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Abstract This paper is concerned with the Lie superalgebra S(n, m) of special type
over a field of prime characteristic. We construct the modular Lie superalgebra S(n, m)
and discuss some properties of this algebra. Then the derivation superalgebra of
S(n, m) is determined.
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1 Introduction

In mathematics, a Lie superalgebra is a generalization of a Lie algebra including
a Z-grading, where Z, = {0, 1} is the residue class ring of integers modulo 2.
Lie superalgebras are also important in theoretical physics where they are used to
describe the mathematics of supersymmetry [8]. Although many structural features of
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non-modular Lie superalgebras (see [9,15,20,22]) are well understood, there seem to
be few general results on modular Lie superalgebras. The treatment of modular Lie
superalgebras necessitates different techniques which are set forth in [11,13]. In [7]
Elduque obtained two new simple modular Lie superalgebras. These Lie superalgebras
share the property that their even parts are orthogonal Lie algebras and the odd parts
are their spin modules. Since distinctions between non-modular and modular Lie
superalgebras are reflected on Lie superalgebras of Cartan type, the structure of Lie
superalgebras of Cartan type seems to be important and interesting. In [23], four
series of modular graded Lie superalgebras of Cartan type were constructed, which
are analogous to the finite dimensional modular Lie algebras of Cartan type [19] or
the four series of infinite dimensional Lie superalgebras of Cartan type defined by
even differential forms over a field of characteristic zero [10]. In [16], the iso-classes
of simple restricted modules of the special Lie superalgebra S(n) were classified,
and the character formulas of restricted simple modules were given. Recent works
on modular Lie superalgebras of Cartan type can also be found in [5,6,12,21] and
references therein.

It is well known that derivation techniques are of great importance in the struc-
ture and the classification theories of Lie (super)algebras (see [3,9,15,18]). For some
classes of modular Lie (super)algebras, the derivation (super)algebras have been well
investigated, for example, the derivation algebras of modular Lie algebras of Cartan
type [4, 17], the derivation superalgebras of modular Lie superalgebras of Cartan type
[2,13].

The original motivation for this paper comes from the structures of the finite dimen-
sional modular Lie superalgebras W (n, m) and H (n, m), which were first introduced
in [1, 14], respectively. The starting point of our studies is to construct a class of finite
dimensional modular Lie superalgebras of special type, which is denoted by S(n, m).
A brief summary of the relevant concepts and notations in the finite dimensional modu-
lar Lie superalgebras S(n, m) is presented in Sect. 2. In Sect. 3, the intrinsic properties
of S(n, m) are investigated. In Sect. 4, the derivation superalgebra of S(n, m) is deter-
mined.

2 Preliminaries

Throughout this paper, [F denotes an algebraic closed field of characteristic p > 2, n
is an integer greater than 3. In addition to the standard notation Z, we write N and N
denote the sets of positive integers and non-negative integers, respectively.

Let A(n) be the Grassmann algebra over F in n variables xy, x2, ..., x,. Set By =
{(i1 i, .. k) | 1 < i1 < i < --+ < ix < n}and B(n) = J;_, Bk, where
Bo = @. For u = (iy,ip,...,ix) € By, set |u| = k, {u} = {iy,iz,...,ir} and

X" = xj,xiy - xq (18] =0, x” = 1). Then {x“|u € B(n)} is an F-basis of A(n).
Let IT denote the prime field of IF, thatis, IT = {0, 1, ..., p—1}. Suppose that the set

{z1,z2, ..., zm} is a [1-linearly independent finite subset of F. Let G = {Z?"zl Aizi |
X; € IT}. Then G is an additive subgroup of F. Let F[yy, ya, ..., yu] be the truncated
polynomial algebra satisfying yip = lforalli = 1,2,...,m. For every element

A=>" rz € G,define y* = yf‘yéz <o yhm Then y*y" = y** forall A,y € G.
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Let T(m) denote F[y1, y2, ..., ym). Then T(m) = {3, .cany* | a € F}. Set
% = A(n)RT(m). Then 7 is an associative superalgebra with Z;-gradation induced
by the trivial Z,-gradation of T(m) and the natural Z,-gradation of A(n), that is,
U = Uy ® Ui, where Uy = A(n)5 @ T(m) and %; = A(n)] ® T(m).

