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1 Introduction

Gromov hyperbolicity grasps the essence of both negatively curved spaces and discrete
spaces. As observed in [5, Section 1.3], the hyperbolicity of a geodesic metric space is
equivalent to the hyperbolicity of a graph related to it. Characterizing hyperbolic graphs
is a main problem in the theory of hyperbolicity; since this is a very ambitious goal,
a more achievable (yet very difficult) problem is to characterize hyperbolic graphs in
particular classes of graphs. The papers [2,4,7-9,11,12,25,27,30-32,37,39] study the
hyperbolicity of complement of graphs, chordal graphs, periodic planar graphs, planar
graphs, strong product graphs, line graphs, Cartesian product graphs, cubic graphs,
short graphs, median graphs, and different generalizations of chordal graphs; however,
characterizations of the hyperbolicity in the corresponding classes are obtained only in
a few of them. In a previous work, [8], periodic planar graphs were considered. In this
work, we shall study how hyperbolicity is affected when considering general periodic
graphs, not necessarily planar; a simple characterization of the hyperbolic periodic
graphs will be obtained. The key ingredient will be the speed at which points and their
images under an isometry separate. The general setting is much more complicated
than the planar one and the characterization obtained is totally unexpected. X is a
geodesic metric space if for every x, y € X there exists a geodesic joining x and y;
denote by [xy] any of such geodesics (since uniqueness of geodesics is not required,
this notation is ambiguous, but convenient). It is clear that every geodesic metric space
is path-connected. If the metric space X is a graph, [u, v] denotes the edge joining the
vertices  and v.

In order to consider a graph G as a geodesic metric space, one must identify any
edge [u, v] € E(G) with the real interval [0, /] (ifl = L([u, v])); therefore, any
point in the interior of any edge is a point of G and, if the edge [u, v] is considered
as a graph with just one edge, then it is isometric to [0, /]. A connected graph G is
naturally equipped with a distance defined on its points, induced by taking shortest
paths in G, inducing in G the structure of a metric graph. Note that edges can have
arbitrary lengths. As usual, the set of vertices of a graph G will be denoted by V (G).

Let (X, dx) and (Y, dy) be two metric spaces. A map f : X —> Y is said to
be an («, B)-quasi-isometric embedding, with constants « > 1, g > 0 if, for every
x,y € X:

oty (x,y) = B < dy(f(x), £()) < adx(x,y) + B.

The function f is e-full if for each y € Y there exists x € X withdy (f(x), y) <e.

A quasi-isometry from X to Y isamap f : X — Y thatis an e-full (o, 8)-quasi-
isometric embedding for some o > 1 and B, ¢ > 0. Two metric spaces X and Y are
quasi-isometric if there exists a quasi-isometry f : X — Y. Quasi-isometry is an
equivalence relation on metric spaces.

An («, B)-quasigeodesic of a metric space X is an (o, 8)-quasi-isometric embed-
ding y : I —> X, where [ is an interval of R. A quasigeodesic is an
(e, B)-quasigeodesic for some ¢ > 1, B > 0. Note that a (1, 0)-quasigeodesic is
a geodesic. A geodesic line is a geodesic with domain R.
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Gromov Hyperbolicity of Periodic Graphs S91

This work deals with periodic graphs. A graph G is periodic if there exist a geodesic
line yp and an isometry 7" of G with the following properties:
(1) TyoNyo =1,
(2) G\yp has two connected components,
(3) G\{yoU Ty} has at least three connected components, two of them, G and G»,
satisfy 0G| C yp and dGy C Ty, and the subgraph G* := G\{G| U G,} is
connected and U,,c7T"(G*) = G.

Such subgraph G* is a period graph of G.

In what follows and throughout the paper, G will denote a periodic graph and G*
a period graph of G. In fact, given a periodic graph G, we will fix a geodesic line yy,
an isometry 7 and their corresponding period graph G*. By 159, we will denote an
arc-length parametrization of yy in G. Let i := T*5g be a parametrization of T*yq
for any k € Z. Also, for any function f : G — R denote by limsup__, | o .¢,, f(2),
the limit

limsup f(z) := limsup £ (no(?)),

Z—>+00,2€)0 t— 400

and analogously for any other limit along the curve.
Our main result is the following:

Theorem 1.1 Let G be a periodic graph.

o If inf,ey,dG(z, Tz) > O, then G is hyperbolic if only if G* is hyperbolic and

lim dg(z, Tz) = oo.
|z]—00,z€10

o Ifinf,c,, dG(z, Tz) =0, then G is hyperbolic if and only if G* is hyperbolic and
G has quasi-exponential decay.

For the definition of quasi-exponential decay, let G be a periodic graph with
inf,ey dG(z, Tz) = 0, let no(¢) be a parametrization of yy and define &, (¢) as
the greatest non-increasing minorant of F'(¢), where F(t) := dg (no(t), T no (t)) on
[0, 00). The graph G has quasi-exponential decay if there exist a parametrization 19 (t)
for which lim,_, _oc dg (no(t), T1o(t)) = oo and

b, (s
sup (s2 —sl)M <
s2>51>0 q)no(sl)

In what follows, we will write @, (¢) as ®(¢).

Note that such condition is satisfied by any exponential function ® () = e~ Also,
on the other hand, if a positive function ®(¢) satisfies this condition, then ®(¢) < ke~
on [0, co) for some k,a > 0. Consequently, if G has quasi-exponential decay, then
lim;_, oo ©(¢#) = 0 and lim inf;_, 5, F () = 0. We obtain an equivalent definition of
quasi-exponential decay if we replace 1o(t) by no(t — 19), i.e., if one considers ¢ > f
instead of ¢ > 0, for any fixed #o.

The outline of the paper is as follows. Section 2 states some definitions and back-
ground used throughout the paper. In Sect. 3, some technical and basic results on
periodic graphs are presented. Section 4 is devoted to the proof of the first part of
Theorem 1.1. Finally, the proof of the second part is shown in Sect. 5.
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2 Definitions and Background

If X is a geodesic metric space and J = {J1, Ja, ..., J,} is a polygon, with sides
Jj € X, the polygon J is §-thin if for every x € J; the distance d(x, U;jx;J;) < 6.
Denote by §(J) the sharp thin constant of J, i.e., §(J) := inf{6 : J is§-thin}.
If x1,x2,x3 € X, a geodesic triangle T = {x1, xp, x3} is the union of the three
geodesics [x1x2], [x2x3] and [x3x1]. The space X is &-hyperbolic if every geodesic
triangle in X is §-thin. Denote by §(X) the sharp hyperbolicity constant of X, i.e.,
8(X) := sup{8(7) : 7 isageodesic triangle in X }. The space X is hyperbolic if
X is é-hyperbolic for some §. Note that if X is §-hyperbolic, then every geodesic
polygon with n sides is (n — 2)§-thin; in particular, every geodesic quadrilateral is
2§-thin. In the classical references on this subject (see, e.g., [5,17]) appear several
different definitions of Gromov hyperbolicity, which are equivalent in the sense that
if X is 8-hyperbolic with respect to one definition, then it is 8’-hyperbolic with respect
to another definition (for some &8’ related to 8), see for example Theorem A in Sect. 5.
The definition that we have chosen has a deep geometric meaning (see, e.g., [17]).

Let X be a metric space, Y a non-empty subset of X and ¢ a positive number. The
e-neighborhood of Y in X, denoted by V. (Y) is the set {x € X : dx(x,Y) < ¢}.
The Hausdorff distance between two non-empty subsets ¥ and Z of X, denoted by
Hx (Y, Z) or H(Y, Z), is the number defined by:

inf{e >0:Y CVe(Z)and Z C Ve (Y)}.

A useful property of hyperbolic spaces is the invariance of hyperbolicity. Namely,
if f:X — Y isan («, B)-quasi-isometric embedding between the geodesic metric
spaces X and Y, and if Y is §-hyperbolic, then X is §’-hyperbolic, where 8’ is a constant
which just depends on 8, «, and B. Besides, if f is e-full for some ¢ > 0 (a quasi-
isometry), then X is hyperbolic if and only if Y is hyperbolic. Furthermore, if X is
8’-hyperbolic, then Y is §-hyperbolic, where § is a constant which just depends on &,
o, B,and ¢.

Given a geodesic metric space X and a closed connected subset Xo C X, the inner
distance dy, is defined by minimizing dx-length of paths contained in X.

A subspace X of a geodesic metric space X is an isometric subspace if the inner
distance d,, satisfies thatdy, (x, y) = dx(x, y) forallx, y € Xo.If X¢ is anisometric
subspace of X then every geodesic in X is also a geodesic in X, and therefore § (X() <
3(X).

The following lemma shows that in order to prove the hyperbolicity of a geodesic
metric space it suffices to consider geodesic triangles verifying a useful property (see
[34, Lemma 2.1]):

Lemma A In any geodesic metric space X,
8(X) = sup {S(T) : T is a geodesic triangle that is a simple closed curve }

Another fundamental property of hyperbolic spaces is their geodesic stability: if
X is a §-hyperbolic geodesic metric space (§ > 0), and « > 1 and 8 > 0 are given
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Gromov Hyperbolicity of Periodic Graphs 593

constants, there exists a constant H = H (S, «, B) such that for any pair of («, B)-
quasigeodesics g, h with the same endpoints, H(g, h) < H.
In view of this stability, one can extend the thinness to quasigeodesic polygons:

Lemma 2.1 Let X be a &-hyperbolic geodesic metric space and P an («, B)-
quasigeodesic polygon with n sides in X. Then P is A-thin, where A depends only on
n, s, a, p.

