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Abstract In this paper, we study the property of solutions to axially symmetric
incompressible MHD equations in three dimensions. First, we present the three-
dimensional axially symmetric incompressible MHD equations. We propose a new
one-dimensional model that approximates the MHD equations along the symmetric
axis. This one-dimensional model can construct a family of exact solutions to the
three-dimensional MHD equations. Second, we give a family of particular solutions
to the three-dimensional and a prior estimates of one-dimensional MHD equations.
Finally, we construct a family of global smooth solutions to the three-dimensional
MHD equations by applying the one-dimensional solutions.
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1 Introduction

Magnetohydrodynamics (MHD) [1] (magneto fluid dynamics or hydromagnetics) is
the study of dynamics of electrically conducting fluids. Such fluids include plasmas,
liquid metals, salt water, and electrolytes. The word magnetohydrodynamic is derived
frommagneto-meaning magnetic field, hydro-meaning liquid, and dynamics meaning
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movement. The field of MHD was initiated by Hannes Alfvén, for which he received
the Nobel Prize in Physics in 1970.

The fundamental concept behind MHD is that magnetic fields can induce currents
in a moving conductive fluid which in turn creates forces on the fluid and also changes
the magnetic field itself. The set of equations which describe MHD are a combina-
tion of the Navier–Stokes equations of fluid dynamics and Maxwell’s equations of
electromagnetism.

This paper concerns itself with the incompressible three-dimensional MHD:

⎧
⎪⎨

⎪⎩

ut + (u · ∇)u = −∇ p + μ�u + (∇ × B) × B,

Bt = ν�B + ∇ × (u × B),

∇ · u = 0, ∇ · B = 0.

(1.1)

Here,B(x, t) denotes themagnetic field. u(x, t) is the velocity field. p(x, t) is the pres-
sure.μ ≥ 0 is the fluid viscocity. ν ≥ 0 is the resistivity. First, using the transformation
of cylindrical coordinate, we obtain the three-dimensional axially symmetric incom-
pressible MHD equation: (2.13) and (2.14). Second, we get a new one-dimensional
model, and this model approximates the three-dimensional asymmetric MHD along
the symmetry axis. By expanding the angular velocity uθ , the angular vorticity ωθ , the
angular stream function ψθ , the angular magnetic Bθ , the angular current density jθ ,
and the angular magnetic stream function�θ around r = 0.We neglect the high-order
terms in r and assume that the second partial derivative of uθ

1, ωθ
1 , ψθ

1 , Bθ
1 , jθ1 , and

�θ
1 with respect to z is much larger than the functions with respect to r . We get the

one-dimensional coupled nonlinear partial differential equations are

(uθ
1)t − 2(ψθ

1 )zuθ
1 + 2ψθ

1 (uθ
1)z = (uθ

1)zz − 2(�θ
1)z Bθ

1 + 2�θ
1(Bθ

1 )z, (1.2)

(ωθ
1)t + 2ψθ

1 (ωθ
1)z − [(uθ

1)
2]z = (ωθ

1)zz + 2�θ
1( jθ1 )z − [(Bθ

1 )2]z, (1.3)

−(ψθ
1 )zz = ωθ

1 , (1.4)

(Bθ
1 )t + 2ψθ

1 (Bθ
1 )z = (Bθ

1 )zz + 2�θ
1(u

θ
1)z, (1.5)

( jθ1 )t − (ψθ
1 )z jθ1 + 2ψθ

1 ( jθ1 )z = ( jθ1 )zz − (�θ
1)zω

θ
1 + 2�θ

1(ω
θ
1)z

+3(ψθ
1 )z(�

θ
1)zz − 3(�θ

1)z(ψ
θ
1 )zz, (1.6)

−(�θ
1)zz = jθ1 . (1.7)

Third, we construct a family of exact solutions from the above one-dimensional model.
If (uθ

1, ω
θ
1 , ψ

θ
1 , Bθ

1 , jθ1 ,�θ
1) is an exact solution to one-dimensional model, then

uθ (r, z, t) = ruθ
1(z, t), ωθ (r, z, t) = rωθ

1(z, t) ψθ (r, z, t) = rψθ
1 (z, t),

Bθ (r, z, t) = r Bθ
1 (z, t), jθ (r, z, t) = r jθ1 (z, t) �θ (r, z, t) = r�θ

1(z, t).
(1.8)

is an exact solution to the three-dimensional axisymmetric MHD equations (Theo-
rem 2.1). Fourth, we consider a family of particular solutions to three-dimensional
axisymmetric MHD equations uθ = 0 and Bθ = 0, we arrive at
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ω̄)t + 2ψ̄(ω̄)z = (ω̄)zz + 2�̄( j̄)z,

(v̄)t + 2ψ̄(v̄)z + (v̄)2 = (v̄)zz + 2�̄(l̄)z + l̄2 + e(t),

− (ψ̄)zz = ω̄,

( j̄)t + v̄ j̄ + 2ψ̄( j̄)z = ( j̄)zz + l̄ω̄ + 2�̄(ω̄)z + 3v̄(l̄)z − 3l̄(v̄)z,

(l̄)t + 2ψ̄(l̄)z = (l̄)zz + 2�̄(v̄)z + f (t),

− (�̄)zz = j̄ .

(1.9)

where v̄ = −(ψ̄)z, l̄ = −(�̄)z, e(t) = 3
∫ 1
0 v̄2dz + ∫ 1

0 B̄2dz, and d(t) = 0. More-
over, we get a prior estimates of B̄(z, t) and v̄(z, t) (Theorems 3.2, 3.3). Finally, we
construct a family of globally smooth solutions to the three-dimensional MHD using
the particular solutions to the one-dimensional model (1.9), then

uθ (r, z, t) = r [ū1(z, t)φ(r) + u1(r, z, t)], ωθ (r, z, t) = r [ω̄1(z, t)φ(r) + ω1(r, z, t)],
ψθ (r, z, t)= r [ψ̄1(z, t)φ(r) + ψ1(r, z, t)], Bθ (r, z, t) = r [B̄1(z, t)φ(r) + B1(r, z, t)],
jθ (r, z, t)= r [ j̄1(z, t)φ(r) + j1(r, z, t)], �θ (r, z, t) = r [�̄1(z, t)φ(r) + �1(r, z, t)],

where

(uθ
1(z, t), ωθ

1(z, t), ψθ
1 (z, t), Bθ

1 (z, t), jθ1 (z, t),�θ
1(z, t))

= (0, ω̄1(z, t), ψ̄1(z, t), B̄1(z, t), 0, 0)

is a particular solution to (1.2)–(1.7). φ(r) is a cut-off function to ensure that the
solution has finite energy. We prove that there exist a family of globally smooth
functions u1(r, z, t), ω1(r, z, t), ψ1(r, z, t), B1(r, z, t), j1(r, z, t), and �1(r, z, t)
such that ũθ (r, z, t), ω̃θ (r, z, t), ψ̃θ (r, z, t), B̃θ (r, z, t), j̃θ (r, z, t), and �̃θ (r, z, t)
are solution to three-dimensional axisymmetric MHD (Theorem 4.1).

Let us mention some important results in the field of incompressible MHD equa-
tions.Caflish andKlapper [2] derived analogous conservation results of incompressible
ideal MHD (i.e., zero viscocity and resistivity) for both energy and helicity. Moreover,
they derived necessary condition for singularity development in ideal MHD gener-
alizing the Beale–Kato–Majda condition for ideal hydrodynamics. He and Xin [3]
derived an estimate of Hausdorff dimension on the possible singular set of a suit-
able weak solution as in the case of pure fluid. Various partial regularity results
are obtained as consequences of his blow-up estimates. Zhou and Gala [4] proved

that if the velocity field satisfies u ∈ L
2

1−γ (O, T, Ẋγ (R3)), γ ∈ [0, 1] or the gra-

dient field of velocity satisfies ∇u ∈ L
2

2−γ (O, T, Ẋγ (R3)), γ ∈ [0, 1], then the
solution remains smooth on [0,T]. Cao and Wu [5,6] established two regularity cri-
teria for the three-dimensional incompressible MHD equations: the first one was
in terms of the derivative of the velocity field in one direction, while the second
one required suitable boundedness of the derivatives of the pressure in one direc-
tion in 2010. They proved global regularity for the two-dimensional MHD equations
with mixed partial dissipation and magnetic diffusion in 2011. Wang and Wang
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[7] proved if the initial data satisfy ||u0||H1 + ||b0||H1 ≤ ε, where ε is a suf-
ficiently small positive number, then the 3D MHD equations with mixed partial
dissipation and magnetic diffusion admit global smooth solutions. Tran and Yu [8]
proved that if the dissipation terms are −ν(−�)αu and −κ(−�)βb, smooth solu-
tions are global in three cases: α ≥ 1

2 , β ≥ 1; 0 ≤ α ≤ 1
2 , 2α + β > 2; and

α ≥ 2, β = 0. Recently, Lei [9] proved the global regularity of axially symmet-
ric solution to the ideal MHD in three dimension for a family of non-trial magnetic
fields.

The rest of this paper is divided into three sections. The second section is devoted
to the derivation of the one-dimensional model (2.17)–(2.22) and construct an exact
solution to three-dimensional model. The third section presents a family of particular
solutions equations: (3.10)–(3.11) and a prior estimates of v̄(z, t) and l̄(z, t). Finally,
we construct a family of global smooth solutions to three-dimensionalMHD equations
using the particular solutions of the one-dimensional model.

2 Derivation of the One-dimensional Model

In this section, we derive the three-dimensional incompressible axially symmetric
MHD equations in cylindrical coordinate. Consider the following three-dimensional
resistive MHD equations

⎧
⎨

⎩

ut + (u · ∇)u = −∇ p + μ�u + (B · ∇)B − 1
2∇|B|2,

Bt + (u · ∇)B = ν�B + (B · ∇)u,

u|t=0 = u0(x), B|t=0 = B0(x), x = (x, y, z).
(2.1)

To simplify, we set the constant μ and ν to be 1. The incompressible and the magnetic
divergence constraints are

∇ · u = 0, ∇ · B = 0. (2.2)

Let

er =
( x

r
,

y

r
, 0

)
, eθ =

(
− y

r
,

x

r
, 0

)
, ez = (0, 0, 1), (2.3)

be three unit orthogonal vectors along the radial, the angular and the axial direction,
respectively, r = √

x2 + y2.
An axially asymmetric solution to the three-dimensional incompressibleMHD(2.1)

and (2.2) is a solution (u,B, p) which takes the following form

⎧
⎨

⎩

u(x, t) = ur (r, z, t)er + uθ (r, z, t)eθ + uz(r, z, t)ez,

B(x, t) = Br (r, z, t)er + Bθ (r, z, t)eθ + Bz(r, z, t)ez,

p(x, t) = p(r, z, t).
(2.4)
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Property of Solution to Axially Symmetric Incompressible... 177

The first equality of (2.1) can be expressed in cylindrical coordinate

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ur )t + ur (ur )r − 1
r (uθ )2 + uz(ur )z = −pr +

(
∇2 − 1

r2

)
ur + Br (Br )r

− 1
r (Bθ )2 + Bz(Br )z − [Br (Br )r + Bθ (Bθ )r + Bz(Bz)r ],

(uθ )t + ur (uθ )r + 1
r uθ ur + uz(uθ )z =

(
∇2 − 1

r2

)
uθ + Br (Bθ )r

+ 1
r Bθ Br + Bz(Bθ )z,

(uz)t + ur (uz)r + uz(uz)z = −pz + ∇2uz + Br (Bz)r + Bz(Bz)z

−[Br (Br )z + Bθ (Bθ )z + Bz(Bz)z].

