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Abstract We are concerned with two new maximum principles for second-order
impulsive integro-differential equations with integral jump conditions. The impulse
effects or jump conditions of this paper are involved in terms of integral of past
states. As an application, we introduce a new definition of lower and upper solutions
which leads to the development of the monotone iterative technique for a periodic
boundary value problem related to a nonlinear second-order impulsive functional
integro-differential equation with integral jump conditions.
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1 Introduction

Maximum principles play an important role in the study of the qualitative theory of
impulsive differential equations [1]. The monotone iterative technique coupled with
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the method of lower and upper solutions have used maximum principles to ensure that
the sequences of approximate solutions converge to the extremal solutions of nonlinear
impulsive problems (see, for example, [2-8]). Recently, some excellent results have
been obtained by applying this concept to several impulsive problems which include
local jump conditions, see [9-13]. These local jump conditions involve discontinu-
ities in the solution values or derivative of solution values at a set of discrete points.
However, there have only been a few papers that have studied maximum principles
for impulsive problems with nonlocal jump conditions, see [14—18].

In arecent paper [19], the authors considered the following periodic boundary value
problem for second-order impulsive integro-differential equations with integral jump
conditions:

x"(t) = f(t,x(0), (Kx)(), (Sx)(1)), te€J=[0,T], t#n,

Ax(1) = Ik( e x/(s)ds), k=1.2.....m,

tr—8k
(1.1)
ty—0oy
Ax' () = I} (/ x(s)ds), k=1,2,...,m,
1e—Tk
x(0) =x(T), x'(0)=x"(T),
Wher60=t0<t1<t2<~--<tk<-~-<tm<tm+1=T,f:JxR3—>R

is continuous everywhere except at {f;} x R3, f(t,j', x,y,z) and S x,y,2) exist,
. x.y.2) = f(.x,y.2), Ik € C(R,R), I} € C(R,R), Ax(1) = x(1f) —
x(t0), Ax () = X' () —x' (7)), 0 S e < S <tk —1r—1,0 < 0% < T <tk — 1,
k=1,2,...,m,

T

t
(Kx)(t):/ k(t,s)x(s)ds, (Sx)(t) =/ h(t, s)x(s)ds,
0 0

k(t,s) € C(D,RY), h(t,s) € C(J x J,RT), D ={(t,s) e R”Z0<s <t <T},
RT = [0, 4+00), ko = max{k(¢t,s) : (t,s) € D}, ho = max{h(t,s) : (¢,5) €
J x J}. They gave some maximum principles for integral jump conditions and used
the monotone iterative technique to obtain two sequences which approximate the
extremal solutions of (1.1) between a lower and upper solution. We note that jump
conditions of problem (1.1) depend on the areas under the curve of solutions and
the derivative of solutions of the past states. This means that impulse effects of such
problem have memory of path history.

In this paper, we mainly investigate maximum principles related to impulsive
integro-differential equation for the following integral jump conditions:

1k —0y Tk—&k

x(s)ds, Ax'(f) = LZ/ x'(s)ds, k=1,2,...,m,

Ax(t) = L / 6
1k —0k
(12)

h—Tg
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where 0 <op < <tpr —th—1,0 < &r < 8 <ty —tx—1, Lr, LZ are given constants,
k=1,2,...,m. The key tool for our proof is impulsive differential inequalities with
jump conditions.

The plan of this paper is as follows. In Sect. 2, we present two new maximum prin-
ciples. In Sect. 3, we obtain the existence of an extreme solution of a periodic boundary
value problem using the method of upper and lower solutions and the monotone iter-
ative technique with a comparison result.

2 Maximum Principles

Denote | = max{k :t > t, k = 1,2,...} and J~ = J\{t,i = 1,2,...,m}.
Let J C R be an interval. We define PC(J,R) = {x : J — R; x(¢) to be con-
tinuous everywhere except at some finite points #; at which x(z‘lzL ) and x(t; ) exist

and x(t, ) = x(&), k = 1,2,...m}. We also define PC'(J,R) = {x € PC(J,R):
x'(t) is continuous everywhere except for some #; at which x’ (t,:r ) and x'(,) exist
and x'(ty) = x'(t).k = 1,2,...m} and PC*(J,R) = {x € PC'(J,R) :
X (o) € Cz((tk, t+1), R), k = 1,2,...m}. We prove the maximum principle
by using the following lemma.

Lemma 2.1 ([20]) Let r € {to, t1,...,tm}, ck > —1/(txk —0%), 0 < o < T <
tk —ti—1, Yo, k = 1,2, ..., m be constants and let ¢ € PC(J, R), x € PCL(J, R).

