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1 Introduction

Fractional calculus has emerged as an effective and powerful tool in the modeling
of many physical and engineering phenomena. One of the reasons for the popu-
larity of this subject is that fractional derivatives naturally describe memory and
hereditary properties of several materials and processes. Specific applications of frac-
tional calculus can be found in a variety of disciplines such as physics, chemistry,
statistics, economics, biology, biophysics, blood flow phenomena, control theory,
signal and image processing, etc. [9,22,28,30]. For some recent development in
the theory, methods, and applications of fractional calculus, we refer the reader to
[2,4,5,7,8,10,18,19,23,32] and the references therein.

The concept of nonlocal Cauchy problems introduced by Byszewski [12] is found
to be more practical than the classical Cauchy problems with the initial conditions
[13,14]. In the last few decades, several kinds of nonlocal problems have been stud-
ied. More recently, the topic of nonlocal-integral boundary conditions has attracted
a considerable attention. In most of the work dealing with nonlocal boundary value
problems, the contribution expressed in terms of the integral is related to the value
of the unknown function at a fixed point (left/right end-point of the interval under
consideration), for instance, see [1,3,25,34] and references therein.

In the present study, we introduce a more general variant of nonlocal-integral bound-
ary conditions, which relates the integral contribution due to a strip of arbitrary length
with the value of the unknown function at an arbitrary (nonlocal) point of the interval
instead of its value at a fixed point. Precisely, we formulate this variant of nonlocal-
integral boundary conditions as follows: x (&) o fn] x(s)ds, 0 < & <n < lor

x(&) =a f nl x(s)ds (a is constant of proportionality). Thus, we consider the fol-
lowing nonlocal boundary value problem of fractional differential equations with new
integral boundary conditions:

‘Dix(t) = f(t,x(t)), tel[0,1], 1 <qg<2,
1

x(0) =x0+gkx), x(&) =a/ x(s)ds, O0<é&<n<l1, xoc€
n

g (D

where “D? denotes the Caputo fractional derivative of order ¢, f : [0, 1] x R - R
and g : C([0, 1], R) — R are given continuous functions, and « is real constant.
As a second problem, we study the multivalued analog of problem (1.1) given by

‘Dix(t) € F(t,x()), t€[0,1], 1<qg <2,
1

x(0) =x0+gx), x(&) =a/ x(s)ds, 0<&<n<l, x€eR, 1.2
]

where F:[0,1] x R — P(R) is a multivalued map, P(R) is the family of all
nonempty subsets of R, and g(x) and a are the same as defined in the problem
(1.1). Moreover, g(x) considered in the problems (1.1) and (1.2) may be under-
stood as g(x) = Zf:l a;jx(tj) where aj, j = 1,..., p, are given constants and
0 <1t <--- <tp < 1. For more details we refer to the work by Byszewski [12,13].
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Nonlocal-integral Fractional Boundary Value Problems... 1345

For some real-world problems and engineering applications involving the strip con-
ditions similar to the ones considered in the present study , we refer the reader to the
works [6,15,29,31,33].

The paper is organized as follows. In Sect. 2, we recall some basic definitions from
fractional calculus and establish a lemma which plays a pivotal role in the sequel.
Section 3 deals with the existence results for the problem (1.1) which are shown by
applying Banach’s contraction principle and a fixed point theorem due to D. O’Regan.
In Sect. 4, we discuss the existence of solutions for the problem (1.2) by means of
the nonlinear alternative for contractive maps and the combination of the nonlinear
alternative of Leray—Schauder type for single-valued maps and a selection theorem due
to Bressan and Colombo for lower semi-continuous multivalued maps with nonempty
closed and decomposable values. Some examples are constructed for the illustration
of main results.

2 Preliminaries

In this section, some basic definitions on fractional calculus and an auxiliary lemma
are presented [22,28].

Definition 2.1 The Riemann-Liouville fractional integral of order ¢ for a continuous
function g is defined as

L[ g

q _
Fe®) = T'(q) Jo (t—s)1"4

ds, g >0,

provided the integral exists.