(2.5)

The second equality of (2.1) is

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(Br )t + ur (Br )r + uz(Br )z =
(
∇2 − 1

r2

)
Br + Br (ur )r + Bz(ur )z,

(Bθ )t + ur (Bθ )r + 1
r uθ Br + uz(Bθ )z =

(
∇2 − 1

r2

)
Bθ + Br (uθ )r

+ 1
r ur Bθ + Bz(uθ )z,

(Bz)t + ur (Bz)r + uz(Bz)z = ∇2Bz + Br (uz)r + Bz(uz)z,

(2.6)

where ∇2 = ∂2r + 1
r ∂r + ∂2z . The incompressible constraints (2.2) are

(ur )r + 1

r
ur + (uz)z = 0, (Br )r + 1

r
Br + (Bz)z = 0. (2.7)

If the pressure is given by P = p + |B|2/2, (2.5) can be simplified

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(ur )t + ur (ur )r − 1
r (uθ )2 + uz(ur )z

= −Pr +
(
∇2 − 1

r2

)
ur + Br (Br )r − 1

r (Bθ )2 + Bz(Br )z,

(uθ )t + ur (uθ )r + 1
r uθ ur + uz(uθ )z

=
(
∇2 − 1

r2

)
uθ + Br (Bθ )r + 1

r Bθ Br + Bz(Bθ )z,

(uz)t + ur (uz)r + uz(uz)z = −Pz + ∇2uz + Br (Bz)r + Bz(Bz)z .

(2.8)

Similarly, the vorticity field ω and the current density J can be expressed in cylindrical
coordinate

ω(x, t) = ∇ × u(x, t) = ωr (r, z, t)er + ωθ(r, z, t)eθ + ωz(r, z, t)ez, (2.9)

J(x, t) = ∇ × B(x, t) = jr (r, z, t)er + jθ (r, z, t)eθ + j z(r, z, t)ez, (2.10)

where

ωr = −(uθ )z, ωθ = (ur )z − (uz)r , ωz = 1

r
uθ + (uθ )r ,

jr = −(Bθ )z, jθ = (Br )z − (Bz)r , j z = 1

r
Bθ + (Bθ )r .

(2.11)
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178 S. Wang, J. Wu

We can introduce the stream function ψ and the magnetic stream function �.
uθ , ωθ , ψθ , Bθ , jθ , and �θ is called the swirl component of the velocity field u,
the vorticity field ω, the stream function ψ , the magnetical field B, the current density
J, and the magnetic stream function �, respectively. Therefore, ur , uz, Br , and Bz

can be expressed in terms of ψθ and �θ as follows:

ur = −(ψθ )z, uz = 1

r
ψθ + (ψθ )r , Br = −(�θ )z, Bz = 1

r
�θ + (�θ )r .

(2.12)

Therefore, we arrive at

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(uθ )t +ur (uθ )r + 1
r uθ ur + uz(uθ )z =

(
∇2 − 1

r2

)
uθ + Br Bθ

r + 1
r Bθ Br + Bz(Bθ )z,

(ωθ )t + ur (ωθ )r + uz(ωθ )z − 1
r urωθ − 1

r [(uθ )2]z =
(
∇2 − 1

r2

)
ωθ

+Br ( jθ )r + Bz( jθ )z − 1
r Br jθ − 1

r [(Bθ )2]z,

−
(
∇2 − 1

r2

)
ψθ = ωθ ,

(2.13)

and

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(Bθ )t + ur (Bθ )r + uz(Bθ )z + 1
r Br uθ =

(
∇2 − 1

r2

)
Bθ

+Br (uθ )r + Bz(uθ )z + 1
r ur Bθ ,

( jθ )t + ur ( jθ )r + uz( jθ )z =
(
∇2 − 1

r2

)
jθ + Br (ωθ )r + Bz(ωθ )z

+[(ur )r − (uz)z][(Br )z + (Bz)r ] + [(Bz)z − (Br )r ][(ur )z + (uz)r ],
−

(
∇2 − 1

r2

)
�θ = jθ .

(2.14)

Any smooth solution to the three-dimensional axisymmetric MHD equations satisfies
the following condition at r = 0:

uθ (0, z, t) = ωθ(0, z, t) = ψθ(0, z, t) = 0,

Bθ (0, z, t) = jθ (0, z, t) = �θ(0, z, t) = 0.
(2.15)

Moreover, all the even-order derivatives of uθ , ωθ , ψθ , Bθ , jθ , and �θ with respect
to r at r = 0 must vanish. We expand the above solution around r = 0 as follows:

uθ (r, z, t) = ruθ
1(0, z, t) + r3

3! uθ
3(0, z, t) + r5

5! uθ
5(0, z, t) + · · · ,

ωθ (r, z, t) = rωθ
1(0, z, t) + r3

3! ω
θ
3(0, z, t) + r5

5! ω
θ
5(0, z, t) + · · · ,

ψθ (r, z, t) = rψθ
1 (0, z, t) + r3

3! ψ
θ
3 (0, z, t) + r5

5! ψ
θ
5 (0, z, t) + · · · , (2.16)

Bθ (r, z, t) = r Bθ
1 (0, z, t) + r3

3! Bθ
3 (0, z, t) + r5

5! Bθ
5 (0, z, t) + · · · ,
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jθ (r, z, t) = r jθ1 (0, z, t) + r3

3! jθ3 (0, z, t) + r5

5! jθ5 (0, z, t) + · · · ,

�θ (r, z, t) = r�θ
1(0, z, t) + r3

3! �
θ
3(0, z, t) + r5

5! �
θ
5(0, z, t) + · · · ,

Substituting the above expansions into (2.12) and (2.13), we obtain

r(uθ
1)t − 2r(ψθ

1 )zuθ
1 + 2rψθ

1 (uθ
1)z

= 4

3
ruθ

3 + r(uθ
1)zz − 2r(�θ

1)z Bθ
1 + 2r�θ

1(Bθ
1 )z + o(r3),

r(ωθ
1)t +2rψθ

1 (ωθ
1)z − r(uθ

1)
2
z = 4

3
rωθ

3 + r(ωθ
1)zz + 2r�θ

1( jθ1 )z − r(Bθ
1 )2z + o(r3),

−4

3
rψθ

3 − r(ψθ
1 )zz = rωθ

1 + o(r3),

r(Bθ
1 )t + 2rψθ

1 (Bθ
1 )z = 4

3
r Bθ

3 + r(Bθ
1 )zz + 2r�θ

1(u
θ
1)z + o(r3),

r( jθ1 )t − r(ψθ
1 )z jθ1 + 2rψθ

1 ( jθ1 )z = 4

3
r jθ3 + r( jθ1 )zz − r(�θ

1)zω
θ
1 + 2r�θ

1(ω
θ
1)z

+3r(ψθ
1 )z(�

θ
1)zz − 4r(ψθ

1 )z�
θ
3 − 3r(�θ

1)z(ψ
θ
1 )zz + 4r(�θ

1)zψ
θ
3 + o(r3),

−4

3
r�θ

3 − r(�θ
1)zz = r jθ1 + o(r3),

where uθ
1 = uθ

r , uθ
3 = uθ

rrr , and uθ
1zz = uθ

r zz . Cancel r from both sides and
neglecting the high-order terms in r and assume that the second partial derivative of
uθ
1, ω

θ
1 , ψ

θ
1 , Bθ

1 , jθ1 , and �θ
1 with respect to z are much larger than the second partial

derivation of these functions with respect to r , we obtain one-dimensional model

(uθ
1)t − 2(ψθ

1 )zuθ
1 + 2ψθ

1 (uθ
1)z = (uθ

1)zz − 2(�θ
1)z Bθ

1 + 2�θ
1(Bθ

1 )z, (2.17)

(ωθ
1)t + 2ψθ

1 (ωθ
1)z − [(uθ

1)
2]z = (ωθ

1)zz + 2�θ
1( jθ1 )z − [Bθ

1 )2]z, (2.18)

−(ψθ
1 )zz = ωθ

1 , (2.19)

(Bθ
1 )t + 2ψθ

1 (Bθ
1 )z = (Bθ

1 )zz + 2�θ
1(u

θ
1)z, (2.20)

( jθ1 )t − (ψθ
1 )z jθ1 + 2ψθ

1 ( jθ1 )z = ( jθ1 )zz − (�θ
1)zω

θ
1 + 2�θ

1(ω
θ
1)z

+3(ψθ
1 )z(�

θ
1)zz − 3(�θ

1)z(ψ
θ
1 )zz, (2.21)

−(�θ
1)zz = jθ1 . (2.22)

Theorem 2.1 Let (uθ
1(z, t), ωθ

1(z, t), ψθ
1 (z, t), Bθ

1 (z, t), jθ1 (z, t),�θ
1(z, t)) be the

solution to the one-dimensional model (2.17)–(2.22), and define

uθ (r, z, t) = ruθ
1(z, t), ωθ (r, z, t) = rωθ

1(z, t), ψθ (r, z, t) = rψθ
1 (z, t),

Bθ (r, z, t) = r Bθ
1 (z, t), jθ (r, z, t)=r jθ1 (z, t), �θ (r, z, t) = r�θ

1(z, t), (2.23)

then (uθ (r, z, t), ωθ (r, z, t), ψθ (r, z, t), Bθ (r, z, t), jθ (r, z, t),�θ (r, z, t)) is an exact
solution to the three-dimensional axisymmetric MHD equations (2.13)–(2.14).
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180 S. Wang, J. Wu

Proof By substituting (2.23) into (2.13) and (2.14) and canceling r , respectively, we
can obtain (2.17)–(2.22). ��
Let

ū = uθ
1, v̄ = −(ψθ

1 )z, ω̄ = ωθ
1 , ψ̄ = ψθ

1 ,

B̄ = Bθ
1 , l̄ = −(�θ

1)z, j̄ = jθ1 , �̄ = �θ
1.

(2.24)

By integrating the ω̄ and j̄ equations with respect to z and using the relationship (2.19)
and (2.22), we get evolution equations for v̄ and l̄. Now the complete equations of
ū, v̄, ω̄, B̄, l̄, and j̄ are given by

ūt + 2v̄ū + 2ψ̄(ū)z = (ū)zz + 2l̄ B̄ + 2�̄(B̄)z, (2.25)

(ω̄)t + 2ψ̄(ω̄)z − (ū2)z = (ω̄)zz + 2�̄( j̄)z − (B̄2)z, (2.26)

(v̄)t + 2ψ̄(v̄)z + (v̄)2 − (ū)2 = (v̄)zz + 2�̄(l̄)z + l̄2 − B̄2 + c(t), (2.27)

−(ψ̄)zz = ω̄, (2.28)

(B̄)t + 2ψ̄(B̄)z = (B̄)zz + 2�̄(ū)z, (2.29)

( j̄)t + v̄ j̄ + 2ψ̄( j̄)z = ( j̄)zz + l̄ω̄ + 2�̄(ω̄)z + 3v̄(l̄)z − 3l̄(v̄)z, (2.30)

(l̄)t + 2ψ̄(l̄)z = (l̄)zz + 2�̄(v̄)z + d(t), (2.31)

−(�̄)zz = j̄, (2.32)

where c(t) and d(t) are integration constants:

c(t) = −ψ̄zt (0, t) − 2ψ̄(0, t)ψ̄zz(0, t) + (ψ̄z)
2(0, t) − ū2(0, t)

+ ψ̄zzz(0, t) + 2�̄(0, t)�̄zz(0, t) − (�̄z)
2(0, t) + B̄2(0, t),

d(t) = −�̄zt (0, t) − v̄(0, t)�̄z(0, t) − 2ψ̄(0, t)�̄zz(0, t)

+ �̄zzz(0, t) + l̄(0, t)ψ̄z(0, t) + 2�̄(0, t)ψ̄zz(0, t).

