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1 Introduction

Domination in graphs constitutes a very important area in graph theory [9]. An enor-
mous quantity of researches on domination in graphs have been developed in the
recent years, especially in the last 2 years, for instance: [6,18,23,24] are some of
the most recent ones. Nevertheless, there are still several open problems and incom-
ing researches on that. One interesting question in this area is related to the study of
domination-related parameters in product graphs. For instance, the Vizing’s Conjec-
ture [20,21] is one of the most popular open problems about domination in product
graphs. The Vizing’s Conjecture states that the domination number of Cartesian prod-
uct graphs is greater than or equal to the product of the domination numbers of the
factor graphs. Moreover, several kinds of domination-related parameters have been
studied in the last years. Some of the most remarkable examples are the following ones.
The domination number of direct product graphs was studied in [3,11,15]. The total
domination number of direct product graphs was studied in [5]. The upper domination
number of Cartesian product graphs was studied in [2]. The independence domi-
nation number of Kronecker product graphs was studied in [10]. Some relationships
between some domination parameters of composite graphs were presented in [6]. Sev-
eral domination-related parameters of corona product graphs and the conjunction of
two graphs were studied in [23] and [25], respectively. The Roman domination number
of lexicographic product graphs was studied in [18], and the Roman domination num-
bers of Cartesian product graph and strong product graph have been studied recently
in [22]. According to the major quantity of works devoted to the study of domination-
related parameters in product graphs, it is noted that not only Vizing’s Conjecture is
an interesting topic related to domination in product graphs. In this paper, we make
some contributions to the study of some domination-related parameters for the case
of rooted product graphs.

We begin establishing the principal terminology and notation which we will use
throughout the article. Hereafter, G = (V, E) represents an undirected finite graph
without loops and multiple edges with set of vertices V and set of edges E. The order
of G is |V| = n(G) and the size |E| = m(G) (if there is no ambiguity, we will use
only n and m). We denote two adjacent vertices u, v € V by u ~ v and in this case, we
say that uv is an edge of G or uv € E. For anonempty set X C V and avertexv € V,
Ny (v) denotes the set of neighbors that v has in X: Nx(v) := {u € X : u ~ v},
and the degree of v in X is denoted by dx(v) = [Nx(v)|. In the case X = V, we
will use only N (v), which is also called the open neighborhood of a vertex v € V,
and &(v) to denote the degree of v in G. The close neighborhood of a vertex v € V
is N[v] = N(v) U {v}. The minimum and maximum degrees of G are denoted by
6 and A, respectively. The subgraph induced by S C V is denoted by (S), and the
complement of the set S in V is denoted by S. The distance between two vertices
u,v € V of G is denoted by dg (u, v) (or d(u, v) if there is no ambiguity). Given a
vertex v of G, G — v denotes the subgraph of G obtained by removing the vertex v
and all the edges incident with v.

The set of vertices D C V is a dominating set of G if for every vertex v € D it is
satisfied that Np(v) # ¢. The minimum cardinality of any dominating set of G is the
domination number of G, and it is denoted by y(G). A set D is a y(G)-set if it is a
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Fig. 1 The rooted product
graph P4 o C3

dominating set and |D| = y (G). Throughout the article, we follow the terminology
and notation of [9].

Given a graph G of order n and a graph H with root vertex v, the rooted product
graph G o H is defined as the graph obtained from G and H by taking one copy of G
and n copies of H and identifying the vertex u; of G with the vertex v in the ith copy of
H forevery 1 <i < n|[8].If G or H is the singleton graph, then G o H is equal to H or
G, respectively. In this sense, to obtain the rooted product G o H, we will only consider
graphs G and H of orders greater than or equal to two. Figure 1 shows the case of the
rooted product graph P4 o C3. Hereafter, we will denote by V = {u1, ua, ..., u,} the
set of vertices of G and by H; = (V;, E;) the ith copy of Hin G o H.

It is clear that the value of every parameter of the rooted product graph depends on
the root of the graph H. In the present article, we give some results related to some
domination parameters in rooted product graphs.

2 Domination Number

We begin with the following remark which will be useful into proving next results.

Lemma 1 Let G be a graph of order n > 2 and let H be any graph with root v
and at least two vertices. If v does not belong to any y (H)-set or v belongs to every
y (H)-set, then

y(G o H) =ny(H).

Proof If A; is a dominating set of minimum cardinality in H; = (V;, E;), i €
{1, ..., n}, thenitis clear that U?:l A;isadominating setin Go H. Thus, y (GoH) <
ny (H). Suppose v does not belong to any y (H)-set. Let S be a y (G o H)-set, and let

Si =SSNV foreveryi € {1, ..., n}. Notice that the set S; dominates all the vertices
of H; except maybe the root v; which could be dominated by other vertex not in H;.
If v; ¢ S; for some j € {1,...,n}, then §; is a dominating set in H; — v;. So

y(Hj —v;) < |S;|. Moreover, since v; does not belong to any y (H)-set, it is sat-
isfied that y (H; — v;) = y(H;).If |S;| < y(H), then we have that y (H; — v;) <
IS;| < y(Hj) = y(H; — vj), a contradiction. On the other side, if v; € §; for
some !l € {1,...,n}, then §; is a dominating set in H;. So y (H;) < |S;|. Therefore,
|Si| > y(H) forevery i € {1, ...,n}, and we obtain that y (G o H) = ny(H).