Definition 2.2 For at least n-times continuously differentiable function g : [0, c0) —
R, the Caputo derivative of fractional order ¢ is defined as

“Dig(t) =
g T

1 t
—/ (t—)" 1 1gMW(s)ds, n—1<qg<nn=I[q]l+1,
(n—q) Jo
where [¢] denotes the integer part of the real number q.

Lemma 2.1 Foranyy € L[0, 1] the unique solution of the linear fractional boundary
value problem

‘Dix(t)=y@t), 1<q=2,

1
x(0)=x0+gkx), x¢&) = a/ x(s)ds, te][0,1] 2D
n
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1346 B. Ahmad, S. K. Ntouyas

a9 tf ot a=s
x(t)—/o Tq)y(s)ds—i—z[a/o my(s)ds

T (11— s)? FE—9!
—a/o T+ 1)y(s)ds —/0 @) y(s)ds] 2.2)
+ 1+ S att = m = 1) o + g,
where
a 2
=§—§(1—77)750. 2.3)

Proof 1t is well known that the general solution of the fractional differential equation
in (2.1) can be written as

=) d 2.4
x(1) _c0+c1t+/ Ty(s) s, 2.4)

where cg, c; € R are arbitrary constants.
Applying the given boundary conditions, we find that co = xo + g(x), and

¢ —l(a(l— y—1) (xo + (x))+i[a JRCiatlil (s)ds
1= a n 0T8 2 A I‘(q+1)y
[T =) B /E € - ]
a/o F(q~|—1)y(s)ds A —F(q) y(s)ds t. 2.5)

Substituting the values of ¢, ¢ in (2.4), we get (2.2). This completes the proof. O
3 Existence results for single-valued problem (1.1)

We denote by C = C([0, 1], R) the Banach space of all continuous functions from
[0, 1] — R endowed with a topology of uniform convergence with the norm defined
by [lx|| = sup{|x(¢)| : ¢ € [0, 1]}. Also by L!([0, 1], R) we denote the Banach space

of measurable functions x : [0, 1] — R which are Lebesgue integrable and normed
1

by llxlli = / ()l

0
In view of Lemma 2.1, we define an operator P : C — C by

(Px)(t)—/ @ - )q_lf(s x(s))ds+i[a (- f(s x(s))ds
I'(q) ’ A 0 F(q+l)

T (- § (& —s5)4 1
_a/o Mg +1)f(S , x(s))ds —/0 Wf(s,x(s))ds]

+[1+ (a(l —n) — )](xo—i-g(x)), t €0, 1]. 3.1)
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Let us define Py 2.C — C by

t _ g1 _ ¢4
P (1) = /0 %ﬂs,x(mdwg[a / L= e x(snds

I'(q) o I'(g+1)
—a /O ' ﬁ'z +1)f(s x(s))ds — / %ﬂs,x(s))ds L (3.2)
and
(Pax)(t) = [1 + 4=y - 1)] (x0 + 8(x)). (33)
Clearly
Px)(t) = (P1x)(t) + (P2x)(t), te]0,1]. (3.4)

For convenience we introduce the notations:

1 1 [lal(1 +nath H
::—1 —_— e q X
Po r<q+1)[+|A|[ a1 5] G-
and
1
k0:='1+z(a(1—n)—1)‘. (3.6)

Theorem 3.1 Let f : [0, 1] x R — R be a continuous function. Assume that

(A |f@x)— f@ I <Lllx—yl,vt€[0,1], L>0, x,y eR;
(A2) g:C(0, 1], R) — R is a continuous function satisfying the condition:

lg@) —g@)| < Ellu—vll, € <ky', Yu,veC(0,11,R), €>0;
(A3) y :=Lpo+ kol < 1.
Then the boundary value problem (1.1) has a unique solution.

