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Abstract A proper edge-k-coloring of a graph G is an assignment of k colors
1,2, ...,k to the edges of G such that no two adjacent edges receive the same color.
A neighbor sum distinguishing edge-k-coloring of G is a proper edge-k-coloring of
G such that for each edge uv € E(G), the sum of colors taken on the edges incident
with u is different from the sum of colors taken on the edges incident with v. By
ndiz(G), we denote the smallest value k in such a coloring of G. The maximum
average degree of G is mad(G) = max{2|E(H)|/|V (H)|}, where the maximum is
taken over all the non-empty subgraphs H of G. In this paper, we obtain that if G
is a graph without isolated edges and mad(G) < 8/3, then ndiy(G) < k where
k = max{A(G) + 1, 6}. It partially confirms the conjecture proposed by Flandrin et
al. (Graphs Comb 29:1329-1336, 2013).

Keywords Proper edge coloring - Neighbor sum distinguishing edge coloring -
Maximum average degree

1 Introduction

In this paper, all graphs considered are finite, simple, and undirected. The terminology
and notation used but undefined in this paper can be found in [1]. Let G = (V, E)
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be a graph. We use V(G), E(G), A(G), and §(G) to denote the vertex set, edge set,
maximum degree, and minimum degree of G, respectively. Let dg (v) or simply d(v)
denote the degree of a vertex v in G. A vertex v is called a k-vertex (resp. k™ -vertex,
or kT-vertex) if d(v) = k [resp. d(v) < k, ord(v) > k]. A vertex is called a leaf of G
if d(v) = 1. A 2-vertex is called bad if it is adjacent to a 2-vertex, otherwise we call it
good. A 5-vertex is called bad if it is adjacent to four bad 2-vertices, otherwise we call
it good. The girth of a graph G is the length of a smallest cycle in G, and we denote it
by g(G). The maximum average degree of G is mad(G) = max{2|E(H)|/|V(H)|},
where the maximum is taken over all the non-empty subgraphs H of G.

A proper edge-k-coloring of a graph G is an assignment of k colors 1,2, ...,k
to the edges of G such that no two adjacent edges receive the same color. Let ¢ be
a proper edge-k-coloring of G. By w(v) [resp. S(v)], we denote the sum (resp. set)
of colors taken on the edges incident with v, i.e., w(v) = ZuveE(G) c(uv) [resp.
S() = {c(uv)|uv € E(G)}]. We call the coloring ¢ such that w(u) # w(v) [resp.
S(u) # S(v)] foreachedge uv € E(G) aneighbor sum distinguishing (resp. neighbor
distinguishing) edge-k-coloring of G. For simplicity, we use nsd-k-coloring (resp. nd-
k-coloring) to denote the neighbor sum distinguishing (resp. neighbor distinguishing)
edge-k-coloring of G. By ndiz(G) [resp. ndi(G)], we denote the smallest value k
such that G has an nsd-k-coloring (resp. nd-k-coloring) of G.

Obviously, a graph G has a neighbor sum distinguishing (neighbor distinguishing)
coloring if and only if G has no isolated edges (we call it normal). Apparently, for any
normal graph G, ndi(G) < ndis (G).In2002, Zhang et al. [2] proposed the following
conjecture.

Conjecture 1.1 [2] If G is a normal graph with at least six vertices, then ndi(G) <
A(G) + 2.

Balister et al. [3] proved Conjecture 1.1 for bipartite graphs and for graphs G with
A(G) = 3. If G is bipartite planar with maximum degree A(G) > 12, Conjecture
1.1 was confirmed by Edwards et al. [4]. Hatami [5] showed that if G is a normal
graph and A(G) > 10, then ndi(G) < A(G) + 300. Akbari et al. [6] proved that
ndi(G) < 3A(G) for any normal graph. Wang et al. [7,8] confirmed Conjecture 1.1
for sparse graphs and K4-minor free graphs. More precisely, in [7] they showed that
if G is a normal graph and mad(G) < 5/2, then ndi(G) < A(G) + 1. Furthermore,
ndi(G) = A(G) + 1 if and only if G has two adjacent maximum degree vertices.
Recently, Hocquard et al. [9] proved that for every normal graph with A(G) > 5 and
mad(G) < 13/5, we have ndi(G) < A(G)+ 1. Later, in [10] they proved thatif G is a
normal graph with A(G) > 5 and mad(G) < 3 —2/A(G), then ndi(G) < A(G) + 1.

