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Abstract On a manifold with affine connection, we introduce special pre-semi-
geodesic charts which generalize Fermi coordinates. We use a version of the
Peano’s—Picard’s-Cauchy-like Theorem on the initial values problem for systems of
ODS:s. In a fixed pre-semigeodesic chart of a manifold with a symmetric affine con-
nection, we reconstruct, or construct, the connection in some neighborhood from the
knowledge of the “initial values”, namely the restriction of the components of con-
nection to a fixed surface S and from some of the components of the curvature tensor
R in the full coordinate domain. In Riemannian space, analogous methods are used to
retrieve (or construct) the metric tensor of a pseudo-Riemannian manifold in a domain
of semigeodesic coordinates from the known restriction of the metric to some non-
isotropic hypersurface and some of the components of the curvature tensor of type
(0, 4) in the ambient space.
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1 Introduction

The problem of finding a Riemannian metric from various pieces of information is
of interest from both theoretical and practical point of view. Papers by many authors
are devoted to the possibility of finding the metric from the curvature tensor, [7, p.
135-136], or prove existence of metrics with the prescribed Ricci tensor, [2] etc. In
general, to solve the problem means to solve a relatively complicated non-linear system
of partial differential equations, the coefficients of which are expressed through the
components of the Riemannian curvature tensor. One possibility how to simplify the
situation is to find a convenient coordinate system with respect to which the system
of equations is simplified considerably. Our aim is to present and use such preferable
coordinates.

In [6], in a neighborhood of a (positive definite) Riemannian space in which special,
semigeodesic, coordinates are given, the metric tensor is calculated from its values
on a suitable hypersurface and some of components of the curvature tensor of type
(1, 3) in the coordinate domain. Semigeodesic coordinates are a generalization of the
well-known Fermi coordinates.

In the present paper, we consider a more general situation. We introduce spe-
cial pre-semigeodesic charts characterized both geometrically and in terms of the
connection. Then we apply a version of the Peano’s—Picard’s-Cauchy theorem on
existence and uniqueness of solutions of the initial values problems for systems of
first-order ODEs (ordinary differential equations). We use the apparatus in a fixed
pre-semigeodesic chart of a manifold equipped with the symmetric affine connec-
tion. Our aim is to reconstruct, or construct, the symmetric affine connection in some
neighborhood from the knowledge of the “initial conditions”: the restriction of the
connection to a fixed (n — 1)-dimensional surface S and some of the components
of the curvature tensor R in the ambient space (coordinate domain). By analogous
methods, we retrieve (or construct) the metric tensor of type (0, 4) of a pseudo-
Riemannian manifold in a domain of semigeodesic coordinates from the known
restriction of the metric to some non-isotropic hypersurface and some of the compo-
nents of the curvature tensor in the ambient space. In comparison to the authors of [6],
we give shorter proofs of constructive character based on classical results on first-order
ODE:s.

Recall the so-called Fermi coordinates, named after the Italian physicist Enrico
Fermi [3], which were widely used in Minkowskian space, e.g. [9], and play an
important role in mechanics, physics, [1,10], and in differential geometry of Rie-
mannian spaces in general. Suppose y: I — M is a geodesic on an n-dimensional
Riemannian manifold M, and p a point on y. Then there exist local coordinates
(t,xz, ..., x™) around p such that for small ¢, y(¢,0,...,0) represents the geo-
desic near p. The metric tensor is the Euclidean metric along y, and again (only)
along y, all Christoffel symbols vanish (all the above properties are only valid along
the distinguished geodesic). We will consider here a generalization of Fermi coor-
dinates, namely pre-semigeodesic and semigeodesic coordinates, which bring, at
the same time, special parametrization for all canonical geodesics in some tubular
neighborhood. The celebrated Fermi coordinates can be considered as a particular
case.
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2 Pre-semigeodesic Chart

Let (M, V) be a (differentiable or smooth) n-dimensional manifold M equipped with
a symmetric linear connection V. Let thj denote components of the connection V in
a fixed chart (U, ¢ = (xl, ...,x")in M; U € M open.

If in the chart (U, (xi)) of M, F{ll (x) =0isvalidforallh =1, ..., n, we say that
(U, (x"))isa pre-semigeodesic chart! related to the coordinate x! with respect to the
connection V or, that x! is a geodesic coordinate in U. Obviously, it is quite natural
to prefer the first coordinate, and it means no loss of generality.

