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Abstract A graph G is called a fractional (g, f, n’, m)-critical deleted graph if after
deleting any n’ vertices of G the remaining graph is a fractional (g, f, m)-deleted
graph. A graph G is called a fractional ID-(g, f, m)-deleted graph if after deleting any
independent set / of G the remaining graph is a fractional (g, f, m)-deleted graph.
In this paper, we give some sharp degree conditions for a graph to be a fractional
(g, f,n’, m)-critical deleted graph and a fractional ID-(g, f, m)-deleted graph. The
tight degree conditions for fractional (a, b, n’, m)-critical deleted graphs and fractional
ID-(a, b, m)-deleted graphs are also considered.
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1 Introduction

All graphs considered in this paper are finite, loopless, and without multiple edges. Let
G be a graph with the vertex set V (G) and the edge set E(G). Letn = |V (G)|. For a
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vertex x € V(G), the degree and the neighborhood of x in G are denoted by d¢ (x) and
Ng (x), respectively. We use Ng[x] to denote Ng (x)U{x}. Let A(G) and §(G) denote
the maximum degree and the minimum degree of G, respectively. For S € V(G), we
denote by G[S] the subgraph of G induced by S, and let G — S = G[V (G)\S]. For
two disjoint subsets S and T of V(G), we use e (S, T') to denote the number of edges
with one end in S and the other in 7. Denote 67 (G) = min{dg (1) + dg(v)} for each
pair of non-adjacent vertices u and v of G.

Suppose that g and f are two integer-valued functions on V(G) such that 0 <
g(x) < f(x)forall x € V(G). A fractional (g, f)-factor is a function & that assigns
to each edge of a graph G a number in [0,1] so that for each vertex x we have
glx) < dg (x) < f(x), where dé (x) = > h(e) is called the fractional degree of

ecE(x)
xinG.If g(x) = f(x) forall x € V(G), then a fractional (g, f)-factor is a fractional
f-factor. If g(x) = a, f(x) = b for all x € V(G), then a fractional (g, f)-factor is
a fractional [a, b]-factor. Moreover, if g(x) = f(x) = k (k > 1 is an integer) for all
x € V(G), then a fractional (g, f)-factor is just a fractional k-factor.

A graph G is called a fractional (g, f, m)-deleted graph if for each edge subset
H C E(G) with |H| = m, there exists a fractional (g, f)-factor & such that h(e) = 0
for all e € H. That is, after removing any m edges, the resulting graph still has a
fractional (g, f)-factor. A graph G is called a fractional (g, f, n’)-critical graph if
after deleting any n’ vertices from G, the resulting graph still has a fractional (g, f)-
factor.

The first author of this paper introduced the concept of a fractional (g, f, n’, m)-
critical deleted graph [2]. A graph G is called a fractional (g, f, n’, m)-critical deleted
graph if after deleting any n’ vertices from G, the resulting graph is still a fractional
(g, f, m)-deleted graph. If g(x) = f(x) for all x € V(G), then fractional (g, f, m)-
deleted graph, fractional (g, f, n')-critical graph, and fractional (g, f, n’, m)-critical
deleted graph are fractional ( f, m)-deleted graph, fractional ( f, n’)-critical graph, and
fractional (f, n’, m)-critical deleted graph, respectively. If g(x) = a, f(x) = b for
all x € V(G), then fractional (g, f, m)-deleted graph, fractional (g, f, n’)-critical
graph, and fractional (g, f,n’, m)-critical deleted graph are fractional (a, b, m)-
deleted graph, fractional (a, b, n’)-critical graph, and fractional (a, b, n’, m)-critical
deleted graph, respectively. Furthermore, if g(x) = f(x) = k (k > 1 is an integer)
for all x € V(G), then fractional (g, f, m)-deleted graph, fractional (g, f, n")-critical
graph, and fractional (g, f,n’, m)-critical deleted graph are just fractional (k, m)-
deleted graph, fractional (k, n’)-critical graph, and fractional (k, n’, m)-critical deleted
graph, respectively. Some results on fractional (g, f, n’, m)-critical deleted graph were
given by Gao and Wang in [4].

Yu et al. [5] studied the degree condition for fractional k(> 2)-factor and proved that
G has a fractional k-factor if n > 4k — 3, §(G) > k, and max{dg (u), dg (v)} > n/2
for each pair of non-adjacent vertices # and v of G. Zhou [6,7] discussed the degree
conditions for (k, m)-deleted graphs. Gao and Wang [3] improved the results in [6,7]
and obtained that G is a fractional (k, m)-deleted graph, with k > 2 and m > 0, if one
of the following conditions holds:

()n >4k +4m —3,58(G) > k + m, and max{dg (u), dg(v)} > n/2 for each pair of
non-adjacent vertices u# and v of G;
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2)8(G) = k+m,02(G) = n,n >4k +4m — 5 if (k,m) # (3,0) and n > 8 if
(k,m) = (3,0).