On the other hand, let us suppose v belongs to every y (H)-set. Thus, v dominates
at least one vertex in H which is not dominated by any other vertex in every y (H)-set
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202 D. Kuziak et al.

and, as a consequence, y (H —v) > y (H). As noted above, S denotes a y (G o H)-set,
and §; = SNV, foreveryi € {1,...,n}. If v; ¢ §; forsome j € {1,...,n}, then
either §; is not a dominating setin H; or |S;| is not a dominating set of minimum car-
dinality in /;. Hence, by exchanging in S, the set S; with a y (H)-set (which contains
v;), we obtain a dominating set S’ of G o H with cardinality less than cardinality of S,
a contradiction. Hence, v; € §; and §; is a dominating set in H, which leads to that
IS;| = y(Hj). Therefore, we have that |S| = >/ | [Si| = X', v(H;) = ny(H)
and the proof is complete. O

Theorem 2 Let G be a graph of order n > 2. Then for any graph H with root v and
at least two vertices,

y(GoH) € {ny(H),n(y(H) — 1)+ y(G)}.

Proof 1Tt is clear that ¥ (G o H) < ny(H) and also, from Lemma 1, there are rooted
product graphs G o H such that y(G o H) = ny(H). Now, let us suppose that
y(G o H) < ny(H). Let V be the set of vertices of G and let V;,i € {1,...,n}, be
the set of vertices of the copy H; of H in G o H. If S'is a ¥ (G o H)-set, then there
exists j € {1,...,n}suchthat [SNV;| < y(H). Notice that the set SN V; dominates
all the vertices in V; excluding v;. If [SNV;| < y(H) — 1, then the set (SN V;) U{v;}
is a dominating setin H; and [(SN V) U{v;}| < (SN V)| + 1 < y(H), whichis a
contradiction. Hence, |[SN V;| > y(H) — 1 foreveryi € {1, ..., n}.

Let x be the number of copies Hj,, Hj,, ..., H; of H in which the vertex v, of
G is not dominated by S N V. (i.e., vj, is dominated by a vertex of G belonging to
other copy H;, with[ ¢ {ji, ..., ji}). On the contrary, let y = n — x be the number of
copies Hy,, Hy,, ..., Hy, of H in which the vertex v, of G is dominated by S N Vj,
or v, € S. Note that the y vertices vy, of G satisfying the above property form a
dominating set in G and, as a consequence, y(G) < y. Since n = x + y, we have
that x < n — y(G). Also, notice that if the vertex vy, of G is dominated by S N Vj, or
v, € S, then S N V;, is a dominating set in Hy,. Hence, y (H) < |S N V| for every
copy Hj,; in which the vertex vy, of G is dominated by § NV}, or vy, € S. Thus, we
have the following:

X y
y(GoH) =5 =|JEnvp)ulJEnW)

i=1 i=1

X y
=D SOV + D 1SN Vi
i=1 i=1

>x(y(H)—1)+yy(H)
=ny(H)—x

>ny(H) —n+y(G)
=n(y(H) —1) + 7(G).

On the other side, let Abe a y (G o H)-set. Since y (Go H) < ny (H), there exists at
leastone copy Hj of H suchthat |[ANVy| < y (H), whichimplies [ANVy| < y(H)—1.
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Domination-Related Parameters in Rooted Product Graphs 203

Since A N Vi dominates all the vertices of Hy except maybe the root v, we have that
if vy € AN Vg, then ANV is adominating set in H, which is a contradiction. Hence,
vy ¢ AN Vi.Now,as |[ANV;| > y(H)— 1foreveryi € {1, ...,n}, we obtain that
|[ANVi| =y(H)—1.Hence, A’ = (AN Vi) U {vg} is a y (H)-set. Let us denote by
Al,i € {l,...,n}, the set of vertices of A" — {v;} in each copy H; of G o H.

Let B be a y(G)-setand let D = (|J!_; A}) U B. Since A} dominates the vertices
of H; — {v;} for every i € {1,...,n} and B dominates the vertices of G, we obtain
that D is a dominating set in G o H. Thus,

ID| =D |Ajl+ Bl = n(|A'| = 1) + |B| = n(y (H) — 1) + 7 (G).

i=1

Therefore, we obtain that y (G o H) < n(y(H) — 1) 4+ y(G) and the result follows.
O

3 Roman Domination Number

Roman domination number was defined by Stewart in [17] and studied further by some
researchers, for instance in [4]. Given a graph G = (V, E),amap f : V — {0, 1, 2}
is a Roman dominating function for G if for every vertex v with f(v) = 0, there exists
avertex u € N (v) such that f(u) = 2. The weight of a Roman dominating function is
givenby f(V) = >,y f(u). The minimum weight of a Roman dominating function
on G is called the Roman domination number of G and it is denoted by yr(G). A
function f is a ygr(G)-function in a graph G = (V, E) if it is a Roman dominating
function and f (V) = yr(G).

Let f be a Roman dominating function on G and let By, By and B; be the sets of
vertices of G induced by f, where B; = {v € V : f(v) = i}. Frequently, a Roman
dominating function f is represented by the sets By, By and B», and it is common to
denote f = (By, Bi, B2). It is clear that for any Roman dominating function f on
the graph G = (V, E) of order n, we have that f(V) = >, .y f(u) = 2|B>| + |Bi|
and |Bz2| + |B1| + | Bo| = n. The following lemmas will be useful into proving other
results in this section.

Lemma 3 [4] For any graph G, y(G) < yr(G) <2y (G).

Lemmad LetG = (V, E) beagraphandlet f = (By, By, B2) be a yr(G)-function.
Then for everyv € V,

(1) if v € By, then yr(G) — 1 < yr(G —v) < yr(G),
(ii) ifv € By, then yr(G —v) = yr(G) — 1,
(iii) if v € B, then yr(G) — 1 =< yr(G —v) < yr(G) +48(v) — 2.

Proof Let ' = (Ao, A1, A2) be a yr(G — v)-function. By making f'(v) = 1, we
have that f’ is a Roman dominating function in G. Thus,

YR(G) = yr(G —v) + L. ey

Now, if v € By, then it is clear that yr (G — v) < yr(G) and (i) is proved.

