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1 Introduction

The aim of this work is to study the basic properties of the square-mean p-pseudo
almost periodic and automorphic processes using the measure theory and used those
results to study the following stochastic evolution equation. First, we study the exis-
tence of square-mean p—pseudo almost periodic and automorphic mild solutions to
the following nonhomogeneous linear stochastic evolution equations in a Hilbert space
H

dx(t) = Ax(t)dt + f(t)dt + y()dW () forall ¢ e R, (1.1

where A : D(A) C H is the infinitesimal generator of a Co-semigroup (7'(¢));>0 on
H, f,y :R— L%(P, H) are two stochastic processes and W (¢) is a two-sided and
standard one-dimensional Brownian motion defined on the filtered probability space
(Q,F, P, F)withF;, = o{W(u)—W)|u, v < t}. Second, we prove the uniqueness
and the stability of square-mean p-pseudo almost periodic and automorphic mild
solutions for the following nonlinear stochastic evolution equations in a Hilbert space
H

dx(t) = Ax(¢)dt + h(t, x(¢))dt + 0(¢, x(¢))dW(¢) forall e R, (1.2)

where 1,0 : R x L2(P, H) — L2(P, H) are two stochastic processes.
We assume (H, | - ||) is real separable Hilbert space and L?(P, H) is the space of
all H-valued random variables x such that

Emﬁ:/um%P<+m.
Q

The concept of almost automorphic is a natural generalization of the almost
periodicity that was introduced by Bochner [8]. For more details about the almost
automorphic functions, we refer the reader to the book [24] where the author gave
an important overview about the theory of almost automorphic functions and their
applications to differential equations. In the last decade, many authors have pro-
duced extensive literature on the theory of almost automorphy and its applications
to differential equations, more details can be found in [11,15-17,20-23,29-31] and
the references therein. Then a generalization of almost automorphic functions gives
pseudo almost automorphic functions. Also weighted pseudo almost automorphic
functions which are more general than weighted pseudo almost periodic functions in
[12,13] were introduced in first time in [7] by Blot et al. In [7], the authors used the
basic properties of such functions to study the existence and uniqueness of weighted
pseudo almost automorphic solutions for some abstract differential equations. We say
that a continuous function f is p—weighted pseudo almost automorphic if

f=g+a,

where g is almost automorphic and ¢ is ergodic with respect to some weighted function
p in the sense that
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lim @ llp(r)dr =0,

r>oom(r, p) J—

where m(r, p) = ffr p(¢)dt and p is assumed to be positive and locally integrable.
When the component g is almost periodic, then f is called weighted almost periodic.
Likewise, in [5] the authors used the measure theory to define an ergodic function
and give a new concept of u—pseudo almost automorphic functions. We say that a
continuous function f is u—pseudo almost automorphic if

f=g+9,

where g is almost automorphic and ¢ is u—ergodic in the sense that

. 1 !
Jim i ) ¢ @ ldu(r) =0,

where p is a positive measure on R, u([—r, r]) is the measure of the set [—r, r]. One
can observe that a p—weighted pseudo almost automorphic function is pu—pseudo
almost automorphic, where the measure u is absolutely continuous with respect to the
Lebesgue measure and its Radon—Nikodym derivative is p:

du(r)
dr

p(1).

The authors investigated many interesting properties of such functions and study the
existence and uniqueness of general evolution equations in the space of such functions.
In recent years, the study of almost periodic or almost automorphic solutions to some
stochastic differential equations have been considerably investigated in lots of publi-
cations [1-4,9,14,18,25,27] because of its significance and applications in physics,
mechanics, and mathematical biology. Recently, in [19], the concept of square-mean
almost automorphic stochastic processes was introduced by Fu and Liu and in [10],
authors have studied the space of pseudo almost automorphic process in what they
prove the existence of solution of Eq. (1.1) and the uniqueness and the stability of
solution of Eq. (1.2) in the square-mean sense. In [10], the authors define the space
SBCy by all stochastically bounded continuous processes x(¢) verifying

1 T
lim — [ E|x(0)|>dr = 0.
T—oo 2T J_7

In this paper, instead of the space SBCy, we use the space of pu—ergodic process to
define the square-mean p—pseudo almost periodic and automorphic processes to study
equations Eqgs. (1.1) and (1.2). Let us to explain the meaning notion. We say that a
continuous stochastic process f is u—pseudo almost automorphic in the square-mean
sense if

f=h+0,
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where £ is almost automorphic and 6 is u—ergodic in the sense that

. 1 g ’ .
rll)lglom _r]E||9(f)|| du(r) =0,

where p is a positive measure on R, u([—r, r]) is the measure of the set [—r, r]. One
can observe that a square-mean pseudo almost automorphic process is a square-mean
u—pseudo almost automorphic process in the particular case where the measure u is
the Lebesgue measure on R.

For more details about the u—ergodic functions, we can refer to [5,6] the papers of
J. Blot, P. Cieutat, and K. Ezzinbi where they used the measure theory to define an
ergodic function and investigate many interesting properties of such functions.

Now, the classical theory of square-mean pseudo almost automorphy becomes a par-
ticular case of our approach. In this work, we investigate many important results
on the functional space of pu—square-mean pseudo almost periodic and automorphic
processes, and we used them to study the general linear and nonlinear stochastic evo-
lution equation.

The organization of this work is as follows. In Sect. 2, we define the square-mean pu—
ergodic process and study some basic properties. In Sect. 3, we give the concepts of
u—pseudo almost periodic and automorphic process, and then we study some of their
basic properties like completeness and composition theorems. In Sects. 4 and 5, we
prove the existence of the square-mean pu—pseudo almost periodic and automorphic
mild solutions of Eq. (1.1) and the uniqueness and the stability of the square-mean
u—pseudo almost periodic and automorphic mild solution of Eq. (1.2). In Sect. 6, we
provide an example to illustrate our results.