Chang et al. [1] introduced the concept of fractional ID-k-factor-critical graph (if
G — [ has a fractional k-factor for every independent set / of G) and proved that
G is a fractional ID-k-factor-critical graph if 6(G) > 2n/3 and n > 6k — 8. Very
recently, this concept was generalized to the fractional ID-[a, b]-factor-critical graph
by Zhou et al. in [8], that is, a graph G is fractional ID-[a, b]-factor-critical if G — 1
admits a fractional [a, b]-factor for every independent set / of G. It is determined
by Zhou et al. [8] that a graph G to be a fractional ID-[a, b]-factor-critical graph if
n>((a+2b)a+b—-2)+1)/band 6(G) > (a + b)n/(a + 2b).

In this paper, we first investigate some degree conditions for a graph to be a fractional
(g, f,n’, m)-critical deleted graph. Our main results in the first part to be proved in
the next section can be stated as follows:

Theorem 1 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers such that2 < a <bandn > ((a +b)(a+b+2m —2)+bn')/a. Let g, f
be two integer-valued functions defined on V(G) such thata < g(x) < f(x) <b
for each x € V(G). If G satisfies §(G) > b(n +n’)/(a + b), then G is a fractional
(g, f,n', m)-critical deleted graph.

Theorem 2 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers such that2 < a < b, n > ((a +b)(a+b+2m — 1) + bn')/a and §(G) >
(b*+bn')Ja+m. Let g, f be two integer-valued functions defined on V (G) such that
a <g(x) < f(x) <bforeachx € V(G). If G satisfies

b(n+n')

max{dg(x), dg(y)} = atb

for each pair of non-adjacent vertices x and y of G, then G is a fractional (g, f,n’, m)-
critical deleted graph.

Theorem 3 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers such that2 < a <b,n > ((a +Db)(a + b +2m —2) +bn')/a and §(G) >
(b*+bn')Ja+m. Let g, f be two integer-valued functions defined on V (G) such that
a < gx) < f(x) < bforeachx € V(G). If G satisfies 02(G) > 2b(n+n’)/(a+b),
then G is a fractional (g, f,n’, m)-critical deleted graph.

Theorem 1-3 presents sufficient conditions for fractional (g, f, n’, m)-critical
deleted graphs from three different angles. Theorem 1 describes the minimal degree
condition for fractional (g, f, n’, m)-critical deleted graphs; Theorem 2 supplies the
condition on the degree of non-adjacent vertices for fractional (g, f, n’, m)-critical
deleted graphs; Theorem 3 depicts the degree sum condition (also called fan-type
condition) for fractional (g, f, n’, m)-critical deleted graphs.

Let g(x) = f(x) for all x € V(G) in Theorems 1, 2 and 3, we get three degree
conditions for fractional ( f, n’, m)-critical deleted graphs. Let m = 0 in three results
above, and the corresponding degree conditions for fractional (g, f, n)-critical graphs
are given. In particular, take n’ = 0, the following corollaries concern degree con-
ditions for fractional (g, f, m)-deleted graphs hold, and on which the proofs of our
results in the second part may reckon.
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Corollary 1 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a < bandn > (a+b)(a+b+2m—2)/a. Let g, f betwo integer-valued
functions defined on V (G) such thata < g(x) < f(x) < b foreachx € V(G). If G
satisfies 5(G) > bn/(a + b), then G is a fractional (g, f, m)-deleted graph.

Corollary 2 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n> (a+b)la+b+2m—1)/aand §(G) > bz/a +m. Letg, f
be two integer-valued functions defined on V (G) such thata < g(x) < f(x) < b for
each x € V(G). If G satisfies

bn
d . d > —
max{dg(x), dg(y)} = Py
for each pair of non-adjacent vertices x and y of G, then G is a fractional (g, f, m)-
deleted graph.

Corollary 3 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n > (a+b)(a+b~+2m—2)/aand §(G) > b*/a+m. Let g,
be two integer-valued functions defined on V(G) such thata < g(x) < f(x) <b
for each x € V(G). If G satisfies 02(G) > 2bn/(a + b), then G is a fractional
(g, f, m)-deleted graph.

Some graphs will be constructed to show that the degree conditions in Theorem 1,
Theorem 2, and Theorem 3 are best possible. And, the corresponding degree conditions
for fractional (a, b, n’, m)-critical deleted graphs will be discussed in Sect. 2.4.

The proofs of our Theorem 1, Theorem 2, and Theorem 3 are heavily based on the
following lemma.