Recently, Flandrin et al. [11] studied the neighbor sum distinguishing colorings of
cycles, trees, complete graphs, and complete bipartite graphs. Based on these exam-
ples, they proposed the following conjecture.

Conjecture 1.2 [11]If G is a connected graph on at least three vertices and G # Cs,
then ndix (G) < A(G) +2.

Flandrin et al. [11] also proved that for each connected graph G with maximum
degree A > 2, we have ndiZ(G) < [(7TA — 4)/2]. Dong et al. [12] considered the
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neighbor sum distinguishing colorings of planar graphs and showed that if G is a
normal planar graph, then ndiz(G) < max{2A(G) + 1, 25}. In [13], Dong et al.
proved that if G is a normal graph and mad(G) < 5/2, then ndis-(G) < k where
k = max{A(G) + 1, 6}. Other results on graph coloring problems are referred to
[14-16].

In this paper, we will prove the following results.

Theorem 1.3 Let G be a normal graph. If mad(G) < %, then ndis (G) < k where
k = max{A(G) + 1, 6}.

Corollary 1.4 Let G be anormal graph. If mad(G) < %, A(G) = 5, thenndiy (G) <
A(G) + 1.

In [17], the authors obtained that mad(G) < 2g/(g —2) if G is a planar graph with
girth g. The following corollary is obvious.

Corollary 1.5 Let G be a normal planar graph. If g(G) > 8 and A(G) > 5, then
ndiy (G) < A(G) + L.

We note that if G contains two adjacent vertices of maximum degree, then
ndiy (G) = A(G)+ 1. So the bound A(G) + 1 in Corollary 1.4 is sharp. Furthermore,
Corollary 1.4 implies a result of Hocquard et al. [9] about the neighbor distinguishing
coloring of sparse graphs.

2 Proof of Theorem 1.3

Firstly, we give two lemmas obtained by Dong et al. in [13], all the elements in each
set are integers.

Lemma 2.1 [13] Let S, Sz be two sets and S3 = {a + Bla € S1, B € $2, a0 # B}

(1) If|S1] =2 and |S3| = 3, then |S3]| > 3.
(i) If S| = 2 and |S3| = 4, then |S3| > 4.
(iii) If|S1] = |S2| = 2 and S| # S, then |S3| > 3.

k

Lemma 2.2 [13] Let S be a set of sizek + 1. If S| = [ > xilxi €S, x; Fxjifl <i
i=1

<j§k],then|S1| >k+1.

Let k£ = max{A(G) + 1,6} and [k] = {1,2,...,k}. Suppose to the contrary
that G is a counterexample to Theorem 1.3, such that |E(G)| is minimum. By the
choice of G, it is clear that G is connected and any normal subgraph G’ has an nsd-
k-coloring c. We use w(v) and S(v) to denote the sum and the set of colors taken on
the edges incident with v in the coloring ¢ of G', i.e., w(v) = X, ¢, ,ep(qr) €(e) and
S(w) = {c(e) | v € e, e € E(G")}. In the following, we will extend c to the whole
graph G.

Let H be the graph obtained by removing all the leaves of G. Obviously, H is a
connected graph and mad (H) < 8/3. In the following, we give some properties of H.
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Fig. 1 Illustration of Claim 2.3
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Fig. 2 Illustration of Claim 2.4

Claim 2.3 H has the following properties:

(1) [13]8(H) > 2, where §(H) is the minimum degree of H.
@i1) [13] Let v € V(H) such that dg (v) = 2, then dg(v) = 2.
(iii) Let uvxy be a path in H such that dy (v) = dy(x) = 2, then dg(u) = dy(u)
and d(y) = dp (y) (Fig. 1).

Proof (iii) Let uvxy be a path in H such that dy(v) = dy(x) = 2. By Claim 2.3
(i), dg (v) = dg(x) = 2. By contradiction suppose dg (1) # dg (u) [it follows from
Claim 2.3 (i) and construction of H that d; (1) > 3]. Hence there exists at least one
1-vertex adjacent to u in G, say uj. Consider G’ = G\{vx}. By the minimality of G,
G’ admits an nsd-k-coloring c. If c(uv) # c(xy), then we color vx with a color distinct
from c(uv), c(xy), w(u) — w®), w(y) — w(x), then we obtain an nsd-k-coloring of
G. Otherwise, we permute the colors assigned to uu; and uv. The obtained coloring
is still an nsd-k-coloring of G’. We then extend this coloring to G as previously. This
is a contradiction. O

Claim 2.4 Letu € V(H),dy ) =1, uu; € E(H),i =1,2,...,1.