Let us give a geometric interpretation of the pre-semigeodesic charts. Recall that
the equations Vis¢ = 0 for canonically paramerized geodesics ¢: I — U of the

connection V|U in local coordinates read (k =2, ..., n)
d?c!  (de! : n o deldel n | dc’ de/
— 4TI — ry,—— r.——=0,
6z T ( ds ) * ZA/=2 Uy ds T zuzz U'ds ds 0
d?ck , (dc! : n_, deldel n . det de/
a2 T (ds) +Zj:2 U'ds ds +Zi,j:2 Yds ds
Lemma 1 The conditions F{’l =0,h=1,...,n, are satisfied in U if and only if the

parametrized curves
c: 1 —>U, c@s)=C(,an,...,ay), sel, aqeR, i=2,...,n, 2)

are canonically parametrized geodesics of V|U (I is some interval, ay are suitable
constants chosen so that c(I) C U).

Proof Let F’fl = Oholdfork =1, ..., n. Then the local curves with parametrizations
(2) satisfy
d B d?
2 (), S
ds 0x c(s) ds

therefore are solutions to the system (1). Conversely, if the curves (2) are among
solutions to (1) then due to (3), we get F{’l = 0 from (1). O

Hence the pre-semigeodesic chart is fully characterized by the condition that the
curvesx! = s,x! =const,i =2,...n belong to the geodesics of the given connection
in the coordinate neighborhood. The definition domain U of such a chart is “tubular”,
a tube along geodesics.

3 Reconstruction of Connection

Our aim is to show that a symmetric linear connection in a pre-semigeodesic coordinate
domain U (related to x1) can be uniquely constructed, or retrieved, in some subdomain

I Similar coordinates were used e. g.in[12], and called there, in English translation, “almost semigeodesic”.
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of U if we know the restrictions f‘ihj (X),x € S of the connection to the surface S defined
by x! = 0 and prescribed components Rf’l i Of the curvature tensor in the given tubular
domain U. First recall that the components Rihj « of the curvature tensor are related to
the components I" l}; of the connection by the classical formula

Rl =0T} — T + T, — T/, (4)

Now suppose that F{’l (x) = 0 is satisfied. Particularly, setting i = j = 1 in (4) we
get under this assumption

F{lk + Z rArr —Ri, =0 Q)
and plugging j = 1 in (4) we get, for each of the indices i = 2, ..., n, the system
Flhk + Z rorh Z e, Flhl R, =0. (6)

In R" with standard coordinates (xl, x2, ..., x™), let us identify the linear subspace

(hypersurface) defined by x! = 0 with the space R"~!, ie. (X) = (x2,...,x") are
standard coordinates in R*~!. Let .7 = (0, 1) be the open unit interval and denote by
K,, = J™ the open standard m-cube. Denote

D, ={x=G"....,.x"HeR"|0<x" <8, 0<xi<l, i=2,...,n}.

Hereafter we will deal with the pre-semigeodesic coordinate system in the domain
D,,(8). The open (n — 1)-cube K, = J" 1, viewed as

Kpi={F=0%...,xheR " 0<xi<1, i=2,...,n}CR",

will be identified with a hypersurface S in D, (§) determined by xt=0.

So in what follows let S be a hypersurface in D, (8) defined by x! = 0. Now let
us modify for our purpose the Theorem on existence and uniqueness of solutions of
systems of ODE:s:

Theorem 1 Let V be a torsion-free linear connection in S (of the class at least C?)
with components ff'j(i), X eSS hije{2...,n}let I:{’j(i) be functions in S
(at least C?), h,j € {1,...,n}, where f‘fl()?) = 0forh € {1,...,n}. Let Ah

h,i,je{l,...,n} beﬁmcttons (atleast C°)in D, (8) such that each A" Lk isat leastC1

in each of the varlables x? , x" and at least C° in x'. Moreover let the curvature
tensor R of v satisfy R! i k(x) = A (%) in S. Then there exists a real number 8

0 <6 <8andthereisa unique torsion-free linear connection V in the neighborhood
D,,(8) with components Fflj such that the following holds: Fi’l (x) = 0in D, (5) for

h = 1,...,n (ie. the coordinates are pre-semigeodesic), F;’j(O,i) = f‘lh] (x) for
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eS8 hi jell,....n)(hence V|S = V)and R, = Al forall x € D,(5) where
hik=1,....n

Proof Letthe assumptions be satisfied. Analyzing the system (4) and the consequences
mentioned above we find that we can proceed step by step. In three main steps, we find
functions Ff’. in a certain subdomain of D,,(8) such that I‘f’j = F?i and the conclusion
of Theorem 1 is satisfied.

