ(r, 201172 + IVB(r, 2. )[7)dT
< Ilio(r, 21172 + [Bo(r, 2)I17. (4.19)
We arrive at
160 2, Dl < A/ME, |BGr,z.0)ll;2 < A/M. (4.20)

Therefore, we obtain a bound for the perturbed velocity field u and magnetic B in L?
norm:

o - _ 7
llaflz2 = l[a —ul{2 < [[al[2 + [[uf|2 < A/MS,

S ~ . 7
[Bllz2 = [IB = B[lz2 < [[Bl|;2 + [[B]|2 < A/MS. (4.21)

We have the following prior estimates for the three-dimensional and one-dimensional
MHD equations

@ (.2, Ol 2 < A/MS,  [[i(r 2, Ol g2 < AJMF, wm)
WB"(r 2. 0|2 < AJMS,  ||BE(rz.0)ll;2 < AJME,
151z D)l < Ado/M, |11z, D)l < Ado/M,
[1012(z, Dl 2 < Ado/M,  |lli2(z, D)]];2 < Ado/M,
[[D12:(z, Dl 2 < Ado/M,  lliz2(z, D2 < Ado/M, (4.23)
Wil < Ado/M,  |[izllLe < Ado/M,
D1l < Ado/M, || ®1.]l1e < Ado/M
. A . AY2 Ady
||u (r’ 2, Z‘)||L2 = W(l +d0)a ||M (r’ 2, t)||L2 = W + 7(2 + Cl)’
(4.24)
AI/Z 12 AC1/2d1/2
Wllze < g el + = 2e—
A1/2 12 AC21/2d(1)/2
| P1ellr2 < WHJIHLz + 17716 (4.25)
ACrdy
Wtzellz2 + Waerllze + W1z + 31 /rlle < Hloill2 + =, (4.26)
. ACrdy
NP 1allz2 4 1 P1zrllzz + P12 + 311D /rll2 < iz + (4.27)

M54
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ACady

NWizzzllp2 + Wizer 2 + WWizerllp2 + 311z /Tl 2 < llonzllp2 + YR
(4.28)

ACady

||q)lzzz||L2 + ||q>1zzr||L2 + ||q>1zrr||L2 +3||q)1zr/r||L2 = ||le||L2 + — M54
(4.29)

where (4.24)—(4.29) will be proved in Appendix. We define

H(t) = /(u% + w?) rdrdz, (4.30)
E%(1) =/(|Vu1|2 + |V |?) rdrdz, 4.31)
G*(1) = / (B} + j}) rdrdz, (4.32)
K*(t) = / (IVB1* + |V 1) rdrdz, (4.33)

where the integration of r and z is over [0, 1] x [0, 0o). We further assume that the
initial cond1t1ons for ui, wi, ¥1, B1, j1, and @1 are odd functions of z, then we get
ui, o1, 1/f1, B1 j1 and d>1 are odd functions of z for all time. Since i1, @1, B, Jj1, and
W, are odd functions of z, we can getuy, wi, Y1, By, j1, and @1 are odd functions of
z. It follows by the Poincaré inequality and we have

/u% rdrdz < /(ulz)2 rdrdz < / |V141|2 rdrdz, (4.34)
/w% rdrdz < /(wlz)2 rdrdz < / |V |? rdrdz, (4.35)
/Bl2 rdrdz 5/(3@2 rdrdz §/|VBl|2 rdrdz, (4.36)
/jf rdrdz < /(j11)2 rdrdz < / |Vj11? rdrdz, (4.37)

and H < E,G <K.

Theorem 4.1 Assume that the initial conditions foru(r, z, t), w1 (r, z, t), ¥1(r, 2, 1),
Bi(r,z,1), j1(r,z,t), and ©1(r, z,t) are smooth functions of compact support and
odd in z. For any given A > 1,dy > 1, there exists C(A,dy) > O such that if
M > C(A,dy), HO) < 1,G(0) < 1, then the solutions to the three-dimensional
MHD equations given by (4.2)—(4.7) remain smooth for all times.

