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Abstract This paper presents statistical methods for analyzing partially accelerated
life test from constant-stress test. The lifetime of items under use condition follows
the two-parameter exponentiated Weibull distribution. Based on progressively Type-II
censored sample, the classical maximum likelihood method as well as a fully Bayesian
method based on Lindley (Trabajos de Estadistica 31:223-237, 1980) approximation
form and the Markov chain Monte Carlo technique are developed for inference about
model parameters and acceleration factor. Furthermore, approximate confidence inter-
vals and credible intervals are presented. A Monte Carlo simulation is given to study
the precision of different estimators.

Keywords Constant-stress partially accelerated life test - Exponentiated Weibull -
Progressive Type-II censoring - Maximum likelihood method - Lindley’s approxima-
tion - Markov chain Monte Carlo

1 Introduction

Accelerated life test (ALT) is a popular experimental strategy to get information on life
distribution of highly reliable product. Test units under normal operating conditions
are often extremely reliable with large mean times to fail. To overcome such a prob-
lem, ALT experiments are preferred to obtain the reliability information of product
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components in a short period of time by subjecting it to higher than usual stress (pres-
sure, temperature, voltage, ..., etc.). In ALT, items are tested under stress levels that are
far more than those normally applied in practice with the conclusive aim of inducing
early failure. At the accelerated conditions, the test data obtained are analyzed in terms
of a mathematical model, and then extrapolated to the normal stress to estimate the
life distribution parameters. In some cases, such mathematical model which relating
the lifetime of the unit and the stress is not known, i.e., the data obtained from ALT
cannot be extrapolated to normal stress. So, in such cases, partially accelerated life
test (PALT) is better criterion to use. The objective of a PALT is to collect more failure
data in a limited time without necessarily using high stresses to all test units.

In ALT, all units are run only at accelerated conditions, while in PALT, they are run
at both normal and accelerated conditions. The stress can be applied in various ways:
commonly used methods are constant-stress and step-stress. In constant-stress PALT,
the total test units are first divided into two groups. Items of group 1 are allocated to
normal condition and items of group 2 are allocated to accelerated condition. Each
unit is run at a constant level of stress until the unit fails or censored.

Several authors have dealt with problems of constant-stress ALT. Based on pro-
gressively Type-II censored samples, [2] considered constant-stress PALT when the
lifetime of units under use condition follows the Burr Type-XII distribution. Bayes
and maximum likelihood (ML) methods of estimation are applied on constant-stress
ALTs to finite mixtures of distributions by [3,4].

In the step-stress PALT, a test unit is first run at use condition and if it does not fail
in a specified time, and then it is run at accelerated condition until failures occur or
the observation censored, see, for example, [1]. Most of the current literature on the
accelerated life testing problem is based on the sample theoretic methods as discussed
in [17].

In Bayesian estimation, we consider several types of loss functions. The squared-
error, LINEX, and entropy loss functions are widely used in literature. These loss
functions were used by several authors, among them [9, 10, 18,20].

The exponentiated Weibull distribution with two parameters («, 8) (EW(«, 8)) was
introduced by [14] as an extension of the Weibull family of distribution by adding an
additional shape parameter. Jiang and Murthy [11] obtained the parameter estimation
of the model by graphical approaches. New statistical measures on the EW were
provided by [15].

The cumulative distribution function (CDF), probability density function (PDF),
and the hazard rate function (HRF) of the EW are given, respectively, by

FO=0-e™F  t>0ap8>0,
fi0) = epr e (1 — e,
apte e (1 — e=1")P7!

1= (1—e )P

hi(r) = D

Here (and in the sequel of the paper) Equation (1) refers to all equations above.
Bayes estimators for the two-shape parameters, reliability, and hazard rate functions
of the EW distribution based on Type-II censored and complete samples were discussed
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by [16]. Choudhury [7] obtained a simple derivation for the moments of the EW
distribution.

Several recent monographs provide more complete reviews of Markov chain Monte
Carlo (MCMC) methods. The Metropolis—Hastings (MH) is one of the most important
MCMC methods. It is a general method for constructing a Markov chain that draws
samples from transition distributions for arbitrary posterior distributions. The Gibbs
sampler may be one of the best known MCMC sampling algorithms in the Bayesian
computational literature. For more details see, [6,8,13,19].