Step (1) Let us define F’fl(x) =0forx € D,(8),h=1,...,n

Step (2) Let us solve the system

(o) = Zr (I, () + Al () ©)

for unknown functions F{‘k, h=1,...,n,k=2,...,nwhich we assume as a system
of ordinary differential equations of one variable x' (while the remaining coordinates
# = (x2,...,x") € K,_1 = S are considered as parameters) for the initial data

h0,x%, .. x") =ThG? .. 5" for  (x%,...,x") €S.
According to the theory, there exists §;, 0 < §; < §, and there are uniquely
determined functions F{lk (x!, ..., x™) of the class at least C! in the domain D, (8;)

such that ~
rh0,%) =T &), es. ®)

These functions together with their derivatives will be used in what follows.
Step (3) Now consider the system

—Flhk_ Zrmrhl+2rmrh Fhl + Al =0, 9)

where we plugged for I‘h from the above; h = 1,...,n, i,k = 2,...,n. We have
again a system of ordlnary differential equations of one variable x! Accordlng to
the existence and uniqueness theorem on systems of ODEs there is §, 0 < & < §
and there are uniquely determined functions 1" (x , x™) of the class at least cl,

i # 1 # k in the domain D, (8) which satisfy the 1n1t1a1 conditions
rh,x% ..., x"=Tha? .. x", (2., x"eSs. (10)
Moreover, comparing (5) and (7), (6) and (9) we can see that
Ri () = AlL(x), xeDuy@), hik=1,...n, (11)
holds as required, and Ff’k are components of a connection of the above properties. O

As a consequence, if we use prolongation of the solution, we obtain:

@ Springer



210 J. Mikes, A. Vanzurova

Theorem 2 Let (U, ¢ = (x!, ..., x") beachartin M. Let S C U be a submanifold
in U defined by x" = 0. Let V be a torsion-free linear connection in S of the class at
least C? with the components T l}; and the curvature tensor R, and let Af’j be functions
in U such that Iéihlk = A?k in S, A?k, i =2,...,n, are of the class at least o, A}fk
are continuous in x', and A’l’k are at least C' in the remaining variables x2, .., x"
Then there is a unique symmetric linear connection V in U with components satisfying
F{‘l =0forh =1,...,n (i.e the given chart is pre-semigeodesic w.r.t. V) such that

VIS =V, and R", = A% inU.

4 Reconstruction of Metric
4.1 Semigeodesic Coordinates

For our purpose, we say that a chart (U, (x%)) ofa pseudo-Riemannian manifold (M, g)
is semigeodesic (or that (x') are semigeodesic coordinates) if in this chart, the metric
tensor has the coordinate expression

g=edx!@dx! + g X2, M @dyd, i, j=2,...,n, (12)

where e = +£1 (the plus or minus sign is connected with the square of the integral of
the tangent vector to the x '-coordinate line).
The geometric interpretation is as follows, [12, p. 55].

Lemma 2 Local coordinates (x') in a pseudo-Riemannian manifold are semigeodesic
if and only if the 1-net of x'-coordinate lines is formed by arclength parametrized
geodesics which are orthogonal to anon-isotropic hypersurface defined by x' = const.

Note that coordinate hyperplanes defined by x/ = const are orthogonal to the
distinguished system of geodesics. Obviously, semigeodesic coordinates are pre-
semigeodesic.

Semigeodesic coordinates can be introduced in a sufficiently small neighborhood
of any point of an arbitrary (positive) Riemannian manifold, and is fully characterized
by the coordinate form of the metric:

gj=d' @dx! + g X% A ®dxd, i j=2,...,n (13)

E.g. on a cylinder, semigeodesic coordinates can be introduced globally.

Advantages of such coordinates are known since Gauss ([8, p. 201], “Geoditische
Parallelkoordinaten”), and are widely used in the two-dimensional case, particularly
in applications, [11] and the references therein, [13] etc. Note that geodesic polar
coordinates (“Geodétische Polarkoordinaten,” [8, pp. 197-204]) can be interpreted as
a “limit case” of semigeodesic coordinates (all geodesic coordinate lines ¢ = x> =
const pass through one point called the pole, corresponding to r = x! = 0, while

r = x! = const are the geodesic circles).
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4.2 Reconstruction of Metric in Semigeodesic Coordinates

Recall that the components of the curvature tensor R (in type (0, 4)) of the semi-
Riemannian manifold V,, = (M, g) are related to the components of the metric by

1
Ryijik = 5(8ijghk + Onigij — Oikgnj — 9ijgnk) + & (TnirTijs — ThjrTijs), (14)

where I';jx = %(8,~g jk + 0j8ik — 9rgij) are Christoffel symbols of the first type in
V,., and g"* are components of the dual tensor to g. Hence g/ are functions rational
in components g;; of the metric.’