Proof We use (2.13), (2.14), and (4.1) to derive the corresponding evolution for
uy(r,z, 1), 1(r, z,1), ¥1(r, z, 1), B1(r, 2, 1), j1(r, z, 1), and @ (7, z, t) as follows:

- - e . - - 3.
A1 —2Y iy + " iy, + 0ti, = (ulzz + i+ i

~2®,By + B"By, + B*By., (4.38)
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~ ~r o~ ~7~ ~2 ~ ~ 3.
Wi +u' o +uto; — (Uy); = | Dz + 01 + ~ o1
+B" i, + B%ji; — (BY)., (4.39)
5 5 3. 5
_(wlzz + Y1 + ;wlr) = wi, (4.40)
- N 5 3. — .
Bi; +i" By, + MZBlz = (Blzz + Birr + ;Blr) + B iy, + Bzulzs (4.41)
T 7T ~r 7 ~7 7 bt b 3 = . Sr o~
Jue = Vi Hu' jir 0t jiz = (igg + Jier + ;Jlr) — ®,01 + B w1,
- 1 - - 1 . .
+B1; + ~ (B — B+ iip) + — (i — ) (B + BY). (4.42)
. . 3. y
— (Cplzz + @ + ;‘Dlr) = Ji- (4.43)

In the following, we will discuss the estimates of the velocity equation u (Part I), the
vorticity equation w; (Part II), the magnetic B (Part III), and the current density j;
(Part IV).

4.1 Part I The estimates of the velocity equation z

Substituting (4.2) into (4.38) and using (4.1), we obtain an evolution equation of u

uiy + i ui + uy; = Auy + 2(1/_[1z¢ + Yriuy
—2(®1;¢ + ®1.)Bi + B'Bi, + B*Bi;,  (4.44)

where Auy = w1y +uq,+ %u 1r- On the other hand, (2.17) of one-dimensional model
vanish since it1 (z, t) = 0, Bi(z, t) = 0. Multiplying (4.44) by u and integrating over
[0, 1] x [0, 00), we obtain
li 2 _ 2 n 2
s rdrdz < [Vupl” rdrdz +2 | (Y120 + ¥1)uy rdrdz
—2/(<T>ud) + ®y;)Biuy rdrdz + /(E’BI, + B*By;)u rdrdz
=— / \Vur|? rdrdz + Iy + L) + o) (4.45)
We need the relational expressions:
e)) /ul(ﬁrulr + ttuy;) rdrdz = /ulﬁr rduidz + / uri® rdrduy
2 ~r 1 ~r ~7
= —[up|@) + ;u + (u*), | rdrdz

—/ul(ﬁrulr + ttuy,) rdrdz, (4.46)
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we have [uj (@' ui, + i#fuy;) rdrdz = 0.
) / uiAurdrdz < — / [Vui|? rdrdz rdrdz, (4.47)

where we apply the integration by parts and the incompressible constrains (2.7). In
the following, we will estimate the right-hand of (4.45): I(4)-I).

Iy = 2/(1/?1z¢ + Yi)ug rdrdz < 2(1101 1 2 1@z + Wizl 2) w174

1/2 1/2 ,1/2
< Q(A_do + A H? ¢ M H'2E3?, (4.48)

M M6 M17/16

where we use V1, = v1, (4.8), (4.22)~(4.25), the Holder inequality and the sobolev

. . . . 1/4 3/4
interpolation inequality || f[|,+ < I f11}5' IV FI[A".

Iy = 2/(&>lz¢ + &1, )u; By rdrdz

< 201411211011z + P12 |l 2411 Bil] 4

2 12 13
o[ Ado A Ly ACY g
= M M6 M17/16

HYAE3AGIAK34 . (4.49)

Therefore, we get

1d/2dd< /|v ? rdrd
—- uy rar — u rar
2dr 1 = 1 v4
172

1/2 1/2
+2(ﬂ+ A H1/2+AC2 dy H2E3/2

M M7/16 M17/16

172 12 13
) A_d() 4 L 1z M
M | M7/T6 M17/16

xH'AE3AGIAKA 4. (4.50)

Note: It is not necessary to estimate I, since the sum of I, and 111 ) is zero.

4.2 Part II The estimates of the vorticity equation @

Substituting (4.3) into (4.39) and using (4.1), we obtain an evolution equation of w
w1 + i w1 + i,

= —0119 + Awy + A(D19) — i’ @10, — U1,
+ B jigr + B ji + B jiy + Biji + W), — (BY),. (451
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Moreover, 1 (z, t) satisfies the one-dimensional model equation (3.4)
(@1 + 291 (@1); = (@1)zz + 21 (j1)z (4.52)
Multiplying (4.52) with ¢ and subtracting the result equation from (4.51), we obtain
o1 + ([(@ 01 + iFo1) = Aoy + d1A:¢ — @ D19y + B ji¢r + B ji.¢
+ @19 2Y1 — i) + (B jir + B ji1z)
—2®j1:¢ + (u}): — (BY):. (4.53)
Multiplying (4.53) by w; and integrating over [0, 1] x [0, 0c0), we have