Proof For x,y € C and for each ¢ € [0, 1], from the definition of P and assumptions
(A1) and (A3), we obtain

T —s5)!
|(Px)(®) = (Py)®)| < A W!f(s,X(S))—f(s,y(S))!ds
1 (1

IAl[| | 0 l“(61+1)

n
+|a|/ ﬁ’z +1)|f<s x()) = f(s. y(s)|ds

If(s x() = f(s, y(s))|ds
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FE-9!
+ / T [f (s, x(s)) — fs, y(S))IdS}
0 (@)

#1410 = =112~ g0

"t —s)9! 1 [| | L1 =9
0

< L|x— ——ds+ — ——ds
| y”[o F(q) A C(q+ 1)

la |/" (n = /E (5_s)q_ldsH
rq +1) 0 T@

Flit X(““ —m = 1)|elx =yl

”[7 L[ jal (L + 77 & H
Mre+D Tl @+ Dre+ D T T+

1
+ 14+ (et —m) = 1) |elx = I

L Lla|(1+n"“) q”
_r(q+1)<[1+|A|[ qg+1 +¢

+‘1 -}-%(a(l —n)— 1)‘€)||x—y||

= (Lpo + koO)llx — ylI.

=Llx—

Hence

(Px) = (Pl = vlx =yl

As y < 1 by (A3), the operator P is a contraction map from the Banach space C
into itself. Hence the conclusion of the theorem follows by the contraction mapping
principle (Banach fixed point theorem). O

Example 3.1 Consider the following fractional boundary value problem

D32x(1) = (sinx +x)+1, tefo0,1],
1 1 . 1 1 1 (37)
x(0) == + ﬁtan (x(1/8)), «x (Z) =7 /1/3x(s)ds.

Here.q =3/2.x0=1/2, a=1/4, & = 1/4. n =1/3, f(t.x) = ——(sinx +

1
x)+1, and g(x) = {5 tan~' (x(1/8)). Since | £ (1, x) = f (¢, y)| < gl =il lgt) -

1
gy < I [lx — y|l, therefore, (A1) and (Ay) are respectively satisfied with L = 1/8

and £ = 1/12. Using the given values, it is found that A = 5/36, po =~ 2.00565, kg =
5. Clearly y = Lpg + kot ~ 0.667373 < 1. Thus, the conclusion of Theorem 3.1
applies, and the boundary value problem (3.7) has a solution on [0, 1].
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Our next existence result relies on a fixed point theorem due to O’Regan in [26].

Lemma 3.1 Denote by U an open set in a closed, convex set C of a Banach space E.
Assume 0 € U. Also assume that F(U) is bounded and that F : U — C is given by
F = F| + F», in which F) : U — E is continuous and completely continuous and
F> : U — E isanonlinear contraction (i.e., there exists a nonnegative nondecreasing
function ¢ : [0, 00) — [0, 00) satisfying ¢(z) < z for z > 0, such that || F>(x) —
P> < ¢(lx — yl) forall x, y € U). Then, either

(Cl1) F has a fixed pointu € U or B
(C2) there exist a pointu € oU and A € (0, 1) withu = AF (u), where U and 0U,
respectively, represent the closure and boundary of U.

Let
Qr={x € C0, 1, R) : [Ix]| < r}
and denote the maximum number by
M, =max {|f({, x)|:(t x)e[0,1] x[—rr]}.

Theorem 3.2 Let f:[0,1] x R — R be a continuous function. Suppose that
(A1), (A2) hold. In addition we assume that

(A4) g(0) =0;

(As) there exist a nonnegative function p € C([0, 1], R) and a nondecreasing func-
tion ¥ : [0, o0) — (0, 00) such that

If @ Wl < p@Oy(ul) forany (t,u) € [0,1] x R;

r 1

(Ag) sup where po and kg are defined in (3.5)

> b
re(0.00) kolxol + po¥ (M) lipll - 1 — kot
and (3.6), respectively.

Then the boundary value problem (1.1) has at least one solution on [0, 1].
Proof By the assumption (Ag), there exists a number ro > 0 such that

70 1
> .
kolxol + poy (ro)lipll 1 — kot

(3.8)

We shall show that the operators P; and P, defined by (3.2) and (3.3), respectively,
satisfy all the conditions of Lemma 3.1.
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1350 B. Ahmad, S. K. Ntouyas

Step 1. The operator P is continuous and completely continuous. We first show
that P (Qro) is bounded. For any x € Qro, we have

(t—s5)1! ba
1P|l _/ T | f (s, x(s))|ds + |A|[| | A r(q+1)|f(s ,x(s))|ds
T (n &
+al @ +1)|f(s x(s))|ds+/ —|f(s x(s))|ds}
M [ L [lald 4Tt qH _
< PR [1+ |A|{ o + &7 |Ipll = My pollpll.