The most common censoring schemes are Type-I and Type-II censoring. The con-
ventional Type-I and Type-II censoring schemes do not have the flexibility of allowing
removal units at points other than the terminal point of the experiment. One censoring
scheme known as the progressive Type-II censoring scheme has this advantage, see
the details from [5].

In addition to this introductory section, this article includes five sections. Model
description and assumptions, the ML estimates (MLEs) of model parameters, accel-
eration factor, and asymptotic variance—covariance matrix of the estimators are given
in Sect. 2. Section 3 provides the Bayes estimates of model parameters and accelera-
tion factor using Lindley’s approximation and the MCMC procedure [12]. Simulation
studies are given in Sect. 4. Finally, Sect. 5 is devoted to the concluding remarks.

2 Model Description and Maximum Likelihood Estimation

In a constant-stress PALT, the total sample size n of test units is divided into two
groups: n1 items of group 1 are allocated to use condition and n, = n — nj items of
group 2 are allocated to accelerated condition.

Lifetimes Tj;,i = 1,...n;, j = 1, 2 denoted two progressively Type-II censored
samples from EW distribution, where T1;,i = 1,...,n; be the items allocated at
use condition and 7T5;,i = 1,...,ny at accelerated condition. At the first failure
time 7;1, R units are randomly removed from the remaining n; — 1 surviving units.
At the second failure time ¢;7, R 2 units are randomly removed from the remaining
nj — Rj1 — 2. The test continues until the m ;th failure at which time, all remaining
Rjm; =nj—mj — Rj1 — Rjp— - — Rjm;-1) items are withdrawn. The R; are
fixed prior to the study, m; < n;.

2.1 Assumptions

(1) The lifetime of a test unit is EW(«, ) distribution at use condition.

(2) Ataccelerated condition, the hazard rate of a test unit is increased to A/ (¢), where
A is an acceleration factor. Therefore CDF, PDF, and HRF are given, respectively,
by

Ft=1-[0-0-e")1  1>0@p>01r>1),

o) = aprr e (1 — e P — (1 — PP,
afrr e (1 — e71%)A-1
I—(1—e )P

ha (1) = @)

(3) The lifetimes of test units are independent and identically distributed.
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2.2 Maximum Likelihood Estimation

Let #jim;n; be two progressively Type-II censored samples from EW («, 8) dis-
tribution with censoring schemes R; = (R, ..., Rjn j), j = 1,2 . The likelihood
function is given by

2 mj
le. B A0 = [T A) [T £5imjon 0= Fjtjim ;00
j=1  i=1

i=1

2 i1 " e e 1 j—1 1
= [T Aj@min0=bmi Tl e i (a —e P~ 1= — e infyit 1,
j=1

3
where Aj =nj(nj —1—-Rj1)(nj —2—-Rj1 —Rjp)...(nj —(m; —1) — Rj; —
= Rjon;—n) and rji = (Rji +1).
The log-likelihood function may be written as
2
Lo, B, Alt) = D InAj + (my +m2) In(@B) + myIn i
j=1
2 mj
+ D > M@= Dt — 15+ (B — Don(e; ;)
j=1i=1
+[rjid! =" = Noa(a, B 1), @
where, for simplicty, we use
wi(a; tj) =In(l — e iy,
wa(e, Bi 1ji) = In(1 — (1 — e "in)P). ()

For determining the MLEs of («,8,1), we first have the partial derivatives of (4)
with respect to o, B, and A as

2 mj

AL myimy ) dwi(a; tj;)
o=t ;; [mtﬁ — o3 1) + (B = H——=
+("ji)v/_l _ 1)Mi| ,
Ja

AL mpamy dan (e, B i)

+ ~_1 ) £l jl
—=— wilas tji) + (rjid! —1)—]
op B ;;[ e op
JL my 2
e + Zrziwz(a, B; 1), (6)

i=1
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where
dwy (s ti})
le = w3(«; tj,-)w4(06; tji)’
dw (o, B; tji)
Tf’ = —Bws(a; tj)ws(e; tjjws(a, B 1)),
dan(a, B; tji)
—— I = (et ws(a, B i), @
B
with

w3 (o l‘j,’) = t?l- In tji,

4
P

w4(a; tji) = ——,
! 1 —e i
(1 — e "iyP
s (@, i 1)) = ——— ®)
1—(1—e li)p

MLEs of «, 8, and A are obtained by equating the partial derivatives (6) to zero. Since
the MLEs of , 8, and A can not be expressed explicitly, we apply the Newton-Raphson
method to obtain &, 8, and A.