%c(ll_t w? rdrdz

< —/lVa)1|2 rdrdz—i—/c?)l(A,qS)wl rdrdz
4 / 01@1.0 g + 26 — D] +u7) rdrdz
+ / (B ji — & d1)¢ 1 rdrdz + / B jiz¢w) rdrdz
+/(1§’j1r + BYji.)w; rdrdz +/2<T>j1z¢a)1 rdrdz
+ / [(?), — (BY).]w; rdrdz

= —/ IV |? rdrdz + gy + Ty + T+ Ty + ey + iy + ).
(4.54)

We need the relational expressions:
(1 /a)l(ﬁrwlr + ufwy,) rdrdz
= /a)lﬂ’ rdwidz +/a)1ﬁz rdrdw;
2| mr 1 ~r ~Z ~r ~Z
=— [ oy|W) + ;u + @), | rdrdz — | 1@ w1, + u*wi;) rdrdz
= —/a)1 (" w1, + i*wy,) rdrdz, (4.55)
we have [ (@’ w1, + i*wi;) rdrdz = 0.

2) /a)lAa)l rdrdz < —/ |Va)1|2 rdrdz, (4.56)
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where we use the integration by parts, the incompressible constrains (2.7) and the
Green formula. In the following, we will estimate the right-hand of (4.54): 11 ,)-

).

_ - ACady
I =/w1(Ar¢)w1 rdrdz < [|Ar@l|Lellor]] 2]l 2 < SYEEE —— H.(4.57)

We estimate 1/ ;) by applying w| = vy, the Holer inequality, the integration by parts,
Appendix (5.2)—(5.5) and

||vuZ||L2 = |@Y1r + 11, 291, + rwlrz)”L2
< 3IYrllp2 + rdeell e + 211l g2 + Izl g2,
121z + rrizellpe < 20zl 2 + ezl 2. (4.58)

Il = — / 11T b + 26 — D] + ) rdrdz

luzll g2

- / 0L rdr + 26 — D] + 1) rdrdz

+ / 011 (Trlrdy + 266 — D1+ u) rdrdz = Iy + o).
(4.59)
et < 116llz=lIrds + 26 — Dlizx /wlzcbn&l rdrdz + [[g]|

/a)lzé)luz rdrdz

< ||Vw1||Lz[<2+conmanzH&lnm
3/4 1/4 3/4
AR TEAT A

1/4
_ e+ E[ AVA AVAgY (2+C1)1/4:|
= e M2 M

4 3/4 7/4
M29/32 M59/32

AlL/83/84 A11/4C3/8d11/8
103/4 ( 04 270 ) (4.60)

MB5/64 M115/64

gy = I@llL=llrér +2(¢ — 1)||L°°/w15>11/_flz rdrdz + [|@]| L

X /a)lcblug rdrdz

= @+ Collvzlleellollzllonlge + ol pallo 2 [luZll 2

2 92 3 2~1/2 ;3/2
_@+CnA d0H+|:2(A%/2dOH1/2+AC dy )
= M2 M23/16 M33/16
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Ady A2C2d02 1/4 23/4
—|—(M7/8H+ 11178 H'/"E>, 4.61)

Il = —/(Brfl — " @1)¢rwi rdrdz

. - 3 _ 2A2Cdy
< 11gllzelleorll 2 (Bl 21zl 2 + @219l 2) < == 5=
(4.62)
g = —/ézmm rdrdz < |1B¥|| 4 lllizo |l 2]l ]| 1
1/4 3/4 3/4
< BNV BHR e 2 o 15 11 Ve 1)
2 ,7/4 2~3/4 ;7/4
[Ad (BC1+ )4 +53/4(A o e APC)dg )
= M33/16 MO8 M33/16
A2d) @+ cp
+ M58
234 A%dy(1 + do)3 /4T .,
/4 ~3/4
PR }H G4, (4.63)

where we need the following facts:

[IVB||2 = [IVQP1¢ + rdi¢, +2®1 +rdi)]]2
=3¢, +r®P ¢, + 3Py, + 1Dy, 2P0
+r @y + 201 +r P12
< 3|l llLoe 1@z + 31rdr Lo 1Pillzoe + 3 Pirllz2 + 1rPirellz2
+ 1l Lo 1Pzl 2 + D1zl 21l + 211 D1zl 2 +1r Pizrll 2.

