
Bull. Malays. Math. Sci. Soc. (2018) 41:207–230
https://doi.org/10.1007/s40840-015-0272-4

A Stabilized Characteristic-Nonconforming Finite
Element Method for Time-Dependent Incompressible
Navier–Stokes Equations

Huiyong Jia1 · Kaitai Li2 · Hongen Jia1

Received: 3 June 2015 / Revised: 1 October 2015 / Published online: 19 December 2015
© Malaysian Mathematical Sciences Society and Universiti Sains Malaysia 2015

Abstract In this paper, we study a stabilized characteristic-nonconforming finite
element method to solve the time-dependent incompressible Navier–Stokes equa-
tions. The characteristic scheme is used to deal with advection term and temporal
differentiation, which avoid some difficulties caused by trilinear terms. The space dis-
cretization utilizes the nonconforming lowest equal-order pair ofmixed finite elements
(i.e. NCP1 − P1). The stability analysis and optimal-order error estimates for veloc-
ity and pressure are presented. Numerical results are also provided to verify theory
analysis.
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Stokes equation · Stabilized method
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1 Introduction

The time-dependent incompressible Navier–Stokes equations are one of the most
important equations in mathematical physics and fluid mechanics. To solve them, a
variety of numerical methods are proposed. Among them, the characteristics methods
(or the Lagrange–Galerkinmethods) have proved their efficiency for the problemwhen
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advection dominates diffusion. These methods are based on combining a Galerkin
finite element procedure with a special discretization of the material derivative along
trajectories, which have some common features, such as better stability, larger time
steps, etc. [1].On the other hand, if standardfinite elementmethods are used to solve the
incompressibleNavier–Stokes equations, the approximations for velocity and pressure
must satisfy the LBB conditions to be stable. This cause some difficulties in using low-
order finite element pairs because of the lack of LBB condition. However, the equal-
order pairs for velocity and pressure are of practical important in scientific computation
because they are computationally convenient and efficient in a parallel or multi-grid
context [2]. To compensate the lack of LBB stability, all kinds of stabilized techniques
have been proposed, such as residual-based stabilized methods in [3–9], non-residual
stabilized methods in [5–8], polynomial pressure-stabilized methods [10–15]. For
the non-stationary Navier–Stokes equations, characteristic methods combining with
pressure projection stabilized method and macro-element technique, respectively, is
proposed in [16,17]. In the above methods, the standard conforming finite element
methods are used. Compared with the conforming finite element methods, the noncon-
forming finite element possesses more favorable stability properties and less support
sets [18,19]. Hence, we will focus on the application of the nonconforming finite
elements in characteristic methods for non-stationary Navier–Stokes equations.

A lot of work has been devoted to study the lowest order nonconforming finite
elements. For example, the nonconforming elements proposed by Douglas et al. [20]
for the piecewise velocity and a piecewise constant element for the pressure were used
for the stationary Stokes and Navier–Stokes equations in [21], and the nonconform-
ing and conforming piecewise linear polynomial approximations for the velocity and
pressure were used for the Navier–Stokes equations in [22]. In 2002, Chen proposed
characteristic mixed discontinuous finite element methods for advection-dominated
diffusion problems in [23]. Two years later, characteristic-nonconforming finite ele-
ments for advection-dominated diffusion problems are proposed in [24]. In [23,24],
advection-dominated diffusion problems were both solved by characteristic tech-
nique and nonconforming finite element methods, but the different nonconforming
finite elements were used. In this paper, the method we proposed is to combine the
characteristic-nonconforming finite element methods developed in [24] and charac-
teristic stabilized finite element methods developed in [16] to solve the non-stationary
incompressible Navier–Stokes equations. The method is based on the NCP1 − P1
approximations for velocity and pressure, respectively, whereNCP1 is the space of the
nonconformingP1 elements. The optimal-order error estimates are derived. Numerical
results agreeing with the error estimates are obtained. Furthermore, numerical com-
parisons with characteristic stabilized finite element also show the better performance
of the present method.

The outline of the paper is as follows. In next section, we introduce the nota-
tion used in the paper and give a description of the model and method we study.
In Sect. 3, the characteristic-nonconforming stabilized finite element method is pro-
posed and the stability analysis is done. In Sect. 4, optimal-order error estimates for
the stabilized characteristic-nonconforming finite element solution are derived. Some
numerical experiments for illustrating the theoretical results are given in Sect. 5. The
article is concluded in final section.
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2 Problem Setting

Let� be a bounded domain in R2, with Lipschitz-continuous boundary�. Throughout
the paper, the standard notations for Sobolev space and their associated norms and
seminorms are used. The symbol C denotes a generic positive constant whose value
may change from place to place.

The governing equations we study read:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∂u
∂t

− μ�u + (u · ∇)u + ∇ p = f in�T ,

divu = 0 in�T ,

u(0) = u0 in�,

u = 0 on� × (0, T ],

(2.1)

where �T = � × (0, T ], 0 < T ≤ +∞. u = (u1, u2) and f = ( f1, f2) denote the
flow velocity and the external force, respectively, p(x, t) denotes the pressure, μ > 0
is the viscous coefficient, and T is the given final time.

To obtain a mixed variational form of problem (2.1), the following spaces are
introduced

X = H1
0 (�)2, Y = L2(�)2, M = L2

0(�), V = {v ∈ X : divv = 0},
D(A) = (H2(�))2 ∩ V H = {v ∈ H1

0 (�)2|∇ · v = 0 in� and v · n = 0},

and

LP (0, T ; X) = {v : {t1 . . . , tM } → X |‖v‖L p(0,T ;x)

=
[

�t
M∑

i=1

‖v(ti )‖p
X

] 1
p

< ∞}, 1 ≤ p < ∞,

L∞(0, T ; X) = {v : {t1, ..., tM } → X |‖v‖L∞(0,T ;X)

= max
1≤i≤M

‖v(ti )‖X < ∞}, 1 ≤ p < ∞.