@ Springer



204 D. Kuziak et al.

Moreover, if v € By, then (By, B — {v}, B2) is a Roman dominating function in
G — v. Thus, ygr(G — v) < yr(G) — 1. Therefore, by (1), we obtain (ii).

On the other hand, if v € B», then (Bgy, B; U (N(v) — By), B, — {v}) is a Roman
dominating function in G — v. Thus,

YR(G —v) = 2|By — {v}| + |B1 U (N(v) — Ba)|
=2[B2| =2+ [B1| + [N (v) — By|
= yr(G) +4(v) - 2.

Therefore, (iii) is proved. O

Lemma 5 Let G = (V, E) be a graph. If for every yr(G)-function f = (By, B1, B2)
is satisfied that v € By, then

YrR(G —v) = yr(G).

Proof From Lemma 4 (i), we have that yp(G —v) < yr(G).If yr(G —v) < yr(G),
then there exists a yg(G — v)-function h = (Ag, A1, Az) such that h(V — {v}) =
yr(G —v) < ygr(G), which leads to h(V — {v}) < yr(G) — 1. If i’ is a function in G
such that forevery u € V,u # v, we have that h’(«) = h(u) and ' (v) = 1,thenh’isa
Roman dominating function in G. Thus, yg(G) < k'(V) = h(V —{v}) +1 < yr(G).
Hence, yr(G) = h' (V) = h(V — {v}) + 1 = ygr(G) and, we have that 4’ is a yg(G)-
function such that 4’ (v) = 1, which is a contradiction. Therefore, yg (G —v) = yr(G).

O

The Roman domination number of rooted product graphs is studied at next.

Theorem 6 Let G be a graph of order n > 2. Then for any graph H with root v and
at least two vertices,

n(yr(H) — 1) + y(G) < yr(G o H) < nyr(H).

Proof 1Tt is clear that ygr(G o H) < nyr(H). Let V; be the set of vertices of H; for
everyi € {1,...,n} and let f = (By, By, B2) be a yr(G o H)-function. Now, for
everyi € {1,...,n}and every k € {0, 1, 2}, let B,Ei) =BrNVi.Letje{l,...,n}
We consider the following cases.

Case 1:v; € BY.If Ny, (v;) N By # 0, then f; = (BS” — {v;}. BY, BY"") is
a Roman dominating function in H; — v;. On the contrary, if N H; (vj)N B;j ) = @,
then v; is adjacent to some vertex vy € B(k), with k # j and, again f; = (B(gj) —
{vj}, Bl('i), Béj)) is a Roman dominating function in H; — v;. Hence, yr(H; —v;) <
2 ‘Béj)) + ‘Bl(j)‘. By Lemma 4 (i), we have that ygr(H; — v;) > yr(H) — Hence,.

Thus, 2 |BY| + [B{”| = ye(H) — 1.
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Domination-Related Parameters in Rooted Product Graphs 205

Case2:v; € Bl(j). Hence, itis clear that f; = (B(()j), Bl(j) —{v;}, Béj)) is a Roman
dominating function in H; — v;. Hence, yp(H; —v;) < 2 ‘Béj)‘ + ‘B](j)’ — 1. By
Lemma4 (ii), we have that ygr (H; —v;) = yr (H)—1. Thus, 2 ‘Béj)‘—l-‘Bl(j)‘ > yr(H).

Case 3:v; € Béj). Thus, f; = (B(()j), ij), Béj)) is a Roman dominating function
in H;. Hence, 2 ‘Bé‘i)‘ + ‘B{j)‘ > yr(H).

Now, let V be the set of vertices of G and let A € V N By be the set of vertices
of G such that for every vertex v; € A is satisfied that Ny, (v;) N Bél) = (). Hence,

every vertex v; € A is dominated by some vertex in (V — A) N Bék), withk #[. Asa
consequence, V — A is a dominating set and y(G) < n — |A|. Since A C V N By, it

is satisfied that |A| equals at most the numbers of copies H; of H such that 2 ‘Béj )‘ +

‘Bl(j )‘ > yr(H) — 1 (those copies satisfying Case 1). Thus, we have the following,

Yr(G o H) =2|By| + |Bi|

n
5l
i=1

i=

+ |5

)

n—|A |A

| |
D (2‘3? + ‘Bl(’) ) +> (2‘35”
1

i= i=

(@)
+ ‘Bl

)

v

(n —ADyr(H) + [Al(yr(H) = 1)
=nyr(H) — |A]
=n(yr(H) — 1) +y(G).

Therefore the lower bound is proved. O
As the following proposition shows, the above bounds are tight.

Theorem 7 Let G be a graph of order n > 2 and let H be a graph with root v and at
least two vertices. Then,

(1) if for every yr(H)-function f = (By, B1, B2) is satisfied that f(v) = 0, then
Yr(G o H) = nyr(H),

(i) if there exist two ygr(H)-functions h = (B, By, B2) and h' = (B, B{, B}) such
that h(v) = 1 and h' (v) = 2, then

Yr(G o H) =n(yr(H) — 1) + y(G).

Proof Let f" = (B, B{, B}) be a ygr(G o H)-function and let V; be the set of vertices
of Hy,i € {1,...,n}.Now,foreveryi € {1,...,n},let f; = (B\’ = BynV;, B\ =
BNV, Bé') = B} N V;). From Theorem 6, we have that y(G o H) < nyg(H). If
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206 D. Kuziak et al.

yr(GoH) < nyp(H), then there exists j € {1, ..., n} such that f;(V;) = 2 ‘B;")‘ n
‘Bl(j)‘ < yr(H).So fj = (B(()j), Bl(j), Béj)) is not a Roman dominating function in

H;. If f'(wj) = lor f'(vj) = 2,.then .every‘vertex in B(gj) is adjacent to a vertex
in Bé’ ) and, as a consequence, (B(()j ), B{j ), Bé’ )) is a Roman dominating function in
H;, which is a contradiction. So f'(vj) = 0 and f; = (B — {v;}, B, B is
a yr(H; — vj)-function. Since f(v) = 0 for every yg (H)-function, by Lemma 5,
we have that 2 ‘Bé‘”‘ + ‘Bf'i)‘ = yr(H — v) = yr(H) and this is a contradiction.
Therefore, yr(G o H) = nyg(H) and (i) is proved.