(4.64)
I = / 261 jupon rdr < 2011 ][~ i (4.65)
I = — 1. — (B} drdz = [ (u} - B} d
(g) = [(u7); — (B));]lwi rdrdz = [ (u] — By)wi; rdrdz
2A
< (lliza +IB1IZONel 2 < 25775 BT (4.66)

Therefore, we get

1d
za/w%rdrdz

< —/ Vi |? rdrdz

ACydy 2+ CAYG AVA AV 4 cpyA
M4 M2 vt M1/
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7/4 ~3/4 ;7/4

M?29/32 M59/32 MB85/64
11/4 ~3/8 ;11/8
ANACY 4,
M115/64
272 2172 ,3/2
Q+CoA%MG |, A3/2doH1/2+ AC, " d,
M2 M23/16 M33/16
Ady A2Cod? V4 paja , 2A%Cido
+ M7/8H+ M11/8 HE + M?2 H

2,77/4 3/4
N [A dy*3C1 + )Y +53/4(A5/4do -y
M?33/16 MO8

A2Ca)t A2t 4 e
M33/16 M15/8

23/4 A2dy (1 + do)3/4

24 ap
M237/128 :

2Ad()
1/4 3/4 - -
i|H G —i—II(e)—}- EH + 27/32E

(4.67)

Note: It is not necessary to estimate // ) since the sum of /) and IV () is zero.

4.3 Part III The estimates of the magnetic equation By
Substituting (4.5) into (4.41) and using (4.1), we obtain an evolution equation of Bj

Bi; + i By, + u*By; = AB; +éru1r+ézulz_ (4.68)

Moreover, (2.20) of one-dimensional model vanish since it (z, #) = 0, B (z, 1) = 0.
Multiplying (4.68) by B and integrate over [0, 1] x [0, c0), we have

1d
T / B} rdrdz < — / |VBi|? rdrdz + I11,). (4.69)

We need the relational expressions:

(1 /Bl(ﬂrBl, + @ By,) rdrdz

1
= _/312 [(ﬁr), + i+ (ﬁz)z} rdrdz — / By (@’ By + ii*By,) rdrdz.
(4.70)
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Therefore, we have [ By (it"u1, + iui;) rdrdz = 0.
) /31A31 rdrdz < —/|VB1|2 rdrdz. 4.71)

In the following, we will estimate the right-hand of (4.74): 111 4—111 4y using the
Holder inequality and the sobolev interpolation inequality .

I, = /B](Erulr + Bzulz) rdrdz

~ 1 - ~
= —/ulBl I:(Br)r + -B" + (BZ)Zi| rdrdz
r

—/ul(Blrér +BIZI§Z) rdrdz. 4.72)
Therefore, we arrive at
24 Birdrdz < — | |[VBy|" rdrdz + 111,. 4.73)

Note: It is not necessary to estimate /11 () since the sum of 1114 and I, is zero.

4.4 Part IV The estimates of j;

Substituting (4.6) into (4.42) and using (4.1), we obtain an evolution equation of j:

Ju @ ji 0@ = = jud + W1d + Vi) j1g — (D120 + Pi)de
+ (1.0 + V1) j1 — (@10 + Pi)w — il j1¢r + B 019,
—i*ji:¢ + B*®1,¢0 + B w1, + B w1 + Aj1 + ji1(Ar¢p)

L@~ BB+ B + (B - BT, (@74
Moreover, fl (z, t) satisfies the one-dimensional model equation (3.7)
(D01 14291 (D2 = (D22 + 1101 4+281 (@1 +301 (1) — 311 (01 (4.75)
Multiplying (4.75) with ¢ and subtracting the result equation from (4.74), we obtain
Jie + a1y + i iy
= Aji+ j1(Ar) + (V120 + V1) j1d — (D129 + P11

+ (16 + V1) jt — (D19 + Pr)or + i@ jigy + B a1y + j1:0 29 — i)
+w1;¢(B* —2®1) + B wi + B*wi, — L1 + v1j1¢p — 301(11) 0

- 1 . = ~ 1 - S -
30102 + ~ @, — i (BL + BY) + - (BE — B + 7). (4.76)
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Multiplying (4.76) by j; and integrating over [0, 1] x [0, c0), we get

1d [,
oFm / Jji rdrdz
< —/|Vj1|2 rdrdz

+ / (V120 + Y1) 19 — (Prop + Pr)@i¢] ji rdrdz

+ [ 110+ 1101 - B1e + Sranlji rdrd:

b [+ B oo raraz+ [ ip@in - rardz

+ / @1:¢(B* —2®) j; rdrdz + / J1(Ar¢) ji rdrdz

+ /(éfwlr + B wy.)ji rdrdz + /(—Z@@ + 01 j1¢) j1 rdrdz

+ /(—3511}Z¢ + 311 01.) j1 rdrdz + / %(ﬁﬁ — @%)(BL + BY)ji rdrdz

+/%(é§ — B))(@! + ii%) ji rdrdz
= —/ IV j11? rdrdz rdrdz + I Vigy + IV + IV + I Viay + 1 Vee

