BULLETIN of the

Bull. Malays. Math. Sci. Soc. (2018) 41:597-608 MALAYSIAN MATHENATICAL @ CrossMark

https://doi.org/10.1007/s40840-016-0310-x A RR——

Sournali 40840

One-Step Iterations for a Finite Family of Generalized
Nonexpansive Mappings in CAT(0) Spaces

Hafiz Fukhar-ud-din!-2 . Khairul Saleh!

Received: 30 April 2015 / Revised: 4 January 2016 / Published online: 13 February 2016
© Malaysian Mathematical Sciences Society and Penerbit Universiti Sains Malaysia 2016

Abstract We study a one-step iterative scheme to establish strong convergence the-
orems and A-convergence theorems for a finite family of generalized nonexpansive
mappings on a nonlinear domain. Our results generalize and extend several relevant
results in the literature.
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1 Introduction and Preliminaries

Let (X, d) be a metric space and x,y € X with [ = d (x,y). A geodesic path
from x to y is a mapping g : [0,/] — X such that g(0) = x,g () = y, and
d (g t),g (t/)) = It - t/| forallz, ' € [0, ]. The image of a geodesic path is called a
geodesic segment. A metric space X is a (uniquely) geodesic space if every two points
in X are joined by a unique geodesic segment.
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A geodesic triangle A (x1,x2,x3) in a geodesic metric space X consists of
three points x1, x2,x3 € X and a geodesic segment between each pair of these
points. A comparison triangle for geodesic triangle A (x1, x, x3) in X is a trian-
gle A (x1, x2, x3) := A (X1, X2, X3) in R? such that dg> ()Ei, )Ej) =d (xi, x.,') for all
i,j=1,2,3.

A geodesic space X is a CAT(0) space if for each A in X and A in R?, the inequality

d(xv y) =< dRz ()E’ )_7)

holds forallx,y € Aand x, y € A.

The complex Hilbert ball with the hyperbolic metric is an example of a CAT(0)
space [16]. It is worth mentioning that fixed point theorems in CAT(0) spaces (espe-
cially in R—trees) can be applied to graph theory (see e.g., [7,15]). A thorough
discussion of these spaces and their important role in various branches of mathematics
can be found in [2,3].

In this paper, we write (1 — «) x @y for the unique point z on the geodesic segment
from x to y such that

d(z,x)=ad(x,y) andd (z,y) = (1 —a)d (x, y).
Also denote by [x, y], the geodesic segment from x to y, that is,
[x,y]={(0l—-a)xDay:ac0,1]}.

A subset C of a CAT(0) space is convex if [x, y] C C forall x, y € C.
Let {x,} be a bounded sequence in a metric space X and x € X. Set

r(x, {x,}) = limsupd(x,, x).
n—oo

The asymptotic radius » ({x, }) of {x,} is defined by
r({xn}) = inf{r(x, {x,}) : x € X},
and the asymptotic center A({x,}) of {x,} is the set

A({xn}) = {x € X | r(x, {x,}) = r({xa D}

It is known that A({x,}) consists of exactly one point in a CAT(0) space [5].

A sequence {x,} in X is said to be A-convergent to x € X if x is the unique
asymptotic center of every subsequence of {x,}. We write A-lim,_, o X, = x and call
x as A-limit of {x,}. Given {x,} C X such that {x,} is A-convergent to x and given
y € X with y # x, we have

limsupd(x,, x) < limsupd(x,, y),
n—oo n—oo
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a similar condition to the Opial’s property in Banach spaces [16].

Letx; € X and A; € [0,1] fori = 1,2, ..., n such that Z —1 Ai = 1. Following
the definition of unique point (1 — @) x @ ay on a geodesic segment [x, y], we build
the following notations:

A2
AiXx; = (&) X2.
@ o A1+A2 S

For n = 3, we have to find @?:1 A;x; with Z?:l A; = 1. Note that

3 2
@?»m = -2x3) @?»ix,' @ A3x3
i=1 i=1

3 )\, +)\.2 ! )\.1—}—)\‘2 2 33

— (1-23) “ o2 n)ox
= 3 )\3)(1 1— )\3x2 3X3.

