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1 Introduction and Notation

Recurrence relations occur in a variety of mathematical contexts, and they play an
important role in the field of complexity. They are actually one of the basic mathemat-
ical tools of computation. In particular, they can be used to represent mathematical
sequences that cannot be easily represented non-recursively. Usually, a sequence gen-
erated by a recurrence relation is called a recurrence sequence. Some well-known
recurrence sequences are the Fibonacci sequence, Lucas sequence, Pell sequence and
Jacobsthal sequence.

In general, a sequence A = (Xg, A1, ...) is said to satisfy a linear recurrence
relation of order k > 1 with initial conditions Ag, A1, ..., Ar_1, if there exist constants
€0, Cly - -+ Ck—1, With cg # 0, such that

Al =cohi—g FCihigg1 + - Fcr—thior, (2= k). (D

A linear recurrence sequence is a sequence satisfying some linear recurrence as above.
Occasionally, the indexing of the terms will start with something other than 0. In
particular, we note that the sequence A can be easily extended to negative indices
using the rearranged recurrence relation

Mick = ¢) i — Cthickgt — - — ck—1hi—1), (i < k). 2)
This lets one define A_1, A_3, ..., to obtain a doubly infinite sequence
ces Ao, A1, Ao, AL, A2,

that now satisfies the same linear recurrence for all integer indices i, positive or neg-
ative.

Some well-known linear recurrence sequences are special cases of (1), for instance,
we have

k|l A | A1 | co|c1 |2 Nameofsequence OEIS

210 |1 1 | 1 | F Fibonaccisequence | A000045 in[7]
2112 |1 1 | 1 | L Lucassequence A000032 in[7]
210 1 1 |2 | P Pell sequence A000129 in [7]
210 |1 |2 |1 | J Jacobsthal sequence | A001045 in[7]

The characteristic polynomial of the linear recurrence relation (1) is defined to be the
polynomial

k k-1 2
Pa(x) =x" —cp—1x" 7 — - —x” —c1x — co. 3)
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A Matrix-Theoretic Perspective on Some Identities... 17

It is well-known by Cayley-Hamilton theorem that the square matrix

000 0 ... c

100 0 ... ¢

01 0 0 ... o
A= .

00 0 1 ...co

00 0 ... 1 i

satisfies the equation p; (A) = 0; that is
AR — Ck_lAk_l — = C2A2 —c1A —col =0,

where [ is the k x k identity matrix (see [4]). The matrix A is called the companion
matrix of the monic polynomial p; (x), which will remain fixed throughout the paper.

In what follows, a new approach will be presented to find again this matrix and its
powers. To illustrate this, we introduce k new linear recurrence sequences of order k
as follows: for any integer s € {0, 1,2, ...,k — 1}, we define the linear recurrence
sequence

0 = (co((f), oV, o .. )

of order k, by

Sis i <k,
6 — Y ko1
o) = (4)
' z Cla)i(s_)k_H i >k,

where §;  is the Kronecker delta.
These sequences and a few first terms of them are shown below:

. (s) () (5) (s) (s) (s) (s)
S\E | @y 0" @7 . oy o Oy D2
0@ (1, 0, 0, ...,0, ¢ cock—1, coCk—2 + CoC,%_l,
w® 0, 1, 0, ...,0, €1, €0+ C1Ck—1, C1Ck—2 + COCk—1 +Clc]%_l,
0@ 10, 0, 1, ...,0, ¢, c1+cack—1, o+ Cack—2+Crck—1 FC2Ch_ s ...
w®D10, 0, 0, ..., 1, e1, 2+, 3 + 20k 1Ck—2 + €y,

Again, the sequences ) can be extended to negative indices using the rearranged
recurrence relation

k—1
o =c;! (a)}” - cha)§i)k+,), (i <k). (5)
=1
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18 A. R. Moghaddamfar et al.

Note that each sequence 0®,0<s<k—1,isa special case of the sequence A for
which the initial conditions (Ao, A1, ..., Ax—1) are the row vector with all Os except
for a 1 in the sth position.