To prove (ij), for every i € {l,...,n}, we consider two yg(H;)-functions h; =
(AL, AV, AY)y and i) = (B, B\”, BY) such that h;(v) = 1 and /) (v) = 2, and
let S be a y (G)-set. Now, we define a function g in G o H in the following way.

e For every vertex x belonging to a copy H; of H such that the root v; € §, we make
g(x) = h'(x) (notice that g(v;) = 2).

e For every vertex y, except the corresponding root, belonging to a copy H; of H
such that the root v; ¢ S, we make g(x) = h(x).

e For every root of every copy H; satisfying the conditions of the above item, we
make g(x) = 0 (note that these vertices are adjacent to a vertex w of G for which
g(w) =2).

Since every vertex u € V; not in G, with g(u) = 0, is adjacent to a vertex u’ such
that g(u") = 2 and also, every vertex v; of G, with g(v;) = 0, is adjacent to a vertex
vr € S with g(vg) = 2, we obtain that g is a Roman dominating function in G o H.
Thus,
S| ' , n—|S| , .
e =3 s o) + 3 (e Jaf] o] )
i= i=
= |Slyr(H) + (n — |SD(yr(H) — 1)
=n(yr(H) — 1) + [S]

=y(G) +n(yr(H) — 1).

Therefore, (ii) follows by Theorem 6. O

On the other hand, we can see that there are rooted product graphs for which the
bounds of Theorem 6 are not achieved.

Theorem 8 Let G be a graph of order n > 2, and let H be a graph with root v and
at least two vertices. If for every yr(H)-function f is satisfied that f(v) = 1, then

Yr(G o H) =n(yr(H) — 1) + yr(G).
Proof Let f = (Bo, By, B2) be a ygr(H)-function and let f" = (B}, B|, B}) be a
yr (G)-function. Now, let us define a function 4 in G o H such that if u # v, then

h(u) = f(u). Otherwise, h(u) = f'(u). Since f(v) = 1 for every yg(H)-function,
it is satisfied that every vertex x of G o H with h(x) = 0 is adjacent to a vertex y in
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Domination-Related Parameters in Rooted Product Graphs 207

G o H with h(y) = 2. Thus, & is a Roman dominating function in G o H, and we have
that

n
vr(G o H) < (2IBy| +|B{]) + D (2|Ba| + |B1| = 1)
i=1

=n(yr(H) — 1) + yr(G).

On the other hand, let V;, i € {1,...,n}, be the set of vertices of the copy H; of
H in G o H and let V be the set of vertices of G. Now, let g = (Ag, A1, A2) be a
yr(G o H)-function and for every i € {1,...,n}letg; = (Ag) = ANV, A(li) =
ANV, Ag) = Ay N'V;). Since the root v; of H; satisfies that f(v;) = 1 for every
yr (H;)-function f, we have the following cases.

Case 1: If there exists [ € {1,...,n} such that g(v;) = 2, then g; is a Roman
dominating function in Hj, but it is not a yg (H)-function. Thus, yr(H]) < 2|A(21)| +
|A'"), which leads to

) ) A A
yr(H) < 21AP 1 +1401 =1 =2/A0 — (1 + 147 + 1.

Case 2: If there exists j € {I1,...,n} such that g(v;) = 1, then g; is a Roman
dominating function in H; and g;. = (A(()]), A(lj) —{v;}, A;j)) is a Roman dominating
function in H; — v;. Thus, by Lemma 4 (ii), it is satisfied that

yr(Hj) = yr(Hj —v;) +1 < 2|AY| + 14 — ()] + 1.

Case 3: If there exists i € {1, ..., n} such that g;(v;) = 0, then we have one of the
following possibilities:

e g; is not a Roman dominating function in H;. Hence, v; should be adjacent to a
vertex v, j # i,0f G suchthat gj(v;) = 2. Moreover, g| = (A(()')—{v,-}, AD Ag))
is a Roman dominating function in H; — v; and by Lemma 4 (ii) it is satisfied that
yr(H;) = yr(H; —v) + 1 < 2|AY| + 14| + 1.

e g; is a Roman dominating function in H;. Since f(v;) = 1 for every ygr(H,;)-
function f, we have that g;(V;) > yr(H;). Let f; be a yr(H;)-function. Now, by
taking a function g’ on G o H, such that if u € V;, then g’(u) = f’(u) and, if
u ¢ V;, then g’(u) = g(u), we obtain that g’ is a Roman dominating function for
G o H and the weight of g’ is given by

glUvil=¢| U vi|+hHm)
=g\ U Vi|+wH)
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208 D. Kuziak et al.

U vi|+&a

and this is a contradiction.