2.3 Observed Fisher’s Information Matrix

The observed Fisher’s information matrix is given by

9?L(a, B, Alt)
F = ( 9K, 0K, ),p,q—1,2,3,K1—Ol,Kz—,B,K3—X,
where the second derivatives of L(«, B, A|t) are given in Appendix A and the caret
indicates that the derivative is calculated at (&, B, ):).

Consequently, the asymptotic variance—covariance matrix for the MLEs of the para-
meters «, B, and A is defined by inverting the observed Fisher’s information matrix
defined above.

Based on the asymptotic normality of the MLEs, we compute the approximate
confidence intervals for «, B, and A, respectively. The 100(1—y)% confidence intervals
for «, B, and A are given by

(& + 21—y 2V var(&)) , (,é + z1-y,2v var(B)) and ()A» + 21,24/ var()A») ’ ,

where 712 is the upper (y/2) percentile of the standard normal distribution.
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3 Bayes Estimation

We suggest the joint prior density of «, 8, and X as follows:

(e, B, 1) = mi(Bla)ma(e)m3(2),

where « and $ are dependent with bivariate prior density suggested by [16], where
Bl ~ Gamma(u, o) and @ ~ Exp(v), and A is independent of them with non-
informative prior m3(X) o /IT’ A > 0. So, the joint prior of «, 8, and A is written
as

» )
(e, B, 1) O‘T gl o=+, 9)

The joint posterior density function of «, f, and A can be written from (3) and (9)
as

7*(a, B, Alt) o (o, B, Alt) w(ct, B, )

a’+py

my+my+pu—1 )\’mz_le_ B

— am1+m2—uﬂ

2 mj
—1 —t% —t% . B— —t% a1
x [TTT s e — et — (= ey,

j=li=1
Based on squared-error loss function, the Bayes estimate of a function of the

model parameters and acceleration factor is its posterior expectation. f U = U (0) =
U(a, B, 1), then

Ups = E(U©O)|t) = / U®)x*©0)t)do.
0
Unfortunately, we cannot compute explicitly this integral in most cases. Therefore,

we adopt two different procedures to approximate this integral: Lindley’s approxima-
tion and MCMC procedure.

3.1 Lindley’s Approximation

Based on Lindley’s approximation, the approximate Bayes estimates of «, 8, and A
for the squared-error loss function are given, respectively, by

B 1
aps = o +a; + E(WlUll + Yoo12 + Y3013) ‘L&,ﬁ,i’
- 1

Bos = B+ax+ 5(V1021 + V200 +¥3023) L 55

~ 1
Aps =i +a3+ 5(1//1031 + Y2032 + ¥3033) 14 55 -
For the detailed derivations, see Appendix B.
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3.2 Markov Chain Monte Carlo

For generating samples from the posterior density function, we consider hybrid algo-
rithm, which combines the MH algorithm and Gibbs sampler. The conditional posterior
distributions of the parameters «, 8, and A can be written, respectively, by

2 mj

a2+ﬁv - 4

(@] B, Ay t) o oMM TGy IIIIt;e i
j=li=1

X (1= e TP — (1= e TPyt
2 mj
7 (Bla rt)y oc B e T — e TP = (= ey
j=1i=l
my
¥ (e, B, 1) o AT (1 = (1= e 7Pyt

i=1

where 7*(A|a, B, t) is a Gamma(m,, — :":21 roi In(1 — (1 — e i )#) distribution, so
we use the Gibbs sampler to generate random numbers of 1. Moreover, the conditional
posterior distribution of @ and B cannot be reduced analytically to well-known distrib-
utions, and therefore, it is not possible to sample directly by standard methods. So, we
use the MH method with normal proposal distribution to generate random numbers
from these distributions.

The following algorithm can be used to evaluate samples for «,8, and A.

Step 1. Choose the MLEs &, § and 4, as the starting values («@, 8@, 1) of o,
and A.

Step 2. Seti =1

Step 3. Generate A from 7*(Ala@—D, 0D t).

Step 4. Generate oD from N (oD, 0121).

Step 5. Generate ) from N (B ~D, 0222).

Step 6. Seti =i+ 1

Step 7. Repeat steps 3—6 N times.