Lemma 1 (Gao [2]) Let G be a graph, g, f be two integer-valued functions defined
on V(G) such that g(x) < f(x) for each x € V(G). Let n’, m be two non-negative
integers. Then G is fractional (g, f, n’, m)-critical deleted graph if and only if

f(S) —gT)+dc-s(T) > max
UCS,|U|=n',HCE(G—U),|H|=m

x [f(U)+ZdH(x)—eH(T, S)] ey

xeT

for all disjoint subsets S, T of V(G) with |S| > n'.

To derive our second part results, we should extend the concept of fractional
ID-[a, b]-factor-critical graph. A graph is called fractional independent-set-deletable
(g, f, m)-deleted graph (in short, fractional ID-(g, f, m)-deleted graph) if G — I is
a fractional (g, f, m)-deleted graph for every independent set / of G. If g(x) = f(x)
for all x € V(G), then a fractional ID-(g, f, m)-deleted graph is a fractional ID-
(f, m)-deleted graph. If g(x) = a and f(x) = b for all x € V(G), then a fractional
ID-(g, f, m)-deleted graph is a fractional ID-(a, b, m)-deleted graph. If m = 0, then
a fractional ID-(g, f, m)-deleted graph is just a fractional ID-(g, f)-factor-critical
graph.
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The results in [1] and [8] inspire us to think about degree conditions for fractional
ID-(g, f, m)-deleted graphs. Specifically, we prove the following three results.

Theorem 4 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <bandn > 2a +b)(a+b+2m —2)/a. Let g, [ be two integer-
valued functions defined on V (G) suchthata < g(x) < f(x) < bforeachx € V(G).
If G satisfies §(G) > (a + b)n/(2a + b), then G is a fractional ID-(g, f, m)-deleted
graph.

Theorem 5 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n > Qa+b)(a+b+2m—1)/aand5(G) > an/(2a+Db) +b2/
a+m. Let g, f betwo integer-valued functions defined on V (G) such thata < g(x) <
f(x) < b foreach x € V(G). If G satisfies

(a+ b)n

max{dg(x), dc(y)} > 2a+b

for each pair of non-adjacent vertices x and y of G, then G is afractional ID-(g, f, m)-
deleted graph.

Theorem 6 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n > 2a+b)(a+b+2m—2)/aand §(G) > an/(2a+b)+b*/
a+m. Let g, f be two integer-valued functions defined on V(G) suchthata < g(x) <
f(x) <bforeach x € V(G). If G satisfies 02(G) > 2(a + b)n/(2a + b), then G is
a fractional ID-(g, f, m)-deleted graph.

As fractional ID-(g, f, m)-deleted graph is a special kind of fractional (g, f, n’, m)-
critical deleted graph when n’ deleted vertices are exactly in an independent set,
Theorem 4-6 describes sufficient conditions for a particular kind of fractional
(g, f, n’, m)-critical deleted graphs from the standpoints on minimal degree condi-
tion, non-adjacent vertices degree condition, and degree sum condition, respectively

Several examples will manifest the sharpness of Theorem 4, Theorem 5, and The-
orem 6. Also, the corresponding degree conditions for fractional ID-(a, b, m)-deleted
graphs will be determined later.

2 Degree Conditions for Fractional (g, f, n’, m)-Critical Deleted
Graphs

It is noticed that §(G) > b(n+n')/(a+b) in Theorem 1 implies 02(G) > 2b(n+n')/
(a + b) and 8(G) > (b*> + bn')/a + m in Theorem 3. Thus, it is sufficient to prove
Theorem 2 and Theorem 3 for the first part.

For completeness, we give the following result on complete graph.

Lemma 2 Let G be a complete graph with order n, and let a, b, n’, and m be non-
negative integers such that2 < a < b.n > ((a +b)(a +b +2m — 2) + bn')/a. Let
g, f be two integer-valued functions defined on V (G) suchthata < g(x) < f(x) <b
for each x € V(G). Then G is a fractional (g, f, n’, m)-critical deleted graph.
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Proof Suppose that G satisfies the conditions of Lemma 2 but is not a fractional
(g, f,n', m)-critical deleted graph. Obviously, T # @. Otherwise, (1) holds. By
Lemma 1 and the fact > . dy(x) — e (T, S) < 2m, there exist disjoint subsets §
and T of V(G) such that

f(8$) —g(T) +dG-s(T) < bn" +2m — 1, @)

where |S| > n’. We choose S and T such that |T'| is minimum. Thus, for each x € T,
we getdg_s(x) < g(x) —1 < b — 1. Otherwise, if there exists some x € T such that
dg—s(x) > g(x), then S and T'\{x} also satisfy (2). This contradicts the choice of S
and T.