(1) [13]1If1 = 2, then u is adjacent to at most one 2-vertex.
(1) (a)[13]Ifl =3 and dy(u) < dg(u), then u is adjacent to at most one 2-vertex.
(b) Ifl = 3, then u is not adjacent to any bad 2-vertex. Furthermore, u is adjacent
to at most one good 2-vertex.
(i) If I = 4, then u is adjacent to at most one bad 2-vertex. Furthermore, if u is
adjacent to one bad 2-vertex, then u is adjacent to at most two good 2-vertices.
(iv) Ifl = 5 and u is adjacent to (I — 1) bad 2-vertices, then u is adjacent to at most
(I — 1) 2-vertices (Fig. 2).

Proof (ii) (b) Firstly, we prove that u is not adjacent to any bad 2-vertex. Suppose to the
contrary that u; is a bad 2-vertex. Let x be the other neighbor of u; with dy (x) = 2,
and xy € E(H), y # u;. By Claim 2.3 (iii), dg(#) = dp(u) = 3. Consider the
graph G’ = G\{uu,}, then G’ admits an nsd-k-coloring c. Color uu; with a color

ain S = [kI\ ({c(xy)} Ufe@ua), c@uus)} Ufwuz) — w)y U{w(us) — ww)}).
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Recolor u1x with a color distinct from «, c(xy), w(y) — c(xy), c(uuz) + c(uus) and
we obtain an nsd-k-coloring of G, a contradiction.

In the following, we prove that u is adjacent to at most one good 2-vertex. Suppose
to the contrary that dg (u1) = dg(u2) =2, viu; € E(H),v; #u,i =1,2.

Case 1dg(u) > dy(u) = 3. By Claim 2.4 (ii) (a), this Claim holds.

Case2dg(u) =dyg(u) =3.

Subcase 2.1 k > 7. Consider the graph G’ = G\{uuy, uu,}, then G’ has an nsd-
k-coloring c. Let S; = [k]\ (fe(uiv)} Ufeuus)} Ulw @) — wu)y Ufw(us—p)
—c(uuz)}),i = 1,2, then |S;| > 3,i = 1,2. By Lemma 2.1 (ii), we can choose
ai € S;,i = 1,2 such that o1 # o, o] + aa + c(uuz) # w(uz). We obtain an
nsd-k-coloring of G, which is a contradiction.

Subcase 2.2 k = 6. From the above discussion, dg(v;) > 3,i = 1,2. If
dg(v1) = 5, then u; can be distinguished from v; under an arbitrary proper
edge coloring of G. Consider G’ = G\{uuy,uus}, then G’ has an nsd-6-
coloring ¢. The colors in {c(uivi)} Ufc(uu3z)} U{c(uav) — c(uuz)} are forbid-
den for uu;. Let §; = [6]\ ({c(ulvl)} U{c@uz)} Ulc(uavr) —c(uu3)}), S, =
[6]1\ ({c(uav2)} Ufc(uus)} U{w(v2) — w(u2)} U{c(uivi) — c(uuz)}), then |Si| >
3,|82] = 2. By Lemma 2.1 (ii), we can choose «; € S;,i = 1, 2 such that o1 # a2,
a1 +ar+c(uus) # w(us). We obtain an nsd-6-coloring of G, which is a contradiction.
Therefore, dg(v1) # 5. Similarly, dg(v2) # 5.

If dg(v1) = 3 and xi, y; are the other two neighbors of v;. Consider G’ =
G\{uuy, uuz, ujv}, then G’ has an nsd-6-coloring c. Let S| = [6]\ ({c(vix})
+eiyn} Ule@us)}), S = [6]\ ({e(uus)} Ule(ua)} Ufw () — w(wa)}). S5 =
[61\ (fcvixD), coryD} U{wx) — w@D} Ufw () — w(v))}), then S| > 4,
[S2] > 3, |S3] > 2. We can choose «; € S;,i = 1,2, 3 such that o] # ap, a1 # a3,
u can be distinguished from u1, 12, u3, and v can be distinguished from xp, y;. We
obtain an nsd-6-coloring of G, a contradiction. Therefore, dg(v1) # 3. Similarly,
dg(v2) # 3.