An Example. Suppose that k = 2, .o =2 and A| = ¢gp = ¢; = 1. Then, we have

Sequence\n| o1 2 3 4 7 .0
A 2 1 3 4 7 11 18 29 ... L;
w® 1 o1 1 2 8 ... Fi_
o 011235 8 13 ... F
In general, for any integer m, we define
- (0 0 0) 0 n
Om Ol P2 T Opgp—
1 (1 (1) €))
@m D1 P2 T Dpgp
_,,® _ @) (@3] (2) (2)
Am_[wm+i]o<i,j<k—1_ Om- o Cmyt o Cmy2 T Omke
(k—1) (k=1) (k=1) (k=1)
L @m Oyl Py 7 Opyg g

We notice that the companion matrix A can be seen here again (shown in bold type
above). Actually, if we take m = 1, then we have

0 W® W L W@ ]
B B
2 (2) (2) (2)
w w. w e w
A= Al _ 1 2 3 k
C0§k72) w§k72) w:(;k72) . w[gk72)
_w§k71) a)&kil) C():(ikfl) o w/({kfl) )
[0 0 O 0 ... co |
1 0 O 0o ...
0 1 O 0 ...
0 0 O 1 ... ¢k
(000 0 ... 1 cor

For any integer m, it is an easy observation that A" = A,, (see Theorem 1). Now,
using the fact that det A” = (det A)™, we immediately get

det A, = det(A™) = (det A)" = (—1)"*=D¢m

(see also [5, Corollary 2.1]).
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A Matrix-Theoretic Perspective on Some Identities... 19

In the sequel, we shall introduce some more definitions and notation. Given
integers x, y;, and z;, 1 < i < k — 1, we define the k x k matrices
Ri(x, Y1, ..., Yk—1, 215 ---»2k—1) and Sk (¥1, . .., Yk—1) as follows:

RieCx, yis oo V=1, 215 o5 Zk=1) = [Axiyi+jz; lo<inj<k—1,

SO v ;:[ (}z’)] )
k(Y1 Yk—1) @ivi losi,j<k—1

The associated matrices R4(x, y1, Y2, ¥3, 21, 22, 23) and S4(y1, y2, ¥3), for example,
are given by

Ax )hx-&-zl )\x+2z2 )\x+323

)\x+y1 )Lx+y1+Z1 Ax+y1+212 )\x+y1+3z3
Rq(x, y1,¥2,¥3,21,22,23) = ,
Ax42ys  Ax42ymtz Ax42ym42z Ax42y43z

)‘x+3y3 )Lx+3y3+11 )\x+3y3+212 )“JC+3y3+3z3
and

) (0) ) )
o wy, W)y, @3y,
(1) (1) (1) (1)
Wy Wy Wy, W3y,
(2) 2) (2) (2)
Wy~ Wy W, W3y,

3) 3) 3) 3)
Wy Wy Wy, O3y,

Sa(y1, y2, y3) =

In the case when x = Oand y; = z; = 1,1 < i < k — 1, we denote the matrix
Ry (0,1,...,1,1,..., 1) by R. In this paper, we will present a matrix factorization
for Ri(x, y1, ..., Yk—1,21, - -, Zk—1) (see Theorem 2). Finally, some applications of
the main results are given.

The outline of the paper is as follows. Basic definitions and notation are summarized
in Sect. 1. In Sect. 2, we derive some preparatory results. Section 3 contains three
theorems and some applications of our findings to obtain many identities involving
Fibonacci, Lucas, Pell, and Jacobsthal numbers.