Now suppose that components of the metric satisfy g11 = e, g1; = 0. Under these
assumptions, setting & = k = 1 we obtain from (14)

Riji = 00181 — & 010 h; 15
lij1 = ) 118ij 4g 18ir918js- (15)

Here we can suppose that the indices satisfy i, j, r, s > 1. Plugging
Gij = 018ij, (16)

we can write (15) as

1
—£"Gi,Gjs. a7y

1
ajj(x) = Rijj1 = z01Gyj — 7

2
Now we can prove the following.

Theorem 3 Let a;; be (at least) continuous functions in D, (8), let g;; be functions
of the class (at least) C? in K,_i and Gij functions of the class (at least) C' in
Ky 1, i,j =2,...,n, such that the matrices (g;;) and (éij) are symmez‘ric3 and
det(g;j) # 0 in K,,_y. Fix an element e € {—1, 1}. Then there is 3 0<3$ < § and
there exists exactly one non-degenerate metric tensor* g of the class (at least) C* in
Dy, (8) withcomponents g11 = e,81; =0, j =2,...,n,suchthatfori, j =2,...,n,

- I at - 5
8ij(0,x) =gij(x), @gij((),x) =Gij(x), x € Ky (18)
where g—; means the partial derivative from the right, and
aij(x) = Rijj1(x), x € Dy(3). (19)

2 gij = 1/det(g;;) - Aj; where A j; is the algebraic complement of the matrix element g ;.

3 2ji =), Gji = Gij.
4 det(g;j) # 0in Dy (5).
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Proof Step (1) Let us define g11 = e, g1 =0in D,(8), j =2,...,n.
Step (2) Let us solve the system

dgij = Gij,
1 rs (20)
01Gij = 58 GirGjs + 2aij
under the initial values
- at . =~
8ij (0, x) = gij (%), @gij(O,X) =G;j(x), xeK,1,i,j=2,...,n. (21)

Note that since the determinant as well as the algebraic complements are continuous
functions in the entries g;;, and we demand det(g;;)(0, ¥) = det(g;;)(X) # 0, it is
guaranteed that g"* will be well-defined and well-behaved functions of g*/, similarly
asin [6]. So (20) can be considered as a system of first-order ordinary differential equa-
tions in the variable x! for the unknown functions gij and G;; with the initial values
(21); the remaining coordinates X2 ... x" e K,,_1 are supposed to be parameters.
The right sides in (20) satisfy the conditions of the existence and uniqueness theorem
[4, p. 263] in the domain D, (S) and have continuous derivatives with respect to g;;
and G;;. The initial value problem (20) and (21) has precisely one solution g;; (x). The
functions g;; are components of a metric tensor in D, (8), and comparing (20) and (17)
we find easily that the components of its curvature tensor satisfy Rj;j1(x) = a;;(x)
as required.

Since the matrices (g;;) and (G;;) are symmetric we may assume i < j in (20) and
(21). As a consequence, we get

Theorem 4 Let a;; be continuous functions in some coordinate neighborhood U,
gl] C2-functions in S = U N S where S is the hypersurface S: x' = 0 in R", and
G,j c! -functions in S, i,j = 2,...,n such that the matrices (g;;) and (G,j) are

symmetric and det(g;;) # 0 in S. Fix an element e € {—1, 1}. Then there is §>0and
there exists precisely one non-degenerate metric tensor g, det(g;;) # 0, of the class

CrinU = (—S, 3) x S with components g11 = e, g1; =0, j =2,...,n(ie U is

semigeodesic) such that fori, j =2,...,n,
- - ot - ~ . -z
8ij(0,Xx) = gij(x), Py 8ij(0,x) =G;j(x), xS (22)
and 3
aij(x) = Rjjji(x), xeU. (23)

Provided a;; (x) = Rjy;j1(x) the solution of the system (20) answers the problem of
finding the metrics with the prescribed components Ry;;1(x) of the (0, 4)-Riemannian
curvature tensor. Substituting the obtained components of metric we get the relation-
ship to the components of the (1, 3)-curvature as follows:
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Rlijl = eRl'ljl = _eR,'llj = gimR’lnlj = —gimR’]"j]. (24)

Hence our results generalize the results of [5,6].
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