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Abstract This study deals with approximation properties by the complex bivariate
Balédzs-Szabados operators of tensor-product kind. The upper and lower estimates
and a Voronovskaja-type theorem of these operators are given. The exact degree of
approximation for these operators is obtained.
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1 Introduction

The applications on the real and complex approximations properties of the operators
have been recently an active subject in the area of the approximation theory (see
[7,10-14]).

Balazs [3] defined the Bernstein type rational functions. He gave an estimate for
the order of its convergence and proved an asymptotic approximation theorem and a
convergence theorem concerning the derivative of these operators.

In [4] , Balazs and Szabados obtained the best possible estimate under the more
restrictive conditions, in which both the weight and the order of convergence would be
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2 E. Y. Ozkan

better than [3]. They applied their results to the approximate certain improper integrals
by quadrature sums of positive coefficients based on finite number of equidistant nodes.
Atakut and Ispir [2] defined the bivariate real Bernstein type rational functions of
the Bernstein type rational functions given by Baldzs [3] and proved the approximation
theorems for these functions. In [8], Gupta and Ispir studied on the Bezier variant of
generalized Kantorovitch type Baldzs operators.
The rational complex Baldzs-Szabados operators was defined by Gal [6] as follows:

Ri(f;z) = m]%f (bj_n) (’;) (anz)’,

where D = {z €:|z| < R} with R > 0, f : Dgr U[R, c0) — is a function, a, =
nf=1 b, = nf for0 < B <2/3,n €N, z € Cwith z # —1/a,. He obtained
the uniform convergence of R, ( f; z) to f (z) on compact disk and proved the upper
estimate in approximation of these operators. Also, he obtained the Voronovskaja-type
formula and the exact degree of its approximation.

Gal extended some complex univariate operators to the case of several complex
variables. To illustrate, he studied the approximation properties of the complex Bern-
stein polynomials, both tensor-product and non-tensor-product types, the complex
Favard-Szasz-Mirakjan operators of tensor-product kind without exponential growth
conditions on f and the complex Baskakov operators of tensor-product kind ([6], see
pp. 155-179).

We consider the following real bivariate Balazs-Szabados operators of the univariate
Bernstein type rational functions given by Baldzs and Szabados[4]

Ry (f)(x1, x2) ZZf(b b )Pnk(X1)PmJ(X2)

k=0 j=0

where f : [0, c0) x [0, 00) — R is a function, a, = w1 b, = nf, a, = mP1,
by, = mPforn,m e N,0 < B <2/3,andx; x2 € Rwithx; # —1/a,,x2 # —1/a,,

() (@) () anx2)’

d pm () =
(1+aux)" and pn.j(x2) (14 amx2)™

pn,k(xl) =

The real bivariate Baldzs-Szabados operators are well defined, linear, and positive.
For B = 2/3, we get the real bivariate Baldzs-Szabados operators given by Atakut and
Ispir [2].

We define the complex bivariate Baldzs-Szabados operators as follows:

Rum (f) (21, 22) ZZf(b b)pnk(m)pm,(zz) (1.1)

k=0 j=0

where f : (Dg, U[R},00)) x (Dg, U[R, 00)) — C is a function , a, = nf~!,
by =nP, ap =mP= b, =mP, forn,m eN,0< B <2/3,and z1, 20 € C, with
21 # _l/an, 22 # _1/am’
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(3) (anz1)* () (@nz2)’

(1 +anzl)n (1 +amZZ)m'

pui(z1) = and pp j(22) =

The complex bivariate Baldzs-Szabados operators are well defined, linear, and these
operators are analytic for all n > ng, m > mog , |z21] <r; < n(l)_ﬁ and |72 <1 <
my P since 21 # —1/a, and 2o # —1/ay,.

Throughout the paper, we denote with ||f||,hr2 = max{|f(zl, z2)| : (Z1, 22)
€ Dy, x Dy, } the uniformnorm of f in the space of continuous functions on D,, x Dy,

and with || f1l g(0,00)x[0,00)) = Sup{‘f(11,12)| : (11712) € [0, o0) x [0, OO)} the
uniform norm of f in the space of bounded functions on [0, co) x [0, c0), where
D, ={zeC:|z| <r}forr > 0.

2 Auxiliary Results

We need following lemmas and theorems in order to prove the main results for the
operators (1.1).

Lemma 1 Foralln,m € N, we have

Rum (€0,0) (x1,x2) =1,

x1
1+a,x;’
x_z
1+ apx2 '

Rum (€1,0) (x1,x2) =

Rym (€0,1) (x1,x2) =

Rum (€2,0) (x1,x2) =

x5 n X2
(l + a,,,)cz)2 bm(l + amxg)r

Rum (e0,2) (x1.x2) =

where (e,;j) (xl, xz) = e’i (xl)eé (x2) with e’i (x1) = x’i and eé (x2) = x{ fori, j =
0,1,2.