If ψ̄ and �̄ is periodic with period 1 in z, then c(t) = 3
∫ 1
0 v̄2 − l̄2dz + ∫ 1

0 B̄2 −
ū2dz, d(t) = 0. Note that the equations ω̄ (2.26) and j̄ (2.30) are equivalent to that
for v̄ (2.27) and l̄ (2.31), respectively. So it is sufficient to consider the coupled system
for ū, v̄, B̄, and l̄.

ūt + 2v̄ū + 2ψ̄(ū)z = (ū)zz + 2l̄ B̄ + 2�̄(B̄)z, (2.33)

(v̄)t + 2ψ̄(v̄)z + (v̄)2 − (ū)2 = (v̄)zz + 2�̄(l̄)z + l̄2 − B̄2 + c(t), (2.34)

(B̄)t + 2ψ̄(B̄)z = (B̄)zz + 2�̄(ū)z, (2.35)

(l̄)t + 2ψ̄(l̄)z = (l̄)zz + 2�̄v̄z + d(t). (2.36)

3 A Family of Particular Solutions

In this section, wewill present a family of particular solutions to the three-dimensional
MHD equations. Consider a family of non-trial solutions with the form
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u = ur (r, z, t)er + uz(r, z, t)ez, B = Br (r, z, t)er + Bz(r, z, t)ez . (3.1)

It is easy to check (uθ , Bθ ) be zero all for time if they are zero initially, and it is
also satisfied the incompressible condition (2.2). In this case, (2.13) and (2.14) are
simplified

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ωθ )t + ur (ωθ )r + uz(ωθ )z − 1
r urωθ

=
(
∇2 − 1

r2

)
ωθ + Br ( jθ )r + Bz( jθ )z − 1

r Br jθ ,

−
(
∇2 − 1

r2

)
ψθ = ωθ ,

( jθ )t + ur ( jθ )r + uz( jθ )z

=
(
∇2 − 1

r2

)
jθ + Br (ωθ )r + Bz(ωθ )z

+[(ur )r − (uz)z][(Br )z + (Bz)r ] + [(Bz)z − (Br )r ][(ur )z + (uz)r ],
−

(
∇2 − 1

r2

)
�θ = jθ .

(3.2)

We also obtain one-dimensional model
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(ωθ
1)t + 2ψθ

1 (ωθ
1)z = (ωθ

1)zz + 2�θ
1( jθ1 )z,

−(ψθ
1 )zz = ωθ

1 ,

( jθ1 )t − (ψθ
1 )z jθ1 + 2ψθ

1 ( jθ1 )z

= ( jθ1 )zz − (�θ
1)zω

θ
1 + 2�θ

1(ω
θ
1)z

+ 3(ψθ
1 )z(�

θ
1)zz − 3(�θ

1)z(ψ
θ
1 )zz,

−(�θ
1)zz = jθ1 .

(3.3)

Let ω̄ = ωθ
1 , ψ̄ = ψθ

1 , v̄ = −(ψθ
1 )z, j̄ = jθ1 , andl̄ = −(�θ

1)z , we obtain the
complete set of evolution equations for ω̄, ψ̄, j̄ and �̄

(ω̄)t + 2ψ̄(ω̄)z = (ω̄)zz + 2�̄( j̄)z, (3.4)

(v̄)t + 2ψ̄(v̄)z + (v̄)2 = (v̄)zz + 2�̄(l̄)z + l̄2 + e(t), (3.5)

−(ψ̄)zz = ω̄, (3.6)

( j̄)t + v̄ j̄ + 2ψ̄( j̄)z = ( j̄)zz + l̄ω̄ + 2�̄(ω̄)z + 3v̄(l̄)z − 3l̄(v̄)z, eq3.7 (3.7)

(l̄)t + 2ψ̄(l̄)z = (l̄)zz + 2�̄(v̄)z + f (t), (3.8)

−(�̄)zz = j̄, (3.9)

where e(t) = 3
∫ 1
0 v̄2dz − ∫ 1

0 l̄2dz, f (t) = 0.
Similar to the second section, it is sufficient to consider the coupled system for B̄

and v̄:

(v̄)t + 2ψ̄(v̄)z + (v̄)2 = (v̄)zz + 2�̄(l̄)z + l̄2 + e(t), (3.10)

(l̄)t + 2ψ̄(l̄)z = (l̄)zz + 2�̄(v̄)z + f (t). (3.11)

123



182 S. Wang, J. Wu

Theorem 3.1 Let (ωθ
1(z, t), ψθ

1 (z, t), jθ1 (z, t),�θ
1(z, t)) be the solution to the one-

dimensional model (3.3), and define

ωθ(r, z, t) = rωθ
1(z, t), ψθ (r, z, t) = rψθ

1 (z, t),

jθ (r, z, t) = r jθ1 (z, t), �θ (r, z, t) = r�θ
1(z, t),

(3.12)

then (ωθ (r, z, t), ψθ (r, z, t), jθ (r, z, t),�θ (r, z, t)) is an exact solution to the three-
dimensional axisymmetric MHD equations (3.2).

Proof It is a particular case of Theorem 2.1. ��
Theorem 3.2 (A prior estimates of v̄ and l̄ in H1) Consider the one-dimensional
axisymmetric incompressible MHD equations (3.10) and (3.11). Assume that v̄0(z),
l̄0(z) ∈ H1[0, 1] and for fixed T > 0 and 0 < t < T , we have

||v̄(z, t)||2L2 + ||l̄(z, t)||2L2 + 2
∫ t

0
(||v̄z(z, t)||2L2 + ||l̄z(z, t)||2L2)dτ

≤ 2(||v̄0(z)||2L2 + ||l̄0(z)||2L2). (3.13)

Proof Multiplying (3.10) by v̄ and (3.11) by l̄, we have

1

2

d

dt
v̄2 + ψ̄(v̄2)z + v̄3 = v̄(v̄)zz + 2�̄(l̄)z v̄ + l̄2v̄ + e(t)v̄,

1

2

d

dt
l̄2 + ψ̄(l̄2)z = l̄(l̄)zz + 2�̄(v̄)z l̄ + f (t)l̄.

Adding the result equations, we obtain

1

2

d

dt
(v̄2 + l̄2) + ψ(v̄2 + l̄2)z = v̄v̄zz + l̄ l̄zz + 2�̄(l̄v̄)z + l̄2v̄ − v̄3 + e(t)v̄ + f (t)l̄.

Integrating over z, we arrive at

1

2

d

dt

∫ 1

0
(v̄2 + l̄2)dz +

∫ 1

0
ψ(v̄2 + l̄2)zdz

=
∫ 1

0
v̄v̄zzdz +

∫ 1

0
l̄ l̄zzdz +

∫ 1

0
l̄2 v̄dz

−
∫ 1

0
v̄3dz +

∫ 1

0
2�̄(l̄v̄)zdz + e(t)

∫ 1

0
v̄dz + f (t)

∫ 1

0
l̄dz.

Integrating over t , we get (3.13), wherewe use the integration by parts, Hölder inequal-
ity and −ψ̄z = v̄,−�̄z = l̄. This completes the proof of Theorem 3.2. ��
Theorem 3.3 (A prior estimates of v̄ and l̄ in H2) Consider the one-dimensional
axisymmetric incompressible MHD equations (3.10) and (3.11). Assume that v̄0(z),
l̄0(z) ∈ H2[0, 1] and for fixed T > 0 and 0 < t < T , we have

123



Property of Solution to Axially Symmetric Incompressible... 183

||v̄z(z, t)||2L2 + ||l̄z(z, t)||2L2 + 2
∫ t

0
(||v̄zz(z, t)||2L2 + ||l̄zz(z, t)||2L2)dτ

≤ C(||v̄0z(z)||2L2 + ||l̄0z(z)||2L2). (3.14)

Proof Differentiating (3.10) and (3.11) with respect to z, we get

(v̄)zt + 2(ψ̄)z(v̄)z + 2ψ̄(v̄)zz + (v̄2)z = (v̄)zzz + 2�̄z l̄z + 2�̄l̄zz + (l̄2)z, (3.15)

(l̄)zt + 2(ψ̄)z(l̄)z + 2ψ̄(l̄)zz = (l̄)zzz + 2�̄z v̄z + 2�̄v̄zz . (3.16)

Multiplying (3.15) by v̄z , (3.16) by l̄z , and adding the resulting equations, we have

1

2

d

dt
[(v̄z)

2 + (l̄z)
2] + 2(ψ̄)z[(v̄z)

2 + (l̄z)
2] + ψ̄[(v̄z)

2 + (l̄z)
2]z + (v̄2)z v̄z

= (v̄)z(v̄)zzz + (l̄)z(l̄)zzz + 4�̄z l̄z v̄z + 2�̄l̄zz v̄z + 2�̄l̄z v̄zz + (l̄2)z v̄z .

Integrating over z, we obtain

1

2

d

dt
(||v̄z||2L2 + ||l̄z ||2L2) + ||(v̄)zz ||2L2 + ||(l̄)zz ||2L2

≤
∫ 1

0
|v̄|(v̄z)

2dz +
∫ 1

0
|v̄|(l̄z)

2dz +
∫ 1

0
v̄2|v̄zz|dz

≤ ||v̄||L2 ||v̄z||2L4 + ||v̄||L2 ||l̄z||2L4 + ||v̄||2L4 ||v̄zz||L2

≤ 2C(ε)||v̄||2L2 ||v̄z ||2L2 + 2ε||v̄zz ||2L2 + C(ε)||v̄||2L2 ||l̄z||2L2 + ε||l̄zz||2L2 .

Integrating over t , we obtain (3.14), where we use the Theorem 3.2, the second
Gagliardo–Nirenberg inequality, the Yong’s inequality, the integration by parts, and
−ψ̄z = v̄,−�̄z = l̄. The proof is completed. ��
Theorem 3.4 (A prior estimates of v̄ and l̄ in H3) Consider the one-dimensional
axisymmetric incompressible MHD equations (3.9) and (3.10). Assume that v̄0, l̄0 ∈
H3[0, 1] and for fixed T > 0 0 < t < T , and C is a positive constant, we have

||v̄zz(z, t)||2L2 + ||l̄zz(z, t)||2L2 + 2
∫ t

0
(||v̄zzz(z, t)||2L2 + ||l̄zzz(z, t)||2L2)dτ

≤ C(||v̄0zz(z)||2L2 + ||l̄0zz(z)||2L2). (3.17)

Proof Similar to the proof of Theorems 3.2 and 3.3, we omit this proof. ��

4 Construction of a Family of Global Smooth Solutions
to Three-dimensional MHD Equations

In this section, we will construct a family of global smooth solutions to the three-
dimensional MHD equations by the one-dimensional model (3.3).
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Let ω̄1(z, t), ψ̄1(z, t), j̄1(z, t), and �̄1(z, t) be the solutions to the one-dimensional
model (3.3). We will construct a family of global smooth solutions to the three-
dimensional MHD equations from the solutions to the above one-dimensional model.
B̃θ (r, z, t), ω̃θ (r, z, t), ψ̃θ (r, z, t), B̃θ (r, z, t), j̃θ (r, z, t), and �̃θ (r, z, t) are the solu-
tions to the three-dimensional MHD equations (2.13) and (2.14). We define

ũ1(r, z, t) = ũθ (r, z, t)/r, ω̃1(r, z, t) = ω̃θ (r, z, t)/r, ψ̃1(r, z, t) = ψ̃θ (r, z, t)/r,

B̃1(r, z, t)= B̃θ (r, z, t)/r, j̃1(r, z, t)= j̃θ (r, z, t)/r, �̃1(r, z, t)=�̃θ (r, z, t)/r.