The bilinear forms a(·, ·), d(·, ·) on X × X, X × M are defined by

a(u, v) = μ(∇u,∇v), d(v, q) = (divv, q) = −(v,∇ p) ,

and trilinear form b(·, ·, ·) onX × X × X by

b(u, v, w) = ((u · ∇v), w).

So, we can define a generalized bilinear form on (X, M) × (X, M) as follows:

B((u, p); (v, q)) = a(u, v) − d(v, p) + d(u, q),
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210 H. Jia et al.

which has the following properties [25,26]:

(1) |B((u, p); (u, p))| = μ‖u‖21;
(2) |B((u, p); (v, q))| ≤ c(‖u‖1 + ‖p‖0)(‖v‖1 + ‖q‖0);
(3) β0(‖u‖1 + ‖p‖0) ≤ sup

(v,q)∈(X×M)

|B((u,p);(v,q))|
‖v‖1+‖q‖0 .

The solution (u,p) of problem (2.1) satisfys the following regularity hypotheses:

(A) u ∈ L∞(0, T, H2(�)2 ∩ C(C0,1(�̄)2) ∩ C(V ),
(B) du

dt ∈ L2(H2(�)2 ∩ L2(H), D2
t u ∈ L2(H),

(C) p ∈ L∞(H1(�) ∩ L∞(L2
0(�)),

dp
dt ∈ L2(H1(�)).

The mixed variational formulation of problem (2.1) reads: find (u, p) ∈
L2(0, T ; X) × L2(0, T ; M) such that

{
(ut , v) + b(u, u, v) + B((u, p); (v, q)) = (f, v) ∀(v, q) ∈ X × M,

u(0) = u0.
(2.2)

The characteristic method is based on the fact that the term ∂u
∂t + (u · �)u can

be written as Du/Dt , the total derivative of u in the direction of flow u. Let ψ =
(1 + |u|2) 1

2 , then characteristic direction of operator ∂u
∂t + (u · �)u can be defined as

follows:

∂

∂τ
= 1

ψ

∂

∂t
+

n∑

i=1

ui

ψ

∂

∂xi
.

Thus

Dtu = ∂u
∂t

+ (u · �)u = ψ
∂u
∂τ

.

Accordingly, an equivalent variational form of (2.2) has the following form:

{
(Dtu, v) + B((u, p); (v, q)) = (f, v) ∀(v, q) ∈ X × M,

u(0) = u0.
(2.3)

The core of the characteristic method lies in the discretization of Dtu. To achieve
this, let X (x, tm+1; t) denote the characteristic curves associated with the material
derivative, so

{
dX (x,tm+1;t)

dt = u(X (x, tm+1; t), t),
X (x, tm+1; tm+1) = x .

(2.4)

Noting that X (x, tm+1; t) is the departure point and represents the position at time t
of a particle which locates at x at time tm+1. Hence, for all (x, t) ∈ � × [tm, tm+1],
we have
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A Stabilized Characteristic-Nonconforming... 211

x − X (x, tm+1; tm) =
∫ tm+1

tm
u(X (x, tm+1; t), t)dt

Accurate estimation of the characteristic curve X (x, tm+1; t) is crucial to the overall
accuracy of the method of characteristic. If the integral approximation is first order, it
yields

X (x, tm+1; tm) ≈ x − �tu(x, tm+1). (2.5)

Therefore, an approximation can be obtained:

Dtu(x, tm+1) = ψ
∂u
∂τ

(x, tm+1)

≈ ψ
um+1
h − um

h (Xm
h (x, tm+1; tm), tm)

{|x − X (x, tm+1; tm)|2 + |tm+1 − tm |2} 1
2

= u(x, tm+1) − u(X (x, tm+1; tm), tm)

�t
.

3 The Characteristic-Nonconforming Stabilized Finite Element
Approximation

Let Kh be a regular triangulation of � into elements {K j } : �̄ = ∪K̄ j , where �̄

and K̄ j stand for the closure of � and K , respectively. The boundary of K j on ∂� is
denoted by � j = ∂� ∩ ∂K j . Denote an interior boundary between elements K j and
Kk by

� jk = �k j = ∂K j ∩ ∂Kk .

and the centers of� j and� jk by ξ j and ξ jk , respectively. Therefore, the nonconforming
finite element space for the velocity and conforming finite element space are defined
as follows:

NCP1 = {v ∈ Y : v|K ∈ (P1(K ))2∀K ∈ Kh; v(ξ jk) = v(ξk j ), v(ξ j ) = 0 ∀ j, k},
P1 = {p ∈ H1(�) ∩ M : p|K ∈ P1(K ) ∀K ∈ Kh}.

Notably, the nonconforming finite element space NCP1 for the velocity is not a sub-
space of X . For ∀v ∈ NCP1, the following compatibility conditions hold for all j
and k:

∫

� jk

[v]dt = 0 and
∫

� j

vdt = 0,

where [v] = v|� jk − v|� j denotes the jump of the function v across the interface � jk .
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These two finite element spaces NCP1 and P1 have the following property: for any
(v, q) ∈ ((H2(�))2 ∩ X) × (H1(�) ∩ M), there exists(vI , qI ) ∈ (NCP1 × P1) such
that

‖v − vI ‖0 + h(‖v − vI ‖1,h + ‖q − qI ‖0) ≤ Ch2(‖v‖2 + ‖q‖1).

where ‖·‖1,h denotes the (broken) energy norm:‖·‖1,h = (
∑

j |v|21,K j
)
1
2 ,∀v ∈ NCP1.