Now we assume that dg(v1) = dg(v2) = 4, xi,y;,z; are the other three
neighbors of v;, i = 1,2. Consider G’ = G\{uuy, uus}, then G’ has an nsd-
6-coloring c. If c(vixy) + c(viy1) + c(viz;) > 6, then u; and vy can be
distinguished. Let S} = [6]\ ({c(uug)}U{c(ulvl)}U{w(uz) —c(uug)}), S =
[61\ (fe(uusz)} Ufe(uavn)} Ulw(wa) — wua)} Ulw (i) — c(uus)}), then |Si] >
3,|82] = 2. We can choose «; € S;,i = 1,2 such that a1 # a2, @1 + a2 + c(uuz) #
w(uz). We obtain an nsd-6-coloring of G, which is a contradiction. Therefore,
c(vixy) + c(viyr) + c(vizy) = 6. Similarly, c(vax2) + c(v2y2) + c(v2z2) = 6.

Without loss of generality we assume that c(v;jx;) = 1,c(viy;) = 2,c(vizi) =
3,i = 1,2. Suppose that c(ujvi) # c(urv2) or c(uuz) = 6, then we can obtain
an nsd-6-coloring of G as previously. Hence, c(ujvy) = c(uzv2), c(uuz) # 6.
From the above discussion, dg(u3) > 3. If dg(u3) = 3, let x3,y3 be the
neighbors of u3 distinct from u. Consider the graph G’ = G\{uuy, uusz, uus},

then G’ has an nsd-6-coloring c. Let S1 = [5]\{c(u1v1)}, $2 = [5]\{c(u2v2)},
S3 = [6]\ (fc(v3x3), c(v3y3)} U{w(xs) — w(u3)} Ufw(yz) — w(uz)}), then |S1| >
4,|8>| > 4, ]S3| > 2. From the above discussion, we know that S| = S, = {1, 2, 3, 4}
or {1, 2, 3, 5}, so we can choose ¢; € S;,i = 1, 2, 3 such that a1, «p, a3 are pairwise
distinct and u can be distinguished from u, u2, u3. We obtain an nsd-6-coloring of G,
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which is a contradiction. Therefore, dg (u3) > 4. If c(uus) € {1, 2, 3}, color uuy, uus
properly with {1, 2, 3}\{c(uu3)}. Otherwise, properly color uuy, uus with colors in
{1, 2, 3}. In both cases, we obtain an nsd-6-coloring of G, a contradiction.

(iii) Suppose to the contrary that dg (1) = dg(u2) = 2, u;v; € E(H),dg (v;) =
2,i = 1,2, x; is the other neighbor of v;,i = 1,2. By Claim 2.3 (iii), dg(u) =
dy (u) = 4. Consider the graph G’ = G\{uuy, uus}, then G’ has an nsd-k-coloring
c. Let S; = [k]\ ({c(uu3), c(uuyg)} U{c(vixi)}) ,i = 1,2, then |S;| > 3. By Lemma
2.1 (i), we can choose «; € S;,i = 1, 2 such that 1 # o and u can be distinguished
from us, uq. Recolor u; v; with a color distinct from «;, c(v; x;), w(x;) —c(vix;), ay +
ar + c(uuz) + c(uug) — @, i = 1,2, then u can be distinguished from u1, uy. We
obtain an nsd-k-coloring of G, a contradiction.

Now assume that u is adjacent to a bad 2-vertex u; with ujvy € E(H),dy(v1) =
2,vix; € E(H),x; # vi. Suppose to the contrary that dy(u;) = 2,u;jv; €
E(H),vi # u,i = 2,3,4. By Claim 2.3 (iii), dg(#) = dy(u) = 4. Con-
sider G’ = G \ {uu;}, then G’ has an nsd-k-coloring c. Let S = [k] \
({c(uua), c@us), c(uug)} J{c(wix1)}). When k < 7,if 1 € S, then color uu; with
o € S\ {1}, otherwise color uu| withae € S\ {2}. Inboth cases w(u)+o > w(u;),i =
2, 3, 4. Thenrecolor u1v{ with a color distinct from «, c(vix1), w(u), w(xy)—c(vixy).
We obtain an nsd-k-coloring of G, a contradiction. When k£ > 8, |S| > 4, we can
choose @ € § such that o + w(u) # w(u;),i = 2,3, 4. Then recolor ujv; with a
color distinct from «, c(vix1), w(u), w(x;) — c(vix1). We obtain an nsd-k-coloring
of G, a contradiction.

