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Abstract The finite Hilbert transform is a helpful tool in fields like aerodynamics, the
theory of elasticity, and other areas of the engineering sciences. In this paper, by using
some companions of Ostrowski’s inequalities for absolutely continuous functions due
to Dragomir, we give some new inequalities and approximations for the finite Hilbert
transform, which may have the better error bounds than the known results.

Keywords Ostrowski’s inequality - Absolutely continuous functions - L? space -
Composite quadrature rule

Mathematics Subject Classification 26D15 - 41A55 - 41A80

1 Introduction

Cauchy principal value integrals (finite Hilbert transform) of the form

t—¢ b
f(_r)tdr — L im [/ AN f(t)dt]

T T e—0+ T—t e T—1

(1.1)

1 b
(Tf)(a,b;t) = —PV/
T a
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play an important role in many fields like aerodynamics, the theory of elasticity, and
other areas of the engineering sciences. When the interval (a, b) coincides with the
interval (—o0, 00), this integral is called the Hilbert transform of f(t), which appears
frequently in tomographic image reconstruction [33], signal processing, disordered
alloys, magnetic properties of disordered alloys, and phase determination in bright-
field electron microscopy [27]. For different approaches in approximating the finite
Hilbert transform (1.1) including noninterpolatory, interpolatory, Gaussian, Cheby-
chevian and spline methods, see for example the papers [6-8,10,12—15,18] and the
references therein.

In [10], Dragomir proved the following Ostrowski-type inequalities for absolutely
continuous functions.

Theorem 1.1 Let u : [a,b] — R be an absolutely continuous function on [a, b].
Then we have

b
u(x)(b —a) —/ u(t)dr

2
[10 =@+ (v = )| 1 a0, W' € L¥[a, b],
1 141 +17. )
r[e =™+ =0 1l 0 € LP1a, b,

(1.2)

(g+1)7
p>1, % + é =1,
[5(6—a) + [x — 2] 1’ llra,0.1, u' € L'a,b],
where || - |lja.p),r (r € [1, 00]) are the usual Lebesgue norms, i.e., for ¢ < d,

1

d r

IAllc,d1,00 :=ess sup |h(2)| and ||hllic,ay,r = (/ Ih(t)lrdt> > 1
tele,d] c

Then, Dragomir pointed out a new method in approximating the finite Hilbert
transform and proved the following estimates for the finite Hilbert transform via the
above Ostrowski-type inequalities for absolutely continuous function.

Theorem 1.2 Let f : [a, b] — R be a function such that its derivative f’ : [a, b] —
R is absolutely continuous on [a, b]. Then we have the inequality:

T t—a

‘(Tf)(a,b; n-I D (b_t) - b;a[f; At + (1= )b, At + (1 — Va]

[+ 6= ][50 =0+ (= 52’1/ Napnoe. £ €L™la,bl,

1 1 I 1
—ir [ a-n" ] [e =0T+ 6 =0T 1
(g+1)4
[’ eLllablip>1, 5+ 1 =1,
5+ =330 —a) + |t =21 lasr1,  f € L'a,b]
(1.3)

1
< —
T
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foranyt € [a,b] and X € [0, 1), where [ f; o, B] is the divided difference, i.e.,
fle) — f(B)
a—-pf
Moreover, Dragomir obtained the following theorem in approximating the finite

Hilbert transform of a differentiable function whose derivative is absolutely continu-
ous.