For f € A(n) and a € T(m), we abbreviate f ® « as fa. Then the elements x*y*
with u € B(n) and A € G form an F-basis of % . It is easy to see that % = @}_, %
is a Z-graded superalgebra, where % = spanp{x“y* | u € B(n), |u| =i, » € G}.In
particular, %y = T(m) and %, = span]F{x”y)‘ | A € G}, where mr :=(1,2,...,n) €
B(n).

In this paper, if A = Ag @ Aj is a superalgebra (or Z,-graded linear space), then
lethg(A) = Ag U Aj is the set of all Z>-homogeneous elements of A. If degx occurs
in some expression, we regard x as a Zp-homogeneous element and degx as the Z;-
degree of x. Let A = @}__, A; be a Z-graded superalgebra. If x € A;, then we call
x a Z-homogeneous element, i the Z-degree of x and set zd(x) = i.

Let pl(A) = plz(A) ® plj(A) denote the general linear Lie superalgebra of the
Z-graded space A. For ¢ € ply(A) with 6 € Zo, if

P(xy) = p(x)y + (=% xp(y)

for all x € hg(A) and y € A, then ¢ is called a derivation of A with Z-degree 6.
Let Derg A denote the set of all derivations of A with Z;-degree 6. Then DerA =
DergA @ Derj A, which is called the derivation superalgebra of A, is a subalgebra of
pl(A) (see [15]).

SetY = {1,2,...,n}. Giveni € Y, let 3/dx; be the partial derivative on A (n)
with respect to x;. For i € Y, let D; be the linear transformation on % such that
Dj(x"y*) = (dx"/dx;)y* for all u € B(n) and A € G. Then D; € Der;% for all
i € Y since 3/dx; € Derj(A(n)).

Suppose that u € By € B(n) andi € Y. When i € {u}, we denote the uniquely
determined element of By _ satisfying {u — (i)} = {u}\{i} by u — (i), and denote the
number of integers less than i in {u} by t(u, i). Wheni ¢ {u}, we set t(u, i) = 0 and
x*=%) = 0. Therefore, D; (x*) = (—1)"®Dx*=) foralli € Y and u € B(n).

We define (fD)(g) = fD(g) for f, g € hg(%) and D € hg(Der% ). Since the
multiplication of %/ is supercommutative, f D is a derivation of % . Let

W(n, m) = spang {x“y)”Di lueBm), req,ic Y}.

Then W (n, m) is a finite dimensional Lie superalgebra contained in Der?%/. A direct
computation shows that

[fDi, gD;j] = fDi(g)D; — (—1)*e/ Pdee&D o (£) D, @2.1)
where f, g € hg(%)andi,j €Y.

Let Dy, : % —> W (n, m) be the linear mapping such that for every f € hg(%)
and ry,rn e Y,

2
Dyry(f) =D fr Dy, (2.2)
i=1
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where f,, = —D,,(f) and f,, = —D, (f). It is easy to see that D,,,, is an even
linear mapping. Let S(n, m) = {D;;j(f) | f € %,i, j € Y}. Then S(n, m) is a finite
dimensional Lie superalgebra with a Z-gradation S(n, m) = @f;zl S, (n, m), where
Sy(n,m) = {D,-j(x“y)‘) | u € Bn),|lul =r+2,2 € G,i,j € Y}. In this paper,
S(n, m) is called the Lie superalgebra of special type.

By the definition of linear mapping D, ,,, the following equalities are easy to verify:

Dii(f) = =2D;(f)D;, (2.3)
Di;(f) = Dji(f), (2.4)
[Dr, Dij (/)] = —Dij(Dk(f)), (2.5)
2
[Ds15,(f). Dy (9)] = z (—Ddengs,-r,(fc,»gr,-), (2.6)
ij=1

where f, g € hg(%), i, j,k € Yand f;,, gr; asin (2.2). The equality (2.6) shows that
S(n,m) is a subalgebra of W (n, m).