+IVipy + 1V + 1V ++1Viy + +1V) + +1 V. 4.77)

We need the relational expressions:
W) [ G e+ 510 rara
2| ~r 1 ~r ~Z ] e
=—[Jji|@ )r~|—;u + @*); | rdrdz— [ j1(@" j1 + u* j17) rdrdz. (4.78)
We have [ ji(i@" ji, + i* ji2) rdrdz = 0.
) / j1Aji rdrdz < — / |V j1]? rdrdz. (4.79)

In the following, we will estimate the right-hand of (4.77): IV (4)=1V (¢).

Vi) = / [(F126 + V1) 19 — (Brop + 1)@ d1j1 rdrdz
< 111 Lt 2151 e Wi 2 W e 1121 2)
.. 1/4 . 1/4
Bl

T /4,7 3/4 — 1/4,, - 3/4
el el 2155+ 1@l 2 D5 Bz 15
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A2d§ 2A3/2d0 A2C;/2d3/2 1
/4 x3/4

Vi = / (D1 + V1) j1 — (Predp + D1y i rdrdz

< (IWellzz + il 17 + U ®rellzz + el g2l sl s

1/2 1/2 ;1/2
< +2(A_d0 A HY? 4 Ay dy G434

w e M17/16

1/2 1/2 ;172
42 A_do+ Al 1/2 ACZ dO
M M7/16 M17/16

)H1/4E3/4G1/4K3/4. (4.81)

1V = / (=it" j1¢r + B @1y j1 rdrdz

A

< oo (" g2l pall i s 4+ 1B 1 21101z 411l 24)
2

< MGU“KW“. (4.82)
M?2

Vi) / J1z¢ Q¥ — %) ji rdrdz

- / Jiedilrer +2(¢ — D]+ u®} rdrdz

/jlzj_'1¢{¢1[r¢r +2(¢ — DI+ u*} rdrdz
+/J'1]_'1¢{K51z[7¢r +2(¢ = DI+ uz} rdrdz = IViay + 1 Vigz).  (4.83)

IVian < 1111y +2(— D] o / Jiejin rdrdz + (1] / Jiojiu® rdrdz

. 7 - T ANT 34 1/4
< IVl 202 + CON 211 2o+ s e 1 115 V|

- (2+C1)A2d§K K|: A1/4 A1/4dé/4(2+cl)1/4:|

3/4
g

= M2 M7/32 M/

4 ~3/4 ;7/4
[33/4( AdO H3/4+ A7/ C2 d() )

M29/32 M39/32

A8 3/84 A11/4C3/8d11/8
+23/4( ¢ 20 : (4.84)

MB85/64 M15/64

IVia) < |9l |lrér +2(¢ — 1)I|L°°/j167)11/_/1z rdrdz + |I¢|ILw/w1f1u§ rdrdz

< Q+Collzlleellill 2l 2 + el 21 ué]] 2
292 3/2 2,~1/2 ,3/2
_@+cnardg |:2(A do 12, ACYdy
M2 M23/16 M33/16
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Ado ACodg 1/4 £-3/4
—|—(M7/8H—|— 11178 G/mK", (4.85)

IViey = /67)1z¢>(1L~gz —2dy)jy rdrdz
= /jl(z}lzd’{i)l [r¢r +2(¢ — D]+ B*} rdrdz
= /jlz@1¢{q_>l[r¢r +2(¢ — D]+ B*} rdrdz

+/j15)1¢{<i>1z[r¢r +2(¢ — D]+ B} rdrdz = IV(e1) + 1 V(e2). (4.86)

IViery < llollL=lirds +2( — 1>||Loo/j1zdn&>1 rdrdz

il / j1.1 B rdrdz

< [IVJtll 2l + COIDrel 2 [1@1 ]| Lo
— 1/4,, - 3/4 1/4 3/4
D1l 11zl BRI A IV BRI,

_@rcnddg [ A AV 2 4 i/
- M?2 + M7/32 + M1/4

3/4 774
o Ado_ s ATCG AT s
9732 259732

A11/8d0 5 A11/4C3/8d11/8
/8 2 9
X (M85/64 G777 + M 115/64 ’ (4.87)

IVie2)y < ll@llLeellrey +2(¢p — 1)||L°°/j10_)1&>12 rdrdz + ||@]| L
X/jlcr)lBg rdrdz