Thus, the operator 731(&_2,0) is uniformly bounded. For any #1, ; € [0, 1], 1] < t2, we
have

|(P1x)(12) — (P1x)(11)]
1
< %/ [t =77 = @ = 99971 £ 5. xlds

/ (12 — )17V £ (s, x(s)]ds

T
i —nlf, ' (=91
o [| ] T Fo M e e
lal [ g, x(s>)|ds+/ €O g, x(s))!ds]
o I'(g +1) T'(q)

Mr n -1 —1 r 2 —1
5r(q)/0 [z =977 = (01 =97 F()/ (t — 5)9"ds

— — — § (g — ¢)a—1
JrMrltz t1|<|a|/ a-97 tla |/" =7 | / (& —s)1 ds]
|A] o Tlg+D I*(61+1) o T

n

M, _
<= i [(tz—s)q L ‘ ds—l——/ (tr — 5)47ds

T'(q) ')
M|t — 1] [Ial(1+nq+l)+§q]’
|[AIT(g + 1) qg+1

which is independent of x and tends to zero as t, —t; — 0. Thus, P is equicontinuous.
Hence, by the Arzeld-Ascoli Theorem, P; (Qro) is a relatively compact set. Now, let
Xxp C S_Zro with ||x, —x|| — 0. Then the limit ||x; () —x(¢)|| — 01is uniformly valid on
[0, 1]. From the uniform continuity of f (¢, x) on the compact set [0, 1] x [—rg, ro],
it follows that || f (¢, x,(t)) — f(¢,x(¢))|| — O is uniformly valid on [0, 1]. Hence
IP1x, — Pix|| = 0 as n — oo which proves the continuity of P;. This completes
the proof of Step 1.

Step 2. The operator P : S_Zro — C([0, 1], R) is contractive. This is a consequence

of (A2).
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Step 3. The set P(S_Zro) is bounded. The assumptions (Ay) and (Ag) imply that
P2 < ko(|xol + €ro),

for any x € 5_2,0. This, with the boundedness of the set Pl(fzro) implies that the set
P($2,) is bounded.

Step 4. Finally, it will be shown that the case (C2) in Lemma 3.1 does not hold. On
the contrary, we suppose that (C2) holds. Then, we have that there exist . € (0, 1)
and x € 9$2,, such that x = APx. So, we have ||x|| = ro and

x0) = [T+ & (a0 =) = 1) o+ @) + 2 I s
o T'(g)
(1 =) INENUEDL
+AX[a A F(q+1)f(s x(s))ds a/o I'(q +1)f(s x(s))ds

£ _ 1
_/O %f(s,x(s))ds}, t €0, 1].

Using the assumptions (A4) — (Ag), we get

lal

1 ! 1
_ _ )41 _ _ 4
ro < w(ro)[r( )/ (t =) " p(s)ds + |A|[F(q+1)/ (1 —=s)p(s)ds

— ) _ Y
F(q+1)/ (n—s5)p(s)ds + NE )/ E—5) p(s)dsH
] 5 (e = m 1) ol + e
which yields
ro < kolxol + po (ro)ll pIl + kolro.

Thus, we get a contradiction:

ro - 1
kolxol + pov (ro)llpll = 1 — kot~

Thus, the operators P; and P, satisfy all tl_le conditions of Lemma 3.1. Hence, the
operator P has at least one fixed point x € €2,,, which is the solution of the problem
(1.1). This completes the proof. O

Example 3.2 Consider the following boundary value problem

1 |
P32y (1) = §(ﬁ+ E) sinx, 0<t <1,
X 18 5) X 1) =2 ]/3x s)ds.

@ Springer



1352 B. Ahmad, S. K. Ntouyas

1 1y . x(1/9)
Observe that ¢ = 3/2, f(t, x) = §(\/EJF ﬁ) sinx, x0 = 0, g(r) = —7—. £ =

1/18,a =1/4,& = 1/4,n = 1/3. Clearly (A1), (A3), and (Ay4) are satisfied. Further

1 1 1
| £t %) < g(\/ZJF ﬁ)x, for any () € [0, 1] x I, and hence p(1) = v/ +

1
and ¥ (x) = gx. Thus, the condition (As) is satisfied. With the given data, pg &
2.00565, kg = 5,

r

sup ~ 1.417049,
re(0,00) kolxol + por (M1 pll 1 — ko

~ 1.38461,
4

it is found that (Ag) holds. Therefore, all the conditions of Theorem 3.2 are satisfied
and hence by its conclusion, the problem (3.9) has at least one solution on [0, 1].