By induction, we can write

ék»x-—(l—)\) L X1 ® *2 X2 ® EB)Ln_lx @ Apx
g iAi n ]_)\nl ]_)\nz ]_)‘n n—1 nixn-

Let C be a nonempty subset of a metric space X and F (T') be the set of fixed points
of amapping T on C. The mapping 7 is (i) generalized nonexpansive if d(Tx, Ty) <
ad(x,y) +bldx,Tx)+d(y, Ty)] +cld(x,Ty) +d(y,Tx)] for all x,y € C,
where a + 2b 4+ 2¢ < 1; in particular, nonexpansive if a = 1,b = 0 = ¢, (ii)
quasi-nonexpansive if F (T) # @ andd (Tx,y) <d(x,y)forx e C,ye F(T).

Example I Let X =R,d(x,y) =|x —y|land T : [0, 1] — [0, 1] be defined by

109 - 10
Tx — 60x_ yifx e [47.1],
6x if x € [0, ll)

Obviously, T has a fixed point at 0.

For x,y € [0, 1], choose a = %,b —c—Owhenbothx y e [% 1] or both

x,y € [0, %) and choose a = ¢ =0,b = 41 2 when x (ory) € [”, 1] It is easy to
verify that T is a generalized nonexpansive mapping but not nonexpansive (see also
[30D).

Forx € C and p € F (T), we calculate

d(Tx,p) <ad(x,p)+bd(x,Tx)+c (d(x, p)+d(p, Tx))
<ad(x,p)+b(d(x,p)+d(Tx, p))+cdx,p)+d(p,Tx))
=(a+b+c)dx,p)+ (b+c)d(Tx, p).
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b b
Thatis, d(Tx, p) < CIH——H d(x, p). Since a—i———l—c < 1, therefore
—c

-b 1-b—-c
d(Tx, p) <d(x, p).

Above example and calculations show that every generalized nonexpansive map-
ping is quasi-nonexpansive and the notion of generalized nonexpansiveness is weaker
than nonexpansiveness and stronger than quasi-nonexpansiveness.

Recently, Fukhar-ud-din, Khan and Akhter [11] have shown that the above defined
generalized nonexpansive mapping 7' (which is also continuous) has a fixed point in
a convex metric space; in particular, CAT(0) space.

It is well-known that Picard iterates of nonexpansive mappings fail to converge to its
fixed point even on a Banach space. Therefore, Mann [20] iterates were introduced to
approximate fixed points of nonexpansive mappings. Mann iterates were not adequate
for the approximation of fixed points of pseudocontractive mappings and this led to
the introduction of Ishikawa iterates [12]. The Ishikawa iterative scheme has been
frequently used to construct common fixed point of certain nonlinear mappings on
Banach spaces and metric spaces. Many authors have studied the two mappings case
of Ishikawa iterative scheme for different types of mappings, see for example [4,9,
10,13,14,19,27] . Recently, Kumam et al. [18] studied modified S—iterative scheme
(two mappings case) in the setting of CAT(0) space for a class of mappings which is
wider than that of asymptotically nonexpansive mappings (see also [8,23]). It has been
noticed in [25] that two mappings case has a direct connection with the minimization
problem.

Finding common fixed points of a finite family of mappings acting on a Hilbert
space is a problem that often arises in applied mathematics. In fact, many algorithms
have been introduced for different classes of mappings with a nonempty set of common
fixed points. Unfortunately, the existence results of common fixed points of a family
of mappings are not known in many situations. Therefore, it is natural to consider
approximation results for these classes of mappings. Approximating common fixed
points of a finite family of nonexpansive mappings by iteration has been studied by
many authors (see for instance [17,22,26]).

In this paper, we introduce a new one-step iterative scheme for approximating
common fixed points of a family {7; : i = 1, 2, ..., m} of generalized nonexpansive
mappings and study the A—convergence and strong convergence of such iterative
scheme in a CAT(0) space.

For arbitrary x; € C, let the sequence {x,} in C be defined as follows:

m+1

Xnp1 = EP aniTr- 13, ey
i=1

where Tp = I (the identity mapping) and {an,i} are (m + 1) sequences in [0, 1] such
that 37" @, ; = 1.

Ifa,; =0fori >2orT; =T for each i, it becomes Mann iterative scheme in a
CAT(0) space.
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Throughout the paper, we assume that F = (i, F(T;) # ¢ for a finite family
{T; :i = 1,2, ..., m} of generalized nonexpansive mappings.
We need the following results for our convergence analysis in the main section.