Step 8. The approximate means of U («, 8, 1) are given, respectively, by

N
D U@ 000,

i=M+1

EWI) = +—

where M is the burn-in period.
Step 9. (Un—myy2(@D, BO D), Uy _pryi—y 2y (@D, BO, 1)) yields an app-

roximate 100(1 — y) credible interval for U (), O, 1 @),
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4 Simulation Study

A Monte Carlo simulation study was conducted in order to assess the performance of all
methods of estimations (ML and the approximate Bayes estimations). The simulation
study is carried out according to the following algorithm.

Step 1. We choose the values ny, na, my, mp, ¢, A and the censored scheme Rj;, i =
IL....mj, j=12.

Step 2. For given values of the prior parameters, i and v generate & and 8 from
Exp(v) and Gamma(u, o).

Step 3. Generate two independent random samples of sizes m | and m, from Uniform
(0,1) distribution.

Step 4. Set

1/(i+zgzm c—it1 Rjz]) . .
Uji=Vji / , J=12,i=12,...,mj.

Step5. Wji1, Wja, ..., ijj, Jj = 1,2 are two progressive Type-II censored sam-
ples of sizesm, j =1, 2, from U (0, 1)where

mj
Wii=1- H Ujg. i=1,....,m;j.
q=m.,~7i+l

Step 6. Generate tworandom samples?;1, 2, ..., timj, j = 1,2, from CDFs F(t)
and F(t)

1
B L .
[1i=(—]n(l—Wﬁ.)a), l:l,...,ml,

1
f = (—In(1 = (1 — Wji)%)ﬁ)é, i=1,...,ms;.

Step 7. For each sample, the MLEs of acceleration factor and the parameters of EW
distribution, (A, «, B), are obtained by solving the nonlinear Eq. (6) using
the Newton—Raphson method.

Step 8. The approximate confidence intervals are constructed, through asymptotic
variance—covariance matrix of the estimators.

Step 9. The Bayes estimates of (A, «, §) are computed based on squared-error loss
function.

Step 10. Using MH and Gibbs sampling algorithms, generate a sequence of 5500
random samples iteratively with N = 5500 and M = 500.

Step 11. The squared deviations (6* — )2 are computed, where 6* stands for an
estimate (ML, Bayes) of the parameter 6.

Step 12. Steps 2—11 were repeated 1000 times for different sample sizes and different
censoring schemes. The mean square errors (MSEs) of all the estimates are
computed.
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Table 1 Censoring schemes

n, n, Scheme Rj, j=12
mi m,
40 50 I R =2%0,1,0,3,0,2,0,2,0,1,2%0, 1, 16 % 0)
30 40 Ry=3%0,1,2%0,2,2%0,2,2%0,3,2%0,1,2%0, 1,21 %0)
1T Ry =(12%0,1,2,3,2,1,1,12%0)
Ry =(17%0,1,2,3,2,1,1,17 % 0)
111 R1 = (29 %0, 10)
Ry = (39 %0, 10)
60 70 I Ry =(2%0,2,0,5,0,2,0,3,0,5,2%0,3,26 % 0)
40 50 Ry=(3%0,2,2%0,5,2%0,2,2%0,3,2%0,5,2%0,3,31%0)
I Ry =(17%0,2,1,5,3,2,7,17 %0)
Ry =(22%0,2,1,5,3,2,7,22%0)
111 R; = (39 %0, 20)
Ry = (49 %0, 20)
80 90 I Ry =(2%0,4,0,5,0,2,0,3,0,7,2%0,9,36 %0)
50 60 Ry =03%0,4,2%0,5,2%0,2,2%0,3,2%0,7,2%0,9,41 %x0)
I Ry =(22%0,3,6,2,8,4,7,22%0)
Ry =(27%0,3,6,2,8,4,7,27 % 0)
11 Ry = (49 %0, 30)

Ry = (59 %0, 30)

Tables 2 and 3 represent the MSE’s of the ML and Bayes estimates of the population
parameters «, 8 and acceleration factor A in two different cases, while Tables 4 and 5
present the 95 % confidence intervals of the parameters o, 8 and A.

We consider several progressive Type-II censoring schemes on data as in Table 1
with notation that (2 % 0, 1) means (0, 0, 1).