4 Existence results for multivalued problem (1.2)

Let us recall some basic definitions on multivalued maps [16,20].

For a normed space (X, || - ||), let Py(X) = {Y € P(X) : Yisclosed}, Pp(X) =
{Y € P(X) : Yis bounded}, P.,(X) = {Y € P(X) : Yis compact}, and Py (X) =
{Y € P(X) : Yiscompact and convex}. A multivalued map G : X — P(X) is
convex (closed) valued if G(x) is convex (closed) for all x € X. The map G is
bounded on bounded sets if G(B) = U,cgG(x) is bounded in X for all B € Py(X)
(i.e., sup,g{sup{ly| : y € G(x)}} < 00). G is called upper semi-continuous (u.s.c.)
on X if for each xo € X, the set G(xp) is a nonempty closed subset of X, and if for
each open set N of X containing G(x), there exists an open neighborhood N of xgo
such that G(NVy) € N. G is said to be completely continuous if G(B) is relatively
compact for every B € P,(X). If the multivalued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
i.€., Xy = Xy, Yn = Vs, Yn € G(x,,) imply y, € G(x4). G has a fixed point if there
isx € X suchthatx € G(x). The fixed point set of the multivalued operator G will be
denoted by FixG. A multivalued map G : [0; 1] — P, (R) is said to be measurable if
for every y € R, the function

t— d(y, G1t)) = inf{ly —z| : z € G(1)}

is measurable.

Definition 4.1 A function x € AC!([0, 1], R) is a solution of the problem (1.2) if
1

x(0) =x0+gx), x(&) = a/ x(s) ds, and there exists a function f € LY([0,1],R)
n
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such that f(t) € F(t,x(¢)) a.e. on [0, 1] and

x(t) = ' wf(s)ds + L[a : uf(s)ds
~Jo T@ Al Jo T@+1)

"= _[fE—9! @1
“A NPESTEA A I'(q) fuwﬂ

+ [1 n %(a(l ) — 1)](x0 1 gx).

Here ACL([0, 1], R) will denote the space of functions x:[0,1] — R that are
absolutely continuous and whose first derivative is absolutely continuous.

4.1 The Carathéodory Case

Definition 4.2 A multivalued map F : [0, 1] x R — P(R) is said to be Carathéodory
if

(i) t —> F(t, x) is measurable for each x € R;
(i) x — F(¢, x) is upper semi-continuous for almost all # € [0, 1];

Further a Carathéodory function F is called L' —Carathéodory if
(iii) for each a > 0, there exists ¢, € L'([0, 1], RT) such that
£ (r, )| = sup{|v] : v € F(r,x)} < ¢u(r)
for all ||x|| < @ and fora.e.t € [0, 1].

For each y € C([0, 1], R), define the set of selections of F by
Sry ={ve Ll([O, 11,R) : v(z) € F(¢t, y(¢)) fora.e. t € [0, 1]}.

The following lemma will be used in the sequel.

Lemma 4.1 ([24]) Let X be a Banach space. Let F : [0, 1] x R — Py (X) be an
L'— Carathéodory multivalued map, and let © be a linear continuous mapping from
L([0, 11, X) to C([0, 1], X). Then the operator

©o S : C(0,1], X) = Pep (C([0, 1], X)), x = (® o Sp)(x) = O(SFx)

is a closed graph operator in C([0, 1], X) x C([0, 1], X).

To prove our main result in this section, we use the following form of the Nonlinear
Alternative for contractive maps [27, Corollary3.8].

Theorem 4.1 Let X be a Banach space and D a bounded neighborhood of 0 € X. Let
Z1:X = Pepe(X)and Zy : D — Pep (X) two multivalued operators satisfying
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1354 B. Ahmad, S. K. Ntouyas

(a) Zy is contraction, and
(b) Zj is u.s.c and compact.