As a consequence, we obtain that if g;(v;) = 0, then g; is not a Roman dominating
function in H;. Hence, every vertex v; of G for which g(v;) = 0 is adjacent to a
vertex v, k #% [, of G such that g(vy) = 2 and it is satisfied that the function
g =Xo=AoNV, X1 =A NV, X, = Ay N V) is a Roman dominating function
in G and YR(G) < 2|X3| + |X1|. Thus, we have the following:

YrR(G o H) =2|Az| + |Ay]

= > (AP +[aP]) + X (2|a9]+]aP))
vieXo vieX
(@) @)
+ 2 (2[4 + |4V
v,ieXo
= > a0+ |a0))+ 3 (2|a0] + |aP - wi]) +
vie€Xo v;ieXq
+ > (2]A9 - ]+ |AP]) + X1+ 21
v;ieX2
> > (yr(H) = 1)
vieXo
+ D (r(H) =D+ D" (yr(H) = 1) +2[Xa] + X1 |
vieXy v;ieXo
n
> > (yr(Hi) = 1) + y&(G)
i=1
=n(yr(H) — 1) + yr(G).
Therefore the result follows. O

4 Independent Domination Number

A set of vertices S of a graph G 1is independent if the subgraph induced by S has no
edges. The maximum cardinality of an independent set in G is called the independence
number of G and it is denoted by «(G). A set S is a «(G)-set if it is independent and
|S] = a(G). A set of vertices D of a graph G is an independent dominating set in
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G if D is a dominating set and the subgraph (D) induced by D is independent in
G [1]. The minimum cardinality of any independent dominating set in G is called
the independent domination number of G and it is denoted by i(G). A set D is a
i(G)-set if it is an independent dominating set and |D| = i(G). Then, we study the
independent domination number of rooted product graphs, and we begin by studying
the independence number.

Lemma 9 Let v be any vertex of a graph G. If v belongs to every a(G)-set, then
o2(G) = a(G —v) + L

Proof Let S be aa(G — v)-set. Since S is still independent in G, we have «(G) > |S|.
If «(G) = |S], then S is a ¢(G)-set and v ¢ S, a contradiction. Hence, o (G) >
(G —v)+ 1. O

Theorem 10 For any graph G of order n > 2 and any graph H with root v and at
least two vertices,

(1) if there is a a(H)-set not containing the root v, then (G o H) = na(H),
(ii) if the root v belongs to every a(H)-set, then (G o H) = n(a(H) — 1) + a(G).

Proof LetS;,i € {1, ..., n},beaa(H;)-setnot containing the root v;. Hence, U?:l S;
isindependent in G o H. Thus,a(Go H) > na(H).lf «(G o H) > na(H), then there
exists j € {1,...,n} such that |S;| > a(H) and §; is independent, a contradiction.
Therefore, (G o H) = na(H).

On the other hand, suppose the root v belongs to every a(H)-set. Let A; be a
o (H;)-set and let B be a «(G)-set. Since v; € A; forevery i € {1,...,n}, by taking
A=BU (Ul’.’:l A — {v,-}), we have that A is independent in G o H. Thus,

n
(G o H) = |A| = Bl + QA — v} = n(@(H) - ) +a(G).
i=1
Now, let V;,i € {1, ..., n}, be the set of vertices of the copy H; of H in G o H and let
V be the set of vertices of G. Let X be aa(G o H)-setand let X; = X N (V; — {v;})
forevery i € {I,...,n}andlet Y = V N X. Notice that Y and X; are independent

sets. Hence, a(H; — v;) > |X;| and «(G) > [Y| and by Lemma 9, we have that
|Xi| < a(H;) — 1. Thus,

n n

a(GoH) =Y+ D |Xi| <a(G)+ D (a(H) — 1) = a(G) + n(a(H) — 1).
i=1 i=1

Therefore, the proof is complete. O

Lemma 11 Let G = (V, E) be a graph. Then for every set of vertices A C V,

i(G—A)>i(G)—|A|
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Proof Let us suppose i (G — A) < i(G) — |A|. Hence, there exists an independent
dominating set S C V — A in G — A such that |S| < i(G) — |A|. Letv € A. If
Ns(v) # @, then v is independently dominated by the set S in G. On the contrary, if
Ns(v) = @, then the set S U {v} is still independent. Hence, by adding those vertices
which maintain the independence in the set S, we obtain a set " which is independent
and dominating in G, and we have that i (G) < |S'| < |S|+|A| <i(G)—|A|+|A| =
i(G), which is a contradiction. Therefore, i (G — A) > i(G) — |A]. O

Lemma 12 If v does not belong to any i (G)-set, then
i(G—v)=i(G).

Proof Let S be an i(G)-set. Since v ¢ S, S is still independent and dominating in
G — v. Hence, i (G — v) < i(G). On the other hand, let A be an i (G — v)-set. Let us
suppose that |[A| < i(G). Hence, |A| <i(G) — 1.If Ny(v) = @ in G, then A U {v} is
independent and dominating in G. Hence, i (G) < |AU {v}| = |A|+ 1 < i(G). Thus,
|A+{v}| = i(G) and this is a contradiction because v does not belong to any i (G)-set.
On the contrary, if N4 (v) # @, then A is independent and dominating in G, which is
a contradiction (|A| < i(G)). Hence, |A| > i(G). Therefore, i (G —v) = |A| > i(G)
and the result follows. O

Theorem 13 Let G = (V, E) be a graph of order n > 2 and let H be a graph with
root v and at least two vertices. Then

n(i(H) =1)+i(G) =i(G o H) < i(H)a(G) +i(H —v)(n — a(G)).

Proof Let Sbeani(Go H)-setandletS; = SNV;,i € {I,...,n}.Ifv € §; for some
J €{1,...,n}, then §; is an independent dominating set in H;. Hence, |S;| > i (H).
On the contrary, if v ¢ S for some k € {1, ..., n}, then S independently dominates
all vertices of Hy — v. Hence, S is an independent dominating set in Hy — v and by
Lemma 11, we have that |Sg| > i(Hy —v) > i(H) — 1.If |S;| =i(H;) — 1 for some
Jj € {1, ..., n},thenvisnotindependently dominated by S;. Also, if v is independently
dominated by S; for some [ € {1,...,n}, then |S;| > i(H;). Let A = SNV and let
B C V be the set of vertices of G such that every vertex u; € B is independently
dominated by a vertex not in G. Notice that A is an independent dominating set in
G — B. Hence, by Lemma 11 we have that |A| > i(G — B) > i(G) — |B| and so,
|B| = i(G) — |Al. Also, for every vertex u; € B, we have that |S;| > i(H;), and we
have the following:
n

NEDNM

i=1

|A]| |B| n—|Al-|B|
=D IS+ D180+ D0 ISi]

i=1 i=1 i=l1

|A| |B| n—|A|-|B|

> DiH) + D iH) + D ((H) 1)
i=1 i=1

i=1
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= |Ali(H) + [Bli(H) + (n — |A| = |B)(i(H) — 1)
=n(i(H) — 1)+ |A| +|B|
>n(i(H)—1)+i(G).