5 Conclusion

In this article, we have considered the constant-stress PALT when the observed data
come from EW distribution under progressive Type-II censoring. We have obtained
the MSE of ML and Bayes methods. Furthermore, the confidence intervals for the
parameters are obtained. For the Bayesian analysis, we perform the Lindley’s approx-
imation and the MCMC algorithm. For different censoring schemes, we list the MSE
from the ML and Bayes methods and 95 % confidence intervals in Tables 2, 3, 4,
and 5.
It may be noticed, from Tables 2 and 3 that

1. The MSE of the ML and Bayes estimates and confidence intervals decreases as
the sample sizes increases.
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Table 2 MSE of the estimates

for parameters n, n, Scheme ML Bayes
o =2091363, 8 =2.61485,1 = Lindley’s MCMC
1.56
my my
40 50 1 o 0.09608  0.08946 0.08968
30 40 B 0.13969  0.12842 0.12872
A 0.16494  0.1623 0.16223
I o 0.11028  0.10251 0.10338
B 0.13166  0.12085 0.12175
A 0.18043  0.17751 0.17789
I o 0.12055  0.11351 0.11405
B 0.15081 0.13883 0.14
A 0.17104  0.16873 0.16851
60 70 1 o 0.07915  0.07491 0.07553
40 50 B 0.10084  0.09464 0.09512
A 0.14583  0.14463 0.14503
I a  0.07649  0.07236 0.07291
B 0.10073  0.09459 0.09537
A 0.12111 0.11895 0.11945
I o 0.11109  0.10676 0.10718
B 0.09892  0.09277 0.09378
A 0.13794  0.13671 0.13779
80 90 I o 0.0582 0.05576 0.05577
50 60 B 0.08022  0.07633 0.07643
A 0.0962 0.09538 0.09485
I a 006122  0.05853 0.05908
B 0.07974  0.07583 0.07588
A 0.10501 0.10412 0.10434
I o 0.0798 0.07762 0.07832
B 0.07651 0.07298 0.07383
A 0.10059  0.10008 0.10038

2. The Bayes estimates have the smallest MSE as compared with their corresponding
ML estimates for all the considered cases.

3. For the Bayesian estimates, the MSEs of the estimates calculated by Lindley’s
approximation are quite close to their corresponding MSEs of the estimates cal-
culated by MCMC.

4. The credible intervals have the smallest length as compared with their correspond-
ing approximate confidence intervals.
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Table 3 MSE of the estimates

for parameters | n, Scheme ML Bayes
a =3.51913, 8 = 1.51795, 1 = Lindley’s ~ MCMC
1.54
mi m,
40 50 I a 026772 021731 0.22157
30 40 B 0.07094  0.06704 0.06712
A 0.16354  0.1748 0.1744
1 a 027833  0.22175 0.2277
B 0.07265 0.06766 0.06783
A 01678 0.17742 0.17602
I a 038876  0.31002 0.3152
B 0.06923  0.06212 0.06222
L 0.1624 0.17002 0.16907
60 70 1 a  0.17404  0.14759 0.15116
40 50 B 0.04734  0.04503 0.045
A 0.11643  0.12308 0.1232
I a 017926  0.1521 0.1554
B 0.05077  0.04771 0.04771
A 012008  0.12594 0.12575
I a 031782  0.27029 0.27377
B 0.0544 0.04934 0.04962
A 0.12723  0.13235 0.13236
80 9 I a 012219  0.10833 0.10969
60 70 B 0.03456  0.03355 0.03365
A 0.08652  0.09019 0.0902
1l a  0.15898  0.13899 0.13996
B 0.037 0.3515 0.03527
A 0.09065  0.0939 0.09384
I a 031309  0.27505 0.28105
B 0.05012  0.04605 0.04654
A 0.10882  0.11211 0.11261

@ Springer



238

A. E.-B. A. Ahmad et al.

Table 4 Confidence bounds of the estimates (in 95 %) for « = 2.91363, § = 2.61485, A = 1.56

Scheme

Approximate interval (L,U)