(iv) Suppose to the contrary that dy(u;) = 2,i = 1,2,...,1, ujv; €
E(H),v,- ;é u,i = 1,2,...,l and dH(vj) = 2, VjXj € E(H),x]' ;é vj,j =
1,2,...,1 — 1. By Claim 2.3 (iii), dg(u) = dy@u) = [. Let G’ = G\{uuy},
then G’ has an nsd-k-coloring ¢. If I < A = k — 1, color uu; with a €

-1
[k]1\ ({c(uug), ooy cuun)y Uleuxn)t U [a + > c(uui)]). Otherwise color uu
i=2

with @ € [k] \ ({c(uuz), vy c(uup)} U{c(lel)}). In both cases, u can be distin-
guished from u;. Properly recolor u;v; such that # can be distinguished from u; and
v; can be distinguished from x;,i = 1,2, ...,/ — 1. We obtain an nsd-k-coloring of
G, a contradiction. O

Claim 2.5 Letu € V(H),dy(u) =5, uu; € E(H),i =1,2,3,4,5.

(1) If A(G) = 6, then u is adjacent to at most two bad 2-vertices. If A(G) = 5
and u is adjacent to three bad 2-vertices, then u is adjacent to at most one good
2-vertex.

Furthermore, if A(G) = 5 and u is a bad 5-vertex, then by Claim 2.3 (iii),
dg(u) = dy(m) = 5. Let dg(u;) = 2,ujv; € E(H), dg(v;) = 2, x; be the
other neighbor of vi,i = 1,2, 3,4, we have

(i) du(us) = 4.

(i) If duy(us) = 4, then us is adjacent to no bad 2-vertex.

(v) Ifdu(us) =5, then us is adjacent to at most two bad 2-vertices (Fig. 3).

Proof (i) Assume A(G) > 6. Suppose to the contrary that dy (1) = dy(ua) =
dg(u3) = 2, v; is the other neighbor of u; with dy(v;) = 2, x; is the other
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V53

(iii)

Fig. 3 Illustration of Claim 2.5

neighbor of v;,i = 1,2,3. By Claim 2.3 (iii), dg¢(#) = dyg@u) = 5. Con-
sider the graph G’ = G\{uuy, uus, uus}, then G’ has an nsd-k-coloring c. Let
Si = [k]\ ({c(uu4),c(uu5)} U{c(vix,-)}) ,i = 1,2,3, then |S;| > 4,i = 1,2,3.
We can choose o; € S;,i = 1,2,3 such that o, op, o3 are pairwise distinct
and u can be distinguished by u4, us. Recolor u;v; with a color distinct from

3
ai, c(ix;), w(x;) — c(vix;), > o + w(u) — e, i = 1,2, 3, then u can be distin-
i=1
guished from u 1, us, u3. We obtain an nsd-k-coloring of G, a contradiction.

Assume that A(G) = 5. Suppose to the contrary that dy(u;) = 2, ujv; €
E(H),vi #u,i =1,2,...,5and dyg(v;) = 2,vjx; € E(H),j = 1,2,3. By
Claim 2.3 (iii), dg (u) = dp (u) = 5. Consider the graph G’ = G\{uu}, then G’ has
an nsd-6-coloring c. Color uu; with o € [6]\ ({c(uuz), .o, Cc(uus)} U{c(v1x1)}).

5

Then recolor uv; with a color distinct from «, c(vix1), w(x;) — c(vix1), > c(uu;).

i=
It can be seen that w(u) + @ > w(u;),i = 2,...,5, so we obtain an nsd-6-coloring
of G, a contradiction.

(i1) By Claim 2.4 (iv), dy(u5) > 3. Suppose to the contrary that dy(us) = 3,
vs1, vsp are the other two neighbors of us. Consider the graph G’ = G\{uuy, uus, uus,
uug, uus}, then G’ has an nsd-6-coloring c. Let S; = [6]\{c(v;x;)},i = 1,2,3,4,
S5 = [6]\ ({c(usvs1), c(usvs2)} Ufw(vs) — w(us)} U{w(vsz) — w(us)}), then | S;|
> 5,i = 1,2,3,4, |S5] > 2. We can choose «; € S;,i = 1,2,3,4,5 such that
o1, a2, 03, 04, o5 are pairwise distinct and u can be distinguished by u5. Obviously,
u can be distinguished by uq, us, us, us. Recolor u;v; with a color distinct from
ai, c(vix;), w(x;) — c(vix;),i = 1,2,3,4 and we obtain an nsd-6-coloring of G,
a contradiction.