Lemma 1 [29] Let X be a CAT(0) space with x,x; € X and A; € [0, 1] for
i =1,2,..,nsuchthat 3"} _; A = 1. Then

n n
(a) d (EB Aixi,x) < > hid(x;, x);
i=1 i=1
n 2 n
(b) d( Aixi,x) < > Ad(xi, x)? — )»,-)»jd(xi,xj)z, fori,je{l,2,...,n}.
i=1 i=1

Lemma 2 [16] Every bounded sequence in a complete CAT(0) space has a A-
convergent subsequence.

Lemma 3 [6] If C is a closed convex subset of a complete CAT(0) space and if {x,}
is a bounded sequence in C, then the asymptotic center of {x,} lies in C.

2 Convergence Analysis

We start with the following lemma.

Lemma 4 Let C be a nonempty, closed and convex subset of a CAT(0) space X and
{T; :i =1, 2, ..., m} be a family of generalized nonexpansive mappings on C. If {x,}
is a sequence generated by (1), with To = I (the identity mapping) and {an’i} are
m + 1 sequences in [0, 1] such that 2?1:11 an,i = 1, thenlim,_, o d(x,, p) exists for
all p € F.

Proof For any p € F, we apply Lemma 1 (a) to (1) and get that

m+1
d(xn+lv p) = d(@ an,iTi—l-xna P)
i=1

m+1

=< Z an,id (Ti—1xn, p)

i=1

m—+1

< D anid (xp, p)
i=1

=d (xn, p).

Thus, {d(x,, p)} is a decreasing sequence of real numbers which is bounded below.
Hence, lim,;,_, 5 d(x,, p) exists. O

Lemma 5 Let C be a nonempty, closed and convex subset of a CAT(0) space X and
{T; :i = 1,2, ..., m} be a family of generalized nonexpansive mappings on C. If {x,}
is a sequence in (1), with Ty = I(the identity mapping) and {an,i} are m+ 1 sequences
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602 H. Fukhar-ud-din, K. Saleh

in[8, 1 — 8] for some § € (0, %) with Z?’Sl ani =1, then limy,_ oo d(xp, Tex,) =0
fort e{l,2,...,m}.

Proof Forany p € Fand/ € {1, 2, ...,m}, we apply Lemma 1 (b) to (1) and proceed
as

2

m—+1
d(xpy1.p)* = d(@ ani Ti—1%n, 17)
i=1
m+1

< D anid(Tim1%, p)* = an 10ned (¥, Texn)?

i=1
m+1
2 2
< > anid(xn, p)* = ap1aned (xn, Texy)

i=1

= d(xn, p)* — an1an,ed (Xn, Toxn)* .
That is,
2 2 2 2
82d (xn, Toxn)? < d(xn, p)* — d(xns1, p)*

It follows that for any positive integer N > 1,

N
82" d (xn, Texn)* < d(x1, p)* = d(xy41. p)’

n=1

<d(x1, p)* < .

That is,

N
522d(xn, Toxn)? < 00. )

n=1

When N — oo in (2), we get that 82 Zgozld(xn, Tg)cn)2 < o0 and hence
lim, o0 d (x,, Tyxy,) =0for € € {1,2, ..., m}. O

Now we obtain demiclosed principle for generalized nonexpansive mappings.

Theorem 1 Let C be a nonempty, closed and convex subset of a CAT(0) space X
and T : C — C be a generalized nonexpansive mapping. If A-lim, x, = x and
lim, oo d(x,, Tx,) =0, thenx € C and Tx = x.

Proof Note that

d(Tx,xp) < d(Tx, Txy) +d(Txy, xn)
<adx,x,)+bdx,Tx)+c(dx, Tx,) +d(x,, Tx)) +d(Tx,, x,)
<(a+b+c)dx,,x)+A+b+c)d(x,, Tx,) + (b+c)d(Tx, x,).
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That is,

b 1+5b
dTx. 50 < (22 a0 + (27 agen, T
1—b—c¢ 1—-b—c¢
1+b+c¢

<d , -
< d(xy x)+(l—b—c

) d(x,, Tx,). 3)

Taking lim sup on both sides in (3), we have

r(Tx,{x,}) =limsupd(Tx, x,) <limsup d(x, x,) =r(x, {x,}).

n—oo n—o00
The conclusion follows from the uniqueness of the asymptotic center. O

Theorem 2 Let C be a nonempty closed convex subset of a complete CAT(0) space X
and {Ty, T, .., Ty} be a family of continuous and generalized nonexpansive mappings
on C. If {x,} is a sequence generated by (1) with To = I (the identity mapping) and
{an,i} are m + 1 sequences in [§, 1 — §] for some § € (0, %) with Z?":ll an; =1,
then {x,} is A-convergent to a common fixed point of T; i = 1, 2, ..., m) .