Credible interval (L,U)

n ny

mi m,
40 50
30 40
60 70
40 50
80 90
50 60

1I

1II

i

1II

1I

1II

> ™R P ™R >PW®WR >P®WR P ™R > ™R >P»™®@R_>2»™® R > ™R

(2.42914,3.56727)
(1.92734,3.36041)
(0.84663,2.37104)
(2.42067,3.59626)
(1.91509,3.32584)
(0.84876,2.38166)
(2.36833,3.63959)
(1.93459,3.3572)
(0.85237,2.41005)
(2.49309,3.48263)
(2.00992,3.22434)
(0.9375,2.27111)
(2.47114,3.50648)
(2.01149,3.20584)
(0.91842,2.22797)
(2.42225,3.57175)
(2.0436,3.24956)
(0.94556,2.31234)
(2.5326,3.41207)
(2.07706,3.15737)
(0.98829,2.17199)
(2.50628,3.43489)
(2.088,3.1472)
(0.99276,2.18866)
(2.46144,3.51901)
(2.09437,3.15597)
(0.99477,2.20548)

(2.45555,3.56322)
(1.98595,3.39017)
(0.99169,2.53311)
(2.4505,3.59577)

(1.97231,3.35346)
(0.99397,2.54389)
(2.41476,3.65651)
(1.98604,3.38101)
(0.99855,2.56936)
(2.5116,3.48074)

(2.05513,3.25065)
(1.04934,2.39522)
(2.49333,3.50547)
(2.05565,3.23178)
(1.02893,2.35049)
(2.46066,3.59027)
(2.08138,3.26725)
(1.05878,2.43386)
(2.54671,3.41255)
(2.1141,3.18075)

(1.07816,2.2707)

(2.52523,3.43551)
(2.12148,3.16645)
(1.08322,2.28708)
(2.49502,3.53592)
(2.12531,3.17224)
(1.08571,2.30263)
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Table 5 Confidence bounds of the estimates (in 95 %) for « = 3.51913, 8 = 1.51795, » = 1.54

n

ny

Scheme

Approximate interval (L,U)

Credible interval (L,U)

mi
40
30

60
40

80
50

my
50
40

70
50

90
60

1I

1II

i

1II

1I

1II

> ™R P ™R >PW®WR >P®WR P ™R > ™R >P»™®@R_>2»™® R > ™R

(2.80596,4.54147)
(1.02471,2.00564)
(0.85838,2.33891)
(2.78717,4.60404)
(1.01792,2.00088)
(0.84788,2.32189)
(2.63416,4.79423)
(0.98885,2.01067)
(0.83846,2.32045)
(2.83853,4.42044)
(1.09197,1.94035)
(0.94251,2.24411)
(2.8316,4.41398)
(1.08475,1.9297)
(0.93673,2.22988)
(2.68038,4.68962)
(1.05018,1.94595)
(0.92761,2.23222)
(2.94807,4.26461)
(1.14108,1.89164)
(0.99234,2.14016)
(2.90035,4.32394)
(1.13326,1.88811)
(0.98899,2.14478)
(2.74908,4.62927)
(1.0967,1.9062)
(0.98987,2.16831)
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Appendix A

The second and mixed partial derivatives of «,8, and A are obtained from (6) as the
following:

2 my
92L mi4my d dwz(a; tj;)
32~ a2 _]21; da

wl(a t]l)

—[rir/ Tt =1]

—(B—-1) 9? w2 (a, B; tjl):|’

dor?

92L T S . 92 Bt
= ZZ [% i - 1]M]

dadf == dadp
L _ﬁr dan (@, B; i)
dads. da
92L m1+m2 SR e B 1)
B2~ + 2 2 i W=
j=li=1
P L %r (e, B 1)
8,38)» - - 2i —8,3 s
92L _om
aaz Az’
where
dwsz(a; ti;)
le = w3(a; 1j;)Intj;,
w1 (@; i) dwi (e tj;)
gl = Dl =
D (, B; 1) dan(a, B; tji)
T a2 Ds (e, B tji)a—a,
P wn (e, B 1ji) dan(at, B i)
—— I = Dy, B 1)) ————
B 9B
O’wa(a, Bitji) _ dea(e, Bitji)
Y a (ﬁ Dl t”))

Dy(a;tji) = Intji — ws(o; 1)1 + wsle; 2],
Dy (a, B tji) = Di1(tj;i) + Bws (o tj)ws(a; 1)1 + ws(a, B tji)],
Ds(a, B; tji) = wi(a; )1 + ws(a, B; 1ji)]
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dwi(e;tji)  dwa(a,Bitji)
and  wi(a; 1)), w3(a; 1)), wala; b)), ws(@, B 1ji), —55 — 5o and

%ﬁﬂt”) are as given in (5), (7), and (8).