2 Preliminaries

In the following lemma we give a relationship between the terms of sequences A and
(s)
'),

Lemma 1 For every integer m and n, we have

k—1
Z )&m+lw5,l) = Am+n-
=0
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In particular, if in addition 0 <

Za)

Proof First, we assume thatm +n >

m—+n. The case when 0 < m +
Therefore, we have

s < k — 1 is an integer, we get

(s)

(S)
m-+Pn

m+n'

) —

> 0. We will proceed by induction with respect to
n < k—11is trivial, so we may assume thatm +n > k.

k—1
Amtn = Cidm+n—k+1  (by Eq. (1))

=0
k—1 k-1

= Z c )\mﬂwiflk 4, (using the induction hypothesis)
=0 s=0
k—1 k—1

= Z Amcts lwnslk—&-l
5s=0 =0
k—1

=D hmrswy)  (by Eq. (4))
s=0

as required. Now, let m +n <

-1
Amtn = o) ()L
k—1

= CO_I (
s=0

k—1

k—1

=1

>~ @
- o

(s)

)Lervw (b}’ Eq'

o

m+n+k — zcllm+n+l

k—1

2 s @llt = D ar D syl
—1
Am-+sCo ( Dtk chwn+l

0. Again, by induction on m + n, we obtain

) (by Eq. (2))

) (using the induction hypothesis)

=1 s=0

(s)

)

5)

which completes the proof of the first result. The second result is a special case of the

first one.

The following lemma gives
k—1.

]

some relationships between sequences ®0®,0< s <

Lemma 2 The following statements hold for any integer i.

(1) a)(o)l = coa)(k b,
(s+1) (s)
i+1 i
(k—1)
i—1

(i) o = Csp10;

>iil) cow; (k D=

@ Springer
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A Matrix-Theoretic Perspective on Some Identities... 21

Proof (1) We apply induction oni. For 0 < i < k — 1, the proof is obvious, because,
if0<i<k—202 =cow' " =0andifi =k — 1, we have

0 k—1
() cha) _C()_C()Cl)](( 1).

Let us for the moment assume that i > k. Using Eq. (4) and the induction
hypothesis, we have

k=1 k=1 k-1

o0 (0) _ (k—1) —-D (k=1)

@it1 = chwi—k+l+1 = ch (Cowz k+l) = COZCl“)z —kH = COW;
=0 1=0 1=0

Now, let i < 0. We obtain
k—1
0 0 0
o =" (0% - zczwf:m) (by Ba. )
=1

k—
= ¢ =1 (coa)l Tk Z zcowl +l ) (using the induction hypothesis)

L&D (k=1)
Wiy cht—H

= coo" ™" (by Eq. (5))

which completes the proof of this part.
(ii) Suppose that 0 < s < k — 2. Once again, we prove the result by induction on i.
Assume first that 0 < i < k — 1. In this case, we get

1 =s< k-2,
a)l.(s) +cs+1a)i(k_l) =10 i 7& s < k-2,
cs+1 L =k—1,
D,

Assume now that i > k. By a routine calculation, we obtain
- 1
o+ eppro chwl s T Cs1 ch(ul by Eq. (4)

— (k—1)
ch[ st + 10 k+l]

@ Springer



22 A. R. Moghaddamfar et al.

= Z clwfyzzl 41 (using the induction hypothesis)

wffl“ (by Eq. (4)

as desired. For the case when i < 0, we verify the result as follows
k—1
o ol = 5! (uf - zcmﬁz)
k—1 k—1
+est | ( i ZClwa >)] (by Eqg. (5))
k—1
-1 k—1
=< [( Ofy  Cr1of ) D.a (“)z(i)z + ey ))]

=1

=cy [ l(sfklﬁl chwfﬁﬂ] (using the induction hypothesis)

=" (by Eq. (5)).

(iii) We obtain

(k=1) _ (k—=1)

.(O)—i-ca)

(H
i+1

cow(k Dy clw; (by part (i)

= w; (by part (ii) for s = 0)

as desired. This completes the proof of the lemma. O

3 Main Results and Some Applications

Before stating our main results we introduce some notation. Let A = (X;);c7 be a
doubly infinite sequence satisfying the linear recurrence relation (1). Given an integer
m, we will consider the row vector

um = ()\‘m, )\m+1, ceey )\-m+k—l)s

which is called the mth state vector of A. The state vector uyg = (Ao, A1, ..., Ag—1) 18
also referred to as the initial state vector.