2 Square-Mean u—Ergodic Process
Let B be the Lebesgue o-field of R and M be the set of all positive measures p on B

satisfying u(R) = +o0 and u([a, b]) < +oo foralla, b € R (a < b).
L%(P, H) is Hilbert space equipped with the following norm

o\
lxllp2 = (/ [lx 1l dP) :
Q

Definition 2.1 Let x : R — L2(P, H) be a stochastic process.

(1) x is said to be stochastically bounded if there exists M > 0 such that
Elx(®)|> <M forall 7 eR.
(2) x is said to be stochastically continuous if

limE|x() — x(s)|> =0 forall seR.
I—s
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Denote by SBC(R, L%(P, H)), the space of all the stochastically bounded and con-
tinuous processes.

The space SBC (R, L?(P, H))is aBanach space equipped with the following norm
1
2 2
[x[loo = sup (EIIX(I)II ) .
reR
Definition 2.2 Let © € M. A stochastic process x is said to be square-mean u—

ergodic if x € SBC(R, L%(P, H)) and satisfied

. 1 ’ 2 _
rlggom _rEHX(l)H du(r) =0.

We denote the space of all such process by £ (R, L%(P, H), ).

Proposition 2.1 Let u € M. Then E(R, L*>(P, H), i) is a Banach space with the
norm || - || co-

The proof is similar to the proof of Proposition 2.13 in [5].
Next result is a characterization of p—ergodic processes in terms of measure .

Lemma 2.1 Let u € M and I be a bounded interval (eventually I = (). Assume that
f € SBC(R, L?(P, H)). Then the following assertions are equivalent:

®

fe&R,LX(P, H), ).

(i)
1
lim —— E 2d =0.
Jim g o ENSO 1 )
(iii)
ult e l=r N E £ 17> €
Foranye >0, lim =0
r—+o00 plt € [—r,r]\I}

For the proof of the Lemma 2.1, we have just to use the same arguments in the
proof of Theorem 2.14 in [5] with the function r — E || f(¢) 2.

Example 2.1 Let p be a nonnegative 5—measure function and p be the positive mea-
sure defined by

M(A):/p(r)dr for A e B, 2.1
A
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where df denotes the Lebesgue measure on R. The function p which occurs in (2.1)
is called the Radon—-Nikodym derivative of n with respect to the Lebesgue measure
on R [[26], p. 130]. In this case, © € M if and only if its Radon—-Nikodym derivative
p is locally Lebesgue-integrable on R and

+00
/ p(t)dt = 4o0.

—00

Definition 2.3 [5] Let | and o € M. u is said to be equivalent to wo (g ~ o) if
there exist constants « and 8 > 0 and a bounded interval I (eventually / = @) such that

api(A) = pn2(A) < puri(A)
for A € Bsatistying AN I = @.

Theorem 2.1 Let wy and wy € M. If uy and wy are equivalent. Then
ER, L*(P, H), m) = ER, L*(P, H), j12).

The proof is similar to the proof of Theorem 2.20 in [5].
For u € M and t € R, we denote by u, the positive measure on (R, B) defined by

Ur(A)=pula+t:a €A for Aeb.

From u € M, we formulate the following hypothesis.
(H) For all T € R, there exists 8 > 0 and a bounded interval I such that

e (A) < Bu(A)when A € Bsatisfies ANT = @.

Lemma 2.2 [5] Let u € M. Then p satisfies (H) if and only if i and . are equivalent
forall Tt € R.

Lemma 2.3 [5] Hypothesis (H) implies that for all o > 0,

: p([—r —o,r+ol)
lim sup < 4o00.
r—>+00 u(l=r,rD

Remark 2.1 [5] For Example 2.1, Hypothesis (H) holds if and only if for all T € R,
there exists a constant 8 > 0 and a bounded interval / such that

p(t+7) < Ppt) ae R\
where u is given by

n(t) = p(t)dr,
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and p satisfies the condition of Example 2.1. Then Hypothesis (H) is equivalent to
say

t
forall 71 eR, lim sup M < 400
tl>+00  P()

Example 2.2

p(t) =exp(—2t) for t eR.
In fact

t
M =exp(—2tr) for t eR.
t=+o0  p(1)

Let f € SBC(R, L*(P, H)) and T € R. We denote by f; the function defined by
fr(®) = f(@t+71)fort € R.
A subset § of SBC(R, L2(P, H)) is said to translation invariant if for all f € § we
have f; € §forall t € R.

Theorem 2.2 Let ju € M satisfy (H). Then E(R, L>*(P, H), u) is translation invari-
ant.

The proof use the same arguments of the proof of Theorem 3.5 in [5] with the
functionr — E || £(t) ||*
Next, we use the results of this section to define the new concepts of u—pseudo almost
periodic and automorphic process in the square-mean sense.

3 Square-Mean u—Pseudo Almost Periodic and Automorphic Process

In this section, we define the concepts of square-mean p—pseudo almost periodic and
automorphic process and study their basic properties.

3.1 u—Pseudo Almost Periodic Process
Definition 3.1 [3] Let x : R — L2(P, H) be a continuous stochastic process. x is

said be square-mean almost periodic process if for each € > 0 there exists [ > 0 such
that for all @ € R, there exists T € [«, o + ] with

supElx(t 4+ 1) —x(0)|? < €.
teR

We denote the space off all such stochastic processes by SAP (R, L%(P, H)).

Theorem 3.1 [3] SAP(R, L?(P, H)) equipped with the norm || - ||« is a Banach
space.
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Definition 3.2 Let © € M and f : R — L?*(P, H) be a continuous stochastic
process.

f is said be u—square-mean pseudo almost periodic process if it can be decomposed
as follows

f=g+o,
where g € SAP(R, L>(P, H)) and ¢ € E(R, L2(P, H), p).

We denote the space off all such stochastic processes by SPAP (R, L2(P, H), ).
Then we have

SPAP(R, L*(P, H), ) C SBC(R, L*>(P, H)).

Theorem 3.2 Let u € M satisfy (H). Then SPAP (R, L%(P, H), ) is translation
invariant.