Appendix B
In a three-parameter case U = U («, B, A), Lindley’s approximation form reduces to
EWU(a, B, M|t) = U + [Ura1 + Uraz + Uzasz + a4 + as]
+ %Wfl(Ulffll+U2012+U3013)+¢2(U1021 +U20224+U3023)

+ ¥3(Uyo31 + Uz032 + Uszo33)]. (10)

where U; = g?U_, o;j is the element (7, j) in the variance—covariance matrix (— L;;),
i,j=1,2,3,and

a; = p10j1 + p20i2 + p30i3, i =1,2,3
as = Uppo12 + Ui3o13 + Up3023,

1
as = E(Uudu + U022 + Uz3033),

Y1 =o11L111 +2(012L121 + 013L131 + 023L231) + 022L221 + 0331331,

Yo = o11L112 + 2(012L122 + 013L132 + 023L232) + 0221220 + 033 L332,

Y3 = o11L113 + 2(012L123 + 013L133 + 023L233) + 0220L203 + 033L333, where
dp 92U 3L

pi =

— Uj=——,Lijg= ———.
ag;” Y T agag;” TN T 080808

To apply Lindley’s approximation form (B.1), we first observe

pla, B, A) =Inm(a, B, 1)

2
a—ulna+(u—1)lnﬂ—lnk—(ﬂ).
av
therefore,
_ap_ % 1+,3 _ap_,u—l 1 _3,0_ 1
=% ™" v a2 pz_aﬂ_ B « PTun T
and

PBL 2mipmy) = [ w3l 1) By (a: 1)
L =V — = — — [ A — -1
111 E E B-D ”

da3 ol e o2 903
j=li=1
. 83602(01 ﬁl)
—1 v s ML
R |
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3L 2 ry? a)l((x tii) Bwn(a, Bitii)
Lin=Lipl=—5— = ] YRR | B
12 121 = 5795 IZ%Z;[ +[rji ] ba20p
33L (,()2(0[ ,B i)
L113=L131=m—2 2T
Pwa(a, B; i)
L =L =L = 2
123 132 231 80{8;‘53)\ Z badp
L 2 U . P, B ti)
Lo = Liyy — —— — --A]_I—I;ﬂ,
221 12 = 5oy ;;[rﬂ ] 0p20a
3L 2(m1+m2) a wa (e, B tii)
_ ] 1 ’ s Y1
L= 3,33 - ZZ[’” i 3,33 ’
j=li=1
. . PL & o Biny)
= = = 1 & T,
23 232 PYEETY 2i op?
L Lo — PL
31 =Lz = 50— =0,
Lo — Lo — PL
332 = L3z = ozop =
Lo 2 OL_2m
where
Pwsletj)  dws(ast)i)
= ntj;
do? o
3 . a2 . . 2
" wi(a; i) _ O wi (s 1) (dwi(a; i) Dy 1)
do3 da? da )t

Qo (e tji) dws(@; t)i)

do da ’
DBaonle, Bitji) | BPwale, Bitji) [ den(e, Bi ;)\ Date, B 30
a3 a da? do 2P
dwo (o, B tji) dwz(w; tj;)
- L 2+ (B — DDy (a; 1)
o Jo
y dw(a; 1j;) dwo (e, B; 1))
do da ’
! dan(a, B 1)) | O2wa (e, Bs 1ji
U)Z(O‘Zﬁ jl) D (a, B: t]z)_ w2 (e, B jl) wy(a, B jl)
Jda“adp do dadp
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5 . 2 C
el Pilii) _ 1y gian) [M s fitji)

B0 2Boa
dwn(a, Bstji)  dwilastj;)
X[a)l(a; )= P H

P, B tji)

PYE = Ds(a. B; 1i) [w1 (s 1ji)ws(a, B; 1ji)

dwn(a, B; tji)

+D3(a; 1i)] o

Furthermore,

o= 2(m1+m2) Zz[awz(a i) _ g _ py2er@ 1)

da3
j=li=1

. Bwrla, B: 1) 2 U 2wy (a: ;)
—1 s Ps Lji s Lji
—[rji)\] — 1]Ti|i| o1l +2 E E [T

j=1i=1
: P (e, B 1)i) < (. Bit)
—1 k) s P 1
+rjir! _1]Wj|:|012+2 ;m:T 13
PP DA CHLE0) imz[ e B )
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— T 008 pcan Jji 9B820a 2
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ZZ[ + [rjid? By a—
j=li=1
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