Then, if G = Z| + Z,, either

(i) G has a fixed point in D or

(ii) thereis a pointu € 9D and ) € (0, 1) withu € LG (u).
Theorem 4.2 Assume that (A3) holds. In addition we suppose that

(H)) F:[0,1] xR — Pep(R)is L'—Carathéodory multivalued map;
(Hy) there exists a continuous nondecreasing function ¥ : [0, co) — (0, 00) and a
function p € C([0, 1], RT) such that

IF (&, x)llp:=sup{lyl : y € F(t,x)} < p(O)¥ (lx]]) foreach (z,x)€[0, 1]xR;
(H3) there exists a number M > 0 such that

(1 — ko) M
>
Y (M) pollpll + kolxol

4.2)

where po and kg are defined in (3.5) and (3.6), respectively.
Then the boundary value problem (1.2) has at least one solution on [0, 1].

Proof To transform the problem (1.2) to a fixed point, we introduce an operator A" :
C([0, 1], R) — P(C([0, 1], R)) defined by

[ & e C([0, 1, R) :
/ Ukl 1f<s>ds+i{a A= 5
N F( ) A 0 I'(g +1)1
x) = h(t) = B _/ & —s)
; r( +1)f( $)ds T TP
+[1 + 2 (att = = 1) o+ g,
for f € Sp .

Now, we define two operators A : C([0, 1], R) — C([0, 1], R) by

t
Ax(t) = [1 + < (at—n - l)](xo T g(x), (4.3)
and a multivalued operator 5 : C ([0, 1], R) — P(C([0, 1], R)) by

heC([0,1],R):

(t —s)1" 1 (1—s)1
Blx) = h(t)l/ @) f(s)dHZI“/o rq+n’ O

7 _ 1
" (n S)qf( )ds _/ (-9 f(s)ds].

0 Cg+1) ING))

(4.4)
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Observe that N' = A + B. We shall show that the operators A and B satisfy all the
conditions of Theorem 4.1 on [0, 1]. The proof consists of several steps and claims.

Step 1: We show that A is a contraction on C ([0, 1], R). For x, y € C([0, 1], R), we
have

A (0) = Ay O] = |1+ S (a(l =) = 1)[lg(0) = )

<+ Yaa—m - 1 |lg@) = gl
f— A ’
< kotllx = yl.

which, on taking supremum over ¢ € [0, 1], yields
[Ax — Ayl < Lollx — yll, Lo =kot < 1.

This shows that A is a contraction as Lg < 1.

Step 2: B is compact and convex valued, and it is completely continuous. This will be
established in several claims.

Claim I: B maps bounded sets into bounded sets in C([0, 1],R). Let B, = {x €
C([0, 1], R) : |lx]| < r}beaboundedsetin C([0, 1], R). Then, foreachh € B(x), x €
B,, there exists f € S, such that

he) = Ot%ﬂsmw%{a 0 f(q_:)f)fm s
o[ o [ o]
Then, for ¢ € [0, 1], we have
h(o)] < Iﬂmsndwih A= g jas
o TI'(¢ [Al o I'g+1D)
+lal [ ;’Z +1)|f<>|d +/ (EF(—))qlms)ms}
+
< %[1 + m[—lal(lq-:n]q ) +E"H|Ip||~

Thus,

v (lx) L [lal(t 99t
Il < 2o +1)[1+|A|[ I ”npu.
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Claim II: B maps bounded sets into equicontinuous sets. Letty, tp € [0, 1]witht] < tp
and x € B,. Then, for each i € B(x), we obtain

|h(12) — h(11)]

_ vdixblipl 1 g1 YxDlpl §yd-1
< @) / [(tr— =) lds + ———— Q) \ (t ds
YlxiDllpllz —tl|[ b —s)
+ la| ——ds
[Al o I'(g+1D)

& _ —1
+H/”” L/E—ﬁlml
RZEST A e

Obviously the right-hand side of the above inequality tends to zero independently
of x € By as t — t; — 0. Therefore it follows by the Ascoli-Arzeld theorem that
B:C([0, 1], R) — P(C([0, 1], R)) is completely continuous.