Lf;a Bl:=

Theorem 1.3 Let f : [a, b] — R be a differentiable function such that its derivative
f' is absolutely continuous on [a, b]. If . = (Ai)i:m, A €e[0,1) i =0,n—1)

and
a —t]

(1.4)

b—an71
Sn(f;k,t)=—§ [f;t+(i+1—
Tn “
i=0
then we have

(TF)(a; bt)_ml ( )+S(fkt)+R(fAt) (1.5)

and the remainder R, (f; A, t) satisfies the estimate:

|Rr1(f;)ht)|
[ n—1 2
,ﬁ[h,ﬁ > (ki 3) Mi(b—a)%(r—“b) 11 N0
i=0
f" € L®a, b,
1
n—1 1+1 a7q
< {1 [3, > (kf‘f +(1—Ai>1+5) }
T (q+1) i=0
[(r—a)”q + - ]nf”n[ab
f”eLPa,b],p>1,—+—:1
171 1 1 P g a+b /7 /7 1
;[j +max|)»,-—§|] [j(b—a)+|f |]||f liap1,1.  f" € L'[a,bl;
(1.6)
=0 —a)?|f" a0 f" € L®[a,b],
1 /
< o i S € LPla bl p > 1L L=,
T (q+1)+
Lo -l f b1, f" € L'a,b].
(1.7)

Recently, some companions of Ostrowski’s inequality were established in [1-
3,11,25,28] (see also [4,5,16,17,19-24,26,29-32] for other related Ostrowski-type
inequalities).

In this paper, we shall provide some new inequalities and approximations for the
finite Hilbert transform by the use of some companions of Ostrowski’s inequalities
for absolutely continuous functions in various L? spaces due to Dragomir in [11] (see
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Lemma 2.1 below). For our purpose, we will use the idea of Dragomir in [10]. In
Sect. 2, we will estimate the finite Hilbert transform on the interval [a, b]. Our result
can give a smaller error bound than the similar result in [10] (see Remark 1 below).
In Sect. 3, we will prove a quadrature formula for equidistant division of [a, b] in
approximating the finite Hilbert transform.

2 Some Inequalities in Estimating the Finite Hilbert Transform

For the sake of completeness, we state and prove the following lemma which provides
some companions of Ostrowski’s inequalities for absolutely continuous functions in
various L? spaces (see [9,11]).

Lemma 2.1 Letu : [a, b] — R be an absolutely continuous function on [a, b). Then,
forall x € [a, #] we have

. b
”(x)+”(;’+b x)(b—a)—/ u(r)de

2
[0 =2 +2 (x = 22) | 11,0 u' € L¥a,b],

1 1 1
< L T [2 (x—a)'Fe 20 (# —X)l+"] ' llta,p1, p> u' € LP[a, b],
— | @+bh4

p>1,141_q
1 3a+b / / 117 1
[36—a) + |[x — 222 1w/ llja,b11, u' € L'a, b),

2.1
where || - |lja.p),r (r € [1, 00]) are the usual Lebesgue norms.

Proof Using the integration by parts formula, we have

_ b
”(x)+”(;’+b x)(b—a)—/ u(t)dt

X a+b—x a+b b
- / (t — a)u (r)dt +/ (t - T) W (1)dr +/ (t — by (1)dt
a x a+b—x

2.2)

for any x € [a, b]. Taking the modulus, we have

_ b
”(x)+”(;+b x)(b—a)—/ u(r)de

X a+b—x
5/ (t—a)|u’(t)|dt+/
a b X
+/ (b—1)u'@®)|dt == M(x).
a+b—x

a+b
t—T’|u’(t)}dt
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Now, it is obvious that

b

dr + ||u/||[a+b—x,b],oo/ (b —t)dt
a+b—x

a+b

X
M(x) < ||”/”[a,x],oo/ (t = a)dr + ||t/ |px.a+b—x1.00
a
2

a+b—x
J
X
(x —a)?

2
a+b
= ||u/||[a,x],ooT + ||u/||[x,a+b—x],oo (T — )C) dr

(x —a)?
+ IIM/II[a+b—x,b],ooT

()c—a)2 a+b 2 (x—a)2
Sllu/ll[a,b],oo[ 5 +( 5 —x) +

1 3a + b\
= ||t/ [l{.b).00 |:§(b—a)2+2(x— 7 )]

proving the first part of (2.1).
Using Holder’s inequality, we may write:

1

X 1
q
M(x) < ”M/”[a,x],p (/ (t — a)th)
a
a+b—x
+ ||M/||[x,a+b—x],p (/ t
X

1

b q
+ 1’ lfat-b—x.51.p (/ b — t)"dt)
a+b—x

a+b

1
q 7
dt)