Hence, we can define the discrete bilinear forms as follows:

ah(u, v) = ν
∑

j

(∇u,∇v) j , u, v ∈ NCP1,

dh(u, v) =
∑

j

(divu, q) j , v ∈ NCP1, q ∈ P1,

where (·, ·) j = (·, ·)K j and 〈·, ·〉 j = 〈·, ·〉∂K j denote theL
2-inner products on K j and

∂K j , respectively.
It is well known that the NCP1 − P1 pair does not satisfy the LBB condition.

However, as in [15], we introduce a standard L2-projection operator �h :

�h : L2(�) → P0,

where P0 = {p ∈ M : p|K ∈ P0(K ) ∀K ∈ Kh}. Then a simple effective stabilization
term Gh(·, ·) can be defined as

Gh(p, q) = (p − �h p, q − �hq),

and the projection operator �h has the following properties [10]:

(p, qh) = (�h p, qh) ∀p ∈ M, qh ∈ P0, (3.1)

‖�h p‖0 ≤ c‖p‖0 ∀p ∈ M, (3.2)

‖p − �h p‖0 ≤ Ch‖p‖1 ∀p ∈ H1(�) ∩ M. (3.3)

In conclusion, a stabilized nonconforming mixed finite element approximation of
problem (2.3) reads

Definition Assume that um
h and pmh are the approximations of velocity and pressure

at the point (x, tm), respectively, seek (um+1
h , pm+1

h ) ∈ NCP1 × P1, such that

(dtu
m+1
h , vh) + Bh((u

m+1
h , pm+1

h ); (vh, qh)) = (fm+1, vh), ∀vh ∈ NCP1, qh ∈ P1,

(3.4)

where

dtu
m+1
h (x) = um+1

h (x) − um
h (Xm

h (x, tm+1; tm))

�t
,
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A Stabilized Characteristic-Nonconforming... 213

and

Bh((u, p); (v, q)) = ah(u, v) − dh(v, p) + dh(u, q) + αGh(p, q)

is the stabilized bilinear form defined on {NCP1 × P1}× {NCP1 × P1}, where the α is
a positive stabilization parameter and determined by numerical trials. The following
theorem establishes the weak coercivity of the bilinear form Bh((u, p); (v, q)) for the
lowest equal-order nonconforming finite element pairs.

Lemma 3.1 [27] The bilinear form Bh((·, ·); (·, ·)) satisfies the continuous property

|Bh((uh, ph); (vh, qh))| ≤ c(‖uh‖1,h + ‖ph‖0)(‖vh‖1,h + ‖qh‖0),
∀(uh, ph), (vh, qh) ∈ NCP1 × P1

and the coercive property

β(‖uh‖1,h + ‖ph‖0) ≤ sup
0 �=(vh ,qh)∈NCP1×P1

Bh((uh, ph); (vh, qh))
‖vh‖1,h + ‖qh‖0 ,

∀(uh, ph) ∈ NCP1 × P1

where the constants c > 0 and β > 0 are independent of h.

Lemma 3.2 [10] There exists a positive constant C such that

Ch‖∇ ph‖0 ≤ ‖ph − �h ph‖0 ∀ph ∈ P1.

Existence and uniqueness of the approximate solution of problem (3.4) can be easily
checked as in [15].

Lemma 3.3 [28] It holds that

(u, u) − (u, u) ≤ C�t (u, u)∀u ∈ X,

where u = u(x − u(x, t)�t).

Now, we present the stability of the numerical solutions for problem (3.4).

Theorem 3.1 Under the assumptions of f ∈ L2(0, T ; L2(�)2), for 1 ≤ m ≤ k + 1,
the solution (um+1

h , pm+1
h ) of (3.4) satisfies

‖uk+1
h ‖20 + μ

k∑

m=0

‖∇um+1
h ‖20�t + 2h2

k∑

m=0

‖pm+1
h ‖20�t ≤ C.

Proof. At t = tm+1, choosing (vh, qh) = (um+1
h , pm+1

h ) in (3.4), we get

(
um+1
h − um

h

�t
, um+1

h

)

+ μ‖∇um+1
h ‖20 + G(pm+1

h , pm+1
h ) = (fm+1, um+1

h ). (3.5)
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214 H. Jia et al.

Noting that

1

�t
(um+1

h − um
h , um+1

h )

= 1

2�t
(um+1

h − um
h , um+1

h + um
h + um+1

h − um
h )

≥ 1

2�t
[(um+1

h , um+1
h ) − (um

h , um
h )]

= 1

2�t
{[(um+1

h , um+1
h ) − (um

h , um
h )] + [(um

h , um
h ) − (um

h , um
h )]}, (3.6)

and by Lemma 3.2, we obtain

Ch‖∇ pm+1
h ‖0 ≤ ‖(I − �)pm+1

h ‖0,

together with the Poincaré-Friedrichs inequality: ‖pm+1
h ‖0 ≤ C‖∇ pm+1

h ‖0, we have

h2‖pm+1
h ‖20 ≤ G(pm+1

h , pm+1
h ). (3.7)

For the right terms of (3.5), using the Young inequality, we have

|(fm+1, um+1
h )| ≤ C‖fm+1‖0‖um+1

h ‖0 ≤ C‖fm+1‖0‖∇um+1
h ‖0

≤ 1

2μ
C‖fm+1‖20 + μ

2
‖∇um+1

h ‖20. (3.8)

Substituting (3.6)–(3.8) into (3.5), multiplying by 2�t , and summing from m = 0 to
m = k, we get

‖uk+1
h ‖20 + μ

k∑

m=0

‖∇um+1
h ‖20�t + 2h2

k∑

m=0

‖pm+1
h ‖20�t

≤ C
k∑

m=0

‖fm+1‖20�t + ‖u0
h‖20 + C

k∑

m=0

‖um
h ‖20�t.