3 Some Basic Properties of S(n, m)

Hereafter, W(n, m), S(n, m), and S;(n, m) will be simply denoted by W, S, and S;,
respectively.

The linear mapping div: W — % defined by div(f D;) = (—1)%&/ D; (f) for all
f ehg(Z)andi €Y is called the divergence.

A direct calculation shows that div is a derivation of W with values in % (see [9]
or [23]), that is

div[D, E] = Ddiv(E) — (—-1)%ePeeE paiv(D) forall D, E€ W. (3.1)

Following [23], put S(n, m) := {D € W | div(D) = 0}. We also denote S(n, m) by
S for short.

Suppose that D and D are arbitrary elements of S; then div(D;) = 0 and
div(D,) = 0. By the equality (3.1), we have

div[Dy, D2] = Dj (div(D,)) — (—1)%eP1deD2 p, (div(Dy)) = 0

Therefore, S is a subalgebra of W.
Proposition 3.1 S = S.
Proof A direct calculation shows that
div (Di;(f)) = div (=Di(f)D; — D;(f)D;)
= —(=D*/FD; D (f) — (=1)*FIDiD; (f)

= (=1)%*D;Di(f) — (=1)* D; D (f)
=0,
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where f € hg(%) andi, j € Y. Hence, D;;(f) € S. This implies that S is contained
in S.
Conversely, since S € W and d1v(x )y*D;) = 0, we suppose that an arbi-

trary element of S has the form x*~{ )‘D where u € B(n), A € G and
i € Y. The equality (2.4) shows that x" y)‘D = (=D*®ID;(x*y"D; =
(—)T@D+12=1 . (x"y*) € S. Hence, S C S. Consequently, S = S. o

Adopting the notion of [15, Definition 2, p. 73], the Lie superalgebra L is called
transitive if {A € L; | [A, L_1] =0} =0 foralli € Ny.

Proposition 3.2 The Lie superalgebra S is transitive.

Proof Let D = D;;(f) € S;, where t € No and i, j € Y. Then f € %». If
[D, S-1] = 0, then [D;;(f), y)‘Dk] = 0 forall k € Y and A € G. The equality
(2.5) shows that D;; (D (y* f)) = 0, that is, Dx(y* f) € % = T(m). Then f € %
which implies that f € 24 N %, fort € Ny. Hence, f = 0. It follows that D = 0.
Therefore, S is transitive. O

LetT = {3, gy | Dyecar =0,a5 € Fland T = {x"a | u € B(n),a €
7}. By [14, Lemma 4.2 and 4.3], Z and I are ideals of T(m) and %, respectively.
Furthermore, T(m) = Z ® F1. By definition of S, we have S(n, 0) = {D;; (x") | u €
B(n)}, which is isomorphic to the special Lie superalgebra S(n) (see [16] or [23] for
definition).

Proposition 3.3 Let J = {D;;(x"a) | x"a € I',i, j € Y}. Then J is an ideal of §
and S = S(n) ® 3.

Proof Suppose that x“« € I" and xV € %, where @ € Z and B € T(m). Since 7 is
an ideal of T'(:m) and Dy, (x"@) € J, by equality (2.6), we have

[Dyys, (x"@) . Dryry (x°B)1 = (=D Dy, (Dy, (x“at) Dy, (xVB))
+ (D" Dy, (D, (x"@) Dy, (xVB))
+ (=D Dy, (Dy, (x"a) D, (x"B))
+ (=D Dy, (Dy, (x"a) Dy, (x"B))
= (=" Dy, (Ds, (x") Dy, (x) ap)
+ (=" Dy,,, (Ds, (x") Dy, (x) ap)
+ (=D Dy, (Dy, (x*) Dy, (x°) aB)
+ (=D Dy, (Dy, (x") Dy, (x") ) € 3.

u v

X

=

r

r \X
where s1, 52, 1,72 € Y. Thus, J is an ideal of S.