We start with the following known result of Er [1], which is obtained by using the
approach of Kalman [4]. Here, we provide a proof for the sake of completeness.

Theorem 1 ([1]) For any integer m, we have A™ = A,,. Furthermore, we have
u, =uyA" and
T
0 1 2 k—1
AM[cocrcr .. cp1]T [w,ﬁﬁm a),ilm ,(CJZm w,(<+m>] ,

where T denotes transpose.
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A Matrix-Theoretic Perspective on Some Identities... 23

Proof First we assume that m > 0. In this case, we conclude the result by induction
on m.Form = 0 and m = 1, the result is straightforward. Assume that m > 2. Using
the definition of A and induction hypothesis, we have

o —1 (i) (i)
A" = A" A= [ Djtm— 1] [“’j+1]-

Therefore, for 0 < i, j < k — 1, we have

k—1
_ (@) 0]
(Am)iﬁj = z :wl+m 19541

(@)

=L, (by Lemma 1)

as desired. Now, suppose that m < 0. Since —m > 0, from the previous part we have

Afm I: (i) ]
J=m Jogi, j<k—1"

Thus, using Lemma 1, for 0 < i, j < k — 1, we get

(i) (OEPRO! o _ |1 i=
([‘”Hm]' ) Z“’Hm jmm = @) _Io i j.
Therefore, we deduce

mo_(AM -1 _ [w(i) ]
( ) JHm o<, j<h—1

which completes the proof of the first part. The rest of conclusion follows immediately
from previous part and Lemma 1. O

Theorem 2 For integers x, y;, and z;, 1 < i < k — 1, we have the following matrix

decomposition:

ReQX, Y1y ey Yhm1s 2 v oo Zh=1) = SkO1s « ooy YT REAT Sk (21, -+ 2k—1),

where X1 is the transpose of X.

Proof Set D = Si.(y1, ..., yk_l)TRkAxSk(zl, ..., Zk—1). For the proof of the claim
we compute the (i, j)-entry of D.Let 0 < i, j < k — 1. Then, by direct computation,
we obtain

k—1
D; ;= (Sk(y1,~--,yk—1)T)_ (RkA* Sk (215 -+ oy 2=
r=0 B
k—1 k—1
=D o) > (ROrs (A" Sk - 2 1))s
r=0 s=0

@ Springer



24 A. R. Moghaddamfar et al.

k—1
=> f;fzme(A s (Sk(@t. oo k=D j
r=0
k—1 k—1
_ (r) X () () by Th 1
= ly,Z ’+Yzwf+x ®j;;  (by Theorem 1)
r=0
k—1 k—1 —
_ (r) A (s) (t)
=TS (S hewel,
r=0 t=0 s=0
k—1
:Z (’)z/\r+z+xw§; (by Lemma 1)
r=0
k—1
= a)g?krﬂﬂzj (by Lemma 1)
r=0

= Axtiyi+jz; (by Lemma I)
= (Re(X, Y1y - v o5 Yh—1521» -+ > Zk—1))i, j -

This completes the proof of the theorem. O

It is worthwhile to point out that Theorem 2 enables us to find many identities
between the terms of a linear recurrence sequence of any order. In the next result,
we will illustrate this situation for a linear recurrence sequence of order 2. A similar
situation occurs with higher order linear recurrence sequences.

Theorem 3 Let x, y, z, and t be arbitrary integers. Then the following identities hold
between the terms of linear recurrence sequences A, o and oV of order 2:

1 1
(i) Aahxryaz = heayherz = (=) (hora = WDl o,
(i) Axttdxtytztr — Axtyttrotzrr = (— o) (Ax Axty+z = Axtyratz).