Therefore, the lower bound follows.

To obtain the upper bound, let A be an independent set of maximum cardinality in
G. Now, for every vertex u; € A let A; be an independent dominating set in H;. Also,
for every u; ¢ A let B; be an independent dominating set in /; — v. Then, it is clear

that (Ul‘.’i‘l A,-) U (U;;‘IA‘ B j) is an independent dominating set in G o H. Therefore
the upper bound follows. O

Notice that the above bounds are tight. For instance, if G is the path graph P, and
H is the star graph Sy ,,, m > 2, with root v in the central vertex, (notice that G o H
is a caterpillar), then by the above theorem,

i(GoH) <i(Sma(Py)+i(Ky)n—a(P,))

=[5]+m(=3])
= mn — (%1 m —1).

On the contrary, let S be an independent dominating set in G o H, let A be the set
of vertices of P, belonging to S and let B;, i € {1, ..., n}, be the set of vertices of
H; — v belonging to S. If there is a copy H; of H in G o H such that the root v of H;
belongs to S, then neither any vertex of H; — v nor any neighbor of v in G belongs to
S. Moreover, if for some copy H; of H in G o H is satisfied that the root v of H; does
not belong to S, then every vertex of H; — v belongs to S. Thus,

n—|Al
S| =1Al+ > |Bj
i=1
= |Al +m(n — |A])

=mn — |Al(m — 1)
>mn—a(G)m —1)

=mn — ’73-‘ (m—1).

Hence, i(G o H) = mn — [n/2] (m — 1) and the upper bound is tight. To see
the sharpness of the lower bound, consider G as a path graph P, and the graph H
obtained from the star graph S; ,,, m > 2, by subdividing an edge. Let v be the vertex
of H having distance two from the central vertex of the star. If v is the root of H, then
Theorem 13 leads to

i(GoH)>n(i(H) —1)+i(G) =n2—1)+ {’ﬂ - [g +n.

On the other side, let A be the set of all central vertices of all copies of the star Sy,

used to obtain G o H. Since i (H) = 2, we have that |[A| = n(i(H) — 1). Let B be
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an independent dominating set in the path P,. It is clear that A U B is an independent
dominating setin G o H. Hence, i(Go H) <n(i(H)—1)+i(G) =n+[n/3]. Asa
consequence i (G o H) = n + [n/3] and the lower bound of Theorem 13 is achieved.

Moreover, notice that there are graphs which are not attained any one of the above
bounds. The next theorem is an example of that. In order to present such a result,
we need to introduce some notation. Let D be a subset of vertices of a graph G, and
let v € D. We say that a vertex x is a private neighbor of v with respect to D if
N[x] N D = {v}. The private neighbor set of v with respect to D is pnl[v, D] =
N[v] — N[D — {v}].

Theorem 14 Let G = (V, E) be a graph of order n > 2 and let H be a graph with
at least two vertices and root v. Then,

(1) if v does not belong to any i (H)-set, then i(G o H) = ni(H),
(i) if v belongs to every i(H)-set S, then

i(GoH) =a(G)i(H) + (n —a(G))(Ipnlv, SI| +i(H) = 1).

Proof (1) Let us suppose v does not belong to any i (H)-set. From Lemma 12, we have
that i (H — v) = i(H). Hence, Theorem 13 leads to i (G o H) < ni(H). Let S’ be a
i(G o H)-set such that |S'| < ni(H). Hence, there exists at least one copy H; of H
such that S; = V; N S" and |S;| < i(H). Since S; independently dominates V; — v
for every i € {1, ..., n}, we have that v is not dominated by S; in H;. Thus, §; is
an independent dominating setin H; — v and i(H; —v) < |S;| < i(H), whichis a
contradiction, since i (H — v) = i(H). Therefore, i (G o H) > ni(H), and the result
follows.

(ii) Let B; be an i(H;)-set, i € {l,...,n} and let C be an independent set of
maximum cardinality in G. Let S = Uf‘:(?) B; U U?;‘f(G)(pn[v, B;1UB; —{v}). We
will show that S is an independent dominating set of G o H.

Let B = U:‘l:l B;. Notice that B is a dominating setin G o H.If G = K,, then B
is also independent set in G o H. In this case, «(G) = n, and the upper bound follows.
Now let us suppose that G 2 K. Since the root of every copy of H belongs to B,
there exists at least two roots v; and v, # j, which are adjacent in G o H. Thus, B
is not independent in G o H.

Hence, B’ = (U?i?) Bi) U (UZ(G)_H (B; — {v})) is independent setin G o H and
dominates every vertex in H;, except pn[v, B;]. Notice that B; —{v} is still independent
in H;, and also, it dominates every vertex in H;, except pn[v, B;].