Suppose that D;; (x"B) is an arbitrary element of S. Since T(m) = Z ®F1, we may
write 8 = a +al, where o € Z and a € F. Then D;;(x"B) = D;;j (x"a) + D;j(ax")
forall i, j € Y. It follows from S(n,0) N J = 0 that S = S(n,0) & J. As S(n, 0) is
isomorphic to S(n), the desired result follows immediately. O
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Remark Tt was shown in [23] that S(n) is a simple Lie superalgebra. Then the results
of Proposition 3.3 imply that the ideal J of S is maximal.

Let S(m, n, 1) denote the restricted special Lie superalgebra as definition in [23].
Then the following proposition is easy to obtain.

Proposition 3.4 The Lie superalgebra S is isomorphic to a subalgebra of S(m, n, 1).

4 The Derivation Superalgebra of S(n, m)

In this section we will investigate the question of the derivation superalgebra of S.
Let ® := T(m)"™ = T(m) x --- x T(m). Then

={0=0i(),....hu() [ hi(y) € T(m), i=1,2,...,m}.

For every 0 = (h1(y),...,hu(y)) € O, we define 0: G — T@m) by 5()\) =
S kjhj(y)fork = 3" 1z € G.Itiseasy tocheck that (h+n) = 6(2)+0(y)
for A,n € G For every 6 € ©, let Dp: S — S be the linear mapping given by
Do Djj(x"y M = Q(A)D,] (x"“y*) for x*y* € % and i, j € Y. A direct verification
shows that Dy € Derg(S) forall 0 € ©.
The derivation Dy is called the derivation of ®-type. Put Q := {Dy | 6 € ®}.
oL = S Aihei(y) and F(A) = 37 Aihgi(y), where 0, 9 € O, then

B0)+50) = > hihoi(v) + hoi (7)) = 6+ D ().
i=1

The equality above shows that Dg + Dy = Dgyy and aDy = D,g for a € F. Hence,
Q2 is a subspace of Dery(S) and dim Q = dim ® = (p™)™.
Analogous to [14, Lemma 3.3], we have the following lemmas.

Lemma 4.1 Ifp € hg(Der(W)) and (D) = 0forall j € Y, then there exists 0 € ©
such thatgo(y)‘Dj) = Dy (y)‘D.,')for all . € G.

Lemma 4.2 Let hy;, = x;y* Dy, where k € Y and ) € G. Then hy;, € Nory (S).
Proof For arbitrary i, j € Y, u € B(n) and n € G, we have
(a3 Dij (x*y")] = = [y Di, Di (x"5") D] = [y Di, D (x"y") Di].
If k € Y\{i, j}, then

[1i, Dij (x“y")] = —xky* D D; (x*y ’7)D — D; (x"y") D (xx)y" Dy

—xiy*DiDj (x"y") D; — Dj (x"y") D; (x¢)y" Dk
— _D ( uy)n-H]) D; — D; (xuy)u-H’[) D/
= Dj; ( u A+77)
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In the case of k =i # j we have

[k Dij (x“y")] = — [xxy* D Dj (x"y") Dy + Dy (x“y") Dj]
—D; (x”y“r”) Dy + Dj (x“ywr”) Dy
=0.

When k = j # i, we may obtain [y, D;;(x*y")] = 0 similarly.
Ifk =i = j, then [hg, Dij(x“y")] = —Dgg (x“y**7).
In conclusion, Ay € Nory (S). m|

Lemma 4.3 Let ¢ € Der,(S) andt € Z. Suppose that (S;) = Ofori = —1,0,...,j
and j > —1.If j+t > —1, then ¢ = 0.

Proof Suppose that g > j. To prove ¢(S;) = 0, we use induction on gq.

Note that ¢(S;) = 0. Let g > j and z be an arbitrary element of §,. Suppose that
[z, y)‘Dl] =z foralll € Y and A € G, then z; € §;—1. The induction hypothesis
yields ¢(z;) = 0. Let ¢(z) = > oy fx D, where fi € % . Applying ¢ to the equality
[z, y*D;] = z;, we have

¢ ([2.y*Di]) = [9(@), y* D] + (= 1)*% [z, ¢ (y* Dy)] = 0.