Proof (1) The identity is obtained by the following calculations:
AxAxtytz = Axtyratz
=det[Ra(x, y, 2)]

= det[S2(y)T RyA*S>(z)]  (by Theorem 2)
= det[S>(y)T 1det[Ry] det[ A¥ ] det[ S (2)]

= (w(()o)a);l) — a)(l)w(p)) (hor2 — 2D (—co)* ( o (1) - w(()l)wg()))
= (—c0)* (o2 — ADoPel  (Sincew” = 1andw{” = 0).
(i) Again, by a routine calculation, we obtain
Axtthxtytztt = Axtyrthatzte

= (=c))" ™ (o2 — Dl (by part (i)
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A Matrix-Theoretic Perspective on Some Identities... 25

= (=)' {(=c0)* o2 = 2DV}
= (_CO)Z()»x)»x+y+z — AxgyAx+z)  (by part (i)).
This completes the proof of the theorem. O

In what follows, we have focused on some practical applications of the techniques
provided in this paper. First of all, we investigate some relations between Fibonacci,
Lucas, Pell, and Jacobsthal numbers.

Lemma 3 Let m and n be two arbitrary integers. Then there hold the following iden-
tities:

() FntFuit — Fp = (=1
(i) Fp—1Fn + FnFms1 = Ftn-
(i) Fu—1+ Fnt1 = Fom/Fn.

Proof (i) If k =2 and ¢y = ¢; = 1, then we have
a),(f) = F,_1 and a),(nl) = Fy,.

On the other hand, it follows from Theorem 1 that

0 1 " _ Fin—1 Fn (6)
L1 B Fn Fm+1 .
Taking the determinant of both sides yields

Fy—1 Fog1 — Fpp = (=1,

(i) From the identity A”*" = A™ . A" and using Eq. (6), we get

Fm+n—l Fm—&-n _ Fn—1 Fn Fu F
Fm+n Fm+n+1 Fin Fm+1 Fy Fn+1
_ Fn—1Fn—1+ Fn Fy Fm—an+Fan+l
FonFoo1+ Fnv1Fn FnFy + Fiug1 Faga .

Comparing (0, 1)-entries on both sides of this equation, we obtain
Fongn = Fn—1Fy + FnFyy1.
(iii) Setting n = m in the previous part, we conclude that
Fn—1 + Fuy1 = Fam/Fn,

which completes the proof. O
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26 A. R. Moghaddamfar et al.

Lemma 4 For any two integers m and n, there hold:

(i) Pn—1Pnt1 — Py = (=D
(11) Pm—IPn+Pum+1:Pm+n~
(iii) Py + Pm+l = P2m/Pm~

Proof By taking k =2, ¢y = 1 and ¢; = 2, we conclude that
a)r(,?) = Py_1 and a),(nl) = P,.

Moreover, by Theorem 1, we have

|:0 1 ]m . Pp—1 Py,

12 Py P, m+1 .

Now, the result follows immediately with arguments analogous to those of Lemma 3.
]

Lemma 5 Let m and n be two arbitrary integers. Then the following identities hold
true:
(@) T + T = 2.
1) [Jn + (=D"Vn + JnInt1 = It
(111) 2nJm + (_1)m~]n = Jm+n~
V) Jom/Jm =2" + (=D™.
) I = (2" + (=D)"*1) /3.

Proof (1) If k = ¢9p = 2 and ¢; = 1, then we have
a),(,?) =J,+ (D" and a),(nl) = Jy.

Again by Theorem 1, we obtain

0 27" | Jn+ D" Tpgn + (=Dm ! D
1 B I Jm+l .
Taking the determinant of both sides yields
In + I =2 ®)

(ii) Comparing (0, 1)-entries on both sides of the identity A" = A™ . A" where
0 2
=77

[Jm + (_1)m]-]n + Jm-]n+1 = Jn1+n- (9)

and by Eq. (7), we obtain
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A Matrix-Theoretic Perspective on Some Identities... 27

(iii)) Applying Eq. (8), we obtain

Imtn = [ + (=" 1T Jnt1
= Jm[Jn + jn-i—l] + (_l)m-]n
= 2" Iy + (=1 .