(4.1)

Let φ(r) = φ0(r/R0) be a smooth cut-off function, where φ0(r) satisfies φ0(r) =
1 if r0 ≤ r ≤ 1/2, r0 = 1/M

1
32 and φ0(r) = 0 if 0 < r ≤ r0 or r > 1/2.

We construct a family of globally smooth functions u1(r, z, t), ω1(r, z, t), ψ1(r, z, t),
B1(r, z, t), j1(r, z, t), and �1(r, z, t), and they are periodic in z such that

ũθ (r, z, t) = r [ū1(z, t)φ(r) + u1(r, z, t)] = ūθ + uθ , (4.2)

ω̃θ (r, z, t) = r [ω̄1(z, t)φ(r) + ω1(r, z, t)] = ω̄θ + ωθ , (4.3)

ψ̃θ (r, z, t) = r [ψ̄1(z, t)φ(r) + ψ1(r, z, t)] = ψ̄θ + ψθ, (4.4)

B̃θ (r, z, t) = r [B̄1(z, t)φ(r) + B1(r, z, t)] = B̄θ + Bθ , (4.5)

j̃θ (r, z, t) = r [ j̄1(z, t)φ(r) + j1(r, z, t)] = j̄θ + jθ , (4.6)

�̃θ (r, z, t) = r [�̄1(z, t)φ(r) + �1(r, z, t)] = �̄θ + �θ (4.7)

be a solution to the three-dimensional MHD equations. With the above defini-
tions, we can derive the other four velocity and magnetic components ur (r, z, t),
uz(r, z, t), Br (r, z, t), and Bz(r, z, t) as

ũr (r, z, t) = −(ψ̃θ )z = −rψ̄1zφ − rψ1z = ūr + ur , (4.8)

ũz(r, z, t) = (rψ̃θ )r/r = (2ψ̄1φ + rψ̄1φr ) + (2ψ1 + rψ1r ) = ūz + uz, (4.9)

B̃r (r, z, t) = −(�̃θ )z = −r�̄1zφ − r�1z = B̄r + Br , (4.10)

B̃z(r, z, t) = (r�̃)r/r = (2�̄1φ + r�̄1φr ) + (2�1 + r�1r ) = B̄z + Bz . (4.11)

We can rewrite the velocity and magnetic vectors as

ũ = ū + u, B̃ = B̄ + B, (4.12)

where

ũ = (ũr , ũθ , ũz) = (−rψ̄1zφ − rψ1z, ru1, 2ψ̄1φ + rψ̄1φr + 2ψ1 + rψ1r ),

ū = (ūr , ūθ , ūz) = (−rψ̄1zφ, 0, 2ψ̄1φ + rψ̄1φr ),

u = (ur , uθ , uz) = (−rψ1z, ru1, 2ψ1 + rψ1r ),

B̃ = (B̃r , B̃θ , B̃z) = (−r�̄1zφ − r�1z, r B1, 2�̄1φ + r�̄1φr + 2�1 + r�1r ),
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B̄ = (B̄r , B̄θ , B̄z) = (−r�̄1zφ, 0, 2�̄1φ + r�̄1φr ),

B = (Br , Bθ , Bz) = (−r�1z, r B1, 2�1 + r�1r ).

We choose the initial data for the one-dimensional model of the following form:

v̄0(z) = A

M3 V̄(zM), l̄0(z) = A

M3 L̄(zM),

ψ̄0(z) = − A

M4 �̄(zM), �̄0(z) = − A

M4 �̄(zM),

(4.13)

where A and M are some positive constants. V̄(y), L̄(y), �̄(y), and �̄(y) are smooth
periodic functions in y with period 1. Moreover, we assume that L̄(y), V̄(y), �̄(y),
and �̄(y) are odd functions in y. We have −�̄y = V̄,−�̄y = L̄ and

v̄0z(z) = A

M2 V̄z(zM), l̄0z(z) = A

M2 L̄z(zM),

v̄0zz(z) = A

M
V̄zz(zM), l̄0zz(z) = A

M
L̄zz(zM).

Therefore, we have

||v̄0zz(z)||2L2 + ||l̄0zz(z)||2L2 = A2d2
0/M2, (4.14)

where ||V̄zz||2L2 + ||L̄zz ||2L2 = d2
0 . We arrive at

||v̄0z(z)||2L2 + ||l̄0z(z)||2L2 ≤ A2d2
0/M2, ||v̄0(z)||2L2 + ||l̄0(z)||2L2 ≤ A2d2

0/M2.

(4.15)

Let R0 = M
1
8 . From the definition of ū and B̄ we have

||ū||L2 = ||(ūr , ūθ , ūz)||L2 ≈ R0A/M = A/M
7
8 ,

||∇ū||L2 =
∣
∣
∣
∣

∣
∣
∣
∣

(
∂ū
∂r

,
∂ū
∂z

)∣
∣
∣
∣

∣
∣
∣
∣
L2

≈ R0A/M = A/M
7
8 ,

(4.16)

||B̄||L2 = ||(B̄r , B̄θ , B̄z)||L2 ≈ R0A/M = A/M
7
8 ,

||∇B̄||L2 =
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

(
∂B̄
∂r

,
∂B̄
∂z

)∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
L2

≈ R0A/M = A/M
7
8 .

(4.17)

We assume that the initial condition for ũ and B̃ satisfying

||ũ0||L2 ≈ A/M
7
8 , ||∇ũ0||L2 ≈ A/M

7
8 , ||B̃0||L2 ≈ A/M

7
8 , ||∇B̃0||L2 ≈ A/M

7
8 .

(4.18)
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Therefore, we have ||ũ0||L2 ||∇ũ0||L2 ≈ A2/M
7
4 , ||B̃0||L2 ||∇B̃0||L2 ≈ A2/M

7
4 . By

choosing A is much larger than M , the product can be made enough large. Moreover,
wehave the energy inequality of the three-dimensional incompressibleMHDequations
(2.1)

||ũ(r, z, t)||2L2 + ||B̃(r, z, t)||2L2 + 2
∫ t

0
(||∇ũ(r, z, t)||2L2 + ||∇B̃(r, z, t)||2L2)dτ

≤ ||ũ0(r, z)||2L2 + ||B̃0(r, z)||2L2 . (4.19)

We arrive at

||ũ(r, z, t)||L2 ≤ A/M
7
8 , ||B̃(r, z, t)||L2 ≤ A/M

7
8 . (4.20)

Therefore, we obtain a bound for the perturbed velocity field u and magnetic B in L2

norm:

||u||L2 = ||ũ − ū||L2 ≤ ||ũ||L2 + ||ū||L2 ≤ A/M
7
8 ,

||B||L2 = ||B̃ − B̄||L2 ≤ ||B̃||L2 + ||B̄||L2 ≤ A/M
7
8 . (4.21)

We have the following prior estimates for the three-dimensional and one-dimensional
MHD equations

||ũr (r, z, t)||L2 ≤ A/M
7
8 , ||ũz(r, z, t)||L2 ≤ A/M

7
8 ,

||B̃r (r, z, t)||L2 ≤ A/M
7
8 , ||B̃z(r, z, t)||L2 ≤ A/M

7
8 ,

(4.22)

||v̄1(z, t)||L∞ ≤ Ad0/M, ||l̄1(z, t)||L∞ ≤ Ad0/M,

||v̄1z(z, t)||L2 ≤ Ad0/M, ||l̄1z(z, t)||L2 ≤ Ad0/M,

||v̄1zz(z, t)||L2 ≤ Ad0/M, ||l̄1zz(z, t)||L2 ≤ Ad0/M,

||ψ̄1||L∞ ≤ Ad0/M, ||ψ̄1z ||L∞ ≤ Ad0/M,

||�̄1||L∞ ≤ Ad0/M, ||�̄1z||L∞ ≤ Ad0/M

(4.23)

||ur (r, z, t)||L2 ≤ A

M7/8 (1 + d0), ||uz(r, z, t)||L2 ≤ A1/2

M7/8 + Ad0
M

(2 + C1),

(4.24)

||ψ1z||L2 ≤ A1/2

M7/16 ||ω1||1/2L2 + AC1/2
2 d1/2

0

M17/16 ,

||�1z||L2 ≤ A1/2

M7/16 || j1||1/2L2 + AC1/2
2 d1/2

0

M17/16 , (4.25)

||ψ1zz||L2 + ||ψ1zr ||L2 + ||ψ1rr ||L2 + 3||ψ1r/r ||L2 ≤ ||ω1||L2 + AC2d0
M5/4

, (4.26)

||�1zz||L2 + ||�1zr ||L2 + ||�1rr ||L2 + 3||�1r/r ||L2 ≤ || j1||L2 + AC2d0
M5/4

, (4.27)
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||ψ1zzz||L2 + ||ψ1zzr ||L2 + ||ψ1zrr ||L2 + 3||ψ1zr/r ||L2 ≤ ||ω1z||L2 + AC2d0
M5/4

,

(4.28)

||�1zzz||L2 + ||�1zzr ||L2 + ||�1zrr ||L2 + 3||�1zr/r ||L2 ≤ || j1z||L2 + AC2d0
M5/4

,

(4.29)

where (4.24)–(4.29) will be proved in Appendix. We define

H2(t) =
∫

(u2
1 + ω2

1) rdrdz, (4.30)

E2(t) =
∫

(|∇u1|2 + |∇ω1|2) rdrdz, (4.31)

G2(t) =
∫

(B2
1 + j21 ) rdrdz, (4.32)

K 2(t) =
∫

(|∇B1|2 + |∇ j1|2) rdrdz, (4.33)

where the integration of r and z is over [0, 1] × [0,∞). We further assume that the
initial conditions for u1, ω1, ψ1, B1, j1, and �1 are odd functions of z, then we get
ũ1, ω̃1, ψ̃1, B̃1, j̃1 and �̃1 are odd functions of z for all time. Since ū1, ω̄1, B̄1, j̄1, and
�̄1 are odd functions of z, we can get u1, ω1, ψ1, B1, j1, and �1 are odd functions of
z. It follows by the Poincaré inequality and we have

∫

u2
1 rdrdz ≤

∫

(u1z)
2 rdrdz ≤

∫

|∇u1|2 rdrdz, (4.34)
∫

ω2
1 rdrdz ≤

∫

(ω1z)
2 rdrdz ≤

∫

|∇ω1|2 rdrdz, (4.35)
∫

B2
1 rdrdz ≤

∫

(B1z)
2 rdrdz ≤

∫

|∇B1|2 rdrdz, (4.36)
∫

j21 rdrdz ≤
∫

( j1z)
2 rdrdz ≤

∫

|∇ j1|2 rdrdz, (4.37)

and H ≤ E, G ≤ K .

Theorem 4.1 Assume that the initial conditions for u1(r, z, t), ω1(r, z, t), ψ1(r, z, t),
B1(r, z, t), j1(r, z, t), and �1(r, z, t) are smooth functions of compact support and
odd in z. For any given A > 1, d0 > 1, there exists C(A, d0) > 0 such that if
M > C(A, d0), H(0) ≤ 1, G(0) ≤ 1, then the solutions to the three-dimensional
MHD equations given by (4.2)–(4.7) remain smooth for all times.