For every S € V(G), G — S is also complete. Hence, for disjoint subsets S, 7' of
V(G), we have

f(S) —g(T)+dg-s(T) —bn' —2m
> alS|+ > dg-s(x) = b|T| = bn' —2m

xeT
>alS|—(b—n+I|S|+ Dn—|S)) —bn' —2m
=I1SP+@+b—2n+1|S|—bn+n>—n—bn' —2m.

We regard it as the function of | S|. We consider following two cases due to the integrity
of |S].

Case 1.» —a = 0 (mod 2). Since n > ((a + b)(a + b + 2m — 2) + bn')/a and
a + b > 4, we obtain

ISP+ @+b—2n+1)S| —bn+n>—n—bn' —2m

b\?> b

z(n—%) +(a+b—2n+l)(n—%)—bn—i—nz—n—bn’—Zm
b\? b

=an — at _at —bn' —2m
2 2

((a+b)(a+b+2m—2)+bn’) (a~|—b)2 a+b
> a — _—_—
2 2

—bn' —2m

a

:—(a+b)2—§(a+b)+(a+b—1)2m

AW AW

=

x16—§x4>0,
2

which contradicts (2).
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Case2. b —a =1 (mod 2). Byn > ((a +b)(a+ b +2m — 2) + bn’)/a and
a+b>5,we get

ISP+ (a+b—2n+1)|S|—bn+n®—n—bn' —2m

a+b+1)\>
>\n— —
- 2

b+1
+(a+b—2n+1)(n—%)—bn—i—nz—n—bn’—Zm
b+ 1)\?
=an—(u) —bn' —2m
2
((a+b)(a+b+2m—2)+bn’) (a+b+1)2 )
> a—|——) —bn —2m
a 2
3 5 1
:Z(a+b)2—z(a+b)—z+(a+b—l)2m
1
2§x25—§x5——>0,
4 2 4
which is a contradiction. This completes the proof Lemma 2. O

Let n’ = 0 in Lemma 2, we obtain the following corollary which will be used in
Section 3.

Corollary 4 Let G be a complete graph with order n, and let a, b, and m be non-
negative integers such that2 <a <b.n > (a+b)(a+ b +2m — 2)/a. Let g, f be
two integer-valued functions defined on V(G) such that a < g(x) < f(x) < b for
each x € V(G). Then G is a fractional (g, f, m)-deleted graph.

In what follows, we always assume that G is not complete. Therefore, the degree
condition max{dg (x), dg(y)} > b(n + n’)/(a + 2b) for each pair of non-adjacent
vertices x and y of G in Theorem 2 and 0,(G) > 2b(n + n’)/(a + 2b) in Theorem 3
are well-defined.

2.1 Proof of Theorem 2

Suppose that G satisfies the conditions of Theorem 2 but is not a fractional

(g, f, n’, m)-critical deleted graph. Obviously, T # @, and there exist disjoint sub-

sets S and T of V(G) such that (2) holds with |S| > n’. For each x € T, we have

dg—s(x) < g(x) — 1 < b — 1Dby choosing S and T such that | 7| is minimum.
Letd; = min{dg_s(x) :x € T}. Then0 <d; <b — 1, and

f(8) +dg-s(T) — g(T) = alS| + di|T| - b|T].

Hence,
bn' +2m —1>alS| — (b —d)|T|. 3)
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We choose x; € T such that dg_s(x1) = di. f T — Nr[x1] # 0, let dy =
min{dg_s(x) : x € T — Nr[xi]} and choose x, € T — Nr[x;] such that
dg_s(x2) =dp. Thus,dy <dr) <b—1.

If|T| <b,by 3)and |S| +d; > dg(x1) = 8(G) > (b* + bn')/a + m, we have

bn' +2m — 1> alS|+ (dy — b)|T|
(b2+bn/
>a

p +m—d1)+(d1—b)b
= (b—a)d| +bn' +am

> bn' + 2m.

This produces a contradiction. Therefore, we get |T| > b+ 1> a + 1.
Since dg_s(x) <b—1forallx € T and |T| > b+ 1, T — N7[x1] # @, hence,
X1, xo must be exist. In view of the degree condition of the theorem, we obtain

b(n+n")
“atb < max{dg(x1),dg(x2))} < |S| + da,
which implies
b(n+n')
S| > — —d. 4
IS = Py 2 4

Usingn — |S| —|T| > 0,b — d> > 0 and (3), we get

n—=IS| =T —da)
> alS|+ > (dg-s(x) —b) —bn' —2m + 1

xeT
> alS| + (dy — b)IN7[x11| + (d2 — )T | — Nz [x11]) — bn’ —2m + 1
=alS|+ (di — d2)IN7[x1]| + (d2 — b)|T| — bn" —2m + 1
> al|S|+ (dy —d)(d1 + 1) + (do — b)|T| — bn’ —2m + 1.