Proof By using Theorem 2.2, we deduce that £(R, L*(P, H), () is translation invari-
ant. From the definition of the square-mean pseudo almost periodic process, we
conclude that SPAP (R, L2(P, H), i) is also translation invariant. O

Next, we study the completeness of the space of square-mean p—pseudo almost
periodic processes.

Theorem 3.3 Let n € M and f € SPAP(R, L*(P, H), 1) be such that

f=g¢g+o,

where g € SAPR,L*(P,H)) and ¢ € ER,L*(P,H), ). If SPAP(R, L?
(P, H), ) is translation invariant, then

{fOlt e R} O {g@)|r € R}.

For the proof, we use the same arguments of the proof of Theorem 2.24 in [6] by
using the norm || - || ;2.

Theorem 3.4 Letju € M. Assumethat SPAP(R, L>(P, H), ) is translation invari-
ant. Then SPAP(R, L?>(P, H), 1) is a Banach space with the norm || - || so.

The proof use the similar arguments as performed in the proof of Corollary 2.31 in

[6].
Next, we study the composition of the space square-mean p—pseudo almost periodic
process.

Definition 3.3 [3] Let f : R x L>(P, H) — L*(P, H), (t, x) — f(t, x) be contin-
uous.
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f is said be square-mean almost periodic in # € R uniformly in x € L>(P, H) if for
all compact K of L?(P, H) and for any € > 0, there exists /(e, K) > 0 such that for
all « € R, there exists 7 € [a, a + [(€, K)] with

xeK, supE|f(t+1,x)— f(t, x| <e.
teR

We denote the following space of stochastic processes by

g€ SAPR x L3(P,H), L*(P,H))ifg : R x L(P, H) — L*(P, H) such that
g(-,x) € SAP(R, L*>(P, H)) for each x € L*>(P, H). Similarly

e ERxLA(P,H), L>(P,H), n)if¢ : Rx L>(P, H) — L?*(P, H)) such that
¢(-,x) € ER, L*>(P, H), ) for each x € L>(P, H).

Theorem 3.5 [3] Let f : R x L>(P, H) — L*(P, H), (t,x) — f(t,x) be a square
almost periodic process in t uniformly in x € L>(P, H). Suppose that f is Lipschitz
in the following sense:

there exists a positive number L such that for any x, y € L*(P, H),

Elf(t.x) — ft. »I* < L-Ellx — y||*.
Thent — f(t,x(t)) € SAP(R, L?(P, H)) for any x € SAP(R, L*(P, H)).

Definition 3.4 Let © € M. A continuous function f(¢,x) : R x L?>(P, H) —
L%(P, H) is said to be square-mean pu—pseudo almost periodic in t for any x €
L%>(P, H) if it can be decomposed as f = g + ¢, where g € SAP(R x
L3(P,H),L*(P,H)), ¢ € ER x L>(P, H), L*(P, H), 11). Denote the set of all
such stochastically continuous processes by SPAP (R x L%(P, H), L*(P, H), |1).

Theorem 3.6 Let ;1 € M satisfy (H). Suppose that f € SPAP(R x L*>(P, H),
L%(P, H), j1) and that there exists a positive number L such that, for any x,y €
L*(P, H),

Elf(t, x) — ft, »)I* < L-Efx — y|*

fort € R Thent — f(t,x(t)) € SPAP(R,L*(P,H), ) for any x €
SPAP(R, L3(P, H), ).

The theorem above can be proved by using Lemma 2.1 and Theorem 3.3 and
Theorem 3.5. For more details about the proof, one may refer to [6].

Now, we study the square-mean pu—Pseudo almost automorphic processes that is a
generalization of square-mean p—Pseudo almost periodic processes.

3.2 n—Pseudo Almost Automorphic Process

Definition 3.5 Let x : R — L?(P, H) be a continuous stochastic process. x is said
be square-mean almost automorphic process if for every sequence of real numbers
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(t,/l)n, we can extract a subsequence (?,), such that, for some stochastic process y :
R — L2(P, H), we have

lim Elx(+1) —y@®)|>=0 forall 1 eR
n——+00

and

lim Elly(t —t,) —x@®|*>=0 forall teR.
n——+00

We denote the space off all such stochastic processes by SAA(R, L2(P, H)).

Theorem 3.7 [19] SAA(R, L%(P, H)) equipped with the norm || - || is a Banach
space.

Definition 3.6 Let © € M and f : R — L%(P, H) be a continuous stochastic
process.

f is said be pu—square-mean pseudo almost automorphic process if it can be decom-
posed as follows

f=g+o,
where g € SAAR, L2(P, H)) and ¢ € ER, L>(P, H), ).

We denote the space off all such stochastic processes by SPAA(R, L%(P, H), nw.
Then we have

SPAA(R, L>(P, H), 1) C SBC(R, L*(P, H)).

Remark 3.1 A square-mean pseudo almost automorphic process is a square-mean j—
pseudo almost automorphic process in the particular case where the measure p is the
Lebesgue measure on R. For more details on the pseudo almost automorphic process
we refer to [10].

Hence, together with Theorem 2.2 and Definition 3.6, we arrive at the following
conclusion.

Theorem 3.8 Let u € M satisfy (H). Then SPAA(R, L?(P, H), W) is translation
invariant.

Theorem 3.9 Let n € M and f € SPAA(R, L2(P, H), ) be such that

f=g+o,

where § € SAAR,L*(P,H)) and ¢ € ER,L*(P,H),n). If SPAA
(R, L2(P, H), W) is translation invariant, then

{fOlt e R} O {g@)|r € R}.

The proof of Theorem 3.9 is similar to the proof of Theorem 4.1 in [5].
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Theorem 3.10 Letr u© € M. Assume that SPAA(R, L*(P, H), ) is translation
invariant. Then SPAA(R, L>(P, H), i) is a Banach space with the norm || - | 0.

The proof of the theorem above is similar to the proof of Theorem 4.9 in [5].
Next, we study the composition of square-mean p—pseudo almost automorphic
processes that is a generalization of the result of composition of square-mean almost
automorphic processes of Miao Miao Fu and Zhen Xin Liu [[19], Theorem 2.6]

We say that g € SAA(R x L>(P, H), L>(P, H)if g : R x L>(P, H) — L*(P, H))
such that g(-, x) € SAA(R, L?(P, H)) for each x € L*(P, H).