Proof We use (2.13), (2.14), and (4.1) to derive the corresponding evolution for
ũ1(r, z, t), ω̃1(r, z, t), ψ̃1(r, z, t), B̃1(r, z, t), j̃1(r, z, t), and �̃1(r, z, t) as follows:

ũ1t − 2ψ̃1z ũ1 + ũr ũ1r + ũz ũ1z =
(

ũ1zz + ũ1rr + 3

r
ũ1r

)

−2�̃1z B̃1 + B̃r B̃1r + B̃z B̃1z, (4.38)
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ω̃1t + ũr ω̃1r + ũzω̃1z − (ũ2
1)z =

(

ω̃1zz + ω̃1rr + 3

r
ω̃1r

)

+B̃r j̃1r + B̃z j̃1z − (B̃2
1 )z, (4.39)

−(ψ̃1zz + ψ̃1rr + 3

r
ψ̃1r ) = ω̃1, (4.40)

B̃1t + ũr B̃1r + ũz B̃1z =
(

B̃1zz + B̃1rr + 3

r
B̃1r

)

+ B̃r ũ1r + B̃z ũ1z, (4.41)

j̃1t − ψ̃1z j̃1 + ũr j̃1r + ũz j̃1z = ( j̃1zz + j̃1rr + 3

r
j̃1r ) − �̃1zω̃1 + B̃r ω̃1r

+B̃zω̃1z + 1

r
(B̃z

z − B̃r
r )(ũr

z + ũz
r ) + 1

r
(ũr

r − ũz
z)(B̃r

z + B̃z
r ), (4.42)

−
(

�̃1zz + �̃1rr + 3

r
�̃1r

)

= j̃1. (4.43)

In the following, we will discuss the estimates of the velocity equation u1 (Part I), the
vorticity equation ω1 (Part II), the magnetic B1 (Part III), and the current density j1
(Part IV).

4.1 Part I The estimates of the velocity equation u1

Substituting (4.2) into (4.38) and using (4.1), we obtain an evolution equation of u1

u1t + ũr u1r + ũzu1z = �u1 + 2(ψ̄1zφ + ψ1z)u1

− 2(�̄1zφ + �1z)B1 + B̃r B1r + B̃z B1z, (4.44)

where�u1 = u1rr +u1zz + 3
r u1r . On the other hand, (2.17) of one-dimensional model

vanish since ū1(z, t) = 0, B̄1(z, t) = 0. Multiplying (4.44) by u1 and integrating over
[0, 1] × [0,∞), we obtain

1

2

d

dt

∫

u2
1 rdrdz ≤ −

∫

|∇u1|2 rdrdz + 2
∫

(ψ̄1zφ + ψ1z)u
2
1 rdrdz

−2
∫

(�̄1zφ + �1z)B1u1 rdrdz +
∫

(B̃r B1r + B̃z B1z)u1 rdrdz

= −
∫

|∇u1|2 rdrdz + I(a) + I(b) + I(c). (4.45)

We need the relational expressions:

(1)
∫

u1(ũ
r u1r + ũzu1z) rdrdz =

∫

u1ũr rdu1dz +
∫

u1ũz rdrdu1

= −
∫

u2
1

[

(ũr )r + 1

r
ũr + (ũz)z

]

rdrdz

−
∫

u1(ũ
r u1r + ũzu1z) rdrdz, (4.46)
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we have
∫

u1(ũr u1r + ũzu1z) rdrdz = 0.

(2)
∫

u1�u rdrdz ≤ −
∫

|∇u1|2 rdrdz rdrdz, (4.47)

where we apply the integration by parts and the incompressible constrains (2.7). In
the following, we will estimate the right-hand of (4.45): I(a)-I(b).

I(a) = 2
∫

(ψ̄1zφ + ψ1z)u
2
1 rdrdz ≤ 2(||v̄1||L2 ||φ||L∞ + ||ψ1z ||L2)||u1||2L4

≤ 2

(
Ad0
M

+ A1/2

M7/16 H1/2 + AC1/2
2 d1/2

0

M17/16

)

H1/2E3/2, (4.48)

where we use ψ̄1z = v̄1, (4.8), (4.22)–(4.25), the Hölder inequality and the sobolev
interpolation inequality || f ||L4 ≤ || f ||1/4

L2 ||∇ f ||3/4
L2 .

I(b) = 2
∫

(�̄1zφ + �1z)u1B1 rdrdz

≤ 2(||l̄1||L2 ||φ||L∞ + ||�1z||L2)||u1||L4 ||B1||L4

≤ 2

⎛

⎝
Ad0
M

+ A1/2

M7/16 G1/2 + AC1/2
2 d

1
2
0

M17/16

⎞

⎠ H1/4E3/4G1/4K 3/4. (4.49)

Therefore, we get

1

2

d

dt

∫

u2
1 rdrdz ≤ −

∫

|∇u1|2 rdrdz

+ 2

(
Ad0
M

+ A1/2

M7/16 H1/2 + AC1/2
2 d1/2

0

M17/16

)

H1/2E3/2

+ 2

⎛

⎝
Ad0
M

+ A1/2

M7/16 G1/2 + AC1/2
2 d

1
2
0

M17/16

⎞

⎠

×H1/4E3/4G1/4K 3/4 + I(c). (4.50)

Note: It is not necessary to estimate I(c) since the sum of I(c) and I I I (a) is zero.

4.2 Part II The estimates of the vorticity equation ω1

Substituting (4.3) into (4.39) and using (4.1), we obtain an evolution equation of ω1
ω1t + ũrω1r + ũzω1z

= −ω̄1tφ + �ω1 + �(ω̄1φ) − ũr ω̄1φr − ũzω̄1zφ

+ B̃r j̄1φr + B̃z j̄1zφ + B̃r j1r + B̃z j1z + (u2
1)z − (B2

1 )z . (4.51)
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Moreover, ω̄1(z, t) satisfies the one-dimensional model equation (3.4)

(ω̄1)t + 2ψ̄1(ω̄1)z = (ω̄1)zz + 2�̄1( j̄1)z . (4.52)

Multiplying (4.52) with φ and subtracting the result equation from (4.51), we obtain

ω1t + (ũrω1r + ũzω1z) = �ω1 + ω̄1�rφ − ũr ω̄1φr + B̃r j̄1φr + B̃z j̄1zφ

+ ω̄1zφ(2ψ̄1 − ũz) + (B̃r j1r + B̃z j1z)

− 2�̄ j1zφ + (u2
1)z − (B2

1 )z . (4.53)

Multiplying (4.53) by ω1 and integrating over [0, 1] × [0,∞), we have

1

2

d

dt

∫

ω2
1 rdrdz

≤ −
∫

|∇ω1|2 rdrdz +
∫

ω̄1(�rφ)ω1 rdrdz

+
∫

ω1ω̄1zφ{ψ̄1[rφr + 2(φ − 1)] + uz} rdrdz

+
∫

(B̃r j̄1 − ũr ω̄1)φrω1 rdrdz +
∫

B̃z j̄1zφω1 rdrdz

+
∫

(B̃r j1r + B̃z j1z)ω1 rdrdz +
∫

2�̄ j1zφω1 rdrdz

+
∫

[(u2
1)z − (B2

1 )z]ω1 rdrdz

= −
∫

|∇ω1|2 rdrdz + I I(a) + I I(b) + I I(c)+ I I(d) + I I(e) + I I( f ) + I I(g).

(4.54)

We need the relational expressions:

(1)
∫

ω1(ũ
rω1r + ũzω1z) rdrdz

=
∫

ω1ũr rdω1dz +
∫

ω1ũz rdrdω1

= −
∫

ω2
1

[

(ũr )r + 1

r
ũr + (ũz)z

]

rdrdz −
∫

ω1(ũ
rω1r + ũzω1z) rdrdz

= −
∫

ω1(ũ
rω1r + ũzω1z) rdrdz, (4.55)

we have
∫

ω1(ũrω1r + ũzω1z) rdrdz = 0.

(2)
∫

ω1�ω1 rdrdz ≤ −
∫

|∇ω1|2 rdrdz, (4.56)
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where we use the integration by parts, the incompressible constrains (2.7) and the
Green formula. In the following, we will estimate the right-hand of (4.54): I I (a)-
II(g).

I I(a) =
∫

ω̄1(�rφ)ω1 rdrdz ≤ ||�rφ||L∞||ω̄1||L2 ||ω1||L2 ≤ AC2d0
M5/4

H. (4.57)

We estimate I I (b) by applying ω̄1 = v̄1z , the Höler inequality, the integration by parts,
Appendix (5.2)–(5.5) and

||∇uz ||L2 = ||(3ψ1r + rψ1rr , 2ψ1z + rψ1r z)||L2

≤ 3||ψ1r ||L2 + ||rψ1rr ||L2 + 2||ψ1z||L2 + ||rψ1zr ||L2 ,

||uz
z||L2 = ||2ψ1z + rψ1zr ||L2 ≤ 2||ψ1z ||L2 + ||rψ1zr ||L2 . (4.58)

I I(b) = −
∫

ω1ω̄1zφ{ψ̄1[rφr + 2(φ − 1)] + uz} rdrdz

=
∫

ω1zω̄1φ{ψ̄1[rφr + 2(φ − 1)] + uz} rdrdz

+
∫

ω1ω̄1φ{ψ̄1z[rφr + 2(φ − 1)] + uz
z} rdrdz = I I(b1) + I I(b2).

(4.59)

I I(b1) ≤ ||φ||L∞||rφr + 2(φ − 1)||L∞
∫

ω1zω̄1ψ̄1 rdrdz + ||φ||L∞
∫

ω1zω̄1uz rdrdz

≤ ||∇ω1||L2 [(2 + C1)||v̄1z||L2 ||ψ̄1||L∞

+||v̄1z||1/4L2 ||v̄1zz||3/4L2 ||uz||1/4
L2 ||∇uz ||3/4

L2 ]

≤ (2 + C1)A2d2
0

M2 E + E

[
A1/4

M7/32 + A1/4d1/4
0 (2 + C1)

1/4

M1/4

]

·
[

33/4
(

Ad0
M29/32 H3/4 + A7/4C3/4

2 d7/4
0

M59/32

)

+23/4
(

A11/8H3/8d0
M85/64

+ A11/4C3/8
2 d11/8

0

M115/64

)]

. (4.60)

I I(b2) ≤ ||φ||L∞||rφr + 2(φ − 1)||L∞
∫

ω1ω̄1ψ̄1z rdrdz + ||φ||L∞

×
∫

ω1ω̄1uz
z rdrdz

≤ (2 + C1)||ψ̄1z||L∞||ω1||L2 ||ω̄1||L2 + ||ω1||L4 ||ω̄1||L2 ||uz
z ||L2

≤ (2 + C1)A2d2
0

M2 H +
[

2

(
A3/2d0
M23/16 H1/2 + A2C1/2

2 d3/2
0

M33/16

)
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+
(

Ad0
M7/8 H + A2C2d2

0

M11/8

)]

H1/4E3/4. (4.61)

I I(c) = −
∫

(B̃r j̄1 − ũr ω̄1)φrω1 rdrdz

≤ ||φr ||L∞||ω1||L2(||B̃||L2 ||l̄1z||L2 + ||ũ||L2 ||v̄1z||L2) ≤ 2A2C1d0
M2 H.