W I

xX'(t)<q@), te@T), t#u,
Ax(t) < o [ x(s)ds +w, e T), k=1,2,....m.

k—Tk

Then fort € (r, T],

) <xeH | ] D+a@-ol |+ > [ T 1+t —op

rt<t <t rt<tp<t —W<tj<t

t—Tk Ik —0k
< ([1 + e — op)] / g(s)ds + / [ + ca(tr —op —s)lg()ds
174 174

-1 Tk

17 t
—I—/ q(s)ds)] +/ q(s)ds.
tk—0ok 1

(ii) If

Ax(ty) > ck ftt"_g"x(s)ds + v, te@rnT), k=1,2,...,m.

k—Tk

Ix’(t)zq(t), tenT), t#1,
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974 C. Thaiprayoon, J. Tariboon

Then fort € (r, T],

x(t) > x(r™) H [14+ci(te —o)] | + Z |: H [1+cj(tj—oj)]
rt<n<t rt<n<t -k<tj<t

Ik —0%

Ik—Tk
X ([1 + cr (T — Gk)]/ q(s)ds +/ [1+ ck(tx —or—s)]g(s)ds
1] 179

k—1 —Tk

17 1
+/ q(s)ds)] +/ q(s)ds.
tk—0k /]

We now present two new maximum principles.

Theorem 2.1 Assume that x € PC2(J, R) satisfies

'
x"(t) < —=Mx(@) — Wx(6(t)) — N/ k(t, s)x(s)ds
0

T
—L/ h(t,s)x(s)ds, teJ, 2.1
0
lk—0ok
Ax(ty) < —Lk/ x(s)ds, k=1,2,...,m, 2.2)
Ik —Tk
tk—¢&k
Ax'(ty) < —LZ/ x'(s)ds, k=1,2,...,m, (2.3)
tr—0k
x(0) < x(T), x'(0) <x'(I), 2.4
where constants M > 0, W >0, N >0, L > 0,0 < Ly < 1/(tx —0%), 0 < L,’; <
1/(8k—8k),()§dk <T <t —th_1,0<er < <tr —th_1,k=1,2,...,mand
0eCJ,J).
If
m T
H A > L +/ U (s)ds, 2.5)
k=1 0
where

A =1 — Li(t — 0%),

L = max{Ly(tx — o)},

H0<tk<t AZ o - * % r
U = —==—2 | > ] A5Bi+ [ ris)ds
tﬂl

_ m *
! A= j=k+1

+1 > 1 AjfB,f+/tr(s)ds ,

O<tp<t fp<tj<t i

m
Af =1—L{(5 —er), which HA; <1,
k=1
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tk—(sk k—Ek 73
B = AZ/I r(s)ds +/t [1—L;(tx — ek — $)Ir(s)ds +/ r(s)ds,
k k

1 —8k tk—&k

t T
rty=M+ W + N/ k(t,s)ds + L/ h(t, s)ds,
0 0

then x(t) <0,t e J.
Proof Suppose, to the contrary, that x(t) > O for some r € J. Assume that there exists

t* € J such that x(t*) > 0. We now consider the following two cases:
Case (i). If x(r) > Oforall ¢t € J and x # 0. Then, from (2.1), we have

f
xX"(t) < =Mx(t) — Wx(6(t)) — N/ k(t,s)x(s)ds — L
0

T
x/ h(t,s)x(s)ds <0, reJ . (2.6)
0

Applying Lemma 2.1 for (2.3) and (2.6), we obtain

X6 <x'©0) [ [t -Lik—en].

O<ty <t

_ / / / _ * _
Fort =T, we get x"(0) < x'(T) < x"(0) H0<tk<T[1 L (8 — &x)] and therefore

x’(0) < 0. Hence x’(¢) < 0. Also, we have

tr —0f

x(t) < x(ty) — Lk/ x(s)ds < x(r).

te—Tk

Thus, x(¢) is non-increasing for ¢t € J, and therefore x(7) < x(0). From condition
(2.4), we have x(0) < x(T') and therefore x(0) = x(T') = x is a constant. Therefore,
x(t) = C > 0, which implies that

t T
0=x"(t) < —MC — WC — N/ k(t,s)Cds — L/ h(t,s)Cds < —MC <0,
0 0

which is a contradiction.

Case (i1). If x(t) < O for some t € J. Let inf;cj x(t) = —A < 0, then there exists
t« € (ty,ty+1], for some u such that x(t,) = —A or x(tj) = —A. Without loss of
generality, we only consider x(t,) = —A. For the case x(#;)) = —A the proof is
similar. From (2.1), we get

' T
x"(t) < A(M—i—W—I—N/ k(t,s)ds+L/ h(t,s)ds) =), telJ . 27
0 0
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976 C. Thaiprayoon, J. Tariboon

Using Lemma 2.1 part (i) for (2.3), (2.7), we obtain

Yo <O [ J] 0-LiGe—e0l] +2 > [ [T 11— L56; —ep]

O<tp <t O<f<t =ti<tj<t

t—8k Tk —&k
X ([1 — Ly (8 — Ek)]/ r(s)ds +/ [1— Li(tx — ex — $)Ir(s)ds
179

tg—1 —dk
179 t
+/ r(s)ds)] +A/ r(s)ds.
Ik —¢k ]

Taking into account the definition of constants A} and B, the above inequality can
be written as

o =xo) [T ac+2 D |1 ABk—i—A/ r(s)ds, reJ. (2.8)

O<t <t O<tp<t tk<tj<t /]