CLAM III: B has a closed graph. Let x, — xy, h, € B(x,) and h,, — h,. Then we
need to show that i, € B(x,). Associated with &, € B(x,), there exists f,, € Srx,
such that for each r € [0, 1],

_ 1 —_ )4
hm—/(’”q (m+;[ LA s

I'(q) o g+

" (n—s5) /f@—sﬂl ]
- n T~/ N Jn dst.
WAF@+Df” 0 T O

Thus, it suffices to show that there exists fi € Sr x, such that for each ¢ € [0, 1],

_ t(r—s)d! t (1 —s)1
hy (1) = A T)f*(s)dS-FX[a A F(q—i—l)f*(s)ds
T(n— / & —s)! ]
/0 F(q—i—l)f()d @) ———— f«(s)ds

Let us consider the linear operator ©® : LY([0,1],R) — C([0, 1], R) given by

[T a—s! t (1—s)7
fHO(f)(f)—/O Tq)f(s)ds‘i‘z[a/o (g +1)f(S)dS
" (n— )1 S E—s)!
—a/o mf(s)ds—/0 Q) f(s)dst.
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Observe that

A (1) — hs (@)

[ - 1 (s))ds+i[a L9 (15) = fulonas
o T T i) Ty o £
" =)
_a/o Fq+ 1)(fn( s) — fu(s))ds —/ Q) —(fu(s) — f*(S))dS] ‘ — 0,
asn — oQ.

Thus, it follows by Lemma 4.1 that ® o SF is a closed graph operator. Further, we
have i, (t) € ©(SF,y,). Since x, — x4, therefore, we have

_ 1 _
h(r)—/ G- ()ds+t[ FA=9T s
A 0

T T(g+1)
(g —s) § (g —s)a!
_“/o rq+n’¢ )ds_/o I f*(”ds]’

for some f, € Sr,,,. Hence B has a closed graph (and therefore has closed values).
In consequence, the operator B is compact valued.

Thus, the operators A and B satisfy all the conditions of Theorem 4.1, and hence,
its conclusion implies either condition (i) or condition (ii) holds. We show that the
conclusion (ii) is not possible. If x € A.A(x) + AB(x) for A € (0, 1), then there exists
f € SFr.x such that

x(t) = twf(s)ds+i[a (=) —— f(s)ds
~Jo T@ Al Jo T@+1
n(n—s) § (& —s)!

_“/o I(q +1>f(”ds_/o r@ f(s)dsl

[1+ (a(l —n) — )](xo+g(x)), t €10, 1].

Following the method for proof of Claim I, we can obtain

v (lxID 1 [lal( 4 n7*h qH
I()I_F( +1)|:1+|A|[—q+1 +&7 1 |lpl

i+ Z(“‘l — ) = 1) |ilxol + 1.
Thus,

Xl < ¥ dlxIDpollpll + ko(lxol 4 £][x]]). 4.5

@ Springer



1358 B. Ahmad, S. K. Ntouyas

If condition (ii) of Theorem 4.1 holds, then there exist A € (0, 1) and x € 0B, with
x = AN (x). Then, x is a solution of (1.2) with ||x|| = M. Now, by the inequality
(4.5), we get

(1 — k)M
Y (M) pollpll + kolxol —

which contradicts (4.2). Hence, A has a fixed point in [0, 1] by Theorem 4.1, and
consequently the problem (1.2) has a solution. This completes the proof. O

Example 4.1 Consider the following boundary value problem

CD3/2x(t) e F(,x), 0<t<l,

| R (4.6)
x(0) =z + 5x(1/9), x (3) =3 Jij3x(©)ds.

Here, g = 3/2, xo = 1/15, g(x) = %x(1/9), a=1/4& =1/4,n=1/3, and
F :[0,1] x R — P(R) is a multivalued map given by
3

x—>F(t,x)=|:1

X
oy 3+3+ (t+1) cosx]

For f € F, we have

X3

N =

1
'f'<max[9 K13

+ = ( + D), COS }5
Thus,

£, )P :=sup{lyl: y € F(t, 1)} = p@O¥(lx]), xeR,

with p(r) = 1, ¥ (||x|) = 1/2. Furthermore, pg ~ 2.00565, kg = 5, and by the
condition (H3), we have £ = 1/12. Obviously £ < ky ! With the given data, it is
found that M > M, M| =~ 2.29056. Clearly, all the conditions of Theorem 4.2 are
satisfied, and hence the problem (4.6) has at least one solution on [0, 1].