Proof Let P’ be a geodesic polygon in X with the same vertices as P. By geodesic sta-
bility, the Hausdorff distance between a quasigeodesic side in P and its corresponding
geodesic side in P’ is less than or equal to the constant H = H (8, , B). By splitting
P’ in n — 2 geodesic triangles, one can check that P’ is (n — 2)§-thin. If p belongs
to a side of P, then there exists a point p’ on its corresponding geodesic side on P’ at
distance from p less than or equal to H; since P’ is a geodesic polygon with n sides,
there exists a point ¢’ on the union of the other n — 1 geodesic sides in P’ at distance
from p’ less than or equal to (n — 2)§; then, there exists a point g in the union of the
corresponding n — 1 quasigeodesic sides in P at distance from ¢’ less than or equal
to H,and dg(p, q) < (n —2)8 4+ 2H. Hence, P is ((n — 2)8 + 2H)-thin. u]

3 Technical Results on Periodic Graphs

In this section, some definitions and results which will be used throughout the paper
are stated.

The following lemmas will be of use in the proof of Theorem 1.1 (see [8, Lemma 3.9]
and the proof of [8, Lemma 3.10]):

Lemma B Let G be a graph and let yy be a geodesic line in G such that G\yy has
two connected components G, G. Define G| := G| U yg and G :== G, U y. If G
is §-hyperbolic, then Gy, G, are 5-hyperbolic. If G1, G, are 5-hyperbolic, then G is
1208-hyperbolic.

A geodesic y = [xy] with x € T/G*,y e T*G* and j < k is a straight geodesic
if y N T'G™* is a connected set for every j < i < k; note that then y C Uﬁ.‘:j T'G*.
The proof of [8, Lemma 3.11] gives:

Lemma C Let G be a periodic graph such that G* is §*-hyperbolic andlim ;| 0o 7 ey,
dg(z, Tz) = o0. Assume also that there exists zo € yo with [z9, Tzol € E(G) and
L([ZO, Tz()]) = dc(yo, Tyo) > 0. Denote by y a geodesic joining x € TJG* and
y € TkKG*, j < k. Then:

(1) There exists a constant M that depends only on G* and a straight geodesic y’
Jjoining x and y such that H(y, y’) < M.

(2) There exists a constant N that depends only on G* such that if o =
Upez[T"z0, T" 20l and j +2 < k, for each j < i < k there exists a point z; € y'
with dyig«(zi,0 N T'G*) < N.

A geometric consequence of the previous lemma is that two geodesics that start at
the same copy of G* and end at the same copy of G* are at bounded distance in the
intermediate copies of G*. Namely,
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Lemma 3.1 Under the hypotheses of Lemma C, consider two geodesics v,y in G
from points x, X € TIG* to points y, 3 € T*G*, respectively, wherek — j > 4. If p €
TiG*ﬂy andq € TiG*ﬂf with j+2 <i <k—2,thendg(p,q) <2M-+6N +5d,,
where d| = L([ZO, Tz()]) = dg(yo, Tyo) and M, N are the constants in Lemma C.
Furthermore, if y and y are straight geodesics, then dg(p, q) < 6N + 5d;.

Proof By part (1) in Lemma C, it suffices to prove dg(p, g) < 6N +_5d1 when y
and y are straight geodesics. By Lemma C, there exist points z; € 7'G* Ny and
Zi € T'G* Ny so that

dTiG*(Zi,U n TiG*), dTiG*(ZiaG N TIG*) < N

forj—i—lfifk‘—l. ‘
Consider p e T'G*Ny andq € T'G* Ny, with j +2 <i <k — 2. Then,

dg(p. zi) < max {dG(zi—1.2i).dG (zi» ziv1)} < 2N +2d;.

And, identically, dg (g, Z;) < 2N + 2d,. Since dg(z;,z;) < 2N + di, one gets the
desired result. m]

The following two lemmas will relate distances among points on yy and 7T yyp.

Lemma 3.2 Let G be a periodic graph. Assume that there exist a’ € yy, b’ € Ty
such that

dg(a,b) < ny' @) —ny' (@) = de/, Ta").
Ifa € yy so that nal(a) < nal(a/) then, for every b € Ty
dg(a,b) = ng "' (@ —ny ' (®).

Furthermore, if 1, ' (b) < ny'(a), then dg(a, b) > dg(a, Ta)/2.

Remark By symmetry, if dg(a’, b') < r/al(a/) — nl_l(b/) and if b € Tyy is so that
ny () < 0y (V) thendg(a, b) = ny ' (b) — 1y ' (a) for any a € y.
Proof Seeking for a contradiction assume that there exist a € yp and b € Typ with
ny ' (@) — 07 (b) > dg(a. b) and 15" (a) < ny'(@). Then
dg(b,b') <dg(b,a) +dg(a,a") +dg(a', b
<@ =0y @) + 05 @) —ng @ + 0y B — g @)
= ;' @) — 0y (b) = dg (b, ),
which is a contradiction. Thus, 1y ' (@) — 0, (b) < dg(a, b).

It n; ' (b) < ny ' (@), notice that dg (b, Ta) = ny ' (@)—n; ' (b) < dg(a, b). Hence,
dg(a,Ta) <dg(a,b)+dg(b, Ta) <2dg(a,Db). O
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The second lemma relating distances among points on the “boundary” of G* states:

Lemma 3.3 Let G be a periodic graph and assume that there exist an unbounded
sequence {¢,} C yo and some constant co withdg (&, T¢,) < coforeveryn € N. Then
dg(z1,22) < dg(z1, Tz2) + co for every z1, 22 € yo. Furthermore, dg(z1, Tz1) <
2dG(z1, Tz2) +coand dg(z1, Tyo) < dg(z1, Tz1) < 2dg(z1, Tyo) + co.

Proof Fix z1,z0 € . Let no be a fixed arc-length parametrization of yn with
7]61 (z1) > nal (z2). By hypothesis, there exists n € N with either 7761 &n) > no_l(zl)

or 0y ' (¢n) < 1y ' (z2). Assume that g ' (&) > 1y ' (z1) (the case ng ' (¢4) < ng ' (22)
is similar). Hence

dc(Tz2,Tz1) +dc(Tz1,T¢y) = dg(Tz2,TE,) < dg(Tz2,21) +dg (21, 8n)
+dG(§n’ Té'n) )

and, since T is an isometry and 7T yy is a geodesic,
dg(z1,22) <dg(z1,Tz2) +co.-

Moreover, dg(z1, Tz1) < dg(z1, Tz2) +dg(Tz1, Tz2) < 2dg(z1, Tz2) +¢co. O

This last result has two corollaries which will be useful in the proof of the second
part of Theorem 1.1. Both give more specific quantitative relations between distances
among points. Namely,

Corollary 3.4 Let G be a periodic graph with inf,ey,dc(z,Tz) = 0. Then
dg(z1,22) =< dg(z1,Tz2) for every z1,z2 € yo. Furthermore, dg(z1,Tz1) =<
2dG(z1, Tz2), dg(z1, Tyo) < dg(z1, Tz1) < 2dg(z1, Tyo) and

1 .
g(dG(Z], 22)+i122117(2{dG(Zi, Tz)}) <dg(z1,Tz2) < dG(Zl,Zz)‘I‘ifllinz{dG(Zi, Tzi)}.
’ ’ (3.1)

Proof In order to prove the inequalities previous to (3.1), it suffices to apply Lemma
3.3 for any ¢ > 0 and take the limit as co — 0.

The right hand side of (3.1) follows from the triangle inequality and the fact
dg(Tz1, Tza) = dg(z1, z2). The left hand side follows by symmetry and the pre-
vious inequalities. O

Some notation is needed for the second corollary. Given z € T"yy, w € T"yp,
define D¢ (z, w) as follows: if m = n, set Dg(z, w) := dg(z, w); if m < n, then

n—1

Dg(z, w) := inf Z (dg(xj, T_lxj+1) + dg(T_lxj+1,xj+1)) +dg(xn, w) ¢,

j=m
where the infimum is taken among all sets of points {x; };?:m with x; € T/yy and

X, = z; finally, if m > n define Dg(z, w) := Dg(w, z). (One can check that the
infimum above is in fact a minimum; see, e.g., [6, p. 24]).
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Corollary 3.5 Let G be a periodic graph with inf,c, dc(z,Tz) = 0. Then
dg(z1,22) < dg(z1, T"z2) and Dg(z1, T"22)/3 < dg(z1, T"z2) < Dg(z1, T"z22)
forevery z1,z2 € yp andn € Z.

Lemma 3.6 Let G be a periodic graph. Assume that there exist an unbounded
sequence {¢,} C yo and some constant co with dg(¢,, T¢,) < co for everyn € N.
Then, for each arc-length parametrization ny of yo one of the following situations
holds:

(1) There exists R € Rsuchthatifa € yo,b € T"yg (m € Z)with no_l(a), n,;l(b) >
R then dg(a, b) > n,,' (b) — 770_1(0) — €o-
(2) Foranym >0, a € yo, b € T"yy then dg(a, b) > n,;l(b) — nal(a).
(3) Foranym <0, a € yo, b € T"yy then dg(a, b) > n,;](b) — nal(a).
(Recall the notation n,, = T™ o ng for a parametrization of T™ yy.)
Proof Case 1. Suppose that there exists R € R so that
dg(z, w) = [y @) = ny ' (w)] (32)

for all z € no([R, 00)) and w € n1([R, o0)).

Leta € ygp and b € T"yy with n,;l(b) > no_l(a) > R and m > 0 (if n,;l(b) <
nal(a), then dg(a,b) > 0 > n;l(b) — no_l(q) — ¢p). Let g be a straight geodesic
joining a to b and choose points u; € g N T/yy, for 0 < j < m, with a = up and
b=, 1f 97 (u;) = Rfor0 < j < m then by (3.2),

m—1 m—1
dgla,b) = D deuj,ujr) = D (07l @) — ;' @)
j=0 Jj=0

= 0y, ) — g (o) = 1y (B) — g (@) .