Proof By Lemma 4, lim,_, o d(x,, p) exists for each p € F and therefore {x,}
is bounded. Let v € W,({x,}) = UA({u,}), where the union is taken over
all subsequences {u,} of {x,}. There exists a subsequence {v,} of {x,} such that
A({v,}) = {v}. By Lemmas 2 and 3, there must be a subsequence {z,} of {v,} such
that A — lim, z, = z € C. Since lim,_, oo d(x,, Tyx,) = 0 for £ € {1,2,...,m}, in
view of Lemma 5 and continuity of Ty, we have Tyz = z for each £ € {1, 2, ..., m}.
That is, z € F. Now we claim that z = v. Suppose z # v, then we have

limsupd(z,, z) < limsupd(z,, v)
n—o00o n—00

< limsupd(v,, v)
n—0oo

< limsupd (v, 2)
n—oo

= limsupd(x,, z)
n— o0

= limsupd(zn, 2),
n— oo

which is a contradiction and hence z = v € F.

To prove that the set W,,({x,}) is a singleton, let A({x,}) = {x}. Now suppose
z # x. From Lemma 4, we know that {d (x,, z)} is convergent. By the uniqueness of
the asymptotic center, we obtain
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604 H. Fukhar-ud-din, K. Saleh

lim sup d(z,, z) < limsupd(z,, x)

n— o0 n—o0

< limsupd(x,, x)
n—oo

< limsupd(xy, 2)
n—oo

= limsupd(z,, z),
n—0oo

which is a contradiction. Hence z = x. This completes the proof. O

Theorem 3 Let C be a nonempty closed convex subset of a complete CAT(0) space X
and {T; :i = 1,2, ..., m} be a family of generalized nonexpansive mappings on C. If
{x,} is a sequence generated by (1) with Ty = I (the identity mapping) and {a,,,,-} are
m+ 1 sequences in [§, 1 — 8] for some § € (O, %) with Z:":ll an,; =1, then {x,} con-
verges to a common fixed point of Ty, Ty, .., Ty, if and only iflim inf,, . oo d(x,,, F) = 0
or limsup,_, ., d(x,, F) =0.

Proof Suppose x, — p € F. So for a given ¢ > 0, there exists n9 > 1 such that
d (x,, p) < ¢ for all n > ng. Taking the inf over p € F, we get thatd (x,, F) < ¢
for all n > ng. That is, lim,_, o d (x,;, F') = 0. This means that

liminf d(x,, F) = 0 =1lim sup d(x,, F).
n— o0

n—o0

Conversely, suppose that

liminfd(x,, F) =0or lim sup d(x,, F) =0.
n—od

n—oo

By Lemma 4,
d(xp+1, p) <d(x,, p)forany p € F,

so that
d(xpy1, F) <d(xn, F).

Hence, lim,,_, 5o d(x,,, F) exists. Since

liminf d(x,, F) = 0or lim sup d(x,, F) =0,
n—0oo

n—o0

we have
lim d(x,, F) =0.
n—00

Let ¢ > 0. There exists ng > 1 such that

d(x,, F) < % for all n > ny.

In particular, d(x,,, F) < % Thus, there exists p € F such that

&

d(xy,, p) < 7
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For m,n > ny,

dXmgns Xp) < dXmgn, p) +d(x,, p) < 2d(xnos p) <e&.

Thus, {x,} is a Cauchy sequence in the closed subset C of X. Therefore, x, — x € C.
Since Ty is a generalized nonexpansive mapping, we have

d(x, Tex) < d(x, xp) + d(xn, Texn) + d(Texn, Tyx)
< d(xp, x) +d(xy, Texp) + ad(x,, x) + b d(xy, Toxy) +d(x, Tyx)]
+eld(xn, Tex) +d(x, Texy)] .

That is,

2 1 1+b
de, Too) < (2 Y a0 + (25 Y dr, Texa) — 0.
1—-b—0c) 1—-b—c

Thus, Tyx = x for each £ € {1, 2,...,m}. Hence x is a common fixed point of
Ti, 1>, ..., Tp. O

The following condition is due to Senter and Dotson [24].