(iii) Let vs1, v52, v53 be the other three neighbors of u5. Suppose to the contrary that
dp (vs1) = dy(xs1) = 2, vs1x51 € E(H), x51y51 € E(H), y51 # vs1. By Claim 2.3
(iii), dg (us) = dpy(us) = 4. Consider the graph G’ = G\{uuy, uus, uus, uuy}, then
G’ has an nsd-6-coloring c. Assume that c(uus) = s, c(usvs;) = B, j =1,2,3,
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cuix)) =y, i =1,2,3,4,clxs1ys1) = n.Let S; = [6]\({y;} Ulas)), i =1,2,3,4,
then [S;| > 4,i =1,2,3, 4.

If there exists some y; = a5 (I € {1,2,3,4)Dory; #y; (0 # j,i,j €{1,2,3,4}),
then we can choose o; € S;,i = 1,2,3,4 such that u can be distinguished by
us. Recolor u;v; with a color distinct from y;, o, w(x;) — c(vix;),i = 1,2,3,4,
we can obtain an nsd-6-coloring of G, a contradiction. Therefore, we assume that
Vi=v2=y3=ys=y,a5 #y.Then §| = § = §3 = S4 = [6]\{ws, }. Assume
that S; = {1, a2, a3, s}, i = 1,2, 3, 4. Color uu; withe;, i = 1,2, 3, 4.

If [{o1, a2, a3, aa} ({1, B2, B3}| = 3, then u can be distinguished by us, recolor
ujv;, i =1, 2,3, 4as previously and we obtain an nsd-6-coloring of G, a contradiction.
Furthermore, {1, o2, @3, aa} ({B1, B2, ,33}| > 2 because there are six colors in total.
Therefore, |{a1, a2, @3, 24} ({1, B2, ,33}} = 2. Without loss of generality we assume
that {a1, a2} € {B1, B2, B3}

If 81 = y, then {a1, a2} = {B2, B3}. If s # 7, suppose u can not be distinguished
by us, then y = a3 + a4. Recolor uus with y and recolor usvs; with os, we obtain
an nsd-6-coloring of G, a contradiction. Therefore, s = 7. Recolor usvs; with one
of a3, a4, or exchange the colors of uus and uus, or exchange the colors of uus and
uus such that us can be distinguished by u, vs», vs3. It is easy to see that u can be
distinguished by uy, uz, u3, us. Recolor u;v;,i = 1, 2, 3, 4, and vs1xs1 as previously
and we can obtain an nsd-6-coloring of G, a contradiction.

If B1 # y. Without loss of generality we assume that 81 = «1, f2 = @3. Recolor
usvs; with one of a3, s, or exchange the colors of uu3 and uus, or exchange the
colors of uu4 and uus such that us can be distinguished by u, vs», vs3. Itis easy to see
that u can be distinguished by u1, us, u3, ua. Recolor u;v;,i =1, 2, 3, 4, and vsixs;
as previously and we can obtain an nsd-6-coloring of G, a contradiction.

(iv) Let vs1, vs52, vs3, vs4 be the other four neighbors of us. Suppose to the con-
trary that dy(vs;)) = dp(xs)) = 2,vsixs; € E(H), x5;y5i € E(H),ys; #
vsi,i = 1,2,3. By Claim 2.3 (iii), dg(us) = dpy(us) = 5. Consider the graph
G' = G\{uuy,uuy, uus,uuy}, then G’ has an nsd-6-coloring c. Assume that
c(uus) = as, c(usvs;) = B;,j = 1,2,3,4, c(vix;) = y;,i = 1,2,3,4. Let
S; = [6]\ ({y,'} U{Ols}) ,i=1,2,3,4,then |S;| >4,i =1,2,3,4.