Otherwise, there exists 0 < jo < m such that n?l(u j) = Rforall jo < j <m and

77;01(141'0) < R. Then,

m—1 m—1
dga,b) = D dguj,ujr) = D deuj,ujp).
Jj=0 J=Jo
By Lemma 3.3,
de(ujy, Ujyr1) = nj_olJrl(ujoH) - 77/'_01(’4]'0) —co,
and by (3.2),

1 —1 . .
do(uj,ujyr) z n; i) =n; (), jo<j=m—1.
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Therefore,
m—1
dga,b) = n3) i) =03 wi) — o+ > (w7h e — 7 @)
Jj=Jjo+1

=y ) =13 Wjo) = co = my,' (B) =g (@) — <o,

where the last inequality follows from the fact that le_ol (uj) < R < ny ! (a). The
same argument works when m < 0.
Case 2. Suppose that there exist a sequence Ry ' oo and sequences zx €
no([ Rk, 00)), wi € N1 ([ Ry, 00)) s0 that d(zx, wi) < ng ' (zx) — 1y ' (wy). ‘
Asabove, let g be a straight geodesic joining a to b and choose points u; € gNT/ yp,

for 0 < j < m, with a = ug and b = u,,. There exists k such that n;l(uj) < Ry, for
every 0 < j < m. By (remark after) Lemma 3.2,

de(uj,ujyy) > n;ll(ujﬂ) - n;l(uj)
and thus,

m—1

m—1
dg(a.b) = > dotujujen) = > (17} Gy =0y @)
j=0 j=0

= ) — 15 (o) = ny," (b) — g (@) .

Case 3. Suppose that there exist a sequence Ry /' oo, and sequences zx €
n0([Rk. 00)), wi € ni([Re,00)) such that d(z, wi) < 0y ' (we) — 15" (24). Let
g be the straight geodesic from a to b and define points u; = g N T~ /yy, for
0 < j < |m|, witha = up and b = uyy. There exists k such that n:;(uj) < Ry for
every 0 < j < |m|. By Lemma 3.2,

de(uj,uji1) > U:}_l(ujﬂ) - n:}(uj)

and thus,
[m[—1 |m|—1
dgla,b) = > dgujupin) = > (171 @i —n7)w))
Jj=0 j=0

= 1y, i) — 19 (o) = m,," (B) — 1y ' (@) .

4 Proof of the First Part of Theorem 1.1

This section is devoted to the proof of the first part of Theorem 1.1. For clarity’s sake,
we shall begin by stating some lemmas and claims which will be used along the proof.
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The first lemma introduces a new graph, G’ (quasi-isometric to G) which will
guarantee the existence of a transversal geodesic.

Lemma 4.1 Let G be a periodic graph such that dg(yo, Tyy) =: di > 0. Fix
z0 € Y and define G' by adding to G the edges {[T”ZQ, T”HZOJ}”GZ with
L([T"z(), T"+1ZO]) = d for every n € Z. Then, the graphs G’ and G are quasi-
isometric and, moreover, U, cz[T" 20, T”+1z()] is a geodesic in G'.

Proof 1tisclear that U, c7[T" 20, T z0lisa geodesic in G’. It will be shown that the
inclusioni : G — G’ is aquasi-isometry. Clearly, the inequality dg/ (x, y) < dg(x, y)
holds for every x, y € G.

Consider x, y € G. If x, y are so that dg/ (x, ¥) = dg(x, y), then there is nothing
to prove. If dg/(x, y) < dg(x,y), then there exist m,n € Z such that dg/(x,y) =
dg(x, T"z0) +dg'/(T™z0, T"z0) + dG(T"zo, y). Hence,

dg(x,y) <dg(x,T"z0) +dg(T"z0, T"z0) + dc(T"z0, y) < dg(x, T"z0)
+ |m — nldg(z0, Tzo) + dG(T"zo0, y)
- dg(zo, Tz0)
s
d , T
= M (dG(x, T™z0) + dg(T™ 20, T"20) + d (T" 20, ¥))
1
_dg(z0, Tzo)
==

(dG(x, T"z0) + |m — nldy + dG(T"z0. y))

dgr(x,y).

Since L([T"z9, T"T'z0]) = d for every n € 7Z, the map i is (dy/2)-full, and we
conclude that G’ and G are quasi-isometric. O

The next lemma will show that a certain curve on the graph G is a quasi-geodesic.

Lemma 4.2 Let G be a periodic graph such that inf ¢, dG(z, Tz) =: dy > 0. Let
¢ € yp and let o be a geodesic in G* joining ¢ and T¢. Then, for each m € N the
curve o™ = U’;lz_ol TJo is an (ag, Bo)-quasi-geodesic in G, with o, Bo depending
onlyondg (¢, T¢), dy and dg (yo, T o).

In fact, the explicit expressions for g and By will be obtained in the proof of this
lemma.

Proof Notice that o™ is a continuous curve in G joining ¢ and 7" ¢. Define ¢o :=
dg (¢, T¢). Fix an arc-length parametrization of o™ starting at ¢ and s, ¢ € R in the
domain of o™ with s < ¢. Clearly dg (o™ (1), 0" (s)) < L(c™|5,;)) =t — s. Let
j.r € Nbe so that 6™ (s) € T/o and 6™ (t) € T/*" 5. The following inequality
holds

t—s<(r+1DLe)=F+1dc Tt) =+ 1co. 4.1)

For the lower bound, notice first that if d; := dg (yo, T y0) > O,

dg (@™ (1), a™(s)) > (r — Ddy = (r + Ddy — 2d; > a (t—s)—2d, .
co
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Assume next that dg(yo, Typ) = 0. Since dyp > 0, there exist monotonous
unbounded sequences {z),} C Y and {w),} C Ty with dg(z},, w),) < do /2. Fix
an arc- length parametrization 7o of yy such that there exists a subsequence {z, } with
limyg s 00 1y (znk) = oo; without loss of generality by replacing {z),} by the subse—
quence {z,’%} if necessary, one can assume that limg_, o0 7 l(z;l) = 00. Recall the
notation for 7.

Assume that 771_1 (wy) —ngy ! (z),) > 0 for infinitely many n’s (otherwise, the argu-
ment is symmetric). By choosing a subsequence if necessary, one can assume without
loss of generality that nfl (wy) — 1y ! (z),) = 0 for every n. Then,

ny twl) — ngt(2)) = dg(w)y, Tz)) > dg(z), Tzﬁ,) —dg(z,, wl,)

do do
dy— — = —>4d 4.2
> 3 3 G(Z 4.2)

Let s’ < s < t < t such that 6™ (s') is the first point of o™ in T/o and
o™ (") is the last point of ¢ in T/*"o; then dg (o™ (s'), 0™ (s)) = s — s < cp
anddg (o™ ("), d™ (1)) =1 —t < cp. Let " be a geodesic joining o™ (s”) and o™ (¢').
Define x := 0™ (s') € T/ yy, x,41 := o™ (") € T7T"+1y4, and let x; be any point of
Fin T/t ygforl <i <r.
Define Ny, N2, Njo, as the sets of indices

Ni={0<i<r: n;ﬁi(xi) > Uj_iiﬂ(xiﬂ)}v

Ny :={0<i=<r: n;l,»(xi) < n}lm(xz'ﬂ) and dg (x;, xi 1) = do/2},

Ny :={0<i=<r: 77;41_,'(xi) < Tll,'fi,'+1(xi+1) and dg (x;, Xi+1) < do/2} .

Then card Ny + card N> + card Npp = r + 1. For i € Ny, r/]jli(xi) >

n;ii+l(Xi+1). Take n € N so that no_l(z,’l) > n/jli (x;i). Then, by (4.2) the points
x; and x;41 are under the hypothesis of Lemma 3.2, and hence

d (xi, Xi1) = 054 00) = 074y (i) = de (i, Txi) = d(xi, Tx)
—dG(Xi+1, X)) = do — dG(xi, Xi+1)

and conclude dg (x;, xi4+1) > do/2.
If card N1 + card N1 > (r + 1)/2, then

. d
dg (0™ (5). 0™ (1)) + 20 = dg (0™ (s), 0™ (1)) = D dg (xi. xi1) = ZO r+1).
i=0
Hence, by (4.1),

do do
dg (o™ (t),0™(s)) = —(r +1) = 2c0 > —(t —5) — 2¢0 .
4 4co
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Assume now that card Ny > (r + 1)/2. Note that if i € Nj», then

Nt (i) = 07 () = de (i, Tx) = do (i, Txi) — dg (xis1, X))
do do

> dy — — ,
- 2 2

and therefore

d d
-1 -1 0 0
> (n,-+i+1<xi+1> - n,-+l-(x,~)) > = card Ny = 2(r + 1),

i€Nyp
Note that
—1 ~1 - ~1
z (n,~+,-+1(xz'+1) - 77/'+[(xi)) = Z (nj_:_,'_;_l(xi—&-l) - rlj_H'(xi))
ieNy i€Nx»UN7|
= > (n7le =07l i)
ieN

since n;ir (1) = r];l (x0). Therefore, applying Lemma 3.2,

Z (n;ﬁl—i(xi) - U;ii+1(xi+1)) =< Z dg(xi, Xi1+1)

iEN] ieN|

< D dg(xi, xiy1) = dg (6" (s), 6™ (1)
i=0
< dg (0" (s), 0" (1) +2¢0

Hence,
d d
dg (" (1), 0™ () = 2 (r+ 1) =20 = ——(t — 5) — 200 .
4 4C0

One concludes that 0™ is an («g, Bo)-quasigeodesic (for every m), where g = co/d;
if di > 0 (note that c9 > do > di), ap = 4co/dy if di = 0, and By =
max{2cq, 2d,}. O

With these previous lemmas established, let us proceed to prove the first part of
Theorem 1.1, the main goal of this section.

Proof (First part of Theorem 1.1). Assume first that G is hyperbolic. Since g and
Tyy are geodesic lines, G* is an isometric subgraph of G and §(G*) < §(G). Thus,
it remains to show that lim;| o sy, dG (2, T2) = 00.