< @+ ColI®rellz=lljill2lldnl g2 + il sl 211 BE ]2
272 3/2 2172 43/2
_@+CnA d0G+|:2(A do 1o, ACydg )

= M2 M23/16 T 6
Ady o APCog \ | e ey 4.88
+\ 2756 + i : (4.88)
- . - . ACady
IVif) = /Jl(Ar@Jl rdrdz < [|Ay@llree izl 21171112 < A (4.89)

IVig = /(Brwlr + Biwi;) ji rdrdz

- _/wljl[(ér), + B /r + (B%).] rdrdz
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- / w1 (B" ji, + B ji;) rdrdz. (4.90)

IV = / (=l1w1¢ + V1 j1¢0) j1 rdrdzdrdz
. . 2A%d}
< (e llvizll g2 + otz ) 2Dl 2 < e G. (491

Vi) = /(—3611_12¢ +30101:¢) j1 rdrdz
_ - . _ . 6A%d}
< 3wl fihellz + Ml Pl 2 = — 5= 6. (4.92)

As for 1V(;y and IV, we apply the Holder inequality, the sobolev interpolation
inequality, (4.8)—(4.11), Appendix (5.3)—(5.8), and the following fact:

iy, = _Iplz(ﬁ - “ﬁlzd’r + uy, u = _”ﬁlqu + u;’
L‘Zf = 31/f1¢r + rllfl(brr + l/lf, ; 21//11¢ + rl/jlld)r + MZ’
B — —Ci)lzd’_r&)lz(br‘i‘Br’ Bz = —r¢111¢+BZ,

~

Bf :3q_>1(]>r'i‘rq_>l(j’rr"'BZ sz :2élz¢+rélz¢r+Bzz.
u, = =Yz — e, M —V1zz,
uf =3Y1, + ¥, ; = 1//1z +F1ﬂ1rz,
B: ==, —rdy, Bzr = —dy,,,
B =3®, +rdy, B =2®, +rdy,,. (4.93)
| o~ o
1V = / ;Jl(uﬁ — #2) (B! + BY)ji rdrdz

1 _ _
_ / S(=30120 — 2 T1cy + 4 — )
(1B + 316, + r®16yr + B + BO)jy rdrdz
1 _ _ _ _ _
_ / T (30120 — 2 (1 + 3b1, +rBigy) i rdrds

1 _ _
+ / ~(=30120 — 201:90)(BL + BY) jy rdrde
1 _ _ _
+ / S i (~rBiecp+ 3B 19y + r®1gyy)jy rdrds

1 .
+/ ;(uf —ul)(B. + By)j rdrdz
=1V + 1V + 1V(3) + 1V(ja). (4.94)

In the following, we will estimate I V1) and I V{4,

IV < Gllvtllzell@llee + 2]|vil|Leel|@r || L)
(1@l 2 + [Pl lI@r /rILoe + [1@rr Lo [P 1] Lo) 1 ]2
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3Ady 2AdyC Ady AdpCi ACady
= (7 W) (7 woE t W) ¢ (499
IVija) = Noillee Bll@llLe + 2l1@rl L) (I P12zl 2 + 3 P1r /7l 2
H P21l 2
3Ady 2AdyC 5 ACady
= (7 W) (G~ + WG) (4.96)

1Vii3) < illalllizll sl e Gzl 2 + 210rirel12)

H P12 Bllpr /rlLee + el L) BlIYizl 2 + 20r ezl p2) il 2
1/2

A2 AC?d)”? 1 ACyd
/2 2 % 240
= |:3(M11/16H T e )T 2M1/8H + 2Ml9/16

' [A2d§G1/4K3/4 | 3AdCy ACzdo} '

o m v (4.97)
IViiay < (1@izellp2 + 31 Pr/rlle + P11 L2) Gl 21l
2l r e 2 il g2)

AC»d, ATBCIA g3 aclqal’®
20)|:( 2 % sy 2t %

MO7/64 M71/64

QH + 1GR3/

2412¢)2dy? . 2ACyd
i /2 1 1/2 240
D QH+1D'*K'* + VA

(2H + 1)‘/2} G. (4.98)
1 ¥ DI (T ~7
IV = [ —ji(BZ = Bp)(; + i) rdrdz
1. - _
= / ;]1 (BP0 4+ 2rd 1,0, + BZZ + B:)

(=1 + 3V1dr + rnder + ul + ul) rdrdz

1 - - - - -
= / ;(3¢’1z¢ +2r®1:¢,) (—rYiz2¢ + 3V1¢r + i) ji rdrdz
+/ %(3<i>1z¢ +2r 1.y (U], + i) ji1 rdrdz
1 - - -
+/ ;(Bf, + B (=rY12:¢ + 3y + i) j1 rdrdz