4.2 The Lower Semi-continuous Case

In this section, we study the case when F' is not necessarily convex valued by applying
the nonlinear alternative of Leray-Schauder type and a selection theorem due to Bres-
san and Colombo [11] for lower semi-continuous maps with decomposable values.
Let us mention some auxiliary facts. Let X be a nonempty closed subset of a Banach
space E and G : X — P(E) be a multivalued operator with nonempty closed values.
G is lower semi-continuous (I.s.c.) if the set {y € X : G(y) N B # {J} is open for
any open set B in E. Let A be a subset of [0, 1] x R. A is £ ® BB measurable if A
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belongs to the o -algebra generated by all sets of the form 7 x D, where 7 is Lebesgue
measurable in [0, 1] and D is Borel measurable in R. A subset A of L!([0, 1], R) is
decomposable if for all u,v € A and measurable 7 C [0, 1] = J, the function
uyxg +vxsj—g € A, where x 7 stands for the characteristic function of 7.

Definition 4.3 Let Y be a separable metric space and let N : Y — P(L!([0, 1], R))
be a multivalued operator. We say N has a property (BC) if N is lower semi-continuous
(I.s.c.) and has nonempty closed and decomposable values.

Let F:[0, 1] x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C ([0, 1] x R) — P(L' ([0, 1], R)) associated with
F as

Fx)={we L'(0,1],R) : w(t) € F(t, x(1)) forae. t € [0, 1]},

which is called the Nemytskii operator associated with F.

Definition 4.4 Let F:[0, 1] x R — P(R) be a multivalued function with nonempty
compact values. We say F' is of lower semi-continuous type (l.s.c. type) if its asso-
ciated Nemytskii operator F is lower semi-continuous and has nonempty closed and
decomposable values.

Lemma 4.2 ([17]) Let Y be a separable metric space, and let N : Y —
PLL(0, 11, R)) be a multivalued operator satisfying the property (BC). Then N
has a continuous selection, that is, there exists a continuous function (single-valued)
g:Y — L([0, 11, R) such that g(x) € N (x) for everyx € Y.

Theorem 4.3 Assume that (A3), (H»), (H3) and the following condition hold:

(Hy) F :10,1] x R — P(R) is a nonempty compact-valued multivalued map such
that
(a) (t,x) —> F(t,x)is L ® B measurable;
(b) x — F(t,x) is lower semi-continuous for each t € [0, 1].

Then the boundary value problem (1.2) has at least one solution on [0, 1].

Proof Tt follows from (H) and (Hy) that F is of L.s.c. type. Then, by Lemma 4.2, there
exists a continuous function f : C([0, 1], R) — L1([0, 1], R) such that f(x) € F(x)
for all x € C([0, 1], R).

Consider the problem

‘Dix(t)=f(x@), 0<t<l1, 1<gqg<2,

1
x(0)=x0+gkx), x¢&)= a/ x(s)ds, 0<é& <n. @7
n

Observe that if x € AC!([0, 1], R) is a solution of (4.7), then x is a solution to
the problem (1.2). Now, we define two operators, namely A" : C([0,1],R) —
C([0, 1], R) by

Ax(t) = [1 n %(a(l —n)— 1)](xo+g(x)), (4.8)
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1360 B. Ahmad, S. K. Ntouyas

and B’ : C([0, 1], R) — C([0, 1], R) by

(t — )71 t (1 —s)?
/ f(x(s))dwﬂa A ———— [ (x(s)ds

Bx) = {((77) @F( ):; 11) 4.9
_a/o F( +1)f( (S))ds—/ 1"( ) f(X(s))ds],

Clearly A’, B': C([0, 1], R) — C([0, 1], R) are continuous. The arguments used in the
proof of Theorem 4.2 apply and hence guarantee that A" and B’ satisfy all the conditions
of the Nonlinear Alternative for contractive maps in the single-valued setting [21], and
hence the problem (4.7) has a solution. O
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