It follows that
0<nb—dr))—(a+b—d)|S|+(dr —d)(dy +1)+bn' +2m—1. (5

According to (4), (5),d) <dy <b—1landn > ((a+b)(a+b+2m—1)+bn’)/a,
we have

b(n+n')

0 <nb—-dy)—(a+b—dy) ( P

/

—dz) + (da—d))(dy + 1) +bn' +2m—1

a
+d> +(a+b)dy —di —d3 +dydy +dy — dy +2m — |

a+b a+b
< —d? — &+ didy +2dy — dy + 2m(1 — dy) — 1.

= —ndy
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If dy = 0,then d; = dy = 0. By (4), we get |S| > b(n + n’)/(a + b) and
IT| <n—|S| < (an —bn')/(a+b). Since dGg_s(T) = > ey du(x) —eg(T, S),
we obtain

f(S) +dG-s(T) — g(T) —bn' — (Z dp(x) — ec(T, S))

xeT

b(n+n') an — bn’ ,
> —b —b de_s(T) — d T,S
zax —— x— n' +\ dg—s(T) XEZTH(xHeG( )

>0,

a contradiction.
If dy > 1, then

0 < —d} —ds +dvdy +2dy — dy +2m(1 —dp) — 1
< —d3 + (d| +2)dy —d} —dy — 1.

Let
hi(dy) = —d3 + (di +2)dy — df —dy — 1.
Hence,
max{h;(d2)} = h; (#) = —Zd% <0.
Also a contradiction. This completes the proof of the Theorem 2. O

2.2 Proof of Theorem 3

Suppose that G satisfies the conditions of Theorem 3 but is not a fractional
(g, f-n', m)-critical deleted graph. We get T #  and there exist disjoint subsets
S and T of V(G) such that (2) holds with |S| > n’. By choosing S and T such that
|T| is minimum, we have dg_s(x) < g(x) — 1 <b — 1foreachx € T.

Let d1, dy, x1, and x; as defined before. As discussed in Sect. 2.1, we get d| <
dy<b—1,|T| >b+1>a+1and x{, x, must be exist.

In terms of the degree sum condition in Theorem 3, we obtain

2b(n +n'
POAR) Gy < 2S| +do + d.
a+b
which implies
bn+n")y do+d
[S| > - . (6)

a—+b 2
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By the discussion in Sect. 2.1, (5) holds as well. Using (5), (6),d] < d» < b —1
andn > ((a +b)(a + b +2m —2) + bn')/a, we get

0fn(b—dz)—(a+b—d2)(b(”+”) _d2+d1)

a+b 2
+(dy —dy)(dy + 1) +bn' +2m — 1
a bn' di+dn , d¥ didy
= —nd d by———= —dj — %2 + —=
n2a+b+ 2a+b+(a+) > T >
+dy —dy +2m—1
a+b d? dd
<—dz(a+b—3)+T(d1+d2)—d12—72+%—d1+2m(1—d2)—1.
The case d» = 0 can be proved similarly as Sect. 2.1.
If d, > 1 then
a+b a2  dyd
0 < —dy(a+b=3) + ——(d +d) —df =2 + == —di +2m(1 —dy) ~ |
d3 a+b dy ,  f(a+b
<22 —3——)—d —1)d —1.
= ) 2( ) 2) 1+( ) )1

d3 a+b d ,  [(a+b
hz(dz)——;—dz( 2 —3—?)—d1+( > —l)dl—l.

Ifdy canreachto 3+ d;/2 — (a+ b)/2 (i.e.,3+d1/2 — (a + b)/2 > 1), then

d a+b
max{hz(d2)} = h2 3+7— > )

anddy, < lduetod; <b—1landb > a > 2. Thus, (di,dr) = (0,1)ord; =d, = 1.
By b > a > 2, we verify that hy(dy) < 0 for both (dy,d>) = (1, 1) and (d;, dz) =
(0, 1), a contradiction.

If dp cannot take 3 + d1 /2 — (a + b)/2 — 1/(a + D) as its value, then

az b d b
O<—72—d2(a; —3—71)—4111%(”“2L —1)d1—1

d? a+b d , fa+b
<1 ~3——)-d —1)d -1
= ) 1( ) ) 1+( ) 1

This is the final contradiction. Consequently, Theorem 3 is proved. O
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2.3 Sharpness

First, the bounds on §(G) in Theorem 2 and Theorem 3 are best in some sense. To
see this, let a = b, and §(G) = (b* +bn')Ja +m —1 = a +m +n’ — 1. Choose a
vertex v such that d(v) = a + m + n’ — 1. Delete n’ vertices adjacent to v, then the
resulting graph G has §(G1) = m + a — 1. Delete m edges incident to v in G1, then
the resulting graph G, has 6(G2) = a — 1, which has no fractional a-factor by the
definition. Therefore, G is not a fractional (g, f, n’, m)-critical deleted graph.