Definition 3.7 Let © € M. A continuous function f(¢,x) : R x L*(P, H) —
L%(P, H) is said to be square-mean p—pseudo almost automorphic in t for any
x € L*(P, H) if it can be decomposed as f = g + ¢, where g € SAAR x
L%(P,H),L*(P,H)), ¢ € ER x L>(P, H), L*(P, H), ). Denote the set of all
such stochastically continuous processes by SPAA(R x L3(P, H), L*(P, H), ).

Theorem 3.11 Ler 1 € M satisfy (H). Suppose that f € SPAA(R x L*(P, H),
LZ(P, H), 1) and that there exists a positive number L such that, for any x,y €
L*(P, H),

Elf(t, x) — ft, )I* < L-Efx — y|?

fort € R Then t — f(t,x()) € SPAA(R, L2(P, H), ) for any x €
SPAARR, L*(P, H), ).

Theorem 3.11 can be proved by using Lemma 2.1, Theorem 3.8, and Theorem 2.6
in [19]. More details about the proof can be found in [5].
Next Sections, we use the results of this section to study the stochastic evolution
equations (1.1) and (1.2).

4 Square-Mean pu—Pseudo Almost Periodic Solutions Eq. (1.1)

This section is devoted to the existence of u—pseudo almost periodic solutions on R
of Eq. (1.1) and the uniqueness and the stability of the square-mean p—pseudo almost
periodic mild solution on R of Eq. (1.2) in the space SPAP (R, L%(P, H), ), where
e M.

We assume that (7'(¢)),>¢ is exponentially stable which means that there exist constants
K > 1 and w > 0 such that

IT@)| < Ke™® forall t>0. 4.1)

Definition 4.1 An F;-progressively measurable process {x(7)},cr is called a mild
solution on R of Eq. (1.1) if it satisfies the corresponding stochastic integral equation

t t
x(t) =Tt —a)x(a) +/ T(t—s)f(s)ds —|—/ Tt —s)y(s)dW(s) “4.2)

a a

for any ¢, a € R such thatr > a.

@ Springer



298 M. A. Diop et al.

Theorem 4.1 Let u € M satisfy (H). Then Eq. (1.1) has a unique square-mean
u-pseudo almost periodic mild solution on R if f,y € SPAP(R, L>(P, H), j1).

Proof Since the semigroup (7'(¢));>0 is exponentially stable, then one can see that
Eq. (1.1) has a unique bounded solution on R that is given by the following formula

t

t
x(t) = / Tt —s)f(s)ds +/ T —s)y(s)dW(s). “4.3)

—00 —00

Since f,y € SPAP(R, L*>(P, H), j), there exist g, « € SAP(R, L>(P, H)) and
o, B e &R, L2(P, H), i) such that f = g + ¢, ¥y = a + B. Hence,

t

t
x(t)=/ T(t—S)[g(S)+¢(S)]d(S)+/ T(t —s)la(s) + B(s)]dW(s)

—00 —0o0

t t
= [/ T(t—s)g(s)ds+/ T(t — s)a(s)dW(s)]

t t
+ [/ T(t—s)tp(s)dS-l—/ T(t — )B(s)dW (s)]

~F(1) + ®(1).

The aim is to verify that F € SAP(R, L*>(P, H)) and ® € ER, L*>(P, H), ).
We define

t t
F@) = / T(t—s)g(s)ds +/ Tt —s)a(s)dW(s)
=G(t)+ P(1).

Using similar arguments as performed in the step 1 of Theorem 3.1 in [10], we obtain
the continuity of G and P.
Since g € SAP(R, L2(P, H)), then for each € > 0, there exists /(¢) such that for all
a € R, there exists T € [a, a + [(¢€)] satisfying
) o
supEllg(r +7) — g < —5e.
teR K?

Let r € R. Then we have

t

t+t
E|G( +1) — GO)|? = ]E||/ T(t+1—s)g(s)ds —/ T(t —s)g(s)ds|?

—00

t t
=1E||/ T(z—s>g<s+r>ds—/ T( - )g(s)ds|

t
= ]EII/ T(t —)[g(s + 1) — g()1ds|*
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‘ 2
< K°’E (/ e gs + 1) — g(S)IIdS)
—0o0

! —w(f—s —w(t—s 2
ssz(/ (@) (e )>||g(s+r>—g<s>||ds) .

By the Cauchy-Schwartz’s inequality, we obtain that

E[G(t + 1) — G()|*

t t
< K’E [( / e‘““”ds) ( / e g (s + 1) —g<s>||2ds)}
t t
< K? (/ e_‘”(’_s)ds) (/ e U IE|g(s + 1) — g(s)||2ds)

P 2
< K2 (/ e—w<t—S>ds) supE[g(s + 1) — g(s)]1?
—00 seR
2

K 2
< — supEllg(s +7) — gl
W7 seR

< €.

Hence G € SAP(R, L*>(P, H)). Since € SAP(R, L?(P, H)), then foreache > 0,
there exists /(¢) such that for all a € R, there exists T € [a, a + [(¢€)] satisfying

SupElla(t + 1) — a()]]? < 2e
o — —< €.
teR K2

Let W(o) = W(o + 1) — W(z) for each 0 € R. Then W is also a Wiener process
having the same distribution as W. Letting 0 = s — t and using the Ito’s isometry
property of stochastic integral, we obtain the following estimation

E[[P(t + 1) — P(1)|?
t

T+t
=E| / T+t —s)als)dW(s) — / T — s)oz(s)dW(s)H2
t

=E| /too T(t—a)a(a—}-r)dW(a)—/OOT(t—s)a(s)dW(s)Hz
—&| [ too Tt — 9)lals + 1) — (AW ()|

=E (/_;O It = $)le(s +7) — a<s>]||2ds)

< /t 1Tt = )IPEllc(s + ) — a(s)*ds

—00
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K? 2
< —supE|la(s + 1) — a(s)]
2w seR

< €.