I+ a+b 1+(l
(x —a) "4 1 (et _x)' e
= ”M/”[a,x],p — + ”u/”[x,a+bfx],p 24 %
(q+ 1 (q+1)7
141
(x—a) "4
+ Nl Nlab—x.b1,p—————
(g + D

1
1 1fa+b 47
=< ||u/||[a,b],p |:2(x — a)1+q + 24 ( T x) i

G+ Dt

proving the second part of (2.1).
Finally, we observe that
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, a—+b , ’
M) < (¢ = @llllan + | =5 =% ) l'lla+p—a.1 + @ = @)l llia+b—x.p1.1
a+b ,
< maxx —a, 5 x 1l llia,mr,1
1 3a+b
- [Z(b—a)—i- ‘x— H ' ll{a,b1,15
and the lemma is proved. =

The best inequalities we can get from (2.1) are embodied in the following corollary.

Corollary 2.1 With the assumption in Lemma 2.1, we have

3ath at3b b
”( 3 )‘H‘( q )(b—a)—/ u(t)de

2
5 = @2l la, b1 00, u' € L®[a, bl,
< 0T Wy W € LBl p > L G =1 o5
10— ) a,p1,1, u' € L'[a, b].

Using the above inequalities (2.1), we may point out the following result in esti-
mating the finite Hilbert transform.

Theorem 2.1 Let f : [a, b] — R be a function such that its derivative f’ : [a, b] —
R is absolutely continuous on [a, b]. Then we have the inequality:

‘(Tf)(a,b; fH— %m (b_t)

t—a
b—alfirt+ (1 —0b,at+ 1 —Nal+[f;2b+ (1 — ), ha + (1 — At
g 2
[+20= 3| [0 - 0?+ (= 5’| 1 Mamroor f" € L¥1a.b).
; ot [2(1 SRS (2- A)Hﬂ [(f —a)"i 4 (b - t)”%]
" (q+h).;””[a,bj,p7 frelllaplp>1141=1,
[+ 1= 3G -+ = S es. "€ L'a,b]

=

(2.4)

foranyt € [a,b]l and A € [%, 1), where [ f; a, B] is the divided difference.

Proof Since f’ is bounded on [a, b], it follows that f is Lipschitzian on [a, b] and
thus the finite Hilbert transform exists everywhere in (a, b).
As in [10], for the function fy : (a, b) — R, fo(t) = 1,t € (a, b), we have

b

(Tf)a.bit) = ~1n (l) te@.b).
v r—a
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then obviously

(Tf)(a, bt)—&1 (b_t) —PV Mdr. (2.5)
t—a T p T —t
Now, if we choose in (2.1),u = f/,x = Ac+ (1 —A)d, A € [%, 1], ¢, d € [a, b], then
we get
"he + (1 —1)d) 4+ f/Od + (1 — A

'f(d)_f(c)_f( c+(-% )2f< (=20

@=?[4+2(= 317 leaoe
"“—[2(1 W 420 (%—x)”mf”u[c,dj,p, " e L[, b,
(g+D4

p>14+1=1,

1" e L'a, b,

f" e L™a,bl,

IA

ld—cl[3+ =211/ Ne.ar1,

which is equivalent to

ﬂw f@) O+ 0 =0d) + f'(d + (1 = 1)e)
2

2
d = cl[§+2 0= 1 Nearoo:
1

1 141 1 1+1
< ZH); [20 )20 (5 - 2) q:|||f”||[c,d],17’ /" €LPla,bl,

1" e L™a,bl,

1 1 _
p>1v;+5_la

[3+ 2= 2] 1" Ne.an1 f" € L'a, b].
(2.6)