Proof Using Barbosu technique in [5] and Lemma 2.1 in [3], the lemma can be easily
proved, so we will omit the proof of the lemma. O

Lemma 2 Let f : [0, 00) x [0, 00) — R be a continuous function. If

Jdim | Ry (e0.0) = eool,, ,, =0,
im Ry (er0) = evo,, ,, =0.
S T
onm | Rum (e2.0 + €0.2) = (e20 + €02, ,, =0,
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4 E. Y. Ozkan

then {Rn,m (f)} converges uniformly to f on [0, r1] x [0, r2] for ri,r» > 0.

Proof From Lemma 2, taking into account Volkov’s theorem in [15] (also see in [1],
p-245),the lemma can be easily proved, so we will omit the proof of the lemma. O

Lemma3 Let ng,mg > 2,0 < B <2/3,1/2 <r <Ry <ny P/2and 1/2 <
rh < Ry < m(l)f’g/l If f : (Dg, U[Ry, 00)) x (Dg, U[R2, 00)) — Cis a uniformly
continuous bounded on [0, 00) x [0, 00) and analytic in Dg, x Dg,, then we have
the form

Rum (f) (Z], 22) = iick’jRn’m (ek,]’)(ZI, ZZ)

k=0 j=0

for all. (zl, Zz) € D;, x D,,, where (ek,j) (zl, 12) = e’f (z1) eé (z2) with e]f (z1) = zlf
and eé (z2) = zé fork, jeN.

Proof For any s, r € N, we define
s r
fsr (21, 22) = chk,jek,j (z1,22) if |z1| <71, |22l <12
k=0 j=0

and

fsr 1, 22) = f(z1,22) if (21, 22) € (r1, 00) x (r2,00).

From the hypothesis on f, it is clear that each f; , is bounded on [0, c0) x [0, 00),
which implies that

n m

\Rum (fsr) (z1.22)| < Zz |Pnic @D | pm,j (22)| My, < o0,

k=0 j=0
where My, , is a constant depending on f; ;, so all Ry, ( fs, r) are well defined for all

n,meN, n>ng,m>mg, r; < n(l)fﬁ/2, < m(l)fﬂ/Z and (11, Zz) € Dy, X Dy,.
Defining

Ssrk.j (21, 22) = ¢k jer,j (21, 22) if |z1] <71, 22l <12

and

, _ J@z)
fork,j (z1,22) = GiDo+D if (z1, z2) € (r1, 00) X (12, 00) .
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Approximation by Complex Bivariate Baldzs-Szabados Operators 5

It is clear that each f ,«,; is bounded on [0, c0) x [0, co) and

for @22) = DD forkj (z1.22)

k=0 j=0

From the linearity of R, ,,, we have

nm(fvr (z1,22) = chkj n,m ekj) (z1,22) -

k=0 j=0

It suffices to prove that

lim Ry (fir) z1.22) = Rum () 21, 22)

S, r—

for any fixed n, m € N, n > ng, m > mo, |z1| < r1 and |z2| < r;. Since

” fw - f”B([o,oo)x[o,oo)) = “fw - f”rl,rz’

we can write

|Rn,m (fs,r) (Zl, ZZ) = Ry (f) (Z17 ZZ)|

E Mr1 ,r,m,n |

Jor = fHB([o,oo)xlo,oo»
=My rsmn ” fsr — f”,m2 2.1

for |z1| < r1 and |z2] < rp.
In (2.1), taking limit as s, » — oo and using lim || fsr — f|| = 0, we get
§,r—00 ’ ry,r

the result. O

Next lemma and theorem will help to get the convergence result of the operators

(L.1).
Lemma4 Let ng,mg > 2,0 < B <2/3,1/2 <r <Ry <ny P/2and 1/2 <

rn < Ry < méfﬂ/Z. Foralln > ng, m > my, |z1| < ry and |z2| < ry,the following
inequality holds

|Rum (ex,;) (z1, 22)| < kLjt2ro)* 2r2) .

Proof Using Lemma 1.10.2 in [6] (see p. 141), the lemma is easily proved, so we will
omit the proof of the theorem. O

@ Springer



6 E. Y. Ozkan

3 Main Results

Let us denote with Ac (f) the space of the all complex valued functions, which are
uniformly continuous on (DR1 UI[Ry, oo)) X (DRz U[R2, oo)) , bounded on [0, 00) X
[0, 00) and analyticin Dg, x Dg,, thatis f (z1, 22) = > g fi (22) Z’fforall (z1,22) €
Dg, x Dg, with fi (z2) = Z?io ckyjzé, and for which there exist M > 0, 0 <
Ap < 1/2rpand 0 < Ay < 1/2r with |orj| < MA’l‘Aé /k!j! (which implies
|f (21, 22)| < Me*lalH 4212 for all (21, 22) € Dg, x Dg,).

Now, we can give the following convergence result.