Assume that there exists an unbounded sequence {{,},>1 C yp and a constant
co with dg(&y, T¢,) < co for every n. Choosing a subsequence of {¢,},>1 if it is
necessary, one can assume that there exists an arc-length parametrization ng of yg with
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nal (&n) /' o0. Let o, be a geodesic in G* joining ¢, and T'¢,. Let o))" := Ukm;()l T*o,
and y(;’ be the subcurve of yq joining ¢,, and ¢,, where ng is chosen as follows: if (1)
in Lemma 3.6 holds, take no with 7, ! (¢ny) = R; otherwise, take ng = 1. Hence, by
Lemma4.2, O, = {yé’, o, T" y(?, U’Zl)} is an (g, Bo)-quasigeodesic quadrilateral
for every n, m, where a and By do not depend on n and m.

Since G is hyperbolic, by Lemma 2.1, O, » is (26(G) + 2H)-thin, with H =
H((G), ap, Po) for any n, m. Let M be a constant with M > 25(G) + 2H.

Taking n € N large enough, L(yy) > 2M + 4co, and taking m = m(n) large
enough, dg (v, T"¥{') > M. Choose a point p € y so that,

(1) dG(p, tug) = 15 " (P) — 0 Gng) > M + 2co,
) de(p, &) =1y &) — np ' (p) > M + 2co.

We also have dg (p, T"yy) > dc (v, T"yy) > M.

Let us proceed to show that dg(p, 0,,)) > M. Let V™ be the set of points V" :=
{C,,O, T &g, T2§n0, o ngno}. By the triangle inequality, it is enough to show that
dg(p, V™) > M + ¢p.

Case 1. Assume that (1) in Lemma 3.6 holds. Since R < nal(;“no) = nk_l(Tkgno) <
nal(p) for 0 < k < m, Lemma 3.6 (1) gives,

de(p, T*Cuy) = 05" (p) — 15" (Gny) — co > M +co,

thus dg (p, V") > M + co.
Case II. Suppose that (2) in Lemma 3.6 holds. Then,

dG(p, T*¢uy) = 0y (p) — 0 ' (T¥¢uy) = 0y ' (p) — 0 ' (€ng) > M+ 2¢,

thus dg (p, V") > M + 2¢o > M + ¢p.
Case III. If (3) in Lemma 3.6 holds, the argument in case II gives the result, taking
nowm < k <0.

A similar argument shows also that dg (p, 0,') > M. Hence, dg (p, T"y§ U Oy Y
o'y > M.Since M > 25(G)+2H, the quadrilateral Q,, ,, is not (26(G) +2H)-thin,
which is a contradiction. Therefore, G is not hyperbolic.

Let us prove the converse implication to conclude that G is hyperbolic. Since
im|;| - 00,zeyy dG (2, Tz) = 00, thendg (vo, Tyo) =: di > 0. By Lemma 4.1, without
loss of generality one can assume that there exists a vertex zg € V(G) N yp such
that [zo, T'zo] € E(G), with L([zo, Tz0]l) = dg(y0, Tyo) = di, and so that op :=
Unez[T"z0, T"1z0] is a geodesic in G. Define 8* := §(G*) and consider a geodesic
triangle 7 = {x1, x2, x3} with x; € T//G* and j; < jo» < j3. By Lemma C, one can
assume that the geodesics of 7 are straight.

Suppose first that max{j> — ji, j3 — jo} < 2. Then, T C U§2:4}§_2TjG* is 8o-
thin, with 89 = (120)*8* since T7/G* is §*-hyperbolic (apply at most four times
Lemma B). Otherwise, 7 N (T2 1y UT22y,) £ 0. 1T N (T2~ 1) # @, choose

y1 € [x1x2] N sz_lyo and y» € [x1x3] N sz_lyo. By Lemma 3.1,

dg(y1, y2) = 6N +5d; . 4.3)
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Analogously, if 7 N (Tj2+2y0) # @, letz1 € [x1x3] N Tj2+2y0 and zo € [x2x3] N
T72+2y4. Again, by Lemma 3.1,

dg(z1,22) < 6N +5d; . (4.4)

LetpeT. pr e TIG* with j € [j1 42, j» —2]U[j2 +2, j3 —2], apply Lemma
3.1to find ¢ € T’ G* on another side of 7 with dg (p, q_) < 6N + 5d;.
Ifpe T/ G* with jelp—1,p+1]letP C Uj.z:—:.lf]TjG* be the geodesic

polygon formed by 7 N U'}Z}i_lTjG* and [y1y2] € T2 1y and [z122] € T72H2y,
whenever they exist. Thus, P is either a pentagon or a quadrilateral contained in
Uf:ji_sz G* and therefore it is 389—thin. Therefore, there exists a point ¢’ € P on
another side of P so that dg(p, q’) < 380.If ¢’ ¢ T, then ¢’ € [y;y2] U [z1z2] and
equations (4.3) and (4.4) imply that there is ¢ € P N7 on another side of 7 with
dg(p,q) <38+ 6N + 5d;.

If p e T/G* with j € {1, j1+1, j3—1, j3}, a similar argument with a triangle (in
THG*UTH 1 G* or TH~1G*UTG*) instead of P gives dg (p, q) < 8o+6N +5d,.

Hence, §(7) < 389 + 6N + 5d; and Lemma C gives §(G) < 2M + 33y +
6N + 5d;. O

5 Proof of the Second Part of Theorem 1.1

To prove the second part of Theorem 1.1, some auxiliary metric spaces will be defined,
and some results relating these new sets with the original one will be given.

Let G be a periodic graph. Sometimes we will require the arc-length parametrization
no of yp to also satisfy:

0= litminfdc(no(t), Tno(?)) < limsupdg(o(t), Tno(t)) < oo. (5.1
—> 00 t—00

Fix tp € R and no. Define G| as the geodesic metric space given by G U
( UneZ.r>ty Unyt), where U, is a segment joining T"no(t) with T"*lyo(r) of
length dg (no(t), Tno(t)). Set G» to be the geodesic metric space given by ( Unez
T"no([t0, oo))) U ( UneZ.i>10 Un,,). The isometry 7 can be extended to G| in an
obvious way; also denote this extension by 7. Define a period graph of G as
Gt = G* U ( U=y Uo,). Below, the constant 7o will be chosen as the constant
in Lemma 5.12.

It is clear that G, G, are contained in G{, G U G, = G, and G is an isometric
subspace of G1; thus 6(G) < §(Gy).

With these definitions in mind, let us state some results on hyperbolicity.

Lemma 5.1 If a periodic graph G is hyperbolic and satisfies (5.1) and
liminf,, _~ dg(no(t), Tno(t)) > 0, then G, is hyperbolic.

Proof Given any fixed 79 € R, the hypotheses imply that there exist constants M, m
such that dg (no(z‘), Tno(t)) < M for every t € [ty, o0) and dg (no(t), Tno(t)) >m
for every t € (—o0, tp]; then every segment U, ; has length at most M and Dg <
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dc, < (M/m)Dg onU,czT"no([to, 00)). Consider the map f : Go — G defined by
f(x) = T"no(t) forevery x € U,,,I\T”"’1 no(t). By Corollary 3.5, the restriction of f
to U, ez T"no([f0, 00)) (the identity map) is a (3M/m, 0)-quasi-isometric embedding.
Since L(U, ;) < M forevery n € Z,t > to, f is a quasi-isometric embedding and
invariance of hyperbolicity gives the result. O

Lemma 5.2 Consider a periodic graph G satisfying (5.1). Then G* is hyperbolic if
and only if G7 is hyperbolic.

Proof By (5.1), there exists a constant M such that dg (no(t), Tno(t)) < M for
every t € [tp, 00); then every segment U, has length at most M. The inclusion
mapi : G* — G’f is a (M /2)-full (1, 0)-quasi-isometry, and thus, the invariance of
hyperbolicity gives the result. O

Finally, the last auxiliary space will be defined and its hyperbolicity related to that
of G will be stated.

Given tp € R and 5, define G3 as the geodesic metric space given by ( Unez
T"no([t0, 00))) U ( Upez1>10 Vir)» Where V,; is a segment joining 7" 1o (1) with
T”+1n0(t) of length ®(¢), where @ is the greatest non-increasing minorant of
dg (no(t), T)’]()(t)) on [tg, 00), i.e., ®(t) = min {dg(n()(s), TI]()(S)) 1 s € (1o, t]}

Lemma 5.3 Let G be a periodic graph satisfying (5.1) and sup {t2 —t: () =
D(), 1p =1 > to} < 0. Then G, and G3 are quasi-isometric.

Proof Consider the map f : G3 — G defined as the identity on U,,c7T" no([t9, 00))
and as a dilation on each V,, ; with f(V, ;) = U, ; foreveryn € Z,t > 1.

Clearly, f is O-full and dg,(f(x), f(y)) > dg,(x,y) for every x,y € G3. By
(5.1), there exists a constant M such that L(U, ;) < M forevery n € Z,t > tg. Also
L(V,:) < L(Up;) < M foreveryn € Z,t > ty. Define N := sup {tz —1n: o) =
P(n), 12 = 11 = fo} < 0.

Givenxg € T™no([to, 00)) and yg € T"no([to, o0)) withm < n,let y be a geodesic
in G3 joining xo and yp such that y = [x01,, (¢1)]U Vs U - - U V1 U[5,(2)yo] for
some ¢ > fy. Let t' > ¢ be defined as ¢’ := sup {s D) = D), s > t} <t+N;
thus dg, (r;o(t/), Tno(t’)) = &) = ®(r) and L(Vk,) = L(Uy ) for every k € Z.
Consider the curve y; in G7 joining xg and yg given by y; := [xo7u, (t)JUU,, ¢ U- - -U
Un—1,r Y. (") yol: thendg, (f (x0), f(y0)) < L(y1) < L(y)+2N = dg,(x0, o) +
2N.

Finally, since L(V, ;) < L(U,) < M foreveryn € Z,t > 1y, given x, y € Gz,
then dg, (f (x), f(y)) <dg;(x,y) +2N +2M. O

Lemmas 5.1 and 5.3 and the invariance of hyperbolicity, imply the following result.
Lemma 5.4 Let G be a periodic graph satisfying (5.1), liminf;_, o dg(no(?),
Tno()) > O and sup{n, — 1y : ®(t)) = ®(n), n = 11 = fo} < 00. If G is
hyperbolic, then G3 is hyperbolic.