Applying the discrete Gronwall inequality, we arrive at

‖uk+1
h ‖20 + μ

k∑

m=0

‖∇um+1
h ‖20�t + 2h2

k∑

m=0

‖pm+1
h ‖20�t

≤ C

(
k∑

m=0

‖fm+1‖20�t + ‖u0
h‖20

)

.

according to the assumptions, the proof is completed.
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4 Error Analysis

Toobtain error estimates for thefinite element solution (uh, ph),we define theGalerkin
projection operator Rh, Qh :X × M → NCP1 × P1 as follows

Bh((Rh(u, p), Qh(u, p); (vh, ph)) = Bh((u, p); (vh, ph))

∀(u, p) ∈ X × M, (vh, ph) ∈ NCP1 × P1, (4.1)

which is well defined and have the following properties.

Lemma 4.1 [27] For ∀(u, p) ∈ (H2(�)2 ∩ X) × (H1(�) ∩ M), there holds

‖Rh(u, p)−u‖0+h(‖Rh(u, p)−u‖1,h+‖Qh(u, p)− p‖0) ≤ Ch2(‖u‖2+‖p‖1).

And we define (u0
h, p

0
h) = (Rh(u0, p0), Qh(u0, p0)).

As in [29], the initial approximation velocity u0
h will be chosen and have the fol-

lowing estimates

‖u(·, t0) − u0
h‖0 + h‖u(·, t0) − u0

h‖1,h ≤ Ch2. (4.2)

Lemma 4.2 [21] For any s, w ∈ X ∪ NCP1,

∣
∣
∣
∣
∣
∣

∑

j

〈
∂w
∂n j

, s
〉

j

∣
∣
∣
∣
∣
∣
≤ Ch‖w‖2‖s‖1,h ∀w ∈ X ∩ (H2(�))2,

∣
∣
∣
∣
∣
∣

∑

j

〈
q, s · n j

〉

j

∣
∣
∣
∣
∣
∣
≤ Ch‖q‖1‖s‖1,h ∀q ∈ H1(�).

Theorem 4.1 Under assumption (A-C) and �t = O(h), it holds that

‖u − uh‖L∞(0,T ;L2(�)2) ≤ C(�t + h2).

Proof According to (4.2),

‖u(·, t0) − u0
h‖0 ≤ C(�t + h2),

‖u(·, t0) − u0
h‖1,h ≤ C(�t + h). (4.3)

Let m be an integer, 0 ≤ k ≤ M − 1, we suppose the below conclusion already
holds for ∀ 0 ≤ m ≤ k,

max
0≤i≤m

‖u(·, ti ) − ui
h‖0 ≤ C(�t + h2). (4.4)

We shall prove that (4.4) holds for m = k + 1 and by induction.
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Subtracting (3.4) from (4.1) gives

Bh(Rh(u, p) − um+1
h , Qh(u, p) − pm+1

h ; (vh, qh)) − (dtu
m+1
h , vh)

= Bh((u, p); (vh, qh)) − (fm+1, vh)

∀(vh, qh) ∈ NCP1 × P1.

Combining (2.1) and with the fact Dtu = ∂u
∂t + (u · �)u yields

(fm+1, vh) =
∑

j

{(Dtu, vh) j − μ(�u, vh) j + (∇ p, vh) j }.

Using the Green formula on each element in Kh , we see that

(fm+1, vh) = (Dtu, vh)+Bh((u, p); (vh, qh))−μ
∑

j

〈
∂u
∂n j

, vh

〉

j

+
∑

j

〈p, vh · n j 〉 j .

Let ξ = u−uh, η = u−Rh(u, p), σ = η−ξ = uh−Rh(u, p), λ = ph−Qh(u, p),
and using these three equations, we have

(dtσ
m+1, vh) + a(σm+1, vh) − d(vh, λm+1) + d(σm+1, qh) + G(λm+1, qh)

= (Dtu(·, tm+1) − dtu(·, tm+1), vh) + (dtη(·, tm+1), vh)

−μ
∑

j

〈
∂u
∂n j

, vh

〉

j

+
∑

j

〈p, vh · n j 〉 j . (4.5)

Taking vh = σm+1, qh = λm+1, yields

(dtσ
m+1, σm+1) + μ‖∇σm+1‖20 + ‖(I − �)λm+1‖20

= (Dtu(·, tm+1) − dtu(·, tm+1), σ
m+1)

+ (dtη(·, tm+1), σ
m+1) − μ

∑

j

〈
∂u
∂n j

, σm+1
〉

j

+
∑

j

〈p, σm+1 · n j 〉 j .

Thus

1

2�t
(‖σm+1‖20 − ‖σm‖20 + ‖σm+1 − σm‖20) + μ‖∇σm+1‖20 + ‖(I − �)λm+1‖20

≤
∣
∣
∣
∣

(

Dtu(·, tm+1) − u(·, tm+1) − u(X (·, tm+1; tm), tm)

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
u(X (·, tm+1; tm), tm) − u(Xm

h (·, tm+1; tm), tm)

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
η(·, tm+1) − η(·, tm)

�t
, σm+1

)∣
∣
∣
∣
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+
∣
∣
∣
∣

(
η(·, tm) − η(X (·, tm+1; tm), tm)

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
η(X (·, tm+1; tm), tm) − η(Xm

h (·, tm+1; tm), tm)

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
σm(·) − σm(X (·, tm+1; tm))

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
σm(X (·, tm+1; tm)) − σm(Xm

h (·, tm+1; tm))

�t
, σm+1

)∣
∣
∣
∣

+
∣
∣
∣
∣
∣
∣
μ

∑

j

〈
∂u
∂n j

, σm+1
〉

j

∣
∣
∣
∣
∣
∣
+

∣
∣
∣
∣
∣
∣

∑

j

〈p, σm+1 · n j 〉 j
∣
∣
∣
∣
∣
∣
=

9∑

i=1

Bi . (4.6)

In order to estimate term Bi , i = 1 . . . 9, we use the conclusion in [29] and Lemma 4.2
to obtain