It follows from ¢ (y* D;) = O that [¢(z), y* D;] = 0. Hence, [>;cy fi Dk, y*Di]1 =0,
that is, ZkeY y)‘Dl(fk)Dk = 0. It follows that yle(fk) = O0forall/ € Y and
A € G. This implies f; € T(m) for k € Y. Thus, ¢(z) € S_i. On the other hand,
z € §; and ¢ € Der,(S). So ¢(z) € Sy4,. Since g +1t > j+1t > —1, we have
@(z) € S_1 NSy = 0, that is, ¢(S,) = 0.

The above considerations show that ¢(S) = 0. Therefore, the desired result ¢ = 0
follows. O

Theorem 4.4 Suppose thatt € Ng and N = spang{hiy | k € Y, A € G, hyy =
X y* Dy}, then Der;(S) = ad(S 4+ N); + Q.

Proof By virtue of Lemma 4.2, we have [N, S] C S. It is easy to show that ad(S +
N) + @ C Der(S). Hence, ad(S + N); + 2 € Der;(S). Note that div(h,) # 0 and
S=25.Then N ¢ S.

Next we will consider the converse inclusion.

Suppose that for every k € Y and ¢; € Der,(S), ¢;(Dy) = Z?zl fik Di, where
fik € % . Applying ¢; to [Dy, D;] = 0, where k # [ € Y, we have D;(fix) =
—Dy(fiy) foralli € Y. Then[14,Lemma3.1] shows thatthereexistg; fori = 1,...,n
such that Dy (g;) = fix forallk € Y.

Let z = —(—1)%e% 3"  ¢;D; € W,. Then ¢,(Dy) = adz(Dy) forall k € Y.
Consequently, by Lemma 4.1, there exists € © such that (¢; — adz) (Dg; (xx y)) =
Dy(Dyj (xxy™)) for all distinct elements j, k of Y and A € G.

Set ¢; = ¢ — adz — Dy. We use induction on j to show that ¢,(S;) = 0 for
j=—10,...,n — 2. A direct calculation shows that ¢;(S_1) = 0. Suppose that
J = 0. For arbitrary element & of S; , the induction hypothesis yields [¢;(§), D;] =0
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foralli € Y. Therefore, ¢,(§) € S_1NS; ;. Noting thatz+j > 0, we have ¢, (§) = 0;
hence, ¢;(S;) = 0. Consequently, ¢; = adz + Dy.

Since adz(Dy) = ¢:(Dy) € S and Dy € S for k € Y, we have [Dyg, z] € S. Thus,
div[ Dy, z] = 0 and div(Dy) = 0. The equality (3.1) shows that div(z) € T(m). Then
div(z — div(z)x; D;) = 0 for all i € Y. It follows from z — div(z)x; D; € S that
z € S+ N. This implies that adz € ad(S 4+ N). The above considerations show that
adz+ Dy € ad(S+N)+. Therefore, the inclusion relation Der; (S) C ad(S+N);+Q
holds.

In conclusion, Der,(S) = ad(S + N); + Q. O

Lemma 4.5 ad(S + N) N Q2 = {0}.

Proof Firstly, we consider the set adS N Q. For any x € adS N 2, we suppose that
x = adE = Dy, where E € S and 6 € ©. Then adE(D;) = Dy(D;) = 0 for all
Jj € Y. It follows that E € S_j. Without loss of generality, we may suppose that E =
D kel DG ai.y” Dy, where ay;, € F. For all i, j € Y, we have adE(D;j(xix})) =
Dy(D;j(x;x;)) = 0. This implies that az; = O for all k € Y. Then E = 0, that is,
x = 0. Therefore, adS N 2 = {0}.

Next we will prove that adN N Q = {0}. Suppose that x € adN N 2 such that
x = adE = Dy, where E € N and 6 € ©. Using the similar discussion above, the
Z-graded degree of E is —1. It is contradiction to zd(N) = 0. Therefore, there does
not exist a non-zero element belongs to ad N N €2, that is, adN N Q = {0}.

Consequently, ad(S 4+ N) N 2 = {0} and the proof is completed. O

Theorem 4.6 Der_;(S) = adS_;.