Recall the definition of quasi-exponential decay given below Theorem 1.1.
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Lemma 5.5 Let G be any periodic graph. If G has quasi-exponential decay, then, for
any fixed ty, sup{tr —t1 : ©(t1) = ©(), tr > 11 > to} < oo and (5.1) holds.

Proof Fix ty and let K := supszzﬂzm(sz —s)P(s2)/P(s1) <o0. Ifh > 1 > 19
and (1) = D(rp), then 1, — 11 = (tn — 1)) P()/D(r;) < K. Recall that
liminf, .o F(t) = 0 and that ®(¢) < F(t). Given ¢ > 0, take r, = inf{r € R :
®d(s) < eforalls > t}. Clearly, F(t;) = ®(t,) = e. Lett > t.. If F(t) = ®(2),
then F(t) < & < K + ¢. Otherwise F(t) > ®(¢) and there exist #1, #, such that 7, <
t1 <t <tand F(t;) = ®(t)) = ©(t) = ®(tr) = F(tp) < &. Then, F(t) > F(t1)
and, since F is Lipschitz, F(t) — F(t1) <2t —t1), F(t) — F(tz) < 2(t — t), and
thus F(t) < th —t1 + F(t;) < to — t; + €. Using that t, — #; < K, one deduces
F(t) < K 4+ ¢. Consequently, lim sup,_, ., F(t) < K < oo and (5.1) holds. O

Given a periodic graph G, a geodesic in G3 is a fundamental geodesic if it is
equal to UZzz,,an,, for some ny,ny, € Z,t > ty. Define £(G3) := sup {L(y) :
y is a fundamental geodesic in G3}.

Lemma 5.6 Let G be a periodic graph.

(D) If £(G3) = oo, then G35 is not hyperbolic.

(2) £(G3) < oo if and only ifsupxzzﬂzm (52 — 51)DP(52)/DP(s1) < o0. In fact, if
supszz‘YlZ,o(sz —51)D(52)/D(s1) =: K < 00, then £(G3) < 8K.

Proof (1) Assume first that £(G3) = oo. Note that if Uﬁin] V.t 1s a fundamental

n2+tk Va .t 1s also a fundamental geodesic for every k € Z; hence,

geodesic, then U, =/ Lk

L£(G3) =sup{L(y): y = UZZZO Vo 1s a fundamental geodesic in G3} .

Consider any fixed fundamental geodesic o0 = UZiOV,” for some ny € N, 1t > 19,
with L(0) = £. Since £(G3) = o0, one can find 1" > ¢ + £ such that 6’ = U2, V,, »
is also a fundamental geodesic. Define o1 := no([t, t']), 02 := nu,+1([#, 1']) and the
geodesic quadrilateral Q := {0, 01, 02, 0'}.

If p = no(t +€/4), then dg,(p, o) = £/4, dG,(p, o’) > 3£/4; choose s > 0 so
thatdg,(p, 02) = s+ 4+n)®P(s+1+£/4).If s > £/4,thendg,(p, 02) > s > £/4.
If0 <s < ¢€/4, thendg,(p,02) = 2(s +£/4) = 3L/4 + (1 + no)P(s + 1t + £/4).
Since o is a geodesic, £ < 2(s + £/4) + (1 + np)P(s + t + £/4), and therefore,
dg,(p,02) > £ —3¢/4 = /4. Hence, 26(G3) > §(Q) > £/4 and we conclude that
G3 is not hyperbolic, since £(G3) = oo.

(2) Assume now that / := £(G3) < oo. Lets; >ty and n € N with n®(sy) > [.
Therefore, UZ;(I) Vi.s, 1s not a geodesic joining no(s1) and n,(s1); then there exits
s2.0 > 51 Withn®(s1) > 2(s2,, — 51) +nP(52,0) = dg5(n0(s1), na(s1)). Itis possible
to choose the sequence {s2 ,} with 52 ,41 > s2,. Hence, 2(s2, — 51) < n®(s1),
UZ;(I) Vi.s,,, 18 a fundamental geodesic and n®(sz,,) < [. We conclude that 2(s2,, —
D)@ (52,)/ D (51) < nD(s) D (52,0)/ P(s1) < L.

Furthermore, dg, (n0(s2,0), Tnt1(52,0)) < (n + D®(s2,,) < 2nP(s2,,) < 21
Since any sub-arc of a geodesic is again a geodesic, it is clear that 2(s2 ;41 — $2,,) <
252,01 =52, + 1+ DD (s52,541) < (14 DD (s2,,) < 2, and then s 41 < 52,0 +1.
If 52 € [s2.0, $2.n+1], then
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D (s2) P(s20) _ !

D(s2.,) l
[ — — =<
D(s1) < G2n+l=s1)

3
> -

+1

(52 = 51) ) 2 @)

Let ng be the least integer such thatng®(s1) > [. Thus,ng®(s1) = (ng—1)P(s1)+
D(s1) <1+ D(to) and 2(s2,ny — 51) < 2(52,n9 — 51) + 10 P(52,59) < noP(s1) <
[+ ®(1p). If 52 € [51, 52,5, ], then

D(s 1
(s2 —s1) (2) _ $2.m9 — 81 < 5(1 + @ (1)),

P(s1) —

and we conclude, since £(G3) < oo implies lim,,_, 2 , = 00, that

sup (s2 — 1) <
szznpzto D(s1)

®(s2) < max {% , %(l + @(to))}.

For the reverse implication, let K := SUDPg, >, 51, (52— 51) P (52) /D (51) < 00. Then,
any fundamental geodesic Uk, <p <k, Vi.s satisfies

O]
(ka — k®(s) < 2K + (ka — k)@ (s +2K) + 2K < 4K + (ky — "I)K_z(zz) ’

L(Uk15n<k2 Vn,s) = (ko — k)P (s) < 8K.

Notice that this means that for a fixed s, a fundamental geodesic cannot cross arbitrarily
many 7" yy(s). O

Lemma 5.7 Let G be any periodic graph with quasi-exponential decay. Then G3 is
hyperbolic.

Proof Tt will be enough to show this result for triangles whose sides are certain geodes-
ics which will be introduced below, the canonical geodesics, since any other geodesic
of G3 will be close to one of these.

Consider a parametrization ng of yy satisfying

sup (s2 —s1)P(s2)/P(s1) =: K < 00. 5.2)

$22>81=10
Let x1, x2 € U,ezT"no([ty, 00)). Without loss of generality, x; = T"'no(¢;) and

x3 = T™"no(ty) with ny < ny. Define g(t) :=t —t1 + (np —ny)®(t) +t — 1, and
let ¢ be such that

g(t") =inf {g(r) : t = max{r, n}}.
Note that this infimum is, in fact, a minimum, and that the curve
Yxixy = [xlTnan(t/)] ) (Un1§n<n2 Vn,t’) ) [Tn2n0(t/)x2]

is a geodesic in G3 with dg, (x1, x2) = L(yxx,) = g(t'), referred to as a canonical
geodesic joining x1 and x3. If n1 = ny, then yy,, is a segment on 7" yy.
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Any other canonical geodesic o in G3 joining x; and x; will be at a fixed distance
from a canonical geodesic: indeed, if there exists another canonical geodesic with
g(t") = g(t") (one can assume that t” > t'), then 8K > (np, — n1)®(t') = 2(t" —
')+ (np —n1)®(t”) by Lemma 5.6, and hence t” — 1’ < 4K.

More generally, if o is any geodesic joining x; and x» which contains just one
fundamental geodesic, U, <n<n, Vu.s, for which tp < t < max{t|, b} := 7, then
@ (1) = P(7) and the curve o’ := [x1 7" 1o (t)] U (Un, <n<ny Var.r) U [T™200(T)x2] is
a canonical geodesic. By (5.2), 7 —t < K; sincet’' — 7 <4K,t —t < 5K, and thus
H(0, Yain) < 5K + D(19)/2.

Finally, if o contains at least two fundamental geodesics, applying the same argu-
ment one also gets H (o, Yy x,) < 5K + ®(19)/2.

Consider a geodesic triangle 7 = {x1, xp, x3} in G3 with its vertices lying on
U,ezT"yo, concretely, x; = T™no(t1), xo = T™no(t2) and x3 = T™no(t3)
with n1 < np < n3. Let 7p be the geodesic triangle in G3 given by 7y =
{Vx1x2+ Viaxss Vaixs)- If 7o is 8-thin, then 7 is (8§ + 10K + @ (#y))-thin.

There exist three fundamental geodesics g12 1= Up;<p<ns Visi € Viyxa» 823 1=
Unsr<n<ns Vs, C Vxox3 and g13 1= Uni<n<.n3 Vn,s3 - )/xm.Assume thats) < 57 < 53
(the other cases are similar). Note that L(Uy, <p<ny Viosy) < L(Up <n<ny Vis)) =
L(g12) < 8K;thus L(Uy <p<ny Vns,) < 16K and s3 — s < 8K. Clearly, from these
estimates, if p lies on one side of 7, then the distance from p to the union of the
other two sides is less than 24 K. Any other combination of vertices xi, x2, x3 gives
the same estimate.

Hence, §(7p) < 24K and §(7) < 34K 4+ ®(1y). Consequently, if H is any geodesic
hexagon in G3 with every vertex in U,c7T " no([ty, 00)), then §(H) < 434K +
D(19)) = 136K + 4D (1p).

Consider now any fixed geodesic triangle 7 = {xy, x2, x3} in G3 that is a sim-
ple closed curve. Assume that x1, x2, x3 € U,czT"no([to, 00)) (the other cases are
similar). For each x;, there exist n; € Z and t; > 0 such that x; € V,,, ; let xlf and
xlf/ be the endpoints of V,,, ,; since 7 is a simple closed curve, V,, , C 7. Consider
the geodesic hexagon H = {x{,x{,x}, x5, x5, x}. Since the vertices of H lie on
UnezT"no(lto, 00)), §(H) < 136K + 4D (o).