If there exists some y; = a5 (i € {1,2,3,4))ory; #y,; ( # j.i,j €{1,2,3,4}),
then we can choose «; € S;,i = 1,2, 3,4 such that u can be distinguished by us.
Recolor u;v; with a color distinct from o;, yi, w(x;) — c(vix;),i = 1,2,3,4. We
obtain an nsd-6-coloring of G, a contradiction. Therefore, we assume that y; = y» =
Y3 = Y4 = y,a5 # y. Then S| = $ = S3 = S4 = [6]\{«s, y}. Assume that
S; = {ay, ap, a3, a4}. Color uu; with o; and recolor u;v; with a color distinct from
v, o, wx;) —cwix;), i =1,2,3,4.

If {a1, a2, a3, aa} # {B1, B2, B3, Ba}, then u can be distinguished by us, it is easy
to see that u# can be distinguished from u1, us, u3, ua. We obtain an nsd-6-coloring
of G, a contradiction. Therefore, {a, a2, a3, @4} = {B1, B2, B3, Ba}. Without loss of
generality we assume that o; = B;,i = 1,2,3,4. If c(x51y51) # y, then recolor
usvs; with y. We can see that u can be distinguished from us. If us can not be
distinguished from vs4, then exchange the colors of uu and uus. Recolor vs;xs; with
a color distinct from yy, c(x51y51), w(ys51) — c(x51y51). We obtain an nsd-6-coloring
of G, a contradiction. Similarly, c(x52ys52) = c(x53y53) = y. Recolor uus with y.
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Then recolor u5vsy or recolor ususy with a5 such that us can be distinguished by vs4.
Recolor vs;x5; with a color distinct from y, o5, o, w(ys;) — c(xs5iy5;),i = 1,2. We
obtain an nsd-6-coloring of G, a contradiction. O

In order to complete the proof, we use a discharging procedure. Forevery v € V(H),
we define the original charge of v to be ch(v) = dy(v) = I. We then redistribute the
charges according to the rules R1, R2, and R3 (below). To complete the proof, our
aim is to prove that, for every vertex v, the new charge ch*(v) is at least 8/3.

The discharging rules are defined as follows:

(R1) Every 4T -vertex gives 5 2 to each adjacent bad 2-vertex.

(R2) Every 3T -vertex gives 5 to each adjacent good 2-vertex.
(R3) If u is a bad 5-vertex, u;,i = 1,2,3,4,5, are the neighbors of u, and if
ui, un, U3, Uy are bad 2-vertices, then us gives % tou.

Case [ = 2. Observe that ch(v) = 2. Suppose v is a good 2-vertex. Hence, by (R2),
ch*(v) > 242 x % =38 Suppose v is bad, By Claim 2.4 (i) and Claim 2.4 (ii), v
is adjacent to at most one 2-vertex and is adjacent to a 4¥-vertex. Hence, by (R1),
ch*(v)=2+1x32 =4
Case/ = 3. Observe that ch(v) = 3. By Claim 2.4 (ii), v is adjacent to no bad 2-vertex
and is adjacent to at most one good 2-vertex. By Claim 2.5 (ii), v is adjacent to no bad
S-vertex. By (R2) and (R3), ch*(v) 23— 1x § = §.
Case [ = 4. Observe that ch(v) = 4. Suppose v is not adjacent to a bad 2-vertex.
Then, by (R2) and (R3), ch*(v) > 4 — 4 x % = %. Assume now, v is adjacent to
a bad 2-vertex. By Claim 2.4 (iii), v is adjacent to at most two good 2-vertices. By
Claim 2.5 (iii), v is adjacent to no bad 5-vertex. Hence by (R1), (R2), and (R3),
ch*(v)=4—1x32-2x1=4
Case [ = 5. Observe that ch(v) = 5. Suppose v is adJacent to at most two bad 2-
vertices, then by (R1), (R2), and (R3), ch*(v) > 5 —2 x § —3x3= 8 Ifvis
adjacent to three bad 2-vertices, then by Claim 2.5 (i) and (iv), v is adjacent to at most
one good 2-vertex and v is adjacent to no bad 5-vertex. Hence by (R1), (R2), and (R3),
ch*(v) > 5 -3 x 2 —1x % = 8 Assume now, v is a bad 5-vertex. By (R1), (R2),
and (R3), ch*(v) >5—4>< -+1 xi=35
Case [ > 6. Observe that ch(v) =1 By Claim 2.5 (i), any 5-vertex in H is good. By
Claim 2.4 (iv), v is adjacent to at most (/ — 1) bad 2-vertices. Moreover if v is adjacent
to (I — 1) bad 2-vertices, then its last neighbor has degree at least 3. It follows by (R1),
ch*(v)=1—(1—1)x3=>8

This completes the proof of Theorem 1.3.