1
+/ ;(BZZ + Brr)(ug +ud)jirdrdz = IV + 1Vgo) + IV3y + I Vika).
(4.99)

In the following, we estimate from I V(i1 to 1 V(x4):

IV < Gl rll2llgllze + 201@ill 2 |rgr )
(zzll 2ll@llLee 4 311l 21l /rllLee 4 Wil 2l1@rr o)1l 22
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Ad A Ady(3C1 + ()
< —(3+2C1)[ T] G (4.100)
IVaay < P12l 2 BlIBlIze + 211 1) (1Wizel 2 + 311 /rll 2
, Ady(3+2Cy) A2Cy(3 +2C1)d?
Hivrll il £ ————G T
(4.101)
IVizy = GlI®izllzz + 2[r ozl L)1 Lall @l o1l L4
+@IYillellgr /rilee + il o)l 2]
A2 ACY?a)”? 1 ACyd
/2 ) 2do
= |:3(M11/16G + M21/16 +2M1/8G+2M19/16
A%G g s, BACL | ACody
[M7/4G K T | (4.102)
As for IV(i4), we need the following facts:
1/4
1@1zllzs < 1®@1ll 5 (1P a2 + 1@ 1arl2). (4.103)

Vs = /(3<D1z +2r®1r) (= Y12z + 3V1r/r + Yupr)rji rdrdz

< BIP LA (1P1zr 2 + (11221120 + 1r @111 2]

1/4 3/4
Wazzllzz + 1391 /712 + 1) s VS

9/8
<3 (A Cady ACrdy

3/4 g5/4
MST/64 M5/ CH+ DHG7K

) (QH + )Gk 4 ———
(4.104)

By adding the estimates for fu%rdrdz, fw%rdrdz, fBlzrdrdz, and fjlzrdrdz, we
obtain 4 w(H” + 2 4 G?). Bach term in our estimates from I, to [ V, can be bounded by

Ce(E® + K*) +eg(H. G),
where C is a constant, g(H, G) is polynomial of H and G with positive rational

exponents and positive coefficients that depend on Cy, A, ro, do, M, e = 1/ MY (y >
0). Putting all the estimates together, we obtain

d
a(H2 +G% < —1/2(E*> + K*) +¢g(H, G)

IA

—1/2(H* + G*) +¢g(H, G) (4.105)

since H < E,G < K. For given A > 1,dy > 0, we can choose M is large enough
so that

—1/2(0 +1) +eg(1,1) < 0.
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If the initial condition for u1, wi, ¥, B1, j1, and @1 are chosen such that H(0) <
1, G(0) < 1, then we have

Hit) <1, G@) <1, for all t > 0.

This completes the proof of the Theorem 4.1. O
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Appendix

In this appendix, we will present the L? norm of u” , u®, the derivatives of yr;, ®; of
wi and Ji.

A

A
lu"(r,z, D)l 2 < W(l + do); (5.1

< Ay Ael e, (5.2)
=M T M s :

172 ,1/2

Wielle < ——llorll2 + AG )"

lz LZ—M7/16 @1 M6

Al/2 1/2 C21/2d1/2

Pi1zllp2 < 776 2 W; 5.4
AC2d()'
W
ACQdo_
T

Czdo

MoA
(5.7)

ACydy

M54
(5.8)

[[u®(r, z, )2

(5.3)

izzllp2 + Wiz lle + 1eellp2 + 31 /el < llorlle + (5.5

Przzllze + N Puzrllp2 + P llz2 + 3P /rllze = Jillg2 + (5.6)

P1zzzllp2 + N Przzrll2 + 1 P1zrr 2 + 31 P1zr /rllp2 < 1zl + —57

P12zl + U P1zzr 2 + U Przrrllp2 + 3 Puz /rllp2 < izl + —=

Proof 1) proof of (5.1) and (5.2)

[lu"(ryz, Ollg2 = lla"(ryz,0) — d"(ryz, Ol 2 < " (ry 2z, Ol g2 + i (ry 2, 012

+ gl < + Rollgll Lo l1¥1cll 2

| /\

M7/8 - M7/8
A
W(l +dop),

llus(r,z, Ol 2 = [la*(r, z, 1) — u*(r, 2, Ol 2 < a2, Ol 2 + a2, 0l 2

IA
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= R + 2[1@l Y1z + RollWillol eyl Los
A A o
< S+ e,

where we use (4.8), (4.9), (4.8) and (4.23).
2) proof of (5.3) and (5.4)

il = / (W12)°d(r?/2)dz = — / rYi Wiz rdrdz < (el 2|1Vl 2

A ACydy
< 2 lrirell2 < Hall 2 (1Yl 2 < il o]z +top0 )

@117, = /(cblz)zd(rz/z)dz = —/rcblzcblz, rdrdz < [[r®i;|[2]| 1] 2.