Given p € T, denote by §(p) the distance from p to the union of the two other
sides of T. Assume p lies on a side of H that is contained in a side of 7. Then,
8(p) <8(H)+ L(Vy, ;) forsomei = 1,2, 3. Since L(V,, ;) < ®(#;) < @(tp), then
3(p) <8(H) + P(tp) < 136K + 5P(19).

If plieson Vg, ;;, i =1,2,3), then §(p) < L(Vy,,1,) < ®(t). Hence, (p) <
136K + 5P (2p) and G3 is (136K + 5P (#p))-hyperbolic by Lemma A. O

Let G be a periodic graph with quasi-exponential decay. Fix a < b in {—oo} U
7 U {o0}. Define ng,b C G3 as the geodesic metric space given by ( Ug<n<b+1
T"no([t0, oo))) U ( Ua<n<b,t>1 Vn,,). Lemmas B and 5.7 have the following conse-
quence.

Corollary 5.8 Let G be any periodic graph with quasi-exponential decay. Then there
exists a constant § such that Gg”h is 8-hyperbolic for everya < b in {—oo}UZ U {oco}.
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Next, some results on curves which are shown to be quasi-geodesic are given.
The aim will be to construct a quasi-geodesic quadrilateral with large 6. Recall the
definition of D¢ (z, w) given before Corollary 3.5.

Let G be a periodic graph. In the next lemma, for ¢ € R and fixed 51 < s7, define ¢,
asa geodesicin G joining no (sa+1) with T'no(s2+1), ¥, as a geodesic joining no(s1 —1)
with Tno(s; — 1), and the curves &, ; == no([s2, 52 +1]) U, UT U---UT" "¢y U
T"n0([s2, s2411), Cne == no(s1, s1—t]) Uy UT Y U- - -UT" Ly UT o (L1, s1—1])
parameterized by arc-length.

Lemma 5.9 Let G be a periodic graph with inf ¢, dc(z, Tz) = 0. Let 51 < 52
and define the constants ¢ = dg (no(sl), Tno(sl)), ¢ = dg (no(sz), Tno(S2))
and ¢* = max{ci,c}. Let n € N and ¢ € R*" be so that c*n < 2(sy —
s1) and d(;(no(s),Tno(s)) > ¢ for all s € [s1,82] If r,u > 0 satisfy
L(,,) = ming>o L(&,;) and L(y,y) = ming=o L($y), then the quadrilateral
Q= {no([sl, sz]), &nr, T"no ([sl, sz]), Cnutisa (3c* /e, 2¢*)-quasigeodesic quadri-
lateral and §(Q) > c(n —2)/12. In particular; if n is the integer part of 2(sy — s1)/c*,
then §(Q) > c(s2 — s1)/(6c™) — c/4.

Proof To show that Q is a quasi-geodesic quadrilateral, it suffices to show that &, ,
and ¢, ; are quasi-geodesics. In fact, by symmetry, it is enough to show it just for, e.g.,
En.r-

Let &, -(s) and &, - (¢) be any two points on &, . Without loss of generality, t > s.
Since &, , is parameterized by arc-length, dg (é‘,,,, (), &n.r(1)) < Lg(n.r |[s,,]) =t—s.

For the lower bound, suppose &, ,(s) € T/ G*, Enr(t) € T2-1G* with 0 < j; <
Jj2 < n. Assume that &, ,(s), &, (1) & no([s2, s2+r1) UT"no([s2, 52+ r]) (the other
cases are similar). Lett; < s <t < t,besothat&, ,(t;) € T/'yyand&, () € T2yp.

Recall the definition of Dg. By Corollary 3.5, it will be enough to bound D below.

Note that Dg (£, (1), &nr(12)) = 327 (dg(xj, T 'xj11) + d6 (T )1,

J=h
xj+1)) + dg (xj,, & (2)) for appropriate {x;}. Choose i so that ji < i < j, and
de (T 'Xi41, xi41) = minj <j<j, dg(T"'xj41, xj41). Consider i := T¥ng as a

parametrization of Ty for any k € Z. Then

dg (En.r (1), T xig1)
+(2 — j1de (T xig1, xi1) +d (T2 xig, &0 (1))

J2—1
=< Z (d(xj, T xj51) +da (T x40, xj41)) +dG (X, Enr(12))
J=j
< (o — j0dc(no(s2 +r), Tno(sz +1)). (5.3)

If the second inequality in (5.3) is an equality, then Dg (&, r(t1), &n.r(02)) = 2 — 11
and dg (§,.,(t1), &n.r(12)) > (t2 — 11)/3. Otherwise, the second inequality in (5.3) is
strict.

Define a := 1! (xi+1). Then (5.3) gives that L(&,.4—,) < L(&,r). Therefore
a < sy by the definition of &, . Also, a > sy, since otherwise L(§,,,) > L(&,,4—s,) >
2(s2 — 51) = can = L(En0) = L(Enr).
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Hence 51 < a < s and then dg (T~ 'xi11, xi41) > ¢ = dg (no(s2), Tno(s2))c/c2
and (5.3) gives

DG (Enr (1), Enr (12)) = dg (Enr (1), T 1) + (o — j1) de (T X141, Xis1)
+dg (T2 x4, 60 r ()

c . .
6(12 — j1)dc(no(s2), Tno(s2))

%

c ..

> o (jo — j1) dg (no(s2 +r), Tno(s2 + 1))
C

=—(r—1).
e

By Corollary 3.5, (t2 — t1)c/(Bc2) < dg (Sn,r(tl), f;‘n,,(tz)), and, by the triangle
inequality,

A6 (Enr(5), Enr (1)) = dg (Enr (1), Enr(22)) — 202 > 3102@2 —1) =2

> S (=9 =26,
k1)

Any other case gives the same inequality. Thus, &, , is a (3cz2/c, 2¢2)-quasigeodesic.
Finally, let us estimate §(Q).
Let p be the midpoint in 1o([s1, s2]). By Corollary 3.5,
_ %

§2 — 81 . c*n

2 4

dG (p. &n.r N (U T y0)) = dg(p, no(s2)) =
Therefore,

dG (. &nr) = dG(p. Enr N (UeT y0)) — (1/2)dg (n0(s2 + 1), Tro(s2 + 1))

*

> dg(p, &nr N (U T ) — (1/2)dG (n0(s2), To(s2)) > %
. c*(n—2)
-2

C*
2

Similarly, dg (p, ¢n.u) = c*(n — 2)/4.

As above, Dg (p, T”no([sl,sz])) > min{cn, (s2 — s1)/2} > min{cn, c*n/4} >
cn/4 and then, by Corollary 3.5, dg (p, T"no([s1, sz])) > ¢n/12 and, since ¢ < c*,
3(Q) > cn—2)/12. O

For Lemma 5.10 below, it will be useful to keep in mind the definition of fine
triangles. Given a geodesic triangle T = {x, y, z} in a geodesic metric space X, let
Tk be a Euclidean triangle with sides of the same length than 7. Since there is no
possible confusion, denote the corresponding points in 7 and Tg by the same letters.
The maximum inscribed circle in Tg meets the side [xy] (respectively [yz], [zx])
in a point 7 (respectively x’, y) such that d(x, z’) = d(x, "), d(y,x") = d(y,7)

@ Springer



Gromov Hyperbolicity of Periodic Graphs S109

and d(z, x") = d(z,y’). We call the points x’, y', z’, the internal points of {x, y, z}.
There is a unique isometry f of the triangle {x, y, z} onto a tripod (a star graph
with one vertex w of degree 3, and three vertices xg, g, zo of degree one, such that
d(xo, w) = d(x,z') = d(x,y"), d(yo, w) = d(y,x") = d(y,2'), and d(z0, w) =
d(z,x") = d(z,")). The triangle {x, y, z} is 8-fine if f(p) = f(g) implies that
d(p, q) < 6. The space X is 6-fine if every geodesic triangle in X is §-fine.

There are two definitions of Gromov hyperbolicity (the second one is the definition
of fine space) whose equivalence will be useful to quantify (see, e.g, [17, Proposi-
tion 2.21, p. 41]):

Theorem A Let us consider a geodesic metric space X.
(1) If X is 6-hyperbolic, then it is 45-fine.
(2) If X is §-fine, then it is §-hyperbolic.

Finally, for Lemma 5.10 below, some notation needs to be introduced. Let G be a
periodic graph. Fix a parametrization 1o of yp and zy € R. Consider points x € T"G*,
y € T"T*G*, withn € N, k > 4, so that if y is a straight geodesic in G from x to y,
then there exists x; € y N T/ yq with sjo= nn_ij(xj) >nfor2 <j<k-—1

In Gy, consider the curves g; := ntj.s; U [xj+1Tx;] joining x; and x4 for
2 < j <k—2,andthecurve g := [xx1]U[x1x2]UU@<j<k-2)8;) Ylxk—1xk]U [xk y]
joining x and y in G.

Lemma 5.10 With the above notation, if G satisfies (5.1) and G* is hyperbolic,
then g with its arc-length parametrization is an («, f)-quasi-geodesic in G| and
Hg,(g,v) < H, where a, § and H are constants depending just on §(G7) and
M := sup,-, dg (no(t), Tr;o(t)). In fact, (a, B) = (3, 88(GY) + 6M).

Proof Lety : [0, o] — G be an arc-length parametrization of y and let g : [0, ] —
G be an arc-length parametrization of g; then dg, (g(t1). g(12)) < |t — t2| for every
t,n € [0,1].

To obtain a lower bound, note that M < oo by (5.1); then every segment U, ;
with ¢+ > 1y has length at most M. Fix 1, € [0,I] with #; < #. Assume first
that g(11), g(t2) € Tt/ G7 for some j with 2 < j < k — 2. Consider the geodesic
triangle 7; = {[xjx;4+1], Un+js;s [xj+1Tx;]} in T”+jG’f. Since G* is hyperbolic,
G7 is hyperbolic by Lemma 5.2 and the triangle 7; is 46(G7)-fine by Theorem A.