Acknowledgments This work is supported by NSFC (11271006, 11101243, 11471193).

References

1. Bondy, J.A., Murty, U.S.R.: Graph Theory with Applications. North-Holland, New York (1976)

2. Zhang, Z.F.,, Liu, L.Z., Wang, J.F.: Adjacent strong edge coloring of graphs. J. Appl. Math. Lett. 15,
623-626 (2002)

3. Balister, PN., Gy¢ri, E., Lehel, J., Schelp, R.H.: Adjacent vertex distinguishing edge-colorings. SIAM
J. Discret. Math. 21, 237-250 (2007)

@ Springer



S256 Y. Gao et al.

10.

12.

13.

15.

16.

17.

. Edwards, K., Horfidk, M., WoZniak, M.: On the neighbour-distinguishing index of a graph. Graphs

Comb. 22, 341-350 (2006)

. Hatami, H.: A+ 300 is a bound on the adjacent vertex distinguishing edge chromatic number. J. Comb.

Theory Ser. B 95, 246-256 (2005)

. Akbari, S., Bidkhori, H., Nosrati, N.: r-Strong edge colorings of graphs. Discret. Math. 306, 3005-3010

(2006)

. Wang, W.F,, Wang, Y.Q.: Adjacent vertex distinguishing edge-colorings of graphs with smaller maxi-

mum average degree. J. Comb. Optim. 19, 471-485 (2010)

. Wang, W.E, Wang, Y.Q.: Adjacent vertex-distinguishing edge colorings of K4-minor free graphs.

Appl. Math. Lett. 24(12), 2034-2037 (2011)

. Hocquard, H., Montassier, M.: Adjacent vertex-distinguishing edge coloring of graphs with maximum

degree at least five. Electron. Notes Discret. Math. 38, 457-462 (2011)
Hocquard, H., Montassier, M.: Adjacent vertex-distinguishing edge coloring of graphs with maximum
degree A. J. Comb. Optim. 26(1), 152-160 (2013). doi:10.1007/s10878-011-9444-9

. Flandrin, E., Marczyk, A., Przybyto, J., Saclé, J.F., Wozniak, M.: Neighbor sum distinguishing index.

Graphs Comb. 29(5), 1329-1336 (2013). doi:10.1007/s00373-012-1191-x

Dong, A.J., Wang, G.H.: Neighbor sum distinguishing colorings of some graphs. Discret. Math. Algo-
rithms Appl. 4(4), 1250047 (2012). doi:10.1142/S1793830912500474

Dong, A.J., Wang, G.H., Zhang, J.H.: Neighbor sum distinguishing edge colorings of graphs with
bounded maximum average degree. Discret. Appl. Math. 166, 84-90 (2014). doi:10.1016/j.dam.2013.
10.009

. Chen, H.Y., Tan, X., Wu, J.L.: The linear arboricity of planar graphs without 5-cycles with chords.

Bull. Malays. Math. Sci. Soc. (2), accepted

Wang, B., Wu, J.L., Tian, S.F.: Total colorings of planar graphs with small maximum degree. Bull.
Malays. Math. Sci. Soc. (2), accepted

Xu, R.Y., Wu, J.L., Wang, H.J.: Total coloring of planar graphs without some chordal 6-cycles. Bull.
Malays. Math. Sci. Soc. (2), accepted

Borodin, O.V., Kostochka, A.V., Nesetfil, J., Raspaud, A., Sopena, E.: On the maximum average degree
and the oriented chromatic number of a graph. Discret. Math. 206, 77-89 (1999)

@ Springer


http://dx.doi.org/10.1007/s10878-011-9444-9
http://dx.doi.org/10.1007/s00373-012-1191-x
http://dx.doi.org/10.1142/S1793830912500474
http://dx.doi.org/10.1016/j.dam.2013.10.009
http://dx.doi.org/10.1016/j.dam.2013.10.009

	Neighbor Sum Distinguishing Edge Colorings of Graphs with Small Maximum Average Degree
	Abstract
	1 Introduction
	2 Proof of Theorem 1.3
	Acknowledgments
	References