Substituting t = T in (2.8), we get

O =2 <xO0 [T ac+r >, 1 ABk+A/ r(s)ds,

O<tx<T O<tp<T ty<tj<T Im

which implies

X0 < ——— [Z ]_[ A%Bf + / r(s)ds]. (2.9)
I_Hk AlLiS j=k+1
From (2.8) and (2.9), we obtain

H0<<Az *
x(t)_l H’ZI’A* ZHABk+/ r(s)ds

k=1 j=k+1

+ X Z H A*Bk +/ r(s)ds
1

O<tp<t lp<tj<t

Therefore,
X' () <AU@), tel. (2.10)
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The above inequality together with Lemma 2.1 part (i) and (2.2) imply that

xo<xeq ol [ U-Li@w—o0l) +2 D [1‘[ [1—Lj(xj— 0]

fyr1 <t <t ty1 <t <t =1 <tj<t
T —Tk Ik —0k
x ([1 — Li(tk — op)] U (s)ds +/ [1— Li(tx — ox — s)1U (s)ds
th—1 e —Tk
17 t
+/ U(s)ds):| + k/ U (s)ds. (2.11)
Ik =0k 1

Let
I

-t tx—0
B, = Ak/k ' U(s)ds —{—/k k[l — Li(ty — o — s)]JU(s)ds —|—/ U(s)ds.
174 174

1 —Tr Ik —0k

Then, (2.11) can be written as

t
x(t)fx(t,:,_l) H Ak+)»|: Z H AjBk—i_‘/, U(s)ds:|, tel.
I

ty1 <tp <t lyp 1 <U <t g <tj<t
(2.12)
Since
L ty+1—0u+1
X(t5 ) < x(tutt) — Lust / x()ds < x (i) + ALust (Fust — Gus),
Ty 1= Tu+1
the Eq. (2.12) can be expressed as
x0 <xte) | ] A +reni@—o | ] A
1 <tp <t 1 <tr <t
t
+2 > 1 AjBk+/ Us)ds |, tel. (2.13)
1

typ | <t <t ty<tj <t !
Integrating (2.10) from t, to t,+1, we obtain

Tu+1
X(tyt1) = x(t) + A/ U(s)ds.
Ly

Hence,

x <x) | [] A+ —ow | [ Ax

Ty <t <t Ty <t <t

Iy t
+a( JI 4 /+1 Usyds+r| > ] AjBk+/ U (s)ds
Ly

ty1 <tp <t tup1 <tk <t ty<tj <t u
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978 C. Thaiprayoon, J. Tariboon

This yields

x<xw) | J] A +A[Lu+1(ru+1—ou+1> [T 4

Typ1 <t <t Lu+1<tx <t

1 t
+ Z H A; /k U(s)ds+/ U(s)ds:|. (2.14)

tu<tp <t tp<tj<t u

Ift* > 1, fort* € [t,, ty+1), then

0<x@<x@)| [] 4 +A[Lu+1<ru+1—ou+1> [T A

ty1 <t <t* tyq1 <tg <t*
I r*
+ > 1] A/ U(s)ds+/ U(s)ds},
by <tp <t* e <tj<t* v

which gives

H Ak < Lyg1(Tus1 — out1) H A

tyq1 <tg <t* typ1 <tp <t*

[*
+ > ] A/ U(s)ds+/ty U (s)ds. (2.15)

by <t <t* f<tj<t*
Therefore,

m T
H Ar < L +/ U (s)ds,
k=1 0

contradicting condition (2.5).
Next, assume that t* < t,. Fort = T in (2.14), we get

x(Ty<x@) | ] A« +A[Lu+1<ru+1—ou+1> [T A

fup1 <tk <T tup1 <tk <T

T
+ > I 4 / 1U(s)ds+/t U(s)ds}. (2.16)

tu<ty<T ty<tj<T

From (2.10) and (2.2), we have by Lemma 2.1 part (i) that

x(t) < x(0) H Ax + A Z H A; Bk—i—/ U (s)ds

O<tr <t O<tp <t tk<tj<t

@ Springer



Maximum Principles for Second-Order Impulsive... 979

In particular, for ¢t = ¢*,

x@) <x© [] a+r| > ] ABk+/ U)ds | . (2.17)

* * *
O<t <t O<fp<t* f<tj<t

From (2.4), (2.16) and (2.17), we obtain

0<x(t* <A Z H ABk—i—/t U(s)ds | +x(ty) H Ag H Ax

O<tp<t* e <tj<t* v typ1 <tk <T O<t <t*

+rluniu —owr) [ A [] A

tyy1 <te<T O<t <t*

+2 I1 A D ] 4 /t U(s)ds+/tmTU(s)ds ,

O<t <t* ty<tp<T tp<t;<T

which gives

I a I] Ak<|:z I ABk+/ U(s)ds:|

typ1<tp<T O<ty <t* O<tp<t* y<tj<t*

+Lop(p —owr) [ A J] 4

typ1 <tp<T O<ty<t*

1 T
+ ] A{ > 11 A/kU(s)ds—f—/ U(s)ds:|.
1 tm

O<ty <t* by <t <T ty<tj<T

Hence
m T
HAk < L—I—/ U (s)ds,
k=1 0
which is a contradiction. This completes the proof. O