(4.62)

I I(d) = −
∫

B̃z j̄1zφω1 rdrdz ≤ ||B̃z ||L4 ||l̄1zz||L2 ||ω1||L4

≤ ||B̃z ||1/4
L2 ||∇ B̃z ||3/4

L2 ||l̄1zz||L2 ||ω1||1/4L2 ||∇ω1||3/4L2

≤
[

A2d7/4
0 (3C1 + C2)

3/4

M33/16 + 53/4
(

A5/4d0
M9/8 G3/4 + A2C3/4

2 d7/4
0

M33/16

)

+ A2d7/4
0 (2 + C1)

3/4

M15/8

+23/4A2d0(1 + d0)3/4

M237/128

]

H1/4G3/4, (4.63)

where we need the following facts:

||∇ B̃z ||L2 = ||∇(2�̄1φ + r�̄1φr + 2�1 + r�1r )||L2

= ||(3�̄1φr + r�̄1φrr + 3�1r + r�1rr , 2�̄1zφ

+ r�̄1zφr + 2�1z + r�1zr )||L2

≤ 3||φr ||L∞||�̄1||L∞ + 3||rφrr ||L∞||�̄1||L∞ + 3||�1r ||L2 + ||r�1rr ||L2

+ ||φ||L∞||�̄1z||L2 + ||�̄1z||L2 ||rφr ||L∞ + 2||�̄1z||L2+||r�1zr ||L2 .

(4.64)

I I( f ) =
∫

2�̄1 j1zφω1 rdr ≤ 2||�̄1||L∞|| j1z||L2 ||ω1||L2 ≤ 2Ad0
M

E H. (4.65)

I I(g) = −
∫

[(u2
1)z − (B2

1 )z]ω1 rdrdz =
∫

(u2
1 − B2

1 )ω1z rdrdz

≤ (||u1||2L4 + ||B1||2L4)||ω1z||L2 ≤ 2A

M27/32 E7/4. (4.66)

Therefore, we get

1

2

d

dt

∫

ω2
1 rdrdz

≤ −
∫

|∇ω̄1|2 rdrdz

+ AC2d0
M5/4

H + (2 + C1)A2d2
0

M2 E + E

[
A1/4

M7/32 + A1/4d1/4
0 (2 + C1)

1/4

M1/4

]
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·
[

33/4
(

Ad0
M29/32 H3/4 + A7/4C3/4

2 d7/4
0

M59/32

)

+ 23/4
(

A11/8H3/8d0
M85/64

+ A11/4C3/8
2 d11/8

0

M115/64

)]

+ (2 + C1)A2d2
0

M2 H +
[

2

(
A3/2d0
M23/16 H1/2 + A2C1/2

2 d3/2
0

M33/16

)

+
(

Ad0
M7/8 H + A2C2d2

0

M11/8

)]

H1/4E3/4 + 2A2C1d0
M2 H

+
[

A2d7/4
0 (3C1 + C2)

3/4

M33/16 + 53/4
(

A5/4d0
M9/8 G3/4

+ A2C3/4
2 d7/4

0

M33/16

)

+ A2d7/4
0 (2 + C1)

3/4

M15/8

+23/4A2d0(1 + d0)3/4

M237/128

]

H1/4G3/4 + I I(e) + 2Ad0
M

E H + 2A

M27/32 E7/4.

(4.67)

Note: It is not necessary to estimate I I (e) since the sum of I I (e) and I V (g) is zero.

4.3 Part III The estimates of the magnetic equation B1

Substituting (4.5) into (4.41) and using (4.1), we obtain an evolution equation of B1

B1t + ũr B1r + ũz B1z = �B1 + B̃r u1r + B̃zu1z . (4.68)

Moreover, (2.20) of one-dimensional model vanish since ū1(z, t) = 0, B̄1(z, t) = 0.
Multiplying (4.68) by B1 and integrate over [0, 1] × [0,∞), we have

1

2

d

dt

∫

B2
1 rdrdz ≤ −

∫

|∇B1|2 rdrdz + I I I(a). (4.69)

We need the relational expressions:

(1)
∫

B1(ũ
r B1r + ũz B1z) rdrdz

= −
∫

B2
1

[

(ũr )r + 1

r
ũr + (ũz)z

]

rdrdz −
∫

B1(ũ
r B1r + ũz B1z) rdrdz.

(4.70)
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Therefore, we have
∫

B1(ũr u1r + ũzu1z) rdrdz = 0.

(2)
∫

B1�B1 rdrdz ≤ −
∫

|∇B1|2 rdrdz. (4.71)

In the following, we will estimate the right-hand of (4.74): I I I (a)–I I I (d) using the
Hölder inequality and the sobolev interpolation inequality .

I I I(a) =
∫

B1(B̃r u1r + B̃zu1z) rdrdz

= −
∫

u1B1

[

(B̃r )r + 1

r
B̃r + (B̃z)z

]

rdrdz

−
∫

u1(B1r B̃r + B1z B̃z) rdrdz. (4.72)

Therefore, we arrive at

1

2

d

dt

∫

B2
1 rdrdz ≤ −

∫

|∇B1|2 rdrdz + I I I(a). (4.73)

Note: It is not necessary to estimate I I I (a) since the sum of I I I (a) and I(c) is zero.

4.4 Part IV The estimates of j1

Substituting (4.6) into (4.42) and using (4.1), we obtain an evolution equation of j1:

j1t + ũr j1r + ũz j1z = − j̄1tφ + (ψ̄1zφ + ψ1z) j̄1φ − (�̄1zφ + �1z)ω̄1φ

+ (ψ̄1zφ + ψ1z) j1 − (�̄1zφ + �1z)ω1 − ũr j̄1φr + B̃r ω̄1φr

− ũz j̄1zφ + B̃zω̄1zφ + B̃rω1r + B̃zω1z + � j1 + j̄1(�rφ)

+ 1

r
(ũr

r − ũz
z)(B̃r

z + B̃z
r ) + 1

r
(B̃z

z − B̃r
r )(ũr

z + ũz
r ). (4.74)

Moreover, j̄1(z, t) satisfies the one-dimensional model equation (3.7)

( j̄1)t +v̄1 j̄1+2ψ̄1( j̄1)z =( j̄1)zz + l̄1ω̄1+2�̄1(ω̄1)z +3v̄1(l̄1)z − 3l̄1(v̄1)z . (4.75)

Multiplying (4.75) with φ and subtracting the result equation from (4.74), we obtain

j1t + ũr j1r + ũz j1z

= � j1 + j̄1(�rφ) + (ψ̄1zφ + ψ1z) j̄1φ − (�̄1zφ + �1z)ω̄1φ

+ (ψ̄1zφ + ψ1z) j1 − (�̄1zφ + �1z)ω1 + ũr j̄1φr + B̃r ω̄1φr + j̄1zφ(2ψ̄1 − ũz)

+ ω̄1zφ(B̃z − 2�̄1) + B̃rω1r + B̃zω1z − l̄1ω̄1φ + v̄1 j̄1φ − 3v̄1(l̄1)zφ

+ 3l̄1(v̄1)zφ + 1

r
(ũr

r − ũz
z)(B̃r

z + B̃z
r ) + 1

r
(B̃z

z − B̃r
r )(ũr

z + ũz
r ). (4.76)
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Multiplying (4.76) by j1 and integrating over [0, 1] × [0,∞), we get

1

2

d

dt

∫

j21 rdrdz

≤ −
∫

|∇ j1|2 rdrdz

+
∫

[
(ψ̄1zφ + ψ1z) j̄1φ − (�̄1zφ + �1z)ω̄1φ

]
j1 rdrdz

+
∫

[(ψ̄1zφ + ψ1z) j1 − (�̄1zφ + �1z)ω1] j1 rdrdz

+
∫

(−ũr j̄1φr + B̃r ω̄1φr ) j1 rdrdz +
∫

j̄1zφ(2ψ̄1 − ũz) j1 rdrdz

+
∫

ω̄1zφ(B̃z − 2�̄1) j1 rdrdz +
∫

j̄1(�rφ) j1 rdrdz

+
∫

(B̃rω1r + B̃zω1z) j1 rdrdz +
∫

(−l̄1ω̄1φ + v̄1 j̄1φ) j1 rdrdz

+
∫

(−3v̄1l̄1zφ + 3l̄1v̄1zφ) j1 rdrdz +
∫

1

r
(ũr

r − ũz
z)(B̃r

z + B̃z
r ) j1 rdrdz

+
∫

1

r
(B̃z

z − B̃r
r )(ũr

z + ũz
r ) j1 rdrdz

= −
∫

|∇ j1|2 rdrdz rdrdz + I V(a) + I V(b) + I V(c) + I V(d) + I V(e)

+ I V( f ) + I V(g) + I V(h) + +I V(i) + +I V( j) + +I V(k). (4.77)

We need the relational expressions:

(1)
∫

j1(ũ
r j1r + ũz j1z) rdrdz

= −
∫

j21

[

(ũr )r + 1

r
ũr + (ũz)z

]

rdrdz−
∫

j1(ũ
r j1r + ũz j1z) rdrdz. (4.78)

We have
∫

j1(ũr j1r + ũz j1z) rdrdz = 0.

(2)
∫

j1� j1 rdrdz ≤ −
∫

|∇ j1|2 rdrdz. (4.79)

In the following, we will estimate the right-hand of (4.77): I V (a)–I V (g).

I V(a) =
∫

[(ψ̄1zφ + ψ1z) j̄1φ − (�̄1zφ + �1z)ω̄1φ] j1 rdrdz

≤ ||φ||2L∞|| j1||L2(||v̄1||L∞||l̄1z||L2 + ||l̄1||L∞||v̄1z||L2)

+ ||φ||L∞|| j1||1/4L2 ||∇ j1||1/4L2

· (||ψ1z ||L2 ||l̄1z||1/4L2 ||l̄1zz||3/4L2 + ||�1z||L2 ||v̄1z||1/4L2 ||v̄1zz||3/4L2 )
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≤ 2
A2d2

0

M2 G +
(
2A3/2d0
M23/16 + A2C1/2

2 d3/2
0

M33/16

)

G1/4K 3/4. (4.80)

I V(b) =
∫

[(ψ̄1zφ + ψ1z) j1 − (�̄1zφ + �1z)ω1] j1 rdrdz

≤ (||ψ̄1z||L2 + ||ψ1z||L2)|| j1||2L4 + (||�̄1z||L2 + ||�1z||L2)||ω1||L4 || j1||L4

≤ +2

(
Ad0
M

+ A1/2

M7/16 H1/2 + AC1/2
2 d1/2

0

M17/16

)

G1/4K 3/4

+2

(
Ad0
M

+ A1/2

M7/16 G1/2 + AC1/2
2 d1/2

0

M17/16

)

H1/4E3/4G1/4K 3/4. (4.81)

I V(c) =
∫

(−ũr j̄1φr + B̃r ω̄1φr ) j1 rdrdz

≤ ||φr ||L∞(||ũr ||L2 ||l̄1z||L4 || j1||L4 + ||B̃r ||L2 ||v̄1z ||L4 || j1||L4)

≤ 2A2C1d0
M2 G1/4K 3/4. (4.82)

I V(d) =
∫

j̄1zφ(2ψ̄1 − ũz) j1 rdrdz

= −
∫

j1 j̄1zφ{ψ̄1[rφr + 2(φ − 1)] + uz} rdrdz

=
∫

j1z j̄1φ{ψ̄1[rφr + 2(φ − 1)] + uz} rdrdz

+
∫

j1 j̄1φ{ψ̄1z[rφr + 2(φ − 1)] + uz
z} rdrdz = I V(d1) + I V(d2). (4.83)