A Cady
< 1Bl 1@l < Bl @l < e (||m|Lz + )

we arrive at (5.3) and (5.4), where we use (4.8)—(4.10), (5.5)—(5.6) and (4.21).
3) proof of (5.5)
From (4.40), we have

(Ilflzz + Pirr + er) =y. (5.9

Using the definition of Y| = ¥1¢ + ¥ and @ = @1¢ + w1, we rewrite (5.9) as
— w1 =AY+ Y1(A9), (5.10)

where AY1 = Vi + Yirr + 2Y1r, Argp = ¢y + 26, Multiplying (5.10) by V1.,
and integrating over [0, 1] x [0, c0), we have

||w1||L2||1//lzz||L2 = /wll/flzz rdrdz > /[(AWI)I/flzz - 1/}1 (Ar(b)llf]zz] rdrdz

3 -
= / [(lez + Y+ ;er) Yizz — ¢1(Ar¢)1ﬁ1zz:| rdrdz

ACydy
> lWeallze + WrllT — S Wizl

We arrive at

ACady

Wzelliz + Wllze < Nlotllz + 5570

5.11)

where

Q) [ ViV rdrdz = [[Yul12, + [ Y, drdz,
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b) f %erl//_lzzrdrdz =3 fwlzl/flrz drdg,
) [(ArVYie rdrdz < [|ArllL [ 1] [Wiz] rdrdz < A5 [ ]2,
Multiplying (5.10) by A, and integrating over [0, 1] x [0, c0), we get

ol 21 A il > /wl(Arwmdrdz
> / [AYD A1 — F1(Aryr) Ar] rdrdz

3
- / W1eetior + > W1ecby + (A ] rdrde
ACady

> (1l 32 + 1A ]2, — o 1Az,
where
d) [AYDA Y rdrdz = |[Y1rl17, + 1A117,,
&) [ V1A Y1) A rdrdz < AN A,y | 2.
Moreover,
HAAT S = [1W1ll72 + 11391 /71175 (5.12)
According to the above inequalities, we obtain
ACady
W1l l22 + 11391 /71172 < Nlenllze + — (5.13)
Combining (5.11) and (5.13), we arrive at (5.5).
3) proof of (5.6)
From (4.1), (4.7) and (4.43), we have
— 1 =A® + D 1(Ar). (5.14)

Multiplying (5.14) by ®,, and integrating over [0, 1] x [0, c0), we have

il 1@l = /jlcblu rdrdz z/[(ml)dnu — &, (A ¢) D] rdrdz

- / [(@1se + iy + 301, /)1y — B, (A ) Pyoc] rdrdz

ACady
= 19122l + [1@1rell72 — - 5 1®zell e
We arrive at
. ACrdy
NPizzllz2 + N Pircllz2 < Wil + —=7 (5.15)

M4

where
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a) fq)lrrq>lzz rdrdz = ||q>1rz||iz + fcblzcblrz drdz,
b) [2dy, @y, rdrdz = =3 [ &1, Py, drdz,

) [(Ard)P 1@ rdrdz < [|ArgllLoe [1D1] [®1z] rdrdz < 2G80 |12

Multiplying (5.14) by A,®; and integrating over [0, 1] x [0, c0), we get
2 1A Pyl L2 Z/jl(Ard)l)rdrdZ
> [1a®na o - 618,004,901 rdrd:

3
= /[q)lzz(blrr + ;Cblzzq)lr + (Arcbl)z] rdrdz

o 1@ P 1A, — 22D A 0y
- 1rz L2 r 1 LZ M5/4 r 1 Lza
where d) [(A®)A, @y rdrdz = || 1,17, + ||A P17,
&) [ B1(A @A rdrdz < ACD A, By .
Moreover,
A @172 = [|@1rrl[72 + [1301,/71175. (5.16)
According to the above inequalities, we obtain
2 5 ACady
@17l + 3@ /rIl72 < Hlenllze + (5.17)

Combining (5.15) and (5.17), we arrive at (5.6).
4) proof of (5.7) and (5.8)

Different (5.9), (5.14) with respect to z, respectively. The process of proof is similar
to the proof of (5.5) and (5.6). We complete the proof of Appendix. O
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