Therefore P € SAP(R, L2(P, H)), hence F € SAP(R, L%(P, H)).
Next, we have to show that ® € &R, LE(P, H), ). Using similar arguments as
performed in the step 1 of Theorem 3.1 in [10], we obtain the continuity of ®. We

claim that .

. 1 2 _
nBToo m ~ El®@)[I*du(r) = 0.

In fact, we have

: 2
— E[|®(#)[|7du(r)
wi—rr /), a

1 r t t
= EII/ T (1 = s)g(s)d(s) +/ T(t — $)B(s)dW (5)[*de(2)
/L([—r, }’]) -r —00 —00

2 r !
<——— [ E| / T(t — $)e(s)d(s) 1% dpu(t)
M([_rv r]) —r —00
2 r t
+——F0n [ E| / T(t — $)B(s)dW ()| >du(r)
wl=r,rD Jor " e

r t 2
= wi=r.m ), MO ( [ e s>||||¢(s)||ds)

2 r 1
+ — d,u(t)]Ell/ T(t—$)Bs)dW ()]

pu=r,rl) J-r —o0
By the Cauchy-Schwartz’s inequality and the Ito’s isometry property of the stochastic
integral, we have
' 2
——— [ El®®["du@)
w(l=r,rl) J—r

2 r t t
<—= | du@ / Ke™®U=9dg / Ke ®9E|p(s)|>ds
u(l=r,rD) J-, —o0 —00

r t
R L / K2 209 | 8(s) | ds
(=D .

2K " ! —w(t—s) 2
=—— [ du@® Ke Ello(s)||~ds
wp([—=r,r]) J-, —00

r t
+—2 [ au / K2 29| 8(s)|ds.
M. .

Using the Fubini’s theorem, the first term on the right-hand side of the last equality
satisfies the following
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2K : ! —w(t—s) 2
—— [ du(?) Ke Ellg(s)l~ds
C()IJ,([—F, r]) —r —00

2K ' > —wu 2 :
= d,u(t)/ Ke “El|e(t —u)||“du (setting u =t —s)
opu(=r,rD) J-, 0

2K2 00 1 r
=" [ e ——uv | Elp@—w|*du(r)du.
w 0 :u([_rv r]) —r

Since, we have

— 1 " -
le wum Ellg(t — wl*du®)] < e llolZ
) —r

and
oo
/ e Ng|%du < oco.
0

Then, using the Lebesgue dominated convergence theorem and the fact that
E(R, L2(P, H), p) is translation invariant, we get

2K r t
lim ———— d,u(t)/ Ke ®U=9E|p(s)|>ds = 0.
r—>00 wpu([—r,r]) J_, —c0

We argue as above, we can show that

r

t
im —— [ du(@) / K2 2°U=9F | B(s)|*ds = 0.
r—oo u([=r,r]) J_, —c0

Then,

. g 2 _
Jim =) _rEIICD(t)II du(r) =0,

which implies that ® € ER, L2(P, H), ).

To end the prove, we have to show the uniqueness. Let u, v be two mild solutions
to Eq. (1.1). Setting w = u — v, one can easily see that w is bounded and that
w(t) =T — s)w(s) for t > s. Now using (4.1), we can obtain that

Ellw(®)|* = E| Tt — s)w(s)|?
< K2 IR w(s)|)?
<Kl
forallt > s.
Now let (s,,), € N be a sequence of real numbers such that s, — —oco asn — oo.
Clearly, for any fixed ¢ € R, there exists a subsequence (s;, )xeN Of (5,),en such that

sp, < tforallk € N.Inview of the above, letting k — oo yields w(t) = u(t) —v(t) =
0. Therefore, u = v. This ends the proof. O
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Next, we study the uniqueness of the bounded mild solution on R of Eq. (1.2).

Definition 4.2 An F;-progressively measurable process {x(7)};cr is called a mild
solution on R of Eq. (1.2) provided that it satisfies the corresponding stochastic integral
equation

! ¢
x(t) = T(t—a)x(a)+/ T(t—s)h(s,x(s))ds+/ T(t—s)0(s, x(s))dW(s) (4.4)

forany t,a € Rsucht > a.

Theorem 4.2 Let © € M satisfy (H). We suppose that h,0 € SPAP(R x
L2(P, H),L*(P, H), W) and that there exist constants L, L' > 0 such that

E || h(t,x) —h(t,y) I’< L -E |l x —y |?
El0(t,x) -0y IP<L -Ex—yl|?
forallt € R and for any x,y € L*>(P, H).
If

2K?*L  K2L'
a)2

<1,

then Eq. (1.2) has a unique square-mean p—pseudo almost periodic mild solution on
R.

Proof By the definition 4.2, stochastic process x : R — L2(P, H) is a solution to
Eq. (1.2) if and only if it satisfies the stochastic integral equation

¢ ¢
x(t) =Tt —a)x(a) +/ T(t—s)h(s, x(s))ds +/ T(t—s5)0(s,x(s)dW(s).

Note that A (-, x(-) and 6(-, x(-) are L2-bounded. Therefore, if we let a — —o0o in
above integral equation then by the exponential dissipation condition of 7', we obtain
the that stochastic process x : R — L?(P, H) is a solution to Eq. (1.2) if and only if
x satisfies the stochastic integral equation

t '
x(t) = / T(t —s)h(s, x(s))ds +/ Tt —s)0(s, x(s)dW(s). 4.5)
Define the operator S by

13

t
Sx)(@) = / T — s)h(s, x(s))ds +/ Tt —s5)0(s, x(s)dW(s),

—00 —0o0

for any x € SPAP(R, L3(P, H), ). Using Theorem 3.6, we deduce that
h(-,x(-), 0, x(-) € SPAP(R, L*(P, H), i) and from Theorem 4.1 we conclude
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that S is a self-mapping from the space SPAP(R, L>(P, H), 1) to the space
SPAP(R, L*(P, H), ). Now, we have to check that S is a strict contraction. For
x1,x2 € SPAP(R, LZ(P, H), 1) and each r € R, we have

ot
E[(Sx)() — (Sx2)(0)|* = E|| / T(t — s)[h(s, x1(s)) — h(s, x2(s))]ds
t
+/ T(t — $)[0(s, x1(5)) — O(s, x2(s)AW ()|
t 2
<2K’E (/ e U h(s, x1 (s)) — h(s, xz(s))||ds)

t
+ ZIEII/ T(t — $)[0(s, x1(5)) — (s, x2(s) 1AW (5) .