I V(d1) ≤||φ||L∞||rφr +2(φ−1)||L∞
∫

j1z j̄1ψ̄1 rdrdz + ||φ||L∞
∫

j1z j̄1uz rdrdz

≤||∇ j1||L2 [(2 + C1)||l̄1z||L2 ||ψ̄1||L∞ +||l̄1z||1/4L2 ||l̄1zz||3/4L2 ||uz||1/4
L2 ||∇uz ||3/4

L2 ]

≤ (2 + C1)A2d2
0

M2 K + K

[
A1/4

M7/32 + A1/4d1/4
0 (2 + C1)

1/4

M1/4

]

·
[

33/4
(

Ad0
M29/32 H3/4 + A7/4C3/4

2 d7/4
0

M59/32

)

+ 23/4
(

A11/8H3/8d0
M85/64

+ A11/4C3/8
2 d11/8

0

M115/64

)]

. (4.84)

I V(d2) ≤||φ||L∞||rφr +2(φ − 1)||L∞
∫

j1ω̄1ψ̄1z rdrdz + ||φ||L∞
∫

ω1 j̄1uz
z rdrdz

≤ (2 + C1)||ψ̄1z||L∞|| j1||L2 || j̄1||L2 + || j1||L4 || j̄1||L2 ||uz
z||L2

≤ (2 + C1)A2d2
0

M2 G +
[

2

(
A3/2d0
M23/16 H1/2 + A2C1/2

2 d3/2
0

M33/16

)

123



Property of Solution to Axially Symmetric Incompressible... 197

+
(

Ad0
M7/8 H + A2C2d2

0

M11/8

)]

G1/4K 3/4. (4.85)

I V(e) =
∫

ω̄1zφ(B̃z − 2�̄1) j1 rdrdz

=
∫

j1ω̄1zφ{�̄1[rφr + 2(φ − 1)] + Bz} rdrdz

=
∫

j1zω̄1φ{�̄1[rφr + 2(φ − 1)] + Bz} rdrdz

+
∫

j1ω̄1φ{�̄1z[rφr + 2(φ − 1)] + Bz
z } rdrdz = I V(e1) + I V(e2). (4.86)

I V(e1) ≤ ||φ||L∞||rφr + 2(φ − 1)||L∞
∫

j1zω̄1�̄1 rdrdz

+||φ||L∞
∫

j1zω̄1Bz rdrdz

≤ ||∇ j1||L2 [(2 + C1)||v̄1z||L2 ||�̄1||L∞

+||v̄1z||1/4L2 ||v̄1zz||3/4L2 ||Bz||1/4
L2 ||∇Bz ||3/4

L2 ]

≤ (2 + C1)A2d2
0

M2 K + K

[
A1/4

M7/32 + A1/4d1/4
0 (2 + C1)

1/4

M1/4

]

·
[

33/4
(

Ad0
M29/32 G3/4 + A7/4C3/4

2 d7/4
0

M59/32

)

+ 23/4

×
(

A11/8d0
M85/64

G3/8 + A11/4C3/8
2 d11/8

0

M115/64

)]

, (4.87)

I V(e2) ≤ ||φ||L∞||rφr + 2(φ − 1)||L∞
∫

j1ω̄1�̄1z rdrdz + ||φ||L∞

×
∫

j1ω̄1Bz
z rdrdz

≤ (2 + C1)||�̄1z||L∞|| j1||L2 ||ω̄1||L2 + || j1||L4 ||ω̄1||L2 ||Bz
z ||L2

≤ (2 + C1)A2d2
0

M2 G +
[

2

(
A3/2d0
M23/16 G1/2 + A2C1/2

2 d3/2
0

M33/16

)

+
(

Ad0
M7/8 G + A2C2d2

0

M11/8

)]

G1/4K 3/4. (4.88)

I V( f ) =
∫

j̄1(�rφ) j1 rdrdz ≤ ||�rφ||L∞||l̄1z||L2 || j1||L2 ≤ AC2d0
M5/4

. (4.89)

I V(g) =
∫

(B̃rω1r + B̃zω1z) j1 rdrdz

= −
∫

ω1 j1[(B̃r )r + B̃r/r + (B̃z)z] rdrdz
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−
∫

ω1(B̃r j1r + B̃z j1z) rdrdz. (4.90)

I V(h) =
∫

(−l̄1ω̄1φ + v̄1 j̄1φ) j1 rdrdzdrdz

≤ (||l̄1||L∞||v̄1z||L2 + ||v̄1||L∞||l̄1z||L2)|| j1||L2 ≤ 2A2d2
0

M2 G. (4.91)

I V(i) =
∫

(−3v̄1l̄1zφ + 3l̄1v̄1zφ) j1 rdrdz

≤ 3(||v̄1||L∞||l̄1z||L2 + ||l̄1||L∞||v̄1z||L2)|| j1||L2 ≤ 6A2d2
0

M2 G. (4.92)

As for I V( j) and I V(k), we apply the Hölder inequality, the sobolev interpolation
inequality, (4.8)–(4.11), Appendix (5.3)–(5.8), and the following fact:

ũr
r = −ψ̄1zφ − rψ̄1zφr + ur

r , ũr
z = −rψ̄1zzφ + ur

z,

ũz
r = 3ψ̄1φr + rψ̄1φrr + uz

r , ũz
z = 2ψ̄1zφ + rψ̄1zφr + uz

z,

B̃r
r = −�̄1zφ − r�̄1zφr + Br

r , B̃r
z = −r�̄1zzφ + Br

z ,

B̃z
r = 3�̄1φr + r�̄1φrr + Bz

r , B̃z
z = 2�̄1zφ + r�̄1zφr + Bz

z .

ur
r = −ψ1z − rψ1r z, ur

z = −ψ1zz,

uz
r = 3ψ1r + rψ1rr , uz

z = 2ψ1z + rψ1r z,

Br
r = −�1z − r�1r z, Br

z = −�1zz,

Bz
r = 3�1r + r�1rr , Bz

z = 2�1z + r�1r z . (4.93)

I V( j) =
∫

1

r
j1(ũ

r
r − ũz

z)(B̃r
z + B̃z

r ) j1 rdrdz

=
∫

1

r
(−3ψ̄1zφ − 2rψ̄1zφr + ur

r − uz
z)

·(−r�̄1zzφ + 3�̄1φr + r�̄1φrr + Br
z + Bz

r ) j1 rdrdz

=
∫

1

r
(−3ψ̄1zφ − 2rψ̄1zφr )(−r�̄1zzφ + 3�̄1φr + r�̄1φrr ) j1 rdrdz

+
∫

1

r
(−3ψ̄1zφ − 2rψ̄1zφr )(Br

z + Bz
r ) j1 rdrdz

+
∫

1

r
(ur

r − uz
z)(−r�̄1zzφ + 3�̄1φr + r�̄1φrr ) j1 rdrdz

+
∫

1

r
(ur

r − uz
z)(Br

z + Bz
r ) j1 rdrdz

= I V( j1) + I V( j2) + I V( j3) + I V( j4). (4.94)

In the following, we will estimate I V( j1) and I V( j4)

I V( j1) ≤ (3||v̄1||L∞||φ||L∞ + 2||v̄1||L∞||φr ||L∞)

·(||φ||L∞||l̄z||L2 + ||�̄1||L∞||φr/r ||L∞ + ||φrr ||L∞||�̄1||L∞)|| j1||L2
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≤
(
3Ad0

M
+ 2Ad0C1

M9/8

) (
Ad0
M

+ Ad0C1

M9/8 + AC2d0
M5/4

)

G. (4.95)

I V( j2) ≤ ||v̄1||L∞(3||φ||L∞ + 2||φr ||L∞)(||�1zz||L2 + 3||�1r/r ||L2

+||�1rr ||L2)|| j1||L2

≤
(
3Ad0

M
+ 2Ad0C1

M9/8

)

(G2 + AC2d0
M5/4

G). (4.96)

I V( j3) ≤ || j1||L4 ||l̄1z||L4 ||φ||L∞(3||ψ1z||L2 + 2||rψ1r z||L2)

+||�̄1||L∞(3||φr/r ||L∞ + ||φrr ||L∞)(3||ψ1z ||L2 + 2||rψ1r z||L2)|| j1||L2 .

≤
[

3

(
A1/2

M11/16 H1/2 + AC1/2
2 d1/2

0

M21/16

)

+ 2
1

M1/8 H + 2
AC2d0
M19/16

]

·
[

A2d2
0

M7/4 G1/4K 3/4 + 3Ad0C1

M
+ AC2d0

M

]

. (4.97)

I V( j4) ≤ (||�1zz||L2 + 3||�1r/r ||L2 + ||�1rr ||L2)(3||ψ1z ||L2 || j1||L4

+2||rψ1r z||L2 || j1||L2)

≤ (G + AC2d0
M5/4

)

[(
A7/8C3/4

2 d3/4
0

M67/64 H1/8 + AC7/8
2 d7/8

0

M77/64

)

(2H + 1)3/4G1/4K 3/4

+2A1/2C1/2
2 d1/2

0

M5/8
(2H + 1)1/2K 1/2 + 2AC2d0

M5/4
(2H + 1)1/2

]

G. (4.98)

I V(k) =
∫

1

r
j1(B̃z

z − B̃r
r )(ũr

z + ũz
r ) rdrdz

=
∫

1

r
j1(3�̄1zφ + 2r�̄1zφr + Bz

z + Br
r )

·(−rψ̄1zzφ + 3ψ̄1φr + rψ̄1φrr + ur
z + uz

r ) rdrdz

=
∫

1

r
(3�̄1zφ + 2r�̄1zφr )(−rψ̄1zzφ + 3ψ̄1φr + rψ̄1φrr ) j1 rdrdz

+
∫

1

r
(3�̄1zφ + 2r�̄1zφr )(u

r
z + uz

r ) j1 rdrdz

+
∫

1

r
(Bz

z + Br
r )(−rψ̄1zzφ + 3ψ̄1φr + rψ̄1φrr ) j1 rdrdz

+
∫

1

r
(Bz

z + Br
r )(ur

z + uz
r ) j1 rdrdz = I V(k1) + I V(k2) + I V(k3) + I V(k4).

(4.99)

In the following, we estimate from I V(k1) to I V(k4):

I V(k1) ≤ (3||�̄1z||L2 ||φ||L∞ + 2||�̄1z||L2 ||rφr ||L∞)

·(||ψ̄1zz||L2 ||φ||L∞ + 3||ψ̄1||L2 ||φr/r ||L∞ + ||ψ̄1||L2 ||φrr ||L∞)|| j1||L2
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≤ Ad0
M

(3 + 2C1)

[
A

M
d0 + Ad0(3C1 + C2)

M5/4

]

G. (4.100)

I V(k2) ≤ ||�̄1z||L2(3||φ||L∞ + 2||rφr ||L∞)(||ψ1zz||L2 + 3||ψ1r/r ||L2

+||ψ1rr ||L2)|| j1||L2 ≤ Ad0(3 + 2C1)

M
G2 + A2C2(3 + 2C1)d2

0

M9/4 G.