Theorem 2.2 Assume that x € PC%(J, R) satisfies

' T
x'(t) > Mx()+Wx(@O@)+N k(t,s)x(s)ds+L/ h(t,s)x(s)ds, tel”,
0 0

(2.18)
ty—oy
Ax(tk)sz/ x(s)ds, k=1,2,...,m, (2.19)
Tk —Tk
Tk—&k
Ax'(ty) > —Lz/ x'(s)ds, k=1,2,...,m, (2.20)
1 —3k
x(0) = x(T), x'(0) =x'(T), (2.21)
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980 C. Thaiprayoon, J. Tariboon

where constants M > 0, W >0, N >0, L >0, L; >0,0 < L;: < 1/(6k — €p),
O<or <t <tr—tr_1,0<er <& <tx—tx—1,k=1,2,...,mand0 € C(J, J).

If
m m T
[]c [i + > Di+ / U(s)ds:| <1, (2.22)
k=1 k=1 0

where

Cr =1+ Ly(tx — ox),
173

t—Tk Ik —op
Dy = Ck/ U(s)ds —I—/ [14+ Li(ty —or — s)|U (s)ds +/ U(s)ds,
174 174

1 —Tr tk—0y

and Z Ly, Ay, U(t) are defined in Theorem 2.1. Then x(t) <0, ¢t € J.

Proof The proof of this Theorem is similar to the proof of Theorem 2.1. By applying
Lemma 2.1 part (ii) and using the definition of constants C and Dy, we obtain the
conclusion as desired. O

Now, we show two examples to illustrate an application of the new results.

Example 2.1 Consider the following impulsive problem:

”(r)<_1 (z)—1 (t)—l/tz (s)d —1/1t2 (s)ds, r€[0,1] t;él
x_4x X 503xss40sxss, , 1], >

5
1 1 14
Ax | = 5—7/ x(s)ds, k=1,
2 3 1

1 1
Ax’ (2) < —8/14 x'(s)ds, k=1,
3

[x(0) <x(1), x'(0) <x'(1),

(2.23)
where k(t,s) = ts, h(t,s) =125,0() =t/2,m = 1,1, = 1/2, M = 1/4, W = 1/5,
N=1/5L=1/4, Ly =1/3,L; =8,0p, =1/7, 7t = 1/3, e = 1/4and §; = 1/3.
It is easy to see that

1/1 1 59
Al= e el e pp—
3\3 7 63

H0<tk<tAz o - ——, !
U@ = > I A+ [ r)ds

1-[[n, Af 1
[Ti=1 A% k=1 j=k+1 p)

+1 20 11 AjfB,f—i—/tr(s)ds

O<ty<t k<tj<t i
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. 11\ 1
Ai=1-8(=--)==
3 4) 3
1 1

B} =A’f/06 r(s)ds—i—ﬁZ [1—8(% —%—s)i| r(s)ds+[7r(s)ds
5 7

(1) 1+1+1/ttd+1/1t2d
r = — - - sdas — sas.
45" 5) 4 Jo

Through a simple calculation we can get

m T

H Ax ~ 0.9365079365 > L + / U (s)ds ~ 0.7454373117.
0

k=1

Applying Theorem 2.1, we get that x(¢#) < 0 for ¢ € [0, 1].

Example 2.2 Consider the following impulsive problem:

x”(z)>1x(t)+1x L —{—1/ttsx(s)ds+1/112sx(s)ds r€l0, 1] t;él
~4 5°\2) "5, 4 /o ’ T 2’
1 1 [
Ax()z/ x(s)ds, k=1,
2 3 i
1
1 1
Ax’ (2) 2—1()/1 x'(s)ds, k=1,
6
x(0) = x(1), x'(0) = x'(1),
(2.24)

where k(z,s) = ts, h(t,s) = 25, 0(1) = t2,m=1,1=1/2,M=1/4, W =1/5,
N=1/5,L =1/4 Ly =1/3, L] = 10,01 = 1/7, 71 = 1/3, &1 = 1/4 and
81 = 1/3. It is easy to see that

U AR A W
T T3\377) T 63
1 5 1
5 2 1 1 2
D1:C1/ U(s)ds—}-/] |:1+L1 (z—a—s)} U(s)ds—i—/s U(s)ds
0 3 7
~ 1/1 1 4
L=—--——)=—
3(3 7) 63

H0<tk<tA; - - * D% !
U =———m—s | > [ AjBi+ [, ris)ds

1-[ln, Af
[Ti=1 A% k=1 j=k+1

2
+1 2 1 A7B1f+/tr(s)ds:|

O<ty <t Ik <tj<t f
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982 C. Thaiprayoon, J. Tariboon

Ar=1-10(t-t)=!
= 3 4) 6
1 1 1
6 7 1 1 2
B = A} r(s)ds + 1-8{=—-—s)]|r(s)ds+ r(s)ds
0 % 2 4 1
(1) 1+1+1/ttd +1/1t2d
r = — = - sas - sdas.
4 5 5/ 4 Jo
Through a simple calculation we can get
m m T
[]cx [L + > Di+ / U(s)ds:| ~ .9836243209 < 1.
0
k=1 k=1

Applying Theorem 2.2, we get that x(¢) < O for ¢ € [0, 1].