Proof 1t suffices to show that Der_(S) € adS_;. According to the definition of S;,
we may easily obtain

So = spanp { D;; (xix;y*), x;y"D;j |i,j € Y,i # j, » € G}.
Let ¢ € Der_;(S). Suppose that (p(D,-j(xixjy)‘)) = ZteY ajjin Dy, where ajjp; €
T(m). For k € Y\{i, j}, we obtain that ¢(Dx(x;xxy")) = D ,cy ®jkinDs, Where
iy € T(m) and n € G. Applying ¢ to the equality [D;; (x,-xjy)‘), Djp(xjxpy")] =
0, we have
aijjaDj — ijia Dk — QjkinDi + ajrjyDj = 0.

In particular, o;jx; = 0 for all k € Y\{i, j}. Therefore,

¢ (Dij (xix;y")) = @ijir Di + ijjn Dj, 4.1
where Ujjir, Uijjr € T(m)

We may also suppose that gp(xinyj) = > ,cy BijinD:, where Biji € T(m).
Applying ¢ to [D;j(x;x;), x;y*D;] = 2x;y*D;, by equality (4.1), we have

aijjoy*Dj — BijinDi + BijjnDj = 22,3ijzADz~
teY
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It follows that B;;;» = O for all ¥ € Y\{i, j}. Therefore,
A —
@ (xiy*Dj) = BijinDi + BijjnDy,

By equality (4.1), we may suppose that ¢(Dj;(x;x;)) = aiioD; + ajjoD;,
where ogj10, o750 € T(m) and [ € Y\{i, j}. A direct calculation shows that
[Dyj(xix;), x;y*D;j] = x;y*D;. Applying ¢ to this equality yields that B;;;; = 0.
Hence, <p(xiy)‘Dj) = Bijj»Dj, where B;jj, € T(m). Without loss of generality,
we may suppose that ¢(x;y*Diy1) = yiaDiy1 and ¢(x,y*D1) = yuDi, where
Yir, Yar € T(m) andi € Y\{n}.

Let ¢ = ¢ — > ey virn(adD;). Then ¢(x;y*Diy1) = ¢p(x,y*Dy) = 0 for all
i € Y\{n}. Suppose that M is generated by {x;y*D; .1, x,y* D1 | i € Y\{n}, A € G},
then M isasubalgebraof S.Itis obvious that D;; (x;x;y*), x;y*D; € M, wherei, j are
distinct elements of Y. Then M = Sy. Considering the Z-graded degree of ¢ we have
¢(S—1) = 0. Lemma 4.3 shows that ¢ = 0. Hence, ¢ = >,y yir(adD;) € adS_;.
This implies that Der_;(S) € adS_;. O

Theorem 4.7 Suppose thatt > 1, then Der_;(S) = 0.

Proof Let ¢ € Der_;(S). By Lemma 4.3, it suffices to prove that ¢(S;—1) = 0.
Suppose that D;; (x”y)‘) with u € B(n) and A € G is a basis element of S;_; and
(p(Dij(x”y)‘)) = > ey ®ijin D, where o € T(m) and i, j € Y.

Next we will prove that ¢ (D;; (x*y*)) = 0 for the different cases of i and ;.

It is obvious that ¢(D;; (x“y*)) = 0 fori, j € Y\{u}.

If i and j are distinct elements of {u}, then [D;;(x;x;), Dij(x”yk)] = 0. For
k € {u}\{i, j}, we have

[Dj; (xx;) » Dij (x"y*)] = 0.

Applying ¢ to these equalities yields a;jin = ajjjn = @i = 0. Thus,
9(Dij(x"y*)) = 0.

When i € {u} and j € Y\{u}, by the similar argument above, we may obtain
a;ji;;, = 0foralll € Y. Hence, ¢(D;; (x"yk)) = 0 in this case.

By equality (2.4), go(Dij(x”y)‘)) =0for j € {u}andi € Y\{u}.

In conclusion, ¢(S;—1) = 0. Now Lemma 4.3 ensures that ¢ = 0, as desired. O

Theorem 4.8 Der(S) = ad(S + N) @ Q.

Proof This is a direct consequence of Theorems 4.4, 4.7, 4.6, and Lemma 4.5. O
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