(iv) Setting n = m in part (iii), we get Joy, /I = 2" 4+ (—=1)™.
(v) We proceed as follows:

2" = Jygn + Imins1 - (by Eq. (8))
= [ + (=" + I s
+ 4 =)™t + Jnduss (by Eq. (9))
= (I + (=D + Jus1] + T Jnt1 + Jnga]
= [Jp + (=D™12" + J,2" T (by Eq. (8)),

and so 2" = J,,, + (= 1) 4 2J,,, or equivalently
I = (2'" + (—1)’"“) /3.

This completes the proof of lemma. O

A consequence of Theorem 3(i) is the following result stated again on Fibonacci,
Lucas, Pell, and Jacobsthal numbers.

Corollary 1 For any three integers x, y, and z, the following identities hold true:

(1) FxyyFyi; — FxFryyy, = (=) FyF; (See [2]).
(i) LyLxyys; — LyiyLyq; = (=1)'SF,F,.
(iii) PepyPogpz — PyPegyy: = (_1)xPsz~
(iv) JxtyJxtz = JxJxty+z = (=2)" Iy J..
(v) LyLyyyt+z = LyyyLyxtz = 5(FxqyFrqz — FeFrqyqo).

Proof All parts (i) — (iv) of this corollary can be derived from Theorem 3(i) by
choosing suitable values for k, Ao, A1, cg, and c1:

(1) k =2,x0 =0, A1 = cp = c; = 1: In this case, we have A; = F;, wlgo) =F_

and a)l.(l) = F;.
(i) k = Ay =2, A1 = ¢y = ¢1 = 1: In this case, we have A; = L;, wfo) = F;_; and
a)(l) —F
i = i
(i) k =c1 =2, 20 =0, A1 = co = 1: In this case, we have A; = P;, wfo) = P
and a)l.(l) = P;.

(v) k = co = 2, 20 = 0, Ay = ¢; = 1: In this case, we have A; = J; a)fo) =
Ji + (1) and a)i(l) =J.

Finally, the part (v) is obtained by using parts (i) and (ii). O
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28 A. R. Moghaddamfar et al.

In the next corollary, we point out some well-known identities which are special
cases of the previous results in Corollary 1, and consequently, Theorem 3(i).

Corollary 2 For any integers m, n, and p, there hold

1) Fpan = Fut1Fur1 — Fu—1 Fy—1 (See [6]).
(ii) Foms1Fong1 = F2 o,y + F3_, (See [8,9)).
(iii) F2,,, — F2 = FauFanion (See [8]).
(iv) Fy—1Fup1 — F2 = (—=1)" (Cassini’s identity).
(V) FminFn-n — F2 = (=1)""+1F2 (Catalan’s identity).
(vi) FonFoyp — FpFpym = (_1)me—pFn (See [10]).
(vii) 2Lmn = L Ly + 5F, F, (See [3]).
(viti) LomLoy = L2, +5F?

m+n -n*

In the following table we show how to obtain the identities in Corollaries 1 and 2
directly from Theorem 3(i).

A A ¢ €1 X y z Identity Refs.
0 1 1 1 x y z FyqiyFyqz = FxFaqyiz = (D" FyF; (2]
o 1 1 1 2 m—1 n—1 Fpin=Fpi1Fyt1 — Fu—1Fn—1 [6]
0 1 1 1 2041 m=n m=n FupyiFanp1=F ,  +F5, [8,9]
01 1 1 2n m m FZ . 0= Fi = FanFamion [8]
0 1 1 1 n—-1 1 1 Fu_1Fpy1 — F,% = (=" Cassini’s identity
0O 1 1 1 m-n n n FosnFm—n — Fn% = (—1)’"‘"""‘1 F,% Catalan’s identity
0 1 1 1 p n m—p FnFntp— FpFuim = (=) Fy_pFy  [10]
2 1 1 1 «x y z LyLyty+z — LygyLyx+z = (=D SFyF;
2 1 1 1 0 m n 2Lm4n = LinLy +5Fn Fy [3]
2 1 1 1 2n m—n m—n LyyLy, =L% , +5F;_,
o 1 1 2 y z PyiyPriz — Py Prgys; = ()" Py P;
0 1 2 1 «x Y < JxtyJdxtz = Ixdxtytz = (=2 Iy J;
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