3 Existence Results

In this section, using the method of upper and lower solutions and the monotone
iterative technique, we obtain the existence of extreme solutions for the following

periodic boundary value problem (PBVP):

[x"(t) = f(t, x(0), x O(1)), (Kx)(1), (Sx)(1)), 1€,
tx—0

Ax(ty) = Iy, (/k kx(s)ds), k=1,2,...,m,
Tk

-7

’ _ % ke ’ _
Ax'(tx) = I x'(s)ds), k=1,2,...,m,
Ik

_8k

x(0) = x(T), x'(0) =x"(T),

which satisfies all assumptions of PBVP (1.1).
Now, we give a new definition of lower and upper solutions of PBVP (3.1).

Definition 3.1 We say that the function «g, By € E are lower and upper solutions of

PBVP (3.1) where 0 < oy < 7% <ty — txr—1,0 < & < 8 < tx — tx—1, such that

[ (1) = f (2. 00(t), a0 (0(1)) . (Kao) (1), (Sa) (1), €,

Ik —0k
Aag(ty) = Iy (/ Ol()(s)ds) , k=1,2,...,m,
179

-7

tk—&k
Aaj(t) > IF (/ ot6(s)ds>, k=1,2,...,m,
173

—8k

@0(0) = ao(T), a((0) = oy (T),
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and

BU@) < £, Bol®), Bo 01, (KBo) (1), (SB)(®)), £ € J,
1, —O

ABot) < Ik (/ kﬂo(s)ds), k=1.2.....m.
73

—Tr

tk—Ek
ABy () < I (/ ﬂ()(s)ds) , k=1,2,...,m,
173

_6k

| Bo(0) < Bo(T). BH(0) < BY(T).

Consider the linear PBVP

x"(t) = Mx(t) + Wx(@(t)) + N (Kx) (1) + L (Sx) (t) + g(t), t € J,

Ik —0k
Ax(tk):Lk/ x(s)ds +yr, k=1,2,...,m,
=Tk
lk—&k
Ax'(ty) = —LZ/ xX'(s)ds+ e, k=1,2,...,m,
Tk —0k
x(0) = x(T), x'(0) =x(T),
3.2)
where constants M > 0, W,N,L > 0, Ly > 0,L; >0,g € PC(J,R),0 < & <
Ok <ty —tx—1,0 < op < ¢ <ty — ty—1, Yk, M are constants, k = 1,2, ..., m.

PC(J, R) and PC(J, R) are Banach spaces with the norms ||x| pc = sup{x(¢) :
t € Jyand ||x| per = max{|[x[lpc, x| pc}. Let E = PC'(J,R)N C*(J™, R). A
function x € E is called a solution of PBVP (3.2) if it satisfies (3.2).

Lemma 3.1 x € E is a solution of PBVP (3.2) if and only if x € PC'(J,R) is a
solution of the following the impulsive integral equation:

T m tk—oy
x(t) = / Gi(t,s)D (s, x)ds + Z |: —G(t, ty) (Lk/ x(s)ds + Vk)
0 k=1 T —Tk
tk—¢&k
+ Go(t, t) (—LZ/ x'(s)ds + )&k) ], 3.3)
tr—0k

where D (t,x) = —Wx(@(t)) — N (Kx) (t) — L (Sx) (¢t) — g(¢),

VMT—49) 4 /M09 0 <5 <1 =T,

_ VMT _ {\1—1
Gi(t,) = 2V Me Dl LWWH) +eVMOD 0<s<r<T,

eVM(T—t+s) _ em”_‘v), 0<s<t<T,

_ VMT _ -1
Ga(t,s) =[2(e D] I—é'm(T'H_S) + em(s‘—t)’ O<s<i<T.

This proof is similar to proof of Lemma 2.1 in [2], here we omit it.
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Theorem 3.1 (Banach’s fixed point theorem) [21] Let M be a closed nonempty subset
of the Banach space X and A : M — M is a contraction mapping, i.e.,

[Au — Av|l < kllu — vl

forallu,v € M, and fixedk, 0 < k < 1. Then the operator A has a unique fixed point
u* e M.

Lemma 3.2 Let constants M > 0, W,L,N >0, Ly >0, L} > 0,0 < &g < & <

th —th—1, 0<or <t <tx —tr_1, k= 1,2,...,m.If
1+e‘/MT T s T
VA [/ (W + N/ k(s, r)dr + L/ h(s,r)dr) ds
2VM (/M7 — 1) Lo 0 0
m 1 m
+ D Li(n — ka)] +3 DLy —er) <1, (34
k=1 k=1
and

T s T m
= % |:/ (W+N/ k(s,r)dr—i—L/ h(s,r)dr) ds+ZLk(rk—ok)]
0 0 0

k=1
m(l +emT) "

+ z(eNT - 1) ;Lk((Sk —g) <1, (3.5)

then PBVP (3.2) has a unique solution x in E.