B1 ≤ ε

3
‖σm+1‖20 + C�t‖D2

t u‖2L2(tm ,tm+1;L2(�)2
),

B2 ≤ ε

3
‖σm+1‖20 + C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

B3 ≤ ε

3
‖σm+1‖20 + C

�t

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2)

,

B4 ≤ ε1

6
‖∇σm+1‖20 + C‖η‖2L∞(L2(�)2)

,

B5 ≤ ε1

6
‖∇σm+1‖20 + C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

B6 ≤ ε1

6
‖∇σm+1‖20 + C‖σm‖20,

B7 ≤ ε1

6
‖∇σm+1‖20 + C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

For the terms B8, B9, under the condition of �t = O(h), we have

B8 ≤ Ch‖u‖2‖σm+1‖1,h ≤ C�t2‖u‖22 + ε1

6
‖∇σm+1‖20,

B9 ≤ Ch‖p‖1‖σm+1‖1,h ≤ C�t2‖p‖21 + ε1

6
‖∇σm+1‖20.

Substituting the above estimates into (4.6), multiplying by 2�t , summing fromm = 0
to m = k and choosing ε = 1

4T, ε1 = μ
2 , we obtain the recursion relation
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‖σ k+1‖20 + μ

(

�t
k+1∑

m=0

‖∇σm‖20
)

+ 2�t
k∑

m=0

G(λm+1, λm+1)

≤ C�t2
(

‖D2
t u‖2L2(L2(�)2)

+
∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2

)

+C

(

‖η‖2L∞(L2(�)2)
+

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(L2(�)2)

)

+C�t
k∑

m=0

‖ξm‖20 + C�t
k∑

m=0

‖σm‖20 + C�t2‖u‖2L2(H2(�)2)

+C�t2‖p‖2L2(H1(�)2)
.

By the discrete version of Gronwall’s lemma, (4.2) and Lemma 4.1

‖ξ k+1‖20 ≤ 2‖σ k+1‖20 + 2‖ηk+1‖20
≤ C�t2

(

‖D2
t u‖2L2(L2(�)2)

+
∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2

)

+Ch4
(

‖u‖2L∞(H2(�)2)
+

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2)

+ ‖p‖2L∞(H1(�)2)

+
∥
∥
∥
∥
dp

dt

∥
∥
∥
∥

2

L2(H1(�))

)

+C�t2(‖u‖2L2(H2(�)2)
+ ‖p‖2L2(H1(�)2)

) + C�t
k∑

m=0

‖ξm‖20.

Finally, the discrete Gronwall’s Lemma yields (4.4), which holds for m = k + 1. ��
Theorem 4.2 Under assumption (A–C) and under condition 1

2C0
≤ h2

�t ≤ C�t , it
holds that

‖u − uh‖L∞(0,T ;H1(�)2) ≤ C(�t + h).

where C�t = min{�t2, 1
C0

}.
Proof According to (4.2)

‖u(·, t0 − u0
h)‖1,h ≤ C(�t + h).

Let us suppose that k is an integer, 0 ≤ k ≤ M−1, and that we have already shown
the estimate

max
0≤i≤m

‖u(·, ti ) − ui
h‖1,h ≤ C(�t + h), (4.7)
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for all m, 0 ≤ m ≤ k, we shall prove that (4.7) holds for m = k + 1 and by induction,
this will complete the proof.

Taking vh = σm+1−σm

�t .qh = λm+1

�t in the formula (4.5), we have

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ μ

2�t
(‖∇σm+1‖20 − ‖∇σm‖20) + d

(
σm

�t
, λm+1

)

+ 1

�t
G(λm+1, λm+1) + μ

2

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1,h

≤
∣
∣
∣
∣

(

Dtu(·, tm+1) − u(·, tm+1) − u(X (·, tm+1; tm), tm)

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
u(X (·, tm+1; tm), tm) − u(Xm

h (·, tm+1; tm), tm)

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
η(·, tm+1) − η(·, tm)

�t
,
σm+1 − σm

�t

)∥
∥
∥
∥
0

+
∥
∥
∥
∥

(
η(·, tm) − η(X (·, tm+1; tm), tm)

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
η(X (·, tm+1; tm), tm) − η(Xm

h (·, tm+1; tm), tm)

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
σm(·) − σm(X (·, tm+1; tm))

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣

(
σm(X (·, tm+1; tm)) − σm(Xm

h (·, tm+1; tm))

�t
,
σm+1 − σm

�t

)∣
∣
∣
∣

+
∣
∣
∣
∣
∣
∣
μ

∑

j

〈
∂u
∂n j

,
σm+1 − σm

�t

〉

j

∣
∣
∣
∣
∣
∣

+
∣
∣
∣
∣
∣
∣

∑

j

〈p, σm+1 − σm

�t
· n j 〉 j

∣
∣
∣
∣
∣
∣
=

18∑

i=10

Bi . (4.8)

using Lemma 3.2, the term 1
�t G(λm+1, λm+1) can be treated as below, for a positive

constant C0

C0
h2

�t
‖∇λm+1‖0 ≤ 1

�t
‖(I − �)λm+1‖20

for the term d( σm

�t , λ
m+1), using ε-inequality, with ε = 2C0h2

d

(
σm

�t
, λm+1

)

= − 1

�t
(σm,∇λm+1) ≥ −C0

h2‖∇λm+1‖20
�t

− �t

4C0h2

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
.
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So the left side of (4.8) can be bounded from below by

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ μ

2�t
(‖∇σm+1‖20 − ‖∇σm‖20)

− �t

4C0h2

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
+ μ

2

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1,h

For the term ‖σm+1−σm

�t ‖20, we have
∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
=

∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
− 2

(σm+1, σm)

�t2

≥
(

1 − C0h2

�t

)∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+

(

1 − �t

4C0h2

) ∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0

Then the left side of (4.8) can be bounded from below by

μ

2�t
(‖∇σm+1‖20 − ‖∇σm‖20) +

(

1 − C0h2

�t

) ∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0

+
(

1 − �t

2C0h2

)∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
+ μ

2

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1

. (4.9)