The degree conditions in Theorem 1, Theorem 2, and Theorem 3 are best possible.
Actually, we can construct some graphs to show that the minimum degree condition
in Theorem 1 cannot be weakened by §(G) > b(n+n')/(a +b) — 1, degree condition
in Theorem 2 cannot be decreased by max{dg (x), dg(y)} > b(n +n’)/(a + b) — 1,
and degree sum condition in Theorem 3 cannot be replaced by 02(G) > 2b(n +n')/
(a+b)—1.

Let G; = Kp4, be a complete graph, G» = (at 4+ 1)K be a graph consisting
of at + 1 isolated vertices, and G = G| V Gj, where ¢ is sufficiently large (i.e., it
satisfies n > ((a + b)(a + b + 2m — 2) + bn')/a and 8(G) = (b> + bn')/a + m).
Thenn = |G| +|G2| = (@a+b)t +1+n'.Let S = V(Gy), T = V(G3), and
a=g(x)= f(x) =bforeach x € V(G). We have

b(ZT? > 8(G) = (bt +n) > %_ "
b(an—:bm > max{d (x). dg(y)} = (bt + 1) > b(anTJrZ/) -1,
%ZITJan/) > 02(G) = 2bt +n) = Zl’inTij"/) =
Let S = V(Gy) and T = V(G5). We verify that
f(S) = g(T) +dg-s(T) — max

UCS,|U|=n",HSE(G-U),|H|=m

x [f(U) + D du(x) —en(T, S)}

xeT

=alS| = b|T|—bn' = —b < 0.

By Lemma 1, G is not a fractional (g, f, n’, m)-critical deleted graph.

2.4 Degree Conditions for Fractional (a, b, n’, m)-Critical Deleted Graphs

Using the tricks in the proving of Lemma 2, we yield a similar result for a complete
graph to be a fractional (a, b, n’, m)-critical deleted graph.

Lemma 3 Let G be a complete graph with order n, and let a, b, n’, and m be non-
negative integers such that2 < a <b.n > (a+b)(a+b+2m —2)/b+n'. Then G
is a fractional (a, b, n', m)-critical deleted graph.
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Let n’ = 0 in Lemma 3, we get following corollary which is a sufficient condition
for a complete graph to be a fractional (a, b, m)-deleted graph.

Corollary 5 Let G be a complete graph with order n, and let a, b, and m be non-
negative integers such that2 <a <b.n > (a+b)(a+b+2m —2)/b. Then G is a
fractional (a, b, m)-deleted graph.

Letg(x) = a, f(x) = bforevery x € V(G). The sufficient and necessity condition
for fractional (a, b, n’, m)-critical deleted graph derives from Lemma 1.

Lemma 4 Let G be a graph. Let a, b, n’, m be non-negative integers such that a < b.
Then G is fractional (a, b, n', m)-critical deleted graph if and only if

b|S| —a|T| +dg-s(T) > max {bn/—i—ZdH(x)—eH(T, S)} @)
|H|=m

! xeT

for all disjoint subsets S, T of V(G) with |S| > n'.

Based on Lemma 4, suppose that G is not a fractional (a, b, n’, m)-critical deleted
graph. Obviously, T # @, and there exist disjoint subsets S and 7 of V (G) such that

bIS| = alT|+dg-s(T) < bn"+2m — 1, (®)

where | S| > n’. We choose S and T such that |T'| is minimum. Thus, dg_s(x) < a—1
foreachx € T.
Letd; = min{dg_s(x) :x € T}. Then0 <d; <a —1,and

bn' +2m — 1> b|S| — (a — d))|T|. )

If T — Nr[x1] # @, let dy = min{dg—s(x) : x € T — Nr[x1]} and choose x; €
T — Nr[xi] such that dg_s(x2) =d>.So,d; <dp» <a — 1.

Applying Lemma 3 and Lemma 4, using the tricks used in Sect. 2.1 and Sect. 2.2, and
noticing the minor differences between (3) and (9), and d» < a — 1 here corresponding
tody < b — 1 in Sect. 2.1 and Sect. 2.2, we get following degree conditions for
fractional (a, b, n’, m)-critical deleted graphs, which correspond to Theorems 1, 2,
and 3, respectively. We skip the proofs.

Theorem 7 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers suchthat2 <a < bandn > (a +b)(a +b +2m —2)/b+n'. If G satisfies
8(G) > (an+bn')/(a+Db), then G is a fractional (a, b, n’, m)-critical deleted graph.