Proof For any x € E, we define an operator A by

T m tx—0;
= [ G1<r,s>D(s,x>ds+Z[—G1(r,rk> (Lk/k kx(s)dswk)
0 k=1 7

T —Tk
Ik—&k
+ Ga(t, 1) (—L,t/ x'(s)ds + Xk) ],
173

—8k

where G, G, are given by Lemma 3.1. Then, Ax € PC! (J, R), and

T m tk—o
(Ax)'(1) = — / Ga(t.5)D (s, x)ds + > |:G2(t, %) (Lk/k " e()ds + yk)
0 Ik

k=1 Tk
tk—¢&k
— MG (t, t) (—LZ/ x'(s)ds + )\k) j|
tr—0k
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By computing directly, we have

1 +emT
max {G(t,s)} =
(t,5)€J? WM (e\/MT _ 1)

and

1
max {G,(t,s)} = —.
(z,s)eﬂ{ ) 2

For x, y € PC'(J, R), we have

[Ax — Ayllpc = sup [(Ax)(r) — (Ay)(®)]

teJ

= sup
teJ

K T
+ N/ k(s,r)(x(r)y — y(r))dr + L/ h(s,r)(x(r) — y(r))dr:|ds
0 0

+> [ —Gi(t. 1) (Lk/
k=1 tk— Tk

tk—Ek
+ Ga(t, 1) (—LI/ (*x'(s) — y/(S))dS) ]‘
t

—8k

l_l_eJMT T s T
< e W+N/ ks, ryd +L/ h(m)dr)ds
2JM(eWT—1)[/<> ( 0 (s, rdr o

m

m
1
+ E Li(te — Uk)]||x —ylec + Ellx/ —Yllpc z L8k — €r)
=1 =1

1+emT T s T
< IZW(emT— 1)|:/0 (W+N/0 k(s,r)dr-{—L/O h(s,r)dr) ds

m m
1
+ > Lt —ox) |+ = D Ly —e) fllx — ylpet
2.5

k=1

T
/O G, s)[wu ©0()) — y (0(s)))

Ix—0%

(x(s) — y(S))dS)

< ¥lx =ylpct,

and

(Ax)" — (Ay)llpc = sup
teJ

T
- /0 Gz(r,s)[vv(x () — y (0(s))

s T
+ N/ k(s,r)(x(r) — y(r))dr + L/ h(s,r)(x(r) — y(r))dri|ds
0 0

mn 1k —0%

+> [Gz(r,m (Lk JARCCE y(s))ds)
k=1 T —Tk
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Tk —Ek
— MG, 1) (—LZ/ (' (s) = y/(S))dS) ]‘

1 —0k

T s T
< [1[/ (W+N/ k(s,r)dr+L/ h(s,r)dr) ds
2 0 0 0

m VM 14+eVMT) m
+ D Li(n _Uk)]+ ( ) > Ly —Sk)]llx—)’HPcl
k=1

k=1
< pllx = yllper- (3.6)

2(eVMT _ 1)

This implies that

| Ax — Ayl per < max{y, wllx — vl per-

By Theorem 3.1, A has a unique fixed point x € PC! (J, R). From Lemma 3.1, x is
also the unique solution of PBVP (3.2). This completes the proof. O

Now, we are in the position to establish existence criteria for solutions of the PVBP
(3.1) by the method of lower and upper solutions and monotone iterative technique.
For g, By € E, we write ag < B if ag(t) < Bo(¢) for all € J. In such a case, we
denote [ag, Bol = {x € E :ap(t) < x(t) < Bo(t),t € J}.

Theorem 3.2 Suppose that the following conditions hold:

(Hy) ag and By are lower and upper solutions for PBVP (3.1), respectively, such that
ap < Po.

(H2) The function f satisfies

ft, wo, x2,y2,22) — f(t, wr, x1,y1,21) < M(wz — wy) + W(x2 — x1)
+N(y2 —y1) + L(z2 — z1),

forallt € J, ap(t) <= wi < wp < Bo0), @ (0(1)) = x1 = x2 < Bo(0(1)),
(Kap)(@) < y1 < y2 < (KBo)(#), (Sap)(®) < z1 < z2 < (SBo)(®).

(H3) Constants M > 0, W,N,L > 0,0 < Ly < 1/(tx —0x), 0 < L} < 1/(8k — €x),
O<er < <tr —ti—,0<opr <7t <ty —tr—1, k=1,2,...,m, and they satisfy
(2.22), (3.4) and (3.5).

(Hy) The functions Iy, I} satisfy

I —0g I —0y Ir—0x
Ik(/ x(s)ds) — Ik(/ y(s)ds) < Lk/ (x(s) — y(s))ds,
Te—Tk Tk —Tk Te—Tk
Tk—¢k Tk—¢k te—ek
I,f(/ x’(s)ds) — 1,:‘(/ y/(s)ds) < —L,’;/ (x'(s) — y'(s))ds,
tr—08k tr—8k tr—8k

where ag(t) < y(t) < x(t) < Bo(), 0 <o <7 < tr — 1,0 < g < & <
th —t—, k=1,2,...,m.