For C0 < �t
h2

< 2C0, choosing C̃ = min{1 − C0h2

�t , 1 − �t
2C0h2

}, together with (4.8),
(4.9), it yields

μ

2�t
(‖∇σm+1‖20 − ‖∇σm‖20)

+ C̃

∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+ C̃

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
+ μ

2

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1

≤
18∑

i=10

Bi

For the estimates of right term of (4.8), similar to [29]:

B10 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ C�t‖D2

t u‖2L2(tm ,tm+1;L2(�)2)

B11 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ C

(

‖ξ‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2)

)

B12 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ C

�t

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2)

B13 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ C‖η‖2L∞(H1(�)2)
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B14 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ ε1

4

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1

+ C
(
1 + αm

�t

)
‖η‖2L∞(H1(�)2)

B15 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ C‖∇σ‖20

B16 ≤ ε

7

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0
+ ε1

4

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1

+ C
(
1 + αk

�t

)
‖∇σm‖20

where αm = DN (h)2(�t2+�t
∥
∥ du
dt

∥
∥2
L2(tm ,tm+1;L2(�)N )

), DN (h) = h1− N
2 (log 1

h )1− 1
N .

By lemma 4.2 and the equivalence of norm, we have

B17 ≤ Ch‖u‖2
∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥
1,h

≤ Ch‖u‖2
∣
∣
∣
∣
σm+1 − σm

�t

∣
∣
∣
∣
1,h

≤ C
�t2

2ε1
‖u‖22 + ε1h2

4�t3

∣
∣
∣
∣
σm+1 − σm

�t
1
2

∣
∣
∣
∣

2

1.h
,

B18 ≤ Ch‖p‖1
∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥
1,h

≤ Ch‖p‖1
∣
∣
∣
∣
σm+1 − σm

�t

∣
∣
∣
∣
1,h

≤ C
�t2

2ε1
‖p‖21 + ε1h2

4�t3

∣
∣
∣
∣
σm+1 − σm

�t
1
2

∣
∣
∣
∣

2

1,h
.

Now we assume that 1
2C0

≤ h2
�t ≤ C�t , where C�t = min

{
�t2, 1

C0

}

B17 ≤ C
�t2

2ε1
‖u‖22 + ε1

4

∣
∣
∣
∣
σm+1 − σm

�t
1
2

∣
∣
∣
∣

2

1,h
,

B18 ≤ C
�t2

2ε1
‖p‖21 + ε1

4

∣
∣
∣
∣
σm+1 − σm

�t
1
2

∣
∣
∣
∣

2

1,h
.

Substituting the above estimates into (4.8), multiplying by 2�t , summing from
m = 0 to m = k, and choosing ε = 1

4 C̃, ε1 = μ
4 , we obtain

‖∇σ k+1‖20 + �t
C̃

μ

k∑

m=0

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
+ �t

C̃

μ

k∑

m=0

∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+ 1

2
�t

k∑

m=0

∣
∣
∣
∣
∣

σm+1 − σm

(�t)
1
2

∣
∣
∣
∣
∣

2

1

≤ C�t2
(

‖D2
t u‖2L2(L2(�)2)

+
∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2)

)

+C

(

2T +
k∑

m=0

αm

)

‖η‖2L∞(H1(�)2)
+ C

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(L2(�)2)
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+C

(

�t
k∑

m=0

‖ξm‖20
)

+ C
k∑

m=0

(αm + 2�t)‖∇σm‖20

+Ch2‖u‖2L2(H2(�)2)
+ Ch2‖p‖2L2(H1(�)2)

. (4.10)

Since

k∑

m=0

αm = D2(h)2�t

(

T +
∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2)

)

,

together with the discrete Gronwall’s Lemma, Lemma 4.1 and (4.2) imply that

‖∇ξ k+1‖20 ≤ 2‖∇ηk+1‖20 + 2‖∇σ k+1‖20
≤ C�t2

(

‖D2
t u‖2L2(L2(�)2)

+
∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2)

)

+Ch2
(

‖u‖2L∞(H2(�)2)
+ C

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(H2(�)2)

+ ‖p‖2L∞(H1(�)2)

+
∥
∥
∥
∥
dp

dt

∥
∥
∥
∥
L2(H1(�)2)

)

+ C�t
k∑

m=0

‖ξm‖20.

By the Poincaré-Friedrichs inequality‖ξm‖0 ≤ C‖∇ξm‖0, the discrete Gronwall’s
Lemma yields (4.7) hold for m = k + 1. ��
Theorem 4.3 Under assumption (A-C) and under condition 1

2C0
≤ h2

�t ≤ C�t , it
holds that

‖p − ph‖L2(0,T ;L2(�) ≤ C(�t + h).

Proof From the formulation (4.5), we obtain the following expression:

Bh((σ
m+1, λm+1); (vh, qh))

= (Dtu(·, tm+1) − dtu(·, tm+1), vh) + (dtη(·, tm+1), vh) − (dtσ
m+1, vh)

−μ
∑

j

〈
∂u
∂n j

, vh

〉

j

+
∑

j

〈p, vh · n j 〉 j .