Theorem 8 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers suchthat2 < a < b,n > (a+b)(a+b+2m—1)/b+n’ and5(G) > a+m+n’.
If G satisfies

an + bn’

max{dg(x), dg(y)} > atb

for each pair of non-adjacent vertices x and y of G, then G is a fractional (a, b, n', m)-
critical deleted graph.
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Theorem 9 Let G be a graph of order n, and let a, b, n’, and m be non-negative
integers suchthat2 < a < b,n > (a+b)(a+b+2m—2)/b+n’ and5(G) > a+m+n’.
If G satisfies 02(G) > 2(an+bn’)/(a+Db), then G is afractional (a, b, n’, m)-critical
deleted graph.

Remark 1 Although fractional (a, b, n’, m)-critical deleted graph is a special kind
of fractional (g, f, n’, m)-critical deleted graph when g(x) = a and f(x) = b for
all x € V(G), Theorem 7-9 cannot be derived directly from Theorem 1-3 which are
different from Corollary 1-3. Hence, clues for proving Theorem 7-9 which we present
above are necessary.

The example G = Kp;1,y V G2 = (at + 1)K in Sect. 2.3 reveals that the degree
conditions in Theorem 7, Theorem 8, and Theorem 9 are sharp in some sense. Again,
the restrictions on §(G) in Theorem 8 and Theorem 9 cannot be replaced by §(G) >
a+m+n —1.

Leta = b = k in Theorem 7, Theorem 8, and Theorem 9, and the corresponding
degree conditions for fractional (k, n’, m)-critical deleted graphs are given. It reveals
degree conditions for fractional (a, b, n’)-critical graphs by taking m = 0 in three
results above. Especially, by taking n’ = 0 in Theorem 7, Theorem 8, and Theorem 9,
the corresponding degree conditions for fractional (a, b, m)-deleted graphs are given
as follows, and on which the proofs of results in Sect. 3.3 may rely.

Corollary 6 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <bandn > (a+b)(a+ b+ 2m —2)/b. If G satisfies 5(G) > an/
(a + b), then G is a fractional (a, b, m)-deleted graph.

Corollary 7 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n > (a+b)(a+b+2m—1)/band 5(G) > a+m.If G satisfies

max{de (x). dg (y)} = %

for each pair of non-adjacent vertices x and y of G, then G is a fractional (a, b, m)-
deleted graph.

Corollary 8 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a <b,n > (a+b)(a+b+2m—2)/band 5(G) > a+m. If G satisfies
02(G) = 2an/(a + b), then G is a fractional (a, b, m)-deleted graph.

3 Degree Conditions for Fractional ID-(g, f, m)-Deleted Graphs
As 8(G) > (a+b)n/(2a+b) in Theorem 4 implies § (G) > an/(2a + b) +b2/a +m

and 02(G) > 2(a + b)n/(2a + b) in Theorem 6, it is sufficient to prove Theorem 5
and Theorem 6.

3.1 Proofs of Theorem 5 and Theorem 6

Now, we prove Theorem 5. For every independent set I, let G' = G — I. We yield the
result by confirming that G’ satisfies Corollary 2 or Corollary 4.
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If G’ is a complete graph, then by degree condition, we get

(a+byn (a+b)a+b+2m—1) (a+b)a+b+2m—2)
> > .
2a + b a a

IG'| =

The result follows from Corollary 4.

If|I| = 1,then |V (G")| > (a+Db)(a+b+2m—1)—a)/a > (a+b)(a+b+2m—
1)/a.Ttis easy to verify that § (G') > bz/a +m and max{dg (1), dg'(v)} > b|V(G")|/
(a+b) = b(n—1)/(a+ b) for each pair of non-adjacent vertices u and v of G’. Thus,
the result holds from Corollary 2.

We now consider |[I| > 2 and G’ is not complete. By degree condition, we
obtain |V(G")| > (a + b)n/Ra + b) > (a + b)a + b + 2m — 1)/a. If
max{dg (1), dg (v)} < b|V(G")|/(a + b) for some non-adjacent vertices u, v in G,
then (a+b)(IV(G")|+111)/2a+b) < max{dG(u), dG(v)} < b|V(G')|/(a+b)+|1,
ie, |[V(G)| < (a+b)/all| < ((a+b)/a) - (an/2a + b)) = (a + b)n/(2a + b).
This contradicts max{dg (1), dg(v)} > (a + b)n/(2a + b) and |I| > 2. Therefore,
max{dg (1), dg'(v)} > b|V(G')|/(a + b) for all non-adjacent vertices u, v in G'.
Furthermore, we obtain §(G’) > bz/a +mby |I| < an/(2a + b) and §(G) > an/
(2a + b) + b2 /a + m. Then, the result follows from Corollary 2.