Using (2.6), we may write

1oy b - f(t)dr

b4 u T—t

1 b
—E—Pv/[far+a—xﬁy+f@z+a—xmmr
T a
2
L [l +2(= D] PV LTl =T Nryoode, f7 € L¥la, b,
1+1 1
L [x1-m”ﬁ+2q(—x)Q]Pvﬁu—rwmﬂmﬂwm,
- (q+1)‘1

felLllablp>1, 45+ =1,
Lh+=3pv leaide, £ € L'a, bl;
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2
[% +2(x—3) ] I £ Na.pl.ooc PV fa]’ |t —t|dt,  f” e L™[a,b],

1+1 1 1+1 b 1
L [za—A) o 20 (-2 } I £ lta.br.p PV [, |t — 7|4 dx,
(g+1)4

f" € LPla,bl,p > 1,§+§=1,

[1+»—3|] PV [fa[ 1" e 1dT + [ ||f"||[z,r1,1df] . f"eL'labl;
2 2
(£ 20— 7|1 Moo [0 — 02 + (= 2], 7 € LM, b1,

=+ 41 141
( ll)l [2(1 - T 20 (3 -2) } I a1, p
g+1)4
q 1+1 1+4 " 1,1 _
Xm (t_a) q+(b_[) q , f ELP[a,b],p>1,If)+6—l,
alat=3llze -+ =S lap1. f" € L'a.bl.
2.7)

= N|—

IA

9=

LU= QA=

IA

Since (note that A £ 1) (see [10])

b
%PV/ Lf'(t+ (1 —2)1) + f/Ot + (1 —A)p)]dr

t—e b
1 lim [/ +/ }[f/(kt+(1 — 010+ /At + (1 —A)n)ldr
27'[ e—>04+ a t+e
1 [—f(u+(1 —Na+ ft+ 1 =1b

2 [
L —fGa+ =Wt fOb+ 0 —A)t]

A
b—alfir+ 0 =nbat+ (1 —a)al+Lf:mb+ (1=t ra+ (1 — )]
T 2 ’

Using (2.5) and (2.7), we deduce the desired result (2.4). O

The best inequality one may obtain from (2.4) is embodied in the following corol-
lary.

Corollary 2.2 With the assumption of Theorem 2.1, for A = %, one has the inequality

(Tf)(a,b;t) —

NENREAIE S SRIE S

T t—a b4 2
[0 =2+ (0= 42| 1 oo f" € L®a,bl,
e la-at e o0 i e, 7 € b
4 p>1, % + % =1,
TAe —a) + |t — <211 ap11s f" e L'a,b]
(2.8)

foranyt € [a, b].

@ Springer



Approximating the Finite Hilbert Transform... 1507

Remark 1 As stated in [10], the best estimator one may obtain from (1.3) is, for A = 1

2’
e e R st |
A0 =P+ (0= 42| 1 oo f" € L®la, bl,

1+1 1+1
L [ =@ T+ =01 N ps £ € L7Ma b,
27 (q+1)' 7

1
S —
i p>1, % + % =1,

sEG—a) + |t = L2 st 7" e Lia, b].
2.9)

We note that inequality (2.8) we obtained here gives a new estimate of the finite Hilbert
transform and a smaller error bound than that of (2.9).

3 A Quadrature Formula for Equidistant Divisions

The following lemma is of interest in itself.

Lemma 3.1 Letu : [a, b] — R be an absolutely continuous function on [a, b]. Then
foralln > 1, A; € [%, 1)@i=0,....,n—1)andt,t € [a, bl witht # t, we have the
inequality

T VG w4+ G+1=20)5) +u(t+ G +2)50)
—f/z u(s)ds—;Z|: 2

T —
= "[ +a Z( )]nunm u' € L®a,b],
1
1 n—1 1\974¢
— 1+1
= '—[ 2 (2<1—A>1*q +21 (1 = 1) +‘1) }
(g+1)7n i=0
' e, <1, ps u' € LP[a,b],
{ % [}1 + max [; — %H o' s 1,15 u' € L'a, b,
3.1
where || - ||i1,z1,- (r € [1, 00]) are the usual Lebesgue norms, p > 1, % + % =1.