From Lemma 3.1, yields

β(‖σm+1‖1 + ‖λm+1‖0)
≤ sup

(vh ,qh )∈NCP1×P1

Bh((σ
m+1, λm+1); (vh , qh))
‖vh‖1,h + ‖qh‖0

≤ sup
(vh ,qh )∈NCP1×P1

×
(Dtu(·, tm+1)−dtu(·, tm+1), vh)+(dtη(·, tm+1), vh)−(dtσm+1, vh)−μ

∑
j

〈
∂u
∂n j

, vh
〉

j
+∑

j 〈p, vh · n j 〉 j
‖vh‖1,h+‖qh‖0 .
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we can obtain

β‖λm+1‖0 ≤
∥
∥
∥
∥Dtu(·, tm+1) − u(·, tm+1) − u(X (·, tm+1; tm), tm)

�t

∥
∥
∥
∥
0

+
∥
∥
∥
∥

u(X (·, tm+1; tm), tm) − u(Xm
h (·, tm+1; tm), tm)

�t

∥
∥
∥
∥
0

+
∥
∥
∥
∥
η(·, tm+1) − η(·, tm)

�t

∥
∥
∥
∥
0
+

∥
∥
∥
∥
η(·, tm) − η(X (·, tm+1; tm), tm)

�t

∥
∥
∥
∥−1

+C

∥
∥
∥
∥
η(X (·, tm+1; tm), tm) − η(Xm

h (·, tm+1; tm), tm)

�t

∥
∥
∥
∥
0,1

+
∥
∥
∥
∥
σm(·) − σm(X (·, tm+1; tm))

�t

∥
∥
∥
∥−1

+C

∥
∥
∥
∥

(
σm(X (·, tm+1; tm)) − σm(Xm

h (·, tm+1; tm))

�t

∥
∥
∥
∥
0,1

+
∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥
0
+ Ch‖u‖2 + Ch‖p‖1.

Furthermore, we have

‖λm+1‖20 ≤ C

∥
∥
∥
∥Dtu(·, tm+1) − u(·, tm+1) − u(X (·, tm+1; tm), tm)

�t

∥
∥
∥
∥

2

0

+C

∥
∥
∥
∥

u(X (·, tm+1; tm), tm) − u(Xm
h (·, tm+1; tm), tm)

�t

∥
∥
∥
∥

2

0

+C

∥
∥
∥
∥
η(·, tm+1) − η(·, tm)

�t

∥
∥
∥
∥
0
+ C

∥
∥
∥
∥
η(·, tm) − η(X (·, tm+1; tm), tm)

�t

∥
∥
∥
∥

2

−1

+C

∥
∥
∥
∥
η(X (·, tm+1; tm), tm) − η(Xm

h (·, tm+1; tm), tm)

�t

∥
∥
∥
∥

2

0,1

+C

∥
∥
∥
∥
σm(·) − σm(X (·, tm+1; tm))

�t

∥
∥
∥
∥

2

−1

+C

∥
∥
∥
∥

(
σm(X (·, tm+1; tm)) − σm(Xm

h (·, tm+1; tm))

�t

∥
∥
∥
∥

2

0,1

+C

∥
∥
∥
∥
σm+1 − σm

�t

∥
∥
∥
∥

2

0

+Ch2‖u‖22 + Ch2‖p‖21 =
26∑

i=19

Bi + Ch2‖u‖22 + Ch2‖p‖21. (4.11)
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By similar argument in [29], we have

B19 ≤ C�t‖D2
t u‖2L2(tm ,tm+1;L2(�)2

),

B20 ≤ C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

B21 ≤ C

�t

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2)

,

B22 ≤ C‖η‖2L∞(L2(�)2)
,

B23 ≤ C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

B24 ≤ C‖σm‖20,

B25 ≤ C

(

‖ξm‖20 + �t

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(tm ,tm+1;L2(�)2

)

,

and

B26 ≤ C

∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+ C

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
.

Substituting the above estimates into (4.11), multiplying by �t , and summing from
m = 0 to m = M − 1, we obtain

‖(p − ph)‖2L2(0,T ;L2(�))
≤ 2‖λ‖2L2(0,T ;L2(�))

+ 2‖p − Qh(u, p)‖2L2(0,T ;L2(�))

≤ C�t2
(

‖D2
t u‖2L2(L2(�)2)

+ C

∥
∥
∥
∥
du
dt

∥
∥
∥
∥

2

L2(L2(�)2

)

+C

(

‖η‖2L∞(L2(�)2)
+

∥
∥
∥
∥
dη

dt

∥
∥
∥
∥

2

L2(L2(�)2)

)

+Ch2(‖u‖2L2(H2(�)2)
+ ‖p‖2L2(H1(�)2)

) + C�t
M−1∑

m=0

‖ξm‖20 + C�t
M−1∑

m=0

‖σm‖20

+C�t
M−1∑

m=0

∥
∥
∥
∥
σm+1

�t

∥
∥
∥
∥

2

0
+ C�t

M−1∑

m=0

∥
∥
∥
∥
σm

�t

∥
∥
∥
∥

2

0
+ 2�t

M∑

m=0

‖p − Qh(u, p)‖20.

Together with (4.2), (4.10), Theorem 4.1 and Lemma 4.1, yields

‖p − ph‖L2(0,T ;L2(�)) ≤ C(�t + h)

��

123



A Stabilized Characteristic-Nonconforming... 225

5 Numerical Results

In this section, we present numerical results to compare the stabilized characteristic-
nonconforming finite element method for the non-stationary incompressible Navier–
Stokes equation described in Sect. 3. The software Freefem++ developed by Hecht et
al. is used in our experiments.

In this paper, we consider the problem (2.1) in the fixed domain [0, 1]× [0, 1]. The
exact solution is given by

u(x, y) = (u1(x, y), u2(x, y)), p(x, y) = 10(2x − 1)(2y − 1)cos(t),

u1(x, y) = 10x2y(x − 1)2(y − 1)(2y − 1)cos(t),

u2(x, y) = −10xy2(x − 1)(2x − 1)(y − 1)2cos(t).