Then there exist monotone sequences {ay,}, {B,} C E which converge in E to the
extreme solutions of PBVP (3.1) in [ag, Bol, respectively.
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Proof Firstly, we consider the following sequences {¢;}, {8i},i = 1, 2, ..., such that

a, (1) — Moy (t) — Wa (0()) — N(Kay) (1) — L(Sat) (1)
= f(t, an-1(), an1 (01)) , (Kap—-1)(1), (Satn—-1)(1))
— Map_1(t) = Watu—1 (0(1)) = N(Sap—1)(1) = L(Sap-1)(1), t€J,

Ik —0F Ik —Ok Ik —0k
Aay (1) = Lk/ ay(s)ds + I (/ ap—1 (S)dS) - Lk/ ap—1(s)ds,
7 173

Ik —Tk —Tk —Tk
k=1,2,...,m,
th—Ek t—&x Tk —&k
Aa), (tx) = —LZ/ o (s)ds + I;f (/ aéfl(s)ds) + L,t/ a1 (s)ds,
tx—8k 1 —8k tk—8k
k=1,2,...,m,

o, (0) = oy (T), «,(0) =, (T),
and

B (t) — MBy(t) — WB, (0()) — N(KBn)(t) — L(SBu) (1)
= f(t, Bu—1(0), Bp—1 (0(1)) , (KBu—1) (1), (SPp—1)(1))
= MBu—1(t) = WB—1 (0(2)) = N(SPu—-1)(1) = L(SBu-1)(1), 1€ ],

tx—ok tk—0op Ik —0f
ABn(tr) = Lk/ Bn(s)ds + I (/ ﬂn—l(S)dS) - Lk/ Bn—1(s)ds,
tx 173

Ik —Tk —Tk —Tk
k=1,2,...,m,
Tk—¢k tk—¢k tk—ek
Aﬂ,/, (tp) = —LZ/ ﬂ,’,(s)ds + I (/ ﬂ,’,_l(s)ds) + LZ/ /3,’,_1(s)ds,
tr—8k tr—08k T —8k
k=1,2,...,m,
Bn(0) = Bu(T), B, (0) = B,(T).
Moreover, by Lemma 3.2, we have «; and 81 are well defined.
Next, we shall show that
ao(?) <a1(t) < B1(@) < Po(r), reJ. 3.7

Let p(t) = ap(t) — a1(z). By definition 3.1 of a lower solution of PBVP (3.1), we
have

P (1) = aj (1) —af (1)
> Mp(t)+Wp (6(t)) + N(Kp)(t) + L(Sp)(2),
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and
Ap(tr) = Ao (te) — Aoy (t)
ty—0oy
> Lk/ p@s)ds, k=1,2,..., m,
Ik—Tk
and
Ap' () = Aay(tx) — Aary (1)
Ik—&k
> —L,’(‘/ ps)ds, k=1,2,..., m,
tr—8k
and

P0) = a0(0) — 1 (0) = ao(T) — ay(T) = p(T),
P'(0) = a)(0) — &} (0) > a((T) — ay(T) = p'(T).

Then by Theorem 2.2, p(t) < 0, which implies that «g(t) < «1(¢),t € T. In similar
way, we can show that By (t) > B1(¢),t € J.

Further, we will show that o1 (z) < B1(¢),t € J. Let p(t) = a1(t) — B1(¢) and by
(H3), we obtain

p"(t) = Mp(t) — Wp (6(1)) — N(Kp)(1) — L(Sp)(1)
= [, ao(t), a0 (0(1)), (Kao) (1), (Sao) (1))

= [, Bo(®), Po (O(1)) , (KBo) (1), (SBo) (1))

— M (ao(1) — Po(1)) — W lao (6(2)) — Bo (6(1))]

— N [(Kao)(1) — (KPo) ()] — L [(Sxo) (1) — (SBo)(1)]
> 0.

From (Hy), we get

Ik —0
Ap(ty) > Lk/ p(s)ds, k=1,2,..., m,
Ik—Tk
tk—&k
Ap'(t) > —L}:/ ps)ds, k=12, ..., m,
tr—8k

p0) = p(T), p'(0) = p'(T).

Applying Theorem 2.2, we get p(¢) < 0, which implies o1 (t) < B1(¢).
Using mathematical induction, we can show that

ap(t) <o1(t) <--- <apt) < fu(t) <--- < p1(1) < Po(r), 1€,
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forn =1,2,.... Employing standard argument, we have
lim a,(t) =a@), lim B,(t) = (),
n—oo n—oo

uniformly on ¢ € J and the limit functions «(z), B(¢) satisfy problem (3.1). Moreover,
a(t), B(t) € [ao(r), Bo(1)].