Thus, we complete the proof of Theorem 5. Depending on Corollary 3 and Corol-
lary 4, Theorem 6 can be proved with the same tricks. We skip the detail proof. O

3.2 Sharpness

In order to show the sharpness of Theorems 4, 5 and 6, we rely heavily on following
lemma, which is the corollary of Lemma 1 by setting n’ = 0.

Lemma 5 Let G be a graph, g, f be two integer-valued functions defined on V(G)
such that g(x) < f(x) for each x € V(G). Let m be a non-negative integer. Then G
is fractional (g, f, m)-deleted graph if and only if

f(8) = (1) +dg-s(T) = max {Zdym —en(T, S)} (10)
= xeT

for all disjoint subsets S, T of V(G).

Considering a graph G = (at + 1)K VvV Ky Vv (at + 1) K1, where ¢ is a sufficiently
large positive integer. Clearly, n = (2a + b)t + 2. Leta = g(x) = f(x) = b for all
x € V(G). We have

(a+b)n (a +b)n

aron = s arom

2ath >55(G)=(a+bit+1> 2ath ,

b b

% > max{dg (), do(v)} = (@ + byt +1 > % _1,
2(a + b)n 2(a + b)n
[aTon G)=2a+byi+2> 2120

gty @ =2a b2 =
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Let I = (at + 1)K .For G’ = Ky, Vv (at + 1)Ky, 1let S = Kp; and T = (at + 1)K;.
Then we have D . dp(x) —en (T, S) = 0 for any subset H of E(G’) with m edges.
Therefore,

£(8) = g(T) +dg_s(T) — (Z dp (x) — e (T, S>)
xeT

= (bt) —b(at + 1)
= —b.

Thus, G’ is not a fractional (g, f, m)-deleted graph by Lemma 5. In conclusion, G is
not a fractional ID-(g, f, m)-deleted graph.

Next, we show that the minimum degree condition in Theorem 5 and Theorem 6
is best in some sense. Let a = b = k. Let n be a sufficiently large integer which
divided by 3. G’ is such a graph with |V (G’)| = 2n/3: a isolated vertex v adjacent to
k +m — 1 vertices in K3,,/3—1. Considering G = ((n/3)K1) V G'.Letl = (n/3)K;.
Deleting I form G, we have §(G’) = k + m — 1. Delete m edges incident to v in G/,
then the resulting graph G” has §(G”) = k — 1, which has no fractional k-factor by
the definition. Therefore, G’ is not a fractional (k, m)-deleted graph and G is not a
fractional ID-(k, m)-deleted graph.

3.3 Degree Conditions for Fractional ID-(a, b, m)-Deleted Graphs

We get the following degree conditions for fractional ID-(a, b, m)-deleted graphs
using Corollarys 5, 6, 7 and 8, and the tricks in Sects. 2.4 and 3.1.

Theorem 10 Let G be a graph of order n, and let a, b, and m be non-negative integers
such that2 < a < bandn > (a + 2b)(a + b + 2m — 2)/b. If G satisfies 5(G) >
(a + b)n/(a + 2b), then G is a fractional ID-(a, b, m)-deleted graph.

Theorem 11 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a < b,n > (a+2b)(a+b+2m—1)/band §(G) > bn/(a+2b)+a-+m.
If G satisfies

(a+ b)n

max{dg (x), dg (y)} = a-+2b

for each pair of non-adjacent vertices x and y of G, then G is a fractional ID-(a, b, m)-
deleted graph.

Theorem 12 Let G be a graph of order n, and let a, b, and m be non-negative integers
suchthat2 <a < b,n > (a+2b)(a+b+2m—2)/band §(G) > bn/(a+2b)+a-+m.
If G satisfies 02(G) > 2(a+Db)n/(a+2b), then G is a fractional ID-(a, b, m)-deleted
graph.

Remark 2 Likewise, although fractional ID-(a, b, m)-deleted graph is a special kind
of fractional ID-(g, f, m)-critical deleted graph when g(x) = a and f(x) = b for all
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x € V(G), Theorem 10-12 cannot be derived directly from Theorem 4-6. Therefore,
some technologies in Sect. 2.4 and Sect. 3.1 are applied for proving Theorem 10-12.

Using the example G = (at + 1)K V Kjp; Vv (at + 1)K in Sect. 3.2, we verify that
the degree conditions in Theorem 10, Theorem 11, and Theorem 12 are also sharp in
some sense. Again, the restrictions on 6(G) in Theorem 11 and Theorem 12 cannot
be weaken.

We get three degree conditions for fractional ID-(k, m)-deleted graphs from Theo-
rem 10, Theorem 11, and Theorem 12 by takinga = b = k. Let m = 0 in three results
above, and the corresponding degree conditions for fractional ID-[a, b]-factor-critical
graphs are determined.
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