We estimate the first term of the right-hand side by using Cauchy-Schwartz’s inequality
as follows:

2

t
E (/ e U h(s, x1(5)) — hs, xZ(S))“dS)

t 2
—E (/ (e h(s, xz(s))||ds)
t
[( / ‘““”ds) ( / e (s, x1(s)) — h(s,xz<s>)||2ds)]

E

t
( G s)ds) (/ e_w(t_s)]E”h(S,xl(s)) — h(s,xz(s))llzds)
L-

IA

IA

'
< ( —a)(t—s)ds) (/ e—w(t—S)EHXI(s) — x2(s)||2ds)
—00
2
<o ([ o) swBlne - o
seR

L 2

< = supE[lx1(s) — x2(s) ]|
seR

Using Ito’s isometry property of stochastic integral, we obtain that
t
IElll/ T(t = $)[0(s, x1(5)) — O(s, x2(s)1AW () >
—00
t
= IE[/ 1Tt = $)[0(s, x1(5)) — O(s, x2(s))]]|*ds
—0o0
13
< E[/ 1T = IR0 (s, x1(5)) — O(s, x2())[|*ds
—00

t
<K? / e 2R 6 (s, x1(5)) — O(s, x2(5))[|I*ds
—0o0
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IA

t
KL (/ e2w<”>ds) sup E|x1 (s)) — x2(5)|1%
—00 seR
277

IA

sup Elx1 (s) — x2(s)]|>.
seR

Thus, it follows that for each r € R

2K2L 277
Ell(Sx1)(t) — (Sx2)()]* < ( — + )supE||x1<s) — x|
w w seR

that is,
2
[(SxD @) = (Sx2) )72 < Nsup 1 (o) - 0| <N (suﬁg Jxi(s) — XZ(S)”Lz) :
NS SE

. 2 277
with N := —2K2L + KL
(0] w

Hence

1(Sx)(#) — (Sx2) (D)l 2 < VNllxt — x2]loc-
That implies

[Sx1 — Sx2lloe = sup [(Sx1) (1) — (Sx2) ()12 < VN|x1 — x21l00-

teR

Since N < 1, it follows S is a contraction. Therefore by Banach point fixed, there
exists a unique fixed point x such that Sx = x which satisfies Eq. (1.2). The proof is
complete. O

Now, we investigate the stability of the unique square-mean p—pseudo almost peri-
odic mild solution on R of Eq. (1.2). Let us recalling the definition of asymptotic
stability.

Definition 4.3 [19] A solution x* of Eq. (1.2) is said to be stable in square-mean
sense, if for arbitrary € > 0, there exists § > 0 such that

2
]E'x*(t) —x(t)H <e t>0

2
whenever EHx*(O) — X0 H < &, where x is the solution of Eq. (1.1) with initial

condition xg. The solution x* of Eq. (1.2) is said to be globally asymptotically stable
in the square-mean sense if it is stable in square-mean sense and

2
(1) — x(t) ” —0

lim E‘
—00
holds for any x¢ € L*(P, H).
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Remark 4.1 Let xo € L2(P, H). Then under the assumptions of Theorem 4.2, it easy
to show that the solution of Eq. (1.2) with initial value x¢ exists for ¢ € [0, 4+-00).

Theorem 4.3 Under the assumptions of Theorem 4.2, if

L n L 1
JE— J— < _,
w? o 3K?

then the unique square-mean p—pseudo almost periodic mild solution on R of Eq.
(1.2) is is globally asymptotically stable.

Proof Let x be a mild solution of Eq. (1.2) with initial value x(0) on [0, co). Then,
fort > 0, we have

Ellx (1) — x*(0)]> = E| T (1)(x(0) — x*(0))

+ /l T(t —s)[h(s, x(s)) — h (s, x*(s))] ds
0
t
+/ T(t—s)[00s.x(s) =0 (s, x*(s)) | dW () |*
0

Thus using the Cauchy-Schwartz’s inequality, the Ito’s isometry property of the sto-
chastic integral and the Fubini’s theorem, we have

Ellx(r) — x*0)1* < 31T ®)I*Ellx(0) — x*(0)[|*
t 2
+3E (/ Tt —s)[h(s,x(s)) = h (s, x*())] ||ds)
0

t
+3E (/ IT(t —s)[0(s,x(s)) — 6 (s, x*(s))] ||2ds) )
0

It follows that
Ellx(r) — x*(0)||* < 3K?e > E[x(0) — x*(0)|?

t t
+3L / Kem®=9ds / Ke U x(s) — x*(s)]ds
0 0

t
+ 3L’/ K?e 72U R |x(s) — x*(s)[|*ds.
0

Consequently, we obtain that
Ellx () — x*@)||* < 3K*e *'E||lx(0) — x*(0)|1*
3K2L
+
w

t
/ e UIE|x(s) — x*(s)||*ds
0

t
+3K2L’/0 e 2R |x(s) — x*(s)|>ds.  (4.6)
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2
Let X (z) := ]EHX(I)—X*(I)H andk = %+3K2L’.Sincef0rt >0, e 20 < gm@t,
Then by (4.6), we obtain

t
X (1) < 3K%e“ X (0) + k / 09 X (5)ds.
0
Hence, we get
t
e~ X (1) < 5K*X(0) +k/ e X (s)ds.
0

Then using Gronvall Lemma, we obtain that

X(1) <5K>X(0)e*k—1,

That implies that X (f) — 0 exponentially fast if k — @ < 0, that is

L L 1
—_t — < —.
w? w 3K2

Therefore x* is globally asymptotically stable in the square-mean sense. This com-
pletes the proof. O

5 Square-Mean u—Pseudo Almost Automorphic Solutions

This section is devoted to the existence of u—pseudo almost automorphic solutions on
R of Eq. (1.1) and the uniqueness and the stability of the square-mean u—pseudo almost
automorphic mild solution on R of Eq. (1.2) in the space SPAA(R, L*>(P, H), ),
where u € M.