Let [ag, bo] := y~'([xjxj31]), [a.b] := g7'(g;) and ¢ := g~ !(Tx;). By the
triangle inequality, bo — agp < b — a, thus one can choose c1, ¢c2 € [a, b] such that
c—c1 = ¢y —c > Osatisfying (c; —a)+ (b —c2) = bo—ay. Finally, pick ¢y € [ag, bo]
withcy —a =cy9 —agand b — ¢y = by — ¢p.

Define u : [a, b] — [ao, bo] as the piecewise linear continuous function

t—a-+ag, iftela,cq],
u(t) := 1 co, if 1t € (c1, c2),

t —b+by, ifteco,b].

Since 7; is 46(G7)-fine, dg, (g(t), y(u(t))) <48(G)) +c—c1 <48(G)) + M.
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Therefore, by the triangle inequality,

dg, (8(1), 8(12)) = dg, (y (1)), y (u(t2))) — 88(G}) — 2M
=u(ty) —u(r)) — 83(G7) —2M
>t —1t —(cp—c1) — 85(GT) —2M >th) —t — 85(GT) —4aM.

Since [xx1] U [x1x2] and [xx—1xx] U [xxy] are geodesics in G, the above inequality
also holds if g(z1), g(r2) € T”“LJ'G]k for some j € {0, 1,k — 1, k}.

Assume now that g(t1) € T"T/1G} and g(t,) € T"T2G% with ji < jo. Let
r1,72 € [t1, 2] such that g(r;) = xj,+1 and g(r2) = xj,. The previous argu-
ment with the function u provides ¢}, #; satisfying y (1) € T+ Gl, v(3) €
THRGY, dg, (g(t). v (1)) < 48(GY) + M. dg, (3(). y (1)) < 48(G)) + M,
dg, (y(tl*), le+1) >ry—t —2M and dg, (y(t%‘), sz) > tp —rp — 2M. Now, using
Corollary 3.5,

d, (g(t), (1)) = dg, (v(t]), v (1)) — 88(G}) — 2M

= dG] (V(ﬁ*), xj1+1) + dGl (le-i-l’ xjg) + dG] (V(t;)’ sz)
—88(G¥) —2M

1
zrl—tl—2M—|—g(rz—rl)—i-tz—rz—ZM—SS(G’f)—2M

=

(tp —11) — 88(GY) — 6M,

WO | =

and we conclude that g isa (3, 88(G’1k)+6M)-quasi-geodesic in G1. Since G7 ishyper-
bolic, the geodesic stability gives that Hg, (gj, [xij_l]) = HTnJerT (gj, [xij_l])
< Hfor2 < j < k — 2, where H is a constant depending just on §(G}) and M.
Hence, Hg, (g, y) < H. O

Remark 5.11 The argument in the proof of Lemma 5.10 proves, in fact, a more general
result. On the one hand, the conclusion holds (with the same constants) if one replaces
gj by [x;x; 1] for any subset of {2 < j < k — 2}. On the other hand, the conclusion
also holds (with the same constants) for non-straight geodesics: it suffices to consider
each connected subcurve of y N 7"/ G* joining T/ yy with T/ * 1y instead of
[x;x;11] (if a connected subcurve of y N 7"+ G* joins two points in 7"/ one can
replace it, in order to obtain g, by the geodesic contained in 7"/, with the same
endpoints; in a similar way, if it joins two points in 7”+/*1y, one can replace it by
the geodesic contained in 77+/+1y with the same endpoints).

Lemma 5.12 Consider a periodic graph G and a parametrization no of yo satisfying
both (5.1) andlim,_, _~ dg (770 (), Tno(t)) = 00. If G* is hyperbolic, then there exists
a constant to with the following properties:

() Ifx € Ty, y € T" 'y and [xy] is a geodesic in T"G* joining them, then
there exist p, sx, sy sothat p € [xyland sy, sy > to+68(G*) withdg (p, T" Uo(Sx)) <

28(G*) and dg (p, T" o (sy)) < 28(G™).
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(2) Let y = [xy] be a geodesic in G, with x € T"(G*), y € T"t*(G*) and k > 3.
Let xj € T"Hyyny,2<j<k—1 Then x; = T”'”no(s]) with s; > to for
2<j<k-1

Proof (1) Givenx € T"ypandy € T" 1y, since lim inf/—, 400 dg (n0(t). Tno(1)) =
0, there exists ¢ large enough such that the geodesic [7"no(1)T" ' no(t)] in T"G*
satisfies dg ([xy], [r" no(t)T"+ln0(t)]) > 28(G*). Consider the geodesic quadri-
lateral Q = {x,y, T"no(r), T"no(r)} in T"G*, that is 28(G*)-thin. Then for
every ¢ € [xy] one has dg(q. [xT"no()] U [yT""'no(t)]) < 28(G*). Hence,
there exist a point p € [xy] such that dg(p, [xT"no(1)]) < 28(G*) and
dg (p, [yT"+1n0(t)]) < 28(G™). Choose sy, sy such that dg (p, T"TIO(Sx)) < 28(G™)
and dg (p, T"*'no(sy)) < 28(G*). Then dg (T"no(sx), T" 'no(sy)) = 48(G*)
and by Corollary 3.4, dg(T"no(sx), T" " 'no(sy)) < 2dG(T™no(sy), T" ) <
2dg (T"0(s:), T"+ ' 10(sy)) < 85(G*).

A symmetric argument gives dg(T"no(sy), T"'no(sy)) < 88(G*). Since
lim;— _oo dG (n0(t), Tno(1)) = o0, there exists a constant 7y such that dg (1o (1),
Tno(1)) > 88(G*) for every 1 < g + 65(G*); hence, sy, 5y > 1o + 65(G*).

(2) Fix x; = T"+jn0(sj) with 2 < j < k — 1. By (1), there exist p €
[xj_1x;1 0 T"H=1G*, p' e [xjxj41]1 N T"HG* and s,s" > to + 68(G*) such
that dg (p. T"*/n0(s)) < 25(G*) and dg (p', T" o (s')) < 25(G*).

By symmetry, assume that s > s’. Assume also that s; < s’, since otherwise
sj = s" > 19+ 65(G*). Thus

da(p, p') < dg(p, T"no(s)) +dg (T" 7 no(s), T"no(s"))
+dg (T no(s"), p')
< 48(G*) +dg (T no(s), T"no(s")),

dg (xj. " no(s")) + de (T no(s"), T" o (s))
=dg(xj, T"no(s))
<dg(xj, p) +dc(p. T" " no(s))
<dg(xj, p) +28(G*) <dg(p', p) +28(G*)
< 68(G*) +dg (T"no(s). T" o (s")).
and thus dg (xj, T" " no(s")) < 68(G*). Since 68(G*) > dg(xj, T" no(s')) =
s'—sj > 19+ 68(G*) — s, one gets 5; > 1. O

Lemma 5.13 Let G be a periodic graph with quasi-exponential decay and G* hyper-
bolic. Then there exists a constant N such that Hg (g1, g2) < N for every geodesics
g1, &2 in G with the same endpoints and g, C yp.

Proof Consider first the case go C szonG*. Define np ;= max{j € Z : g2 N
TIG* # ). Let {gjl., cees g;j} be the connected components of g N T/G* and
Gi={gil1<i=<rj,0<j<m)
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If n, = 0, then Hg (g1, g2) < H(8(G*), 1,0), where H is the function of the
geodesic stability (see the paragraph after Lemma A). _ _

If ny > 0, for each g;,,, define y,,, as follows: if g, joins T"2no(s") and T"2no(z")
with s' < 7', then y, 1= T"2no([s', ']). Let g5 be the geodesic in Uyp<<u,— 17/ G*
obtained from g by replacing each g, by y,,; then He (g2, gy) < H(8(G*), 1,0).
In a similar way one can find a geodesic g) contained in Up< anQ,sz G* with
He (g2, 85) < 2H(8(G*), 1,0) (if np > 2). Hence, if np < 2, then Hg (g1, g2) <
3H(5(G¥), 1, 0). Assume now that np > 3. . A _ _

For each g; € Gwith 1 < j < np — 2, define yJ’. as follows: if g; joins T/ no(s;)
and Tj“no(t;) with sj. < t;, then y} = Tjno([s.’}., t;]) U Uj’,;-_
y; = Tjno([t;., s;]) U Uj,sj-; if g§. joins Tjr;o(s}) and Tjno(t;.) with sj. < t;'., then

s if s’} > tj., then

yj’: = T/no([s;, t;'-]); ifgi. joins Tf“no(sj.) and Tj“no(t;) with sj. < t;'., then y]’f =
Tj“no([sj., t;]). Define I as the set of indices 1 < i < rq such that gé joins Tno(s(i))
and Tno(té) with s6 < té; define yé = Tno([s(i), té]) for every i € 1. By Lemma 5.5,
the relation (5.1) holds and then, by Lemma 5.12, s;, t; > 1o, where 1y is the constant
in Lemma 5.12, and therefore y} C G1.ByRemark 5.11, Hg, (gé-, y;) < Hy, where
Hy is a constant depending just on §(GY) and on sup,, dc (no(t), Tno(?)).

Define y2 = (g5\((U}2," UL185) U (Vier 8)))) U (U757 UL 7)) U (Urer 7).
Therefore, Hg, (g2, v2) < Hy := Hy +2H(6(GY), 1,0).

By Remark 5.11, y» is an («, §)-quasigeodesic in G (with its arc-length parame-
trization), where «, 8 are the constants in Lemma 5.10. Let y; := yzﬂ(U;fflsz G*) C
G». Note that )/2’ is connected and joins two points in T'yy. Since dg, < dg, on G2,
¥5 is also an («, B)-quasigeodesic in G».