(4.101)

I V(k3) ≤ (3||�1z||L2 + 2||r�1zr ||L2)[||v̄||L4 ||φ||L∞|| j1||L4

+(3||ψ̄1||L∞||φr/r ||L∞ + ||ψ̄1||L∞||φrr ||L∞)|| j1||L2 ]

≤
[

3

(
A1/2

M11/16 G1/2 + AC1/2
2 d1/2

0

M21/16

)

+ 2
1

M1/8 G + 2
AC2d0
M19/16

]

·
[

A2d2
0

M7/4 G1/4K 3/4 + 3Ad0C1

M
+ AC2d0

M

]

. (4.102)

As for I V(k4), we need the following facts:

||�1z||L4 ≤ ||�1z||1/4L2 (||�1zz||L2 + ||�1zr ||L2)3/4. (4.103)

I V(k4) =
∫

(3�1z + 2r�1r z)(−ψ1zz + 3ψ1r/r + ψ1rr )r j1 rdrdz

≤ [3||�1z||1/4L2 (||�1zr ||L2 + ||�1zz||L2)3/4 + ||r�1zr ||L2 ]
·(||ψ1zz||L2 + ||3ψ1r/r ||L2 + ||ψ1zr ||L2)|| j1||1/4L2 ||∇ j1||3/4L2

≤ 3

(
A9/8C2d0
M87/64

)

(2H + 1)G9/8K 3/4 + AC2d0
M5/4

(2H + 1)G3/4K 5/4.

(4.104)

By adding the estimates for
∫

u2
1rdrdz,

∫
ω2
1rdrdz,

∫
B2
1rdrdz, and

∫
j21 rdrdz, we

obtain d
dt (H2 + G2). Each term in our estimates from Ia to I Vg can be bounded by

Cε(E2 + K 2) + εg(H, G),

where C is a constant, g(H, G) is polynomial of H and G with positive rational
exponents and positive coefficients that depend on C0, A, r0, d0, M, ε = 1/Mγ (γ >

0). Putting all the estimates together, we obtain

d

dt
(H2 + G2) ≤ −1/2(E2 + K 2) + εg(H, G)

≤ −1/2(H2 + G2) + εg(H, G) (4.105)

since H ≤ E, G ≤ K . For given A > 1, d0 > 0, we can choose M is large enough
so that

−1/2(1 + 1) + εg(1, 1) ≤ 0.
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If the initial condition for u1, ω1, ψ1, B1, j1, and �1 are chosen such that H(0) ≤
1, G(0) ≤ 1, then we have

H(t) ≤ 1, G(t) ≤ 1, for all t > 0.

This completes the proof of the Theorem 4.1. ��
Acknowledgements The author would like to thank professor Shu Wang for his valuable comments and
suggestions. The work is partially supported by AnHui Province Natural Science Foundation (Grant No.
KJ2011Z345), the graduated science and technology Fund of Beijing University of technology (Grant No.
ykj-2012-8603).

Appendix

In this appendix, we will present the L2 norm of ur , uz , the derivatives of ψ1, �1 of
ω1 and j1.

||ur (r, z, t)||L2 ≤ A

M7/8 (1 + d0); (5.1)

||uz(r, z, t)||L2 ≤ A

M7/8 + Ad0
M

(2 + C1); (5.2)

||ψ1z||L2 ≤ A1/2

M7/16 ||ω1||1/2L2 + AC1/2
2 d1/2

0

M17/16 ; (5.3)

||�1z||L2 ≤ A1/2

M7/16 || j1||1/2L2 + AC1/2
2 d1/2

0

M17/16 ; (5.4)

||ψ1zz||L2 + ||ψ1zr ||L2 + ||ψ1rr ||L2 + 3||ψ1r/r ||L2 ≤ ||ω1||L2 + AC2d0
M5/4

; (5.5)

||�1zz||L2 + ||�1zr ||L2 + ||�1rr ||L2 + 3||�1r/r ||L2 ≤ || j1||L2 + AC2d0
M5/4

; (5.6)

||�1zzz||L2 + ||�1zzr ||L2 + ||�1zrr ||L2 + 3||�1zr/r ||L2 ≤ || j1z||L2 + AC2d0
M5/4

;
(5.7)

||�1zzz||L2 + ||�1zzr ||L2 + ||�1zrr ||L2 + 3||�1zr/r ||L2 ≤ || j1z||L2 + AC2d0
M5/4

.

(5.8)

Proof 1) proof of (5.1) and (5.2)

||ur (r, z, t)||L2 = ||ũr (r, z, t) − ūr (r, z, t)||L2 ≤ ||ũr (r, z, t)||L2 + ||ūr (r, z, t)||L2

≤ A

M7/8 + ||rψ̄1zφ||L2 ≤ A

M7/8 + R0||φ||L∞||ψ̄1z||L2

≤ A

M7/8 (1 + d0),

||uz(r, z, t)||L2 = ||ũz(r, z, t) − ūz(r, z, t)||L2 ≤ ||ũz(r, z, t)||L2 + ||ūz(r, z, t)||L2
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≤ A

M7/8 + 2||φ||L∞||ψ̄1||L∞ + R0||ψ̄1||L∞||φr ||L∞

≤ A

M7/8 + Ad0
M

(2 + C1),

where we use (4.8), (4.9), (4.8) and (4.23).
2) proof of (5.3) and (5.4)

||ψ1z||2L2 =
∫

(ψ1z)
2d(r2/2)dz = −

∫

rψ1zψ1zr rdrdz ≤ ||rψ1z||L2 ||ψ1r z ||L2

≤ ||ur ||L2 ||ψ1r z ||L2 ≤ ||u||L2 ||ψ1r z ||L2 ≤ A

M7/8

(

||ω1||L2 + AC2d0
M5/4

)

.

||�1z||2L2 =
∫

(�1z)
2d(r2/2)dz = −

∫

r�1z�1zr rdrdz ≤ ||r�1z||L2 ||�1r z ||L2 ,

≤ ||Br ||L2 ||�1r z||L2 ≤ ||B||L2 ||�1r z||L2 ≤ A

M7/8

(

|| j1||L2 + AC2d0
M5/4

)

.

we arrive at (5.3) and (5.4), where we use (4.8)–(4.10), (5.5)–(5.6) and (4.21).
3) proof of (5.5)

From (4.40), we have

−
(

ψ̃1zz + ψ̃1rr + 3

r
ψ̃1r

)

= ω̃1. (5.9)

Using the definition of ψ̃1 = ψ̄1φ + ψ1 and ω̃1 = ω̄1φ + ω1, we rewrite (5.9) as

− ω1 = �ψ1 + ψ̄1(�rφ), (5.10)

where �ψ1 = ψ1zz + ψ1rr + 3
r ψ1r , �rφ = φrr + 3

r φr . Multiplying (5.10) by ψ1zz ,
and integrating over [0, 1] × [0,∞), we have

||ω1||L2 ||ψ1zz||L2 ≥
∫

ω1ψ1zz rdrdz ≥
∫

[(�ψ1)ψ1zz − ψ̄1(�rφ)ψ1zz] rdrdz

=
∫ [(

ψ1zz + ψ1rr + 3

r
ψ1r

)

ψ1zz − ψ̄1(�rφ)ψ1zz

]

rdrdz

≥ ||ψ1zz||2L2 + ||ψ1r z||2L2 − AC2d0
M5/4

||ψ1zz||L2 .

We arrive at

||ψ1zz||L2 + ||ψ1r z ||L2 ≤ ||ω1||L2 + AC2d0
M5/4

, (5.11)

where

a)
∫

ψ1rrψ1zz rdrdz = ||ψ1r z ||2L2 + ∫
ψ1zψ1r z drdz,
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b)
∫ 3

r ψ1rψ1zzrdrdz = −3
∫

ψ1zψ1r z drdz,

c)
∫
(�rφ)ψ̄1ψ1zz rdrdz ≤ ||�rφ||L∞

∫ |ψ̄1| |ψ1zz | rdrdz ≤ AC2d0
M5/4 ||ψ1zz||L2 .

Multiplying (5.10) by �rψ1 and integrating over [0, 1] × [0,∞), we get

||ω1||L2 ||�rψ1||L2 ≥
∫

ω1(�rψ1) rdrdz

≥
∫

[(�ψ1)�rψ1 − ψ̄1(�rψ1)�rφ] rdrdz

=
∫

[ψ1zzψ1rr + 3

r
ψ1zzψ1r + (�rψ1)

2] rdrdz

≥ ||ψ1r z ||2L2 + ||�rψ1||2L2 − AC2d0
M5/4

||�rψ1||L2 ,

where

d)
∫
(�ψ1)�rψ1 rdrdz = ||ψ1r z ||2L2 + ||�rψ1||2L2 ,

e)
∫

ψ̄1(�rψ1)�rφ rdrdz ≤ AC2d0
M5/4 ||�rψ1||L2 .

Moreover,

||�rψ1||2L2 = ||ψ1rr ||2L2 + ||3ψ1r/r ||2L2 . (5.12)

According to the above inequalities, we obtain

||ψ1rr ||2L2 + ||3ψ1r/r ||2L2 ≤ ||ω1||L2 + AC2d0
M5/4

. (5.13)

Combining (5.11) and (5.13), we arrive at (5.5).
3) proof of (5.6)

From (4.1), (4.7) and (4.43), we have

− j1 = ��1 + �̄1(�rφ). (5.14)

Multiplying (5.14) by �1zz and integrating over [0, 1] × [0,∞), we have

|| j1||L2 ||�1zz||L2 ≥
∫

j1�1zz rdrdz ≥
∫

[(��1)�1zz − �̄1(�rφ)�1zz] rdrdz

=
∫

[(�1zz + �1rr + 3�1r/r)�1zz − �̄1(�rφ)�1zz] rdrdz

≥ ||�1zz||2L2 + ||�1r z||2L2 − AC2d0
M5/4

||�1zz||L2 .

We arrive at

||�1zz||L2 + ||�1r z ||L2 ≤ || j1||L2 + AC2d0
M5/4

, (5.15)

where
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a)
∫

�1rr�1zz rdrdz = ||�1r z||2L2 + ∫
�1z�1r z drdz,

b)
∫ 3

r �1r�1zzrdrdz = −3
∫

�1z�1r z drdz,

c)
∫
(�rφ)�̄1�1zz rdrdz ≤ ||�rφ||L∞

∫ |�̄1| |�1zz| rdrdz ≤ AC2d0
M5/4 ||�1zz||L2 .

Multiplying (5.14) by �r�1 and integrating over [0, 1] × [0,∞), we get

|| j1||L2 ||�r�1||L2 ≥
∫

j1(�r�1) rdrdz

≥
∫

[(��1)�r�1 − �̄1(�r�1)�rφ] rdrdz

=
∫

[�1zz�1rr + 3

r
�1zz�1r + (�r�1)

2] rdrdz

≥ ||�1r z||2L2 + ||�r�1||2L2 − AC2d0
M5/4

||�r�1||L2 ,

where d)
∫
(��1)�r�1 rdrdz = ||�1r z||2L2 + ||�r�1||2L2 ,

e)
∫

�̄1(�r�1)�rφ rdrdz ≤ AC2d0
M5/4 ||�r�1||L2 .

Moreover,

||�r�1||2L2 = ||�1rr ||2L2 + ||3�1r/r ||2L2 . (5.16)

According to the above inequalities, we obtain

||�1rr ||2L2 + ||3�1r/r ||2L2 ≤ ||ω1||L2 + AC2d0
M5/4

. (5.17)

Combining (5.15) and (5.17), we arrive at (5.6).
4) proof of (5.7) and (5.8)

Different (5.9), (5.14) with respect to z, respectively. The process of proof is similar
to the proof of (5.5) and (5.6). We complete the proof of Appendix. ��
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