Let the natural projection of exact solution ontoNCP1×P1 to be the initial condition
and f is computed by evaluating the momentum equation of problem (2.1) for the
exact solution. The domain is divided into triangles; see Fig 1. For simplicity, the
Reynolds number for this problem is defined as Re = 1/μ. We choose α = 0.1 in
our experiments. Result is shown by the below table and figure, in which Kdiv :=
maxK∈Kh |

∫

K divuhdx |.
We first compare the stabilized characteristic-nonconforming finite elementmethod

with characteristic stabilized finite element method for Re = 1, T = 1, dt = 0.1 in
Tables 1 and 2. Secondly, computations are made on a fixed mesh size with different
time steps (mesh size 60×60,Re = 10, T = 1.5), and the result is presented inTables 3
and 4. The numerical order of accuracy for stabilized characteristic-nonconforming
finite element method we plot in Fig. 2. Finally, the error contours of streamline,
pressure, velocity, and velocity divergence are presented in Figs. 3, 4, 5 (mesh size
50 × 50, T = 1, dt = 0.01, Re = 10).

From the Tables 1 and 2, we can observe that there are some minor differences
for the relative error of velocity and pressure between two methods. However, the
convergence rate of the L2 norm of velocity in the mesh size are more close to the
theoretical results. The pressure approximation show a supper convergence behavior

Fig. 1 The domain �
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Table 1 Characteristic stabilized P1 − P1 element with different mesh sizes

1
h

||u − uh ||0
||u||0

||u − uh ||1
||u||1

||p − ph ||0
||p||0 UL2 rate UH1 rate PL2 rate Kdiv CPU(s)

20 0.084396 0.190023 0.024371 7.06817e−5 7.926

30 0.047101 0.117006 0.012062 1.43844 1.19596 1.73468 2.69671e−5 18.851

40 0.035458 0.085211 0.007353 0.98700 1.10224 1.72020 1.16130e−5 31.932

50 0.030829 0.067897 0.005029 0.62692 1.01791 1.70242 6.02637e−6 51.270

Table 2 Stabilized characteristic-nonconforming NCP1 − P1 element with different mesh size

1
h

||u − uh ||0
||u||0

||u − uh ||1,h
||u||1

||p − ph ||0
||p||0 UL2 rate UH1 rate PL2 rate Kdiv CPU(s)

20 0.156492 0.799109 0.034550 9.36479e−5 7.158

30 0.075275 0.544422 0.017538 1.80512 0.94651 1.67226 5.28544e−5 16.188

40 0.047379 0.412171 0.010702 1.60931 0.96734 1.71705 2.12261e−5 28.783

50 0.035854 0.331535 0.007257 1.24905 0.97563 1.74084 7.58049e−6 45.619

Table 3 Characteristic stabilized P1 − P1 element with different time step

�t
||u − uh ||0

||u||0
||u − uh ||1

||u||1
||p − ph ||0

||p||0 UL2 rate UH1 rate PL2 rate Kdiv CPU(s)

0.05 0.575527 0.571444 0.0019019 6.76744e−7 214.819

0.025 0.323944 0.325085 0.0015866 0.82914 0.81379 0.26156 6.79922e−7 367.494

0.02 0.266488 0.269309 0.0015333 0.87496 0.84353 0.15311 6.81312e−7 395.871

0.01 0.143023 0.152062 0.0014501 0.89782 0.82460 0.08049 6.84960e−7 784.597

Table 4 Stabilized characteristic-nonconforming NCP1 − P1 element with different time step

�t
||u − uh ||0

||u||0
||u − uh ||1,h

||u||1
||p − ph ||0

||p||0 UL2 rate UH1 rate PL2 rate Kdiv CPU (s)

0.05 0.616414 2.79408 0.0048432 1.22588e−6 187.799

0.025 0.372589 2.75306 0.0045640 0.72632 0.02134 0.08567 1.22473e−6 343.459

0.02 0.324228 2.74759 0.0044899 0.62305 0.00891 0.07326 1.22440e−6 371.158

0.01 0.240455 2.74099 0.0042761 0.43124 0.00347 0.07041 1.22318e−6 752.516

in both two methods. From the Tables 3 and 4, as the time size is decreasing, there
is a deterioration in the velocity and pressure approximation by these two methods.
Observing the convergence rates depending the time size, we find that the convergence
rate of velocity of the stabilized characteristic-nonconforming finite element method
is in a good agreement with the theoretical analysis. However, on pressure, the con-
vergence rate present badly deteriorated for both these two methods. Simultaneously,
comparing Table 1with Tables 2 and 3with Table 4, we can conclude that the stabilized
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Fig. 2 The numerical order of accuracy for stabilized characteristic-nonconforming finite element method

Fig. 3 The error contours for characteristic stabilized finite element: P1 − P1 T = 1 dt = 0.01

characteristic-nonconforming finite element method is more efficient than the charac-
teristic stabilized finite method when they have the same order convergence rate. We
can obtain the numerical order of accuracy for stabilized characteristic-nonconforming
finite element method intuitively in Fig. 2. From Figs. 3 and 4, it can be found that
the error of approximate solution and exact solution for two methods is small and
also has the same accuracy. In addition, from Tables 1, 2, 3, 4, and Fig 5, we can
observe that the velocity divergence is approximates to zero for two methods, and
in other words, same as the characteristic stabilized finite element method, the stabi-
lized characteristic-nonconforming finite element method can also maintain the flow
incompressibility.
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Fig. 4 The error contours for stabilized characteristic-nonconforming finite element: NCP1 − P1 T = 1
dt = 0.01

Fig. 5 The error contours of velocity divergence for two methods: T = 1 dt = 0.01

6 Conclusion

In this paper, we have studied a stabilized characteristic-nonconforming finite ele-
ment method for the non-stationary incompressible Navier–Stokes equations based
on pressure projection and characteristic-nonconforming finite element method. The
discretization uses a pair of spaces of nonconforming finite element NCP1 − P1 over
triangles. This method has a number of attractive computational properties, such as the
difficulties caused by trilinear terms can be avoided. Compared with some established
methods, numerical result shows that new method exhibited good shape, and even
large time steps are used in computation. In addition, it can save a lot of CPU time.
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