Proof Consider the equidistant division of [z, ] (if < 7) or [z, f] (if T < £) given
by
. Tt —
E, xi=t+1i- , 1 =0,n. (3.2)
n

Then the points & = X[t +i - TT_’] + A=)t +GE+1)- TT_’] € [%, 1], i =
0,n — 1) are between x; and x; ;. We observe that we may write for simplicity
g =t+(@+1—-x)=L3G =0,n—1). We also have
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1508
] T—t
Xi+Xi+1—€i=t+(l+)»i)T,
3x; + x; T—t (3
& — IR - =),
4 n 4
T—t
& —xi =
and

Xi + Xiy1 1\ 7—1¢
T s =\ ==
Sy ( 2) -
foranyi =0,n — 1.

If we apply the inequality (2.1) on the intervals [x;, x;11] and the intermediate
points & (i = 0, n — 1), then we may write that

T 1 |:u(t+(i+l—)»i)TT_t)+u(t+(i+)\i)T,—:t)i| /Xf“
— u(s)ds

n 2
N2
[F4525 2585 G =) i w0 € L¥lab)
1 — 1+ W1+
- —[uz — ) q+2q%(xi—§) q}||u’||[x,.,x,.+]],p,
=1 (@+Da n 4

! P 1 1 __
u' el [a,b],p>1,p+q—1,

[% ‘T;tl + lt;tl |z§t - Ai‘] ””/”[x,-,xwl],l’ u' € Ll[a’ b].
3.3)

Summing (3.3), we get

= l[u(z+<z+1—x>f =) (z+(i+xi)’7f)”
2

u' € L®][a, b],

([—‘[)2 n—1 1 . 3 2 /
Z 5 +2 ()»l — Z) [|ue ”[X;,XHI]»OO

1 —1 1
R [2 1 —an'te 427 1 1+] )
R L S — A +2q A — = q u o ’
= R E%) (=2 (i = 3) I it 349
W e LPla,bl,p>1, 5+ ;=1
n—1
‘T;” Zé) [‘1_1 + |)”i - %H o s v 1.1 u' € L'[a, b].
=
However,
n—1 ) - ,

1 3 | 3
Z|:§+2()Li_z) j| ||u’||[x, Xig1loo = ||Lt ”[tr °°|:§"+2Z()w—z) :|’
i=0 g

3.9
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Approximating the Finite Hilbert Transform... 1509

n—1 1l 1 1 1+%
Z 2(1—2y) "a +24 (ki - E) ||”/"[x,',xi+1],.v
i=0

n—l 141 1 1 H" ’
< (Z [2(1 —a)'ta 420 (/\i - 5) } ) (Z 1 e, s, p)
i=0

= [l ni 2(1—x<)1+5+25 /\~—1 IR (3.6)
= u ll[z,7],p - i i 3 .
=

and

n—1

— 1 3
Z[ + i = —H T [4 + max | ZH leu [—
i=0
! + max |\ 3 |l 3.7
=\ - i — u . .
4 i 4 [t,7],1
Now, using (3.4)—(3.7), we deduce the desired result (3.1). O

We may now state the following theorem in approximating the finite Hilbert trans-
form of a differentiable function whose derivative is absolutely continuous.

Theorem 3.1 Let f : [a, b] — R be a differentiable function such that its derivative
! is absolutely continuous on [a, b). If . = (A;)izm, Ai € [%, HD@E=0,n-1),

n—1
Sn(f;A,t)z%Z[f;t—i—(i—i—l—k,~)%,t+(i+l—k,~)a7_t} (3.8)

i=0

and
b—a' t
To(fs ks t)——Z[f t+<z+x)— t+(z+x)—] (3.9)
mn 0

then we have

(Tf)(a’b;t):f(t) ( —t)+Sn(f;A,r)+Tn(f;/\,t)

R AL,
— ; + Ry(f3 4,1)

(3.10)
and the reminder R, (f; A, t) satisfies the estimate:
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1510 W. Liu et al.