Therefore, we have thati (Go H) < a(G)i(H)+(n—a(G))(|pnlv, S1|+i(H)—1)
and the upper bound follows. O

5 Connected Domination Number and Convex Domination Number

A set of vertices D of a graph G is a connected [16] (or convex [13]) dominating set in
G if D is a dominating set and the subgraph induced by D, (or the set D) is connected
(or convex) in G. The minimum cardinality of any connected (or convex) dominating
setin G is called the connected (or convex) domination number of G and it is denoted
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by v.(G) (or Ycon(G)). A set D is a y.(G)-set (or a Y.on (G)-set) if it is a connected (or
a convex) dominating set and |D| = y.(G) (or |D| = y¢on(G)). Then, we study the
connected (or convex) domination number of rooted product graphs. We begin with
connected domination. This parameter was defined by Sampathkumar and Wallikar
in [16].

Theorem 15 Let G be a graph of order n > 2. Then for any graph H with at least
two vertices and root v,

Ye(G o H) € {nyc(H), n(y.(H) + 1)}.

Proof Since the vertex v of H is a cut vertex of G o H, the vertex v of each copy H; of
H belongs to every connected dominating set of G o H. Also, the intersection of every
connected dominating set of G o H and the set of vertices of every copy of H contains
a connected dominating set of H. Hence, y (G o H) > >, ye(H) = ny.(H).

Hence, if v belongs to a y.(H;)-set S;, then by taking S = (J!_, S; we have that S
is a connected dominating set. Hence, y.(G o H) < Z?:l |Si| = ny.(H). Therefore,
ve(Go H) =ny.(H).

Now, let us suppose that y.(G o H) # ny.(H). Hence, v does not belong to any
ye(H;)-set S;. Let S be a y.(G o H)-set. If | S| < ny.(H), then there exists a copy H;
of H in G o H in which [S N V| < y.(H) and S N V] is a connected dominating set
in H, which is a contradiction. Hence, |S| > ny.(H) and there exists a copy H; of H
such that |S N V;| > y.(H). Since the root v of H does not belong to any y.(H)-set,
and also v belongs to every y.(G o H)-set, we obtain that

IS| = ZlSﬂ Vil + 1Vl = nye(H) + n = n(y.(H) + 1).

i=1

On the other hand, let S; be a y.(H;)-set, i € {1, ..., n}. Since v does not belong
to any y.(H)-set, it is satisfied that v ¢ S; for every i € {1, ..., n}. Thus, by taking
the set S = V U (U, Si), we have that S is a connected dominating set and, as a
consequence,

Ye(Go H) < [S| =D [Si|+ V| = nye(H) +n = n(y.(H) + 1).
i=1

Therefore, the result follows. O

Next, we study the connected domination number of some particular cases of rooted
product graphs. We denote by n1(G) the number of end vertices (vertices of degree
one) in G and by 2(G) the set of end vertices in G; |Q2(G)| = n1(G).

Lemma 16 [16] If T is a tree of order at least three, then y.(T) = n(T) — n1(T).
Lemma 17 If G is a connected graph, H is a tree of order at least three, and the root

v is not an end vertex of H, then y.(G o H) = ny.(H).
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Proof Since the root of the graph H is a cut vertex in the graph G o H, we have
that root of each copy H; of H belongs to every connected dominating set of G o
H. Also, the intersection of every connected dominating set of G o H and the set
of vertices of every copy of H contains a connected dominating set of H. Hence,
Y. (GoH) > Z?=1 yc.(H) = ny.(H). Let D be a connected dominating set of Go H.
Since H is a tree, from Lemma 16, not any end vertex belongs to any minimum
connected dominating set of H and y.(H) = n(H) — n1(H). Also, for every H;,
yv.(H;) = n(H;) — n1(H;). Since v is not an end vertex of H, we have that |D| =
[VUT (Vi — Q)| Thus, (G o H) < |D| = ny(H) and we are done. O

Lemma 18 If Ty, T are trees of order at least three, then Ty o T; is also a tree of order
n(TyoTy) = n(T1)n(Tr). Moreover, ni(Ty o T2) € {n(T1)n1(T2), n(T1)(n1(T2) — D}

Proof For a graph Ty o T» is n(Ty o Tp) = n(Ty) + n(T1)(n(T2) — 1) = n(T)n(T3).
If a root vertex v is an end vertex of 7>, then n1 (T} o T2) = n(T1)(n1(T3) — 1). On
the contrary, if v is not an end vertex of 7>, then n1 (71 o T») = n(T1)n1(12). |

Theorem 19 Let Ty, T, be trees of order at least three. Then y.(T10T2) = n(T1)y.(T3)
if and only if the rooted vertex v of T, is not an end vertex of T».

Proof From Lemma 16, we have y.(T1 o Tp) = n(Ty o Tz) — n(T} o Tz). Also,
from Lemma 18, we have n(7T o T») = n(T1)n(T»). Let v be a non end vertex of T>.
Hence, n1(T1 o T2) = n(T1)n1(T2). Thus, y.(T1 o T2) = n(T1)n(T2) — n1(T2)n(Tr)
= n(T))(n(T7) — ni1(17)) = n(T1)y.(T2).

Assume now y.(T7 o T2) = n(T1)y.(T2) and suppose v is an end vertex of T5.
Hence, we have n{(T) o T») = (n1(T) — Dn(Ty) = ni(Tr)n(Ty) — n(Ty). Since
n(TyoTr) = n(T)n(T2), wehave y.(T1 0 T2) = n(T)n(T2) — (n1 (To)n(T1) —n(T1))
=n(T1)(n(Tr) — n1(T2) + 1) = n(T1)(y.(T>) + 1), what gives a contradiction. O

From Theorems 15 and 19, we can conclude the following:

Corollary 20 y.(T1 o T2) = n(T1)(y.(T2) + 1) if and only if the root v of T» is an
end vertex of T».

Convex domination was defined by Topp in [19] and it was first characterized in
[13]. Notice that for the case of the convex domination number of G o H, the result
is similar to Theorem 15 about connected domination. The proofs of the following
results are omitted due to the analogy with the above ones.