Theorem 5.1 Let u € M satisfy (H). Then Eq. (1.1) has a square-mean p—pseudo
almost automorphic mild solution on R if f,y € SPAAR, L*(P, H), j1).

Proof We reproduce the proof of Theorem 4.1 in what we take g, € SAA
(R, L?>(P, H)). Then, we only need to verify that F € SAA(R, L?>(P, H)). Since
it is proven in [10] that F € SAA(R, L2(P, H)), then the mild solution of Eq. (1.1)
is square-mean p—pseudo almost automorphic. O

Next, we study the uniqueness of square-mean p—pseudo almost automorphic mild
solution of (1.2).

Theorem 5.2 Let © € M satisfy (H). We suppose that h,6 € SPAA(R x
L%(P, H), L>(P, H), 1), and that there exist constants L, L' > 0 such that

E |l h(t,x) —h(t,y) I’S L-E |l x —y |?
E|l6(t,x)— 0@ y) IP<L -Ex—yl|?

forallt € R and for any x, y € L*(P, H).
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If

2K?2L  K2L'
2

<1,
w

then Eq. (1.2) has a unique square-mean pu—pseudo almost automorphic mild solution
on R.

The arguments of the proof of Theorem 5.2 are the same as performed in the proof
of Theorem 4.2.

Theorem 5.3 Under the assumptions of Theorem 5.2, if

L L' 1

J— < _’
a)2+ o 3K?2

then the unique square-mean pu—pseudo almost automorphic mild solution on R of Eq.
(1.2) is is globally asymptotically stable.

The proof uses the same arguments performed in the proof of Theorem 4.3.

6 Example

To apply our theoretical results, we consider the measure ¢ where its Radon-Nikodym
derivative is
p(t) =exp(—2t) for teR.

Then n € M and p satisfies (H) (cf. Example 2.2). Let consider the following one-

dimensional stochastic heat equation with the Dirichlet boundary conditions:

du(t, x) = L0 g 4 I [u(t, X)sin + e cosult, x)] dr

1
2408 t+cos /2t

o0 o]
+ 37 |u(, x) sin CYV——"y + e sinu(t, x)|dW(z),

(t,x) e Rx (0,1),

u(t,0)=u(,1)=0, t eR,

(6.1)
where W(t) is a two-sided and standard one-dimensional Brownian motion defined on
the filtered probability space (2, F, P, F;) with F; = o{W(w) — W(v)|w, v < t}.
with [ > 0.

System (6.1) takes the abstract form (1.2),

du(t) = Au(t)dt + h(t, w)dt + 6(t, u)dW(t) forall ¢ e R 6.2)
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where
h(t,u)(x) = h(t,u(t)(x)) = % |:u(t)(x) sin 3 cost :_ cos 31 + €' cos u(t)(x)] ,
O(t, u)(x) = 0(t, u(t)(x)) = ﬂ [u(r)(x) sin ! + €' sin u(t)(x)]
’ S 4 2 + cost + cos /3¢ '

and

D(A) = H*((0, 1)) NH)((0, 1)),
Ax(E)=x"(€) for £€€(0,1) and x € D(A).

Then, A generates a Cop-semigroup (7'(¢));>0 on L?[0, 1] given by

0]

TO0)@) =D e (x, ey) 2e(r).

n=1

where ¢, (r) = ﬁsin(nnr) forn = 1,2,...., and |T ()| < e‘”zt for all t > 0.

Thus, set K = 1 and w = 72.

in— 1 t 2 2
1n2+cost+cosﬁt + e'cosu belongs to SPAAR x L-(P,L~[0,1]),

L2(P, L2[0, 1]), p),
where u sin

us

1 . . t »
————— is the almost automorphic component and e’ cos u is the
2-+cos t+cos ﬂt P P

u—ergodic perturbation, since

1 r -2 r
——— | Ele cosulPdut) < ————— | Heds
w(=r.r]) J-, e —1) J_,
-2 r
=—F [ d
62r(6—4r -/,
—4r

:mao as r — +oo.

Then (¢, u) — h(t,u) € SPAAR x L?(P, L?[0, 1]), L>(P, L?[0, 1]), u). By anal-
ogous argument performed above, we have also (f,u) +— 6(t,u) € SPAAR x
L2(P, LZ[O, 1D, LZ(P, L2[O, 1]), n). Clearly, h and 0 satisfy the Lipschitz condition
in Theorem 5.3 with L = L’ =1, K = 1 and w = 72. Since

po (1] A o -
< ——+— =—\— .
3K2\w? o 3n2\ 2
Therefore, by Theorems 5.2 and 5.3, the corresponding equation (6.2) has a unique

square-mean pu—pseudo almost automorphic mild solution which is globally asymp-
totically stable.

@ Springer



Measure Theory, Pseudo Almost Periodic... 309

Acknowledgements The author would like to express his sincere gratitude to the referee for his remarks
which helped us a lot to improve the original version of this work.

References

10.

11.

12.

14.

15.

17.

18.

19.

20.

21.

22.

23.

24.