A mapping T : C — C, where C is a subset of X, is said to satisfy condition (A) if
there is a nondecreasing function f : [0, o0) — [0, 0co) with f(0) =0and f(r) > 0
for r > 0 such that

dx,Tx) > f(d(x, F)) forallxeC,

where d(x, F) =inf yep d (x, p) .

Senter and Dotson [24] approximated fixed points of a nonexpansive mapping 7'
by Mann iterates [20] under condition (A). Later on, Maiti and Ghosh [21] and Tan
and Xu [28] studied the approximation of fixed points of a nonexpansive mapping 7
by Ishikawa iterates under the same condition which is weaker than the requirement
that T is demicompact. This condition has been modified for a family of mappings
and different modifications of condition (A) are available in the literature. One of the
modifications is the following.

A family of mappings 7; : C — C(i = 1, 2, ..., m), where C is asubsetof X, is said
to satisfy condition (A R) if there exists anondecreasing function f : [0, co) — [0, 00)
with f(0) =0and f(r) > 0forr > 0 and A; € [0, 1] such that

n
Zkid(x, Tix) > f(d(x, F)) forallx € C,
i=1

where D7 A; = landd(x, F) =inf perp d (x, p).

Note that condition (A R) reduces to condition (A)if 7; = T foreachi =1, 2, ..., m.
We shall use condition (A R) instead of compactness to study the strong convergence
of {x,} defined in (1). It is worth to mention that in case of a family of generalized
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nonexpansive mappings 7; : C — C (i = 1, 2, ..., m), condition (A R) is weaker than
the compactness.

Next we approximate common fixed points using condition (A R) by the following
strong convergence theorem.

Theorem 4 Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X and {T; :i = 1,2, ..., m} be a family of generalized nonexpansive mappings
on C satisfying condition (AR). If {x,} is a sequence generated by (1) with Ty =
I (the identity mapping) and {an’,-} are m + 1 sequences in [5, 1 — 8] for some § €
(O, %) with Z;’:ﬁl an,i = 1, then {x,} strongly converges to a common fixed point of
T, i=1,2,....,m).

Proof As a consequence of Theorem 4, lim,,_, o, d(x,, F) exists. So by condition
(AR), we obtain

n
lim f(d(n. F)) <> ani lim d(x,. Tixy) = 0.
n— 00 N 00

i=1

Since f is a nondecreasing function and f(0) = 0, lim,— oo d(x,, F) = 0. The
conclusion follows from Theorem 3. O

Since every nonexpansive mapping is a generalized nonexpansive and continuous,
therefore the following results due to Abbas and Khan [1] are the immediate conse-
quences of our theorems.

Corollary 1 [1] Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X. Let Ty and T, be two nonexpansive mappings of C. Let {a,}, {b,} and {c,}
be in [§,1 — 8] for alln € N and for some § € (O, l) with ay + by, + ¢, = 1. If
F = F(T) N F (Ty) # O, then {x,} defined by the iteration process

by Cn
Xp1 = apXy, & (1 —ay) Tix, © Toxy |, “4)
I —ay — dap
A-converges to a common fixed point of Ty and T».
Proof Setay, 1 = ay,an2 = by, ay3 = ¢, and m = 3 in Theorem 2. O

Corollary 2 [1] Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X. Let T1 and T, be two nonexpansive mappings of C. Let {a,}, {b,} and {c,}
be in [8,1 — 8] with a, + b, + ¢, = 1 for all n € N and for some § € (0, %) If
F = F(T)) N F (Ty) # O, then {x,} defined by the iteration process (4) converges
strongly to a common fixed point of Ty and T» if and only if liminf,,_, oo d(x,,, F) = 0.

Corollary 3 [1] Let C be a nonempty, closed and convex subset of a complete CAT(0)
space X. Let Ty and T» be two nonexpansive mappings of C satisfying condition (AR).
Let {an}, {by} and {c,} be in [5,1 — §] for all n € N and for some § € (O, %) with
an +by+c, =1L IfF = F(T)) N F (T») # @, then {x,} defined by the iteration
process (4) converges strongly to a common fixed point of Ty and T».
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Remark 1 Our results are new in literature and improve the theorems of Kuhfittig [17],
Rhoades[22] and many others due to the following reasons:

(1) Domain is nonlinear;
(2) Mappings are generalized nonexpansive;
(3) iterative scheme is one-step instead of multi-step.
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