By Lemma 5.5, sup{r, — 11 : ®(11) = ®(2), 12 = 11 > fp} < oo and (5.1)
holds. Hence, by Lemma 5.3, there exists a quasi-isometry f~! : G, — G3 and there
also exist constants &', B/, which just depend on G, such that f~!(y,) is an (¢/, B)-
quasigeodesic in G3. Note that G3 is hyperbolic by Lemma 5.7; therefore, if y; C Ty
is the geodesic joining the endpoints of f~!(y;) in G3, then Hg, (¥4 ) <
Hs := H(8(G3), o, B'). Since f is the identity map on U,z T"no([t0, 00)), f(¥}) C
Ty is a geodesic in G joining the endpoints of y;; since f is a quasi-isometry, there
exists a constant Hy4, which just depend on G, such that Hg, (f (y3’), ¥5) < Hy. Since
dg, < dg, on G2, Hg, (f(v}). v3) < Ha. Define y3 := (12\3) U f(}) C G then
He, (v3.v2) = He, (f(¥3), v3) < Ha and Hg (82, v3) = Ha, (82, v3) < Hi + Ha.
Since y3 is a geodesic in G* with the same endpoints that g1, one gets Hg (3, g1) <
H((G*), 1,0) and Hg (g1, g2) < Hi + Ha + H(3(G¥), 1,0).

Hence, if go C szoTj G* the lemma holds with N = H| + Hs + H(8(G™), 1, 0).
If g2 C Uj<T/G*, the same result holds by symmetry. The general case follows
by applying these two cases to the connected components g21,..., 82, of g2 N
Uj>0 T/ G* and to the closure of the connected components of g5\ U?”zl 82,j- O

Corollary 5.14 Let G be a periodic graph with quasi-exponential decay and G*

hyperbolic. Then for each geodesic y in G there exists a straight geodesic y' with the
same endpoints and Hg (v, y') < N, where N is the constant in Lemma 5.13.
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Proof Fix a geodesic y : [a,b] — G with y(a) € T"G*, y(b) € T"G* and
ny < np. Assume that y N T™yy # @ (otherwise, we consider T"I‘Hyo instead of
T yp) and that y N T2y £ @ (otherwise, we consider 7”2y instead of 7271 y).
Define inductively s;,¢; (n1 < j < na + 1) as follows: s,, := min{t € [a,b] :
y(t) € T}, ty, = max{t € [a,b] : y(t) € T"'y}, s; = min{r € (tj_1,b] :
y(t) € T/w}, t; := max{t € (tj_1,b] : y(t) € T/y}. We define also y/ :=
[y(spy)] C T/yoforny < j <np+1.

By Lemma 5.13, Hg (v ([sj. t;]), /) < N.Then y’ := (y\ U;’Zl} ys;, tj])) U

( yretl y-/) is a straight geodesic in G and that Hg (y, y') < N. O

J=n1

Finally, let us show the proof of the second part of Theorem 1.1.

Proof (Second part of Theorem 1.1). Assume that G is hyperbolic. Lemma B implies
that G* is also hyperbolic.

Since inf ¢y, dG(z, Tz) = 0, without loss of generality one can consider only
arc-length parametrizations ng of yg for which liminf,_, {  dg (no(t), Tno(t)) =0.
Fix one of these. It will be shown that lim; ., _~, F(t) = oo, where F(t) :=
dg (no(t), Tno()). Indeed,

(a) Assume that liminf,;_,_o, F(tf) = 0. Then there exists a sequence of posi-
tive numbers {cy} converging to 0 and two sequences {s1 .}, {s2.x} C R such that
limg— 00 52,k = 00, liMg— 00 51,k = —00, F(s1.4) = F(s2,4) = ck, and F(t) > ¢ for
every t € [s1 ., s2,k] and every k. Therefore, Lemmas 2.1 and 5.9 imply that G is not
hyperbolic.

(b) If 0 < liminf,, _ F(¢) and limsup,_, _, F(t) < oo, one can also easily
construct quasi-geodesic quadrilaterals Q with §(Q) arbitrarily large, and thus G is not
hyperbolic (by lemmas 2.1 and 5.9). (The Cayley graph of Z2, for which 1 < F(f) < 3,
is a basic example of this situation.)

(c) Assume that liminf; , o, F(t) < oo and limsup,_, _., F(f) = oco. Note that
F is a Lipschitz function; in fact, |F(t;) — F(t2)| < 2|t; — t2|. Fix a constant ¢ >
liminf,, _o F(t). There exist two sequences {s1 }, {s2.x} C R~ such that F(s; ) =
F(s2k) = ¢, F(t) > c for every t € [s1k,52k] and F(t;) > k for some # €
[51,k, 52.k], for every k. Since F is 2-Lipschitz, so x — s1x > k — ¢ for every k, and
then limg_, oo (s2,k — s1,k) = 00. Therefore, Lemmas 2.1 and 5.9 give that G is not
hyperbolic.

Thus, lim;_, o, F (1) = oo.

The argument in (c) also gives lim sup,_, , o, F'(t) < oo since liminf; 1o F(¢) =
0; then (5.1) holds.

Assume that G has not quasi-exponential decay, so supy, -, > (s2 —s1) P (s2) /P (s1)
= 0o. By Lemma 5.6, £(G3) = oo and G3 is not hyperbolic and, by Lemma 5.4,
since G is hyperbolic, sup {tz —t1: () = D), nh =1 > O} = oo. Consider
th >t > 0 with ®(t;) = ®(r) < P(0) which are maximal in the following
sense: ®(t; — &) > O(#1) and O(p) > P(r» + ¢) for every ¢ > 0. Therefore,
D(t1) = F(t1) = ®(n) = F(tr) and F(t) > F(t1) = F(p) for every t € [t1, 12].
Lemma 5.9 (taking ¢; = ¢ = ¢* = ¢ = F(t1) < ®(0)) provides a (3, 2®(0))-
quasigeodesic quadrilateral Q with §(Q) > (f, — t1)/6 — ©(0)/4. Hence, Lemma
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2.1 shows that G is not hyperbolic. This is a contradiction. Therefore, G has quasi-
exponential decay.

Let us show the other direction by assuming that G* is hyperbolic and G has quasi-
exponential decay. By Lemma 5.5, sup{ts — #1 : ®(#1) = ®(2), » > 11 > fp} < 00
for any fixed 79, and (5.1) holds.

Fix any geodesic triangle 7o := {z1, 22,23} in G, with z; € T"G* for 1 <i <3
and n1 < ny < n3. One just needs to deal with the case n; + 4 < no < n3 — 4; the
other cases are similar and simpler.

By Corollary 5.14, without loss of generality, assume that the geodesics of 7y are
straight.

By Lemma 5.12 there exists a constant f such that if x € 7o N T"yy with either
nm+2<n<ny—1lorny+2<n<nz—1,then (T"n9) "' (x) > to. Consider the
geodesic metric spaces G1 and G, defined after (5.1) (with this constant #p) and recall
G1 = G U Gy; since G is an isometric subspace of G1, 7y is also a geodesic triangle
in Gl.

Since (T"n0) " '(x) > 1y if x € To N T"yy with either ny +2 < n < np — 1
ornpg +2 < n < n3 — 1, and the geodesics of 7y are straight, by Lemma
5.10, there exist (a, B)-quasigeodesics g12, g13 and g3 in G such that g;; joins
z; and z;, and Hg,(gij,[zizj]) < H, where H only depends on 8(G’1‘) and
v = sup,>, dc(no(t), Tno(?)), o = 3 and B = 83(GY) + 6v (recall that G7 is hyper-
bolic by Lemma 5.2). Furthermore, g1» = [z122]in T"'GF U TG U T2~ 1GT U
T"G%, g3 = [z2z3] in TG U T™FIGY U TG U T™GY, g13 = [2123]
in TG} U T"TIGY U T1GY U TG U TG U TG U TG,
g2 N (Un1+l<n<nz—lTnGT) C Gy, g3 N (Unz+l<n<ng—lTnGT) C G, g3 N
{(Un1+l<n<n2—1TnGT) U (Un2+1<n<n3—lTnGT)} C Gy. Then 7; := {g127 813, 823}
is an (o, B)-quasi-geodesic triangle in G.

Define G(77) and G3(77) as the geodesic metric spaces given by

G2(Th) == T" G UT" T GT U (Unyt1<n<ny—1.1210 Unit)
UTmTIGYrU TG U TG
U (U112+1<n<n371,t2to Un,t) ) Tn3_1GT UT"™GT,
G3(T1) := T" GTUT" ' G U (Unt1<nemy—1.uz10 Vinr)
UTmTIGTU TG U TG
U (Un2+1<n<n3—l,t2to Vn,t) U T"3_IGT UT™GT.

Note that G,(77) is contained in G;.

By Corollary 5.8 there exists a constant §, which does not depend on n1, no, n3, 7y,
such that the subspaces Uy, r1<n<ny—1,r1>1o Vir a0d Upy il cnans—1,1>1 Va,r are 8-
hyperbolic.

Since G* is hyperbolic, by Lemma 5.2 there exists a constant §*, which does not
depend on ny,ny, n3, 7o, such that G} is 6*-hyperbolic. By Lemma B, 7" G} U
TGy, TG U TG U T GY and TG U T" G are (120)75*-
hyperbolic. Hence, by Lemma B, G3(7}) is (120)4 max{d, (120)28*}-hyperbolic.
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As in the proof of Lemma 5.3, one can check that G3(7;) and G,(7;) are
quasi-isometric (with constants which just depend on G*); thus, by invariance of
hyperbolicity, there exists a constant §; which does not depend on n1, ny, n3, 7y,
such that G,(77) is 8;-hyperbolic. Since 7; is also an (¢, 8)-quasi-geodesic trian-
gle in G2(71) C Gy, 7 is 8§-thin, where 83 is a constant that does not depend on
ny, ny, n3, Ty. Since dg, < dg,(7;)» we have that 7; is also 85-thin in G. Since
He, (8ij, [zizj1) < H, the triangle Ty is (85 + 2H)-thin in G;. Since 79 C G and
G is an isometric subspace of G1, the geodesic triangle 7Ty is also (85 + 2H)-thin
in G. O
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