. Bezandry, P, Diagana, T.: Existence of almost periodic solutions to some stochastic differential equa-

tions. Appl. Anal 86, 819-827 (2007)

. Bezandry, P.: Existence of almost periodic solutions to some functional integro-differential stochastic

evolution equations. Stat. Probab. Lett. 78, 2844-2849 (2008)

. Bezandry, P.H., Diagana, T.: Square-mean almost periodic solutions nonautonomous stochastic differ-

ential equations. Electron. J. Differ. Equ. 117, 1-10 (2007)

. Bezandry, P., Diagana, T.: Existence of S2-almost periodic solutions to a class of nonautonomous

stochastic evolution equations. Electron. J. Qual. Theory Differ. Equ. 35, 1-19 (2008)

. Blot, J., Cieutat, P., Ezzinbi, K.: Measure theory and pseudo almost automorphic function: new devel-

opments and applications. Nonlinear Anal. 75, 2426-2447 (2012)

. Blot, J., Cieutat, P., Ezzinbi, K.: New approach for weighted pseudo-almost periodic functions under

the light of measure theory, basic results and applications. Appl. Anal. 92(3), 493-526 (2013)

. Blot, J., Mophou, G.M., N’Guérékata, G.M., Pennequin, D.: Weighted pseudo almost automorphic

functions and applications to abstract differential equations. Nonlinear Anal. Theory, Methods Appl.
71(3-4), 903-909 (2009)

. Bochner, S.: Uniform convergence of monotone sequences of functions. Proc. Natl. Acad. Sci. USA

47, 582-585 (1961)

. Changa, Y.K., Zhaoa, Z.H., N’Guérékata, G.M., Mab, R.: Stepanov-like almost automorphy for sto-

chastic processes and applications to stochastic differential equations. Nonlinear Anal. Real World
Appl. 12, 1130-1139 (2011)

Chen, Z., Lin, W.: Square-mean pseudo almost automorphic process and its application to stochastic
evolution equations. J. Funct. Anal. 261, 69-89 (2011)

Cieutat, P., Fatajou, S., N’Guérékata, G.M.: Composition of pseudo almost periodic and pseudo almost
automorphic functions and applications to evolution equations. Appl. Anal. 89(1), 11-27 (2010)
Diagana, T.: Weighted pseudo almost periodic functions and applications. Comptes Rendus de
1’ Académie, des Sciences de Paris, Série I 343(10), 643-646 (2006)

. Diagana, T.: Weighted pseudo-almost periodic solutions to some differential equations. Nonlinear

Anal. Theory Methods Appl. 68(8), 2250-2260 (2008)

Diop, M.A., Ezzinbi, K., Mbaye, M.M.: Measure theory and §2— pseudo almost periodic and auto-
morphic process: application to stochastic evolution equations. Afr. Mat. 26(5), 779-812 (2015)
Ezzinbi, K., N’Guérékata, G.M.: Almost automorphic solutions for some partial functional differential
equations. J. Math. Anal. Appl. 328(1), 344-358 (2007)

. Ezzinbi, K., N’Guérékata, G.M.: Almost automorphic solutions for partial functional differential equa-

tions with infinite delay. Semigroup Forum 75(1), 95-115 (2007)

Ezzinbi, K., Nelson, V., N’Guérékata, G.M.: C(n)-almost automorphic solutions of some nonau-
tonomous differential equations. Cubo 10(2), 61-74 (2008)

Fu, M.M.: Almost automorphic solutions for nonautonomous stochastic differential equations. J. Math.
Anal. Appl. 393, 231-238 (2012)

Fu, M.M,, Liu, Z.X.: Square-mean almost automorphic solutions for some stochastic differential equa-
tions. Proc. Am. Math. Soc. 133, 3689-3701 (2005)

Goldstein, J.A., N’Guérékata, G.M.: Almost automorphic solutions of semilinear evolution equations.
Proc. Am. Math. Soc. 133, 2401-2408 (2005)

Liang, J., N’Guerekata, G.M., Xiao, T.-J., Zhang, J.: Some properties of pseudo-almost automorphic
functions and applications to abstract differential equations. Nonlinear Anal. Theory Methods Appl.
70(7), 2731-2735 (2009)

Liang, J., Zhang, J., Xiao, T.-J.: Composition of pseudo almost automorphic and asymptotically almost
automorphic functions. J. Math. Anal. Appl. 340(2), 1493-1499 (2008)

N’Guérékata, G.M.: Almost automorphic solutions to second-order semilinear evolution equations.
Nonlinear Anal. Theory Methods Appl. 71(12), e432—e435 (2009)

N’Guérékata, G.M.: Topics in Almost Automorphy. Springer, New York (2005)

@ Springer



310

M. A. Diop et al.

25.

26.
27.

28.
29.

30.

31.

Da Prato, G., Tudor, C.: Periodic and almost periodic solutions for semilinear stochastic evolution
equations. Stoch. Anal. Appl. 13, 13-33 (1995)

Rudin, W.: Real and Complex Analysis, 3rd edn. McGraw-Hill Book Company, New York (1986)
Tudor, C.: Almost periodic solutions of affine stochastic evolutions equations. Stoch. Stoch. Rep 38,
251-266 (1992)

Veech, W.A.: Almost automorphic functions on groups. Am. J. Math 87, 719-751 (1965)

Xiao, T.-J., Liang, J., Zhang, J.: Pseudo almost automorphic solutions to semilinear differential equa-
tions in Banach spaces. Semigroup Forum 76(3), 518-524 (2008)

Xiao, T.-J., Zhu, X.-X., Liang, J.: Pseudo-almost automorphic mild solutions to nonautonomous differ-
ential equations and applications. Nonlinear Anal. Theory Methods Appl. 70(11), 4079-4085 (2009)
Zaidman, S.: Almost automorphic solutions of some abstract evolutions equations, Istituto Lombardo.
Accademia di Scienze e Lettere, Estrato dai Rendiconti. CI. di Sci. (A) 110, 578-588 (1976)

@ Springer



	Measure Theory and Square-Mean Pseudo Almost Periodic and Automorphic Process: Application  to Stochastic Evolution Equations
	Abstract
	1 Introduction
	2 Square-Mean μ--Ergodic Process
	3 Square-Mean μ--Pseudo Almost Periodic and Automorphic Process
	3.1 μ--Pseudo Almost Periodic Process
	3.2 μ--Pseudo Almost Automorphic Process

	4 Square-Mean μ--Pseudo Almost Periodic Solutions Eq. (1.1)
	5 Square-Mean μ--Pseudo Almost Automorphic Solutions
	6 Example
	Acknowledgements
	References