[Rn(f5 A, 1)l
[ i (ri—3) M (b—a)*+ (1 — ) ]Ilf ll1a.5).00+

e bl
1
n—1 1N9 9
|y LZ(ZU—“ q+24<xi—%>”q) i
<—1 " @+ i=0
" x[(, "1+ b - JIIf”II

f" € LPla,b]l,p > 1, p—i—q:l,
i [ +max |2 — 3] [300 —a) + [ — 52[]

|1 a1, f” € L'a, bl

(3.11)
Proof Applying Lemma 3.1 for the function f/, we may write that
F@O=f0) UG+ G+ 1= ) + (4G +25h)
T—t n 2
t—t] | 1 2n—1 2 3\2 1 " o)
el 0( i—3) | 1 N x100s f" € L®[a,b],
1=
1
1 n—1 1 1 1N97q
_ 1+1 1 1+1
- f—""l[% (2(1—x,») o421 (- 1) q) }
— | n(g+D)1 i=0
”f//”[l,f],pv f// € Lp[as b]s
p>L%+$=L
¥ [ max [ = {1017l o1 " e Llia,b]
forany ¢, t € [a, b],t # t.
Taking the PV, we may write
t
Loy [[f@ =10, (3.12)
b1 g T—t
n—1 — . —
G+ =)+ f (t+ G+ )5t
—*ZPV/f (i DEL) + (0 + G ’)")df
n 2
1]1 2}1_1 A — 3 2 PV b 1% d " e L®a. b
w3 ta Z (= 3)7 | PV LI =Tl e cedT. 7 € L¥a. b,
1=
1
n—1 1\974
| LB sty
S; n@g+H7 L i=0
XPVf It =l If" ez, pd, f" € LPla,b],
p>lg+i=1,
L[ max |x = 3] PV 2 1F eey1d, f" € L'a,bl.
(3.13)
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Approximating the Finite Hilbert Transform... 1511

However (see [10]),

b b
Pv/ |r—r|||f”||[,,ﬂ,oodrsuf”n[a,b],oon/ It — 7| dr
a a

(t—a)+b—1)?
=)

=11 1" la,b1,00 [

b 1 b 1
Pv/ |r—r|q||f”||[t,r],pdrsuf”n[a,b],ppv/ it —t] dr
a a

14 1
_” " (t+a)q+ -|-(b—[)q+
= f ”[a,b],p 1
a+1
q Ly Ly "
el (GO G T [T T

b t t
PV / TAPE =PV[ / 1 lr1dT + / ||f”||[,,ﬂ,1dr}
a a a

<max{t —a, b —t}|| " la.p1,1,

a+b
r— TH I f" Na,b1.1s

:[%(b—a)+

and using the inequality (3.12) we obtain the desired estimate (3.11). O
Remark 2 For n = 1, we recapture the inequality (2.4).

For A; = % (i = 0,n — 1), the following particular case, which may be easily
numerically implemented, holds.

Corollary 3.1 Let f be as in Theorem 3.1. Define

bh—a! I\ b-—1t 1\ a-—t
SM’n(f;t)ZFZ[f;t'F(l'FZ) T,l+(l+z) " ] (3.14)

i=0

and

T, (-t)——b_anZi[ -r+('+i)ut+('+§)a_t] (3.15)
Ma(f:t) = n = I ! 4 n ! 4 n ’ ’

and the remainder Ry ,(f; t) satisfies the estimate

+ Ryn(f;t).
(3.16)

@b =1 (b - f) o Sualfi0) + Tua(f0)

g t—a 2
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1512 W. Liu et al.

Then we have the representation:

|Ryn(f:0)]
& [56 =07+ (= )’ 1 lanoo: f" e Lla,b,
< l% (6 =™+ 6= 0" |1 Namrp. S € L7Mab)
ﬁ[%(g_“)ﬂL|f_#|]||f”ll[a,b],1, f" € L'[a, b)
(3.17)

foranyt € [a, b], where p > 1, % +1-,

q
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