Theorem 21 Let G be a graph of order n > 2. Then for any graph H with root v and
at least two vertices,

Yeon(G o H) € {nycon(H), n(Yeon (H) + D}

Theorem 22 [f Ty, T are trees, then Veon (T1 0 T2) = n(T1)Yeon (T2) if and only if the
root v of T, is not an end vertex of T.

Corollary 23 y o, (T1 o T2) = n(T1)(Yeon(T2) + 1) if and only if the root of T is an
end vertex.
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5.1 Weakly Connected Domination Number

Now, we consider the weakly connected domination number of rooted product graphs.
A dominating set D C V (G) is aweakly connected dominating set in G if the subgraph
G[D]y = (Ng[D], Ey) (also called subgraph weakly induced by D) is connected,
where E,, is the set of all edges having at least one vertex in D. Dunbar et al. [7]
defined the weakly connected domination number y,,(G) of a graph G to be the
minimum cardinality among all weakly connected dominating sets in G.

Theorem 24 Let G be a graph of order n > 2. Then for any graph H with at least
two vertices and root v,

Yw(G o H) € {nyw(H), nyw(H) + yu(G)}.

Proof Let Dy be a minimum weakly connected dominating set of H and Dp; be
the copy of Dy in the ith copy H; of H,1 < i < n. Let D be a minimum weakly
connected dominating set of G o H. We consider two cases.

1. v € Dpg. Then, the identified vertices belong to a minimum weakly connected
dominating set of G o H and y,,(G o H) = ny, (H).

2. v ¢ Dy. Then |J/_, Dy, C D and the identified vertices are dominated by
Ui_, D, Buttheset |J;_, Dy, is not weakly connected. To make this set weakly
connected, we need to add to this set y,, (G) vertices. Hence, y,(Go H) = |D| =
ULy Dr | + 70(G) = nyw(H) + yu(G). o

The following lemma presented in [ 14] will be useful into obtaining some interesting
results.

Lemma 25 []4] For any tree T of order n > 3,

1
=M+ 1) = yu(T) =n—m(D).

Theorem 26 If Ty, T, are trees and v is not an end vertex of T, then

1
5 mI)yw(T2) + 1) = yuw(Ti 0 T2) = ni(T)Qyw(T2) — 1.

Proof From Lemma 25, (1/2)(n(T1oT2) —ni(T1oT2) + 1) < yu(T10Tr) <n(To
T») —n1(Ty o T7). Thus, from Lemma 18, we have (1/2)(n(T1)n(T>) —n(T1)ni(T>) +
D) < yuw(TioT2) < ni(T1)(n(T2) —ni(T2)). We have yy, (T1 o T2) < ni(T1) (n(T2) —
n1(12)) = ni(T)2(1/2)(n(T2) —n1(12)) =ni(T1)2(1/2)(n(T2) —ni(Tp)+1-1) <
n1(T1)2yy(T2) — ni(Ty) = n1(T1)2yyw(T>) — 1). From the other side, we have
Yw(Ti o T2) = (1/2)(ni(T1)(n(T2) — ni(T2)) + 1) = (1/2)(n1(T1)yw(T2) + 1), and
finally we obtain the desired result. O

By using similar methods, we obtain the following result:
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Theorem 27 Let Ty be a tree of order n(T1). If v is a non-end vertex of a tree Ty, then
1
E(Vw(T2)”(T1) + 1) < yu(T1 0 T2) < 2n(T)yw(T2).

5.2 Super Domination Number

We continue with the super domination number of the rooted product graph. This
parameter was defined in [12]. A subset D of V is called a super dominating set if
for every v € V — D there exists u € Ng(v) N D such that Ng(u) € D U {v}. The
minimum cardinality of a super dominating set is called the super domination number
of G, and it is denoted by y;, (G). In [12], a paper has proven the following result:

Lemma 28 [12] For any tree of ordern > 3, n/2 < y5,(T) < n—s(T), where s(T)
is the number of support vertices in T.

Theorem 29 Let G be a graph of order n > 2. Then for any graph H with root v and
at least two vertices,

Vsp(G oH) = nVsp(H)'

Proof Let Dy be a minimum super dominating set of H and Dy, be the copy of Dy
in the i'" copy H; of H,1 < i < n. Let D be a minimum super dominating set of
G o H. We consider two cases as follows:

1. v € Dg. Then identified vertices belong to a minimum super dominating set of
G o H and y;,(G o H) = ny,p(H).

2. v ¢ Dy.Then|J}_, Dy, C D andidentified vertices are dominated by | J;_, Dy, .
Also, every vertex belonging to | J!_, Vi — U/, D, — U, where U is the set of
identified vertices is super dominated by |J;_, Dp,. Suppose there exists a vertex
u € U which is not super dominated by |J;_, Dg;. Then for a vertex u, there
does not exist any v € |J;_; Dy, such that Ngop (v) € Ji_; Dp,. Hence, there
is 1 <i < n such thatin H;, there exists a vertex which is not super dominated, a
contradiction. Thus, (J!'_; Dy, is a minimum super dominating set of G o H and
Ysp(Go H) = |U?:1 Dy, | = nysp(H). o

Now, by using Lemma 28 result, we can prove the following:

Theorem 30 If Ty, T are trees of order n(Ty) > 3 and n(T>) > 3, respectively, then
n(T1)s(17) < ysp(Th 0 T2) < n(T)(n(T2) — s(12)).

Proof If a root v is a support vertex of 7>, then s(T1 o T2) = n(Ty) + (s(T>) —

Dn(Ty) = n(Ty)s(T>). If v is not a support vertex, then also s (77 o T») = n(T1)s(13).

The upper bound follows directly from Lemma 28. For the lower bound, we have
Ysp(T1 0 T2) < 2y, (11 o T2) — n(T7)s(13), which leads to the result. m]
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