Finally, we will show that « is the minimal solution and g is the maximal solution
of PBVP (3.1), respectively. To prove it we assume that x is any solution of problem
PBVP (3.1) such that x € [ag, Bol. Let o;,—1(2) < x(t) < Bp—1(t), t € J, for some
positive integer n. Put p(¢) = o, () — x(¢). Then

p"(t) = Mp(t) = Wp (0(1)) — N(Kp)(1) — L(Sp)(1)
= f{t,on-1(1), an—1 (01)) , (Katn—1)(1), (Sota—1)(1))
— [, x(@), x (0(0) . (Kx)(2), (Sx)(1))
— M (@y—1(1) = x(1)) = W [an—1 (0(1)) — x (0(1))]
— N [(Kay-1) (1) = (Kx)(1)] = L [(San—1)(1) — (Sx)(1)]
> 0.

From (Hj), we have

t—0oy
Ap(ty) > Lk/ p@s)ds, k=1,2,...,m
Tk—Tk
tk—&k
Ap'(t) > —L}:/ pHds, k=12 ....m
1y —3k

p0) = p(T), p'(0) = p'(T).
Using Theorem 2.2, we have for all ¢ € J, p(¢t) <0, i.e., o, (t) < x(¢). Similarly, we
can prove that x(¢) < B,(t), t € J. Therefore, o, (1) < x(t) < Bn(t),forallt € J,
which implies «(t) < x(t) < B(t). The proof is complete. O

Now, in order to illustrate our results, we consider an example.

Example 3.1 Consider the following impulsive periodic boundary value problem
1 t int [ (7 2
W' (t) = —2 sin 3 (u(r) — 30 + iu (2) + [/0 tzszu(s)ds:|
2
+ gt [f t2s4u(s)ds] L tel=[01]1#1,

] (%) ¥ )ds. k=1, (3.8)

():—— . u(s)ds k=1,

w0 =u(l), u (0) =u'(1),
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where k(z, s) = 1252, h(t,s) = t>s*m = 1,11 = 1/2,11 = 1/3,01 = 1/7,8, = 1/3,
e1 = 1/4, T = 1. Obviously, ag = 0, Bp = 4 are lower and upper solutions for (3.8),
respectively, and «g < Bo.

Let

£ )= L sindwy — 30 4 Lxy 4 S22
, Wi, X1, ) =<8 w] — X A “AA L1
LA YL 2D =1 ! 2T g T 3

we have

S, wa, x2, y2,22) — f(&, w1, x1, y1, 21)
1 1 1 1
< — J— — —_ R — —_ —_
< 12(wz w1)+-21(xz x1)+-15(y2 y1)+-20(zz 21),

where a(1) < wi < wy < B(M), 2 (0(1)) < x1 < x2 < BO®), (Ka)(t) < y1 <
y2 < (KB)(@), (Sa)(t) < z1 <7220 < (8B)(t), t € J. Itis easy to see that

i i 1 [
I [ x(s)ds ) — 1 /1 y(s)ds | = E[ x(s) — y(s)ds,
6 [ 6

6

% / * % / 13 % / /
Iy (/1 X (s)ds) - ([ y (s)ds) = _?[ x'(s) — y'(s)ds,
5 5 3

6

and

whenever ag(t) < y(t) < x(t) < Bo(t).
Taking M = 1/12, W = 1/21, N = 1/15, L = 1/20, Ly = 1/15, L* = 13/5, it
follows that

comre L1y _31
=755\ 7 7) T 315

D =C EU d IS741 ! ! ! U(s)d %U d
= 1/0 (s>s+/é [*B(E‘?‘sﬂ (s)s+/i (5)ds,

14

+ Z H AjfB,f~|—/tr(s)ds ,

O<ty <t i<t <t b

131 1
Ar=1-—(---).

5\3 4
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1 1 1

. ar 6 q 11 3 (1 1 d 2 d
= 1/0 r(S)S-l-/é |: —E(E—Z—S)}r(s)s‘l‘[ r(s)ds,

4
! ! LU [M 2o Loty
)=—+—+— [ ts7ds+ — t°s*ds.
=5t ) S+20/0 e
Through a simple calculation we can get
m m T
[]cx [L + > Dy +/ U(s)ds:| = 0.9717485093 < 1.
0
k=1 k=1

Furthermore, we have
1+€‘/g L, Loy
Y o=: 1 |:/ (5+E/srdr+%/srdr)ds
2\/%(8\/;_1) 0 0 0
+1 1 1 +131 1
15\3 7 100\3 4/’

=0.922192396 < 1,

1/11+1522d+1/124dd+111
= = —+ — redr + — ridr —|--:
=51 o115 ), ° 20/, ° *T15\3 7 7

= 0.2566612741 < 1.

Therefore, PBVP (3.8) satisfies all conditions of Theorem 3.2. Thus, PBVP (3.8) has
minimal and maximal solutions in the segment [«g, Bo].

4 Conclusion

This paper is devoted to establish two new maximum principles, i.e., Theorems 2.1 and
2.2. Theorem 2.2 can be used as a tool for proving the existence of extreme solutions
for the periodic boundary value problem of impulsive functional integro-differential
equation with integral jump conditions (3.1) as mentioned in Theorem 3.2.
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