Theorem 1 Let ng,mg > 2,0 < < 2/3, 1/2 < ri < Ry < ny ?/2 and

1/2 < rm < Ry < m(l)_ﬂ/z. If f € Ac (f), then the sequence of operators
{R,Lm ) (z1, Zz)} is uniformly convergent to f on D, X Dy, for all n > ngy and
m > my.

Proof From Lemma 3 and Lemma 4, we can write

|[Ram (1) (21, 22)] = D2 D" |t il [Rum (exj) (21, 22)]

k=0 j=0

=< MZZ (2r1A])k(2r2A2)j < 00, 3.1

k=0 j=0

where the series > o Z?‘;o (2r Al)k (2r2A2)j is convergent since 0 < A| < 1/2r
and 0 < Ay < 1/2rs.
On the other hand, from Lemma 2, we know that

Clim Ry (f) (x1.02) = f (x1, x2) 32)

for all (xl,xz) e [0,r1] x [0, rn].

Using (3.1) and (3.2) and taking into account the Vitali’s theorem [9] (see p.112,
Theorem 3.2.10), it follows that {R,,,m @) (zl, Zz)} uniformly converges to f on
D,l X D,2 for all n > ng and m > my.

We have the following upper estimate.

Theorem 2 Let ng,mg > 2,0 < B <2/3,1/2 <r < Ry <ny "/2and 1/2 <
n < Ry < m(l)_ﬂ/Z. If f € Ac (f), then for all n > max {no,l/rll/ﬁ}, m >

max {mo, l/rzl/ﬁ] , |z1] < r1 and |z2| < 12 the following inequality holds

1 1
Ry () (21, 22) — f(z1,22) | < (an - b—) cl(H+ (am + b—) c*(f).
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Approximation by Complex Bivariate Baldzs-Szabados Operators 7

where

am
C'(f) = max {2r1M62r‘A‘+r2A2 76’2*‘2 Zk 2r1A1)
k=1

ij(ZFzAz)j_l :

C? (f) = max 2r2M62’2A22 2r1A1 k, Z 2"lAl g
k=0 =1

k=0

and also the series > 1o (2r1A1)k, >, k(2r1A1)k_1 and Z?L j(2r2A2)j_1 are
convergent.

Proof Using Lemma 3, we can write

|Rum () (z1.22) = £(21.22)] = DD lewj| | Rum (ex.j) (21, 22)

k=0 j=0
—€k,j (Zl, Z2)| . (3.3)

Taking into account Lemma 1.10.2 and the estimate given in the proof of Theorem
1.10.5 in [6] (see p. 141 pp 144-145), for all |z1| < r; and |z2| < rp, we obtain

|Rum (ex.j) (21, 22) = ex.j (21, 22)
n (e'f) (z1) -Rm (65) (z2) — Z’fzé‘
X (e’f) (zl)‘ (Rm (eg) (z2) — zé‘ + ‘zé

=

; (e’f) (z1) — zlf‘

. 8(2r)/ !
< (k) @r)* [(Zamrz) (2r2)! + %j (j!)]

. 8 (2 k—1
] I2anr1 4 2 (k!)]
n

= Qapr1) @r)*r] + Qanra) (k) 2r)* (2r2)
G (lzyrl)"1 r] L8 Q2r)k ; (" @2ra)/ 7! _

3.4)
Applying (3.4) in(3.3), we get

O~ 2 A Ar)
|[Rum () (21, 22) = (ZI,Z2|<2an,1MZZn1—<rzz>

171
k=0 j=0 kijt
(2r1 A1) (2V2A2)
t2un 33
k=0 j=0
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8 E. Y. Ozkan

8MA1§:§: 2r1A1 (rzAz)/

8MA

m

oL
ZZ (2r1A1)"j @Ay ™!
=0 j=1

which complete the prove. O

In what follows a Voronovskaja-type result for the operators (1.1) is presented. It
will be the product of the parametric extensions generated by Voronovskaja’s formula
in univariate case in Theorem 1.10.6 in [6] (see p. 145).

Theorem 3 Let ng,mg > 2,0 < B <2/3,1/2 <ri < Ry <ny "/2and 1/2 <
rn < Ry < m(l)_ﬂ/Z. If f € Ac (f), then for alln > max{no,l/rll/ﬂ}, m >

max {mo, l/rzl/ﬁ] , |z1] < r1 and |z2| < 1o the following inequality holds
2 1\2
22T () (21, 22) 0 21T (f) (21, 22)| < CP () |:(an + —) + (am + —) } :

where C3 (f) = 1/2 max {c,l (). Co L f)] with

o0
Crlry (f) = MCp pre®™2 > (k= Dk (k + 1) (k +2) 241"

k=2
o0 2 25 4
_ . ant as by,ry +r
x max {1, e"42"2 Z(2A2r2)], rz_m 2 3
s 1 —amnry 2b, (1 —a,r)

o0
Crim (f) =MC,p 2™ D" (G =1 j (G + 1) (j +2) 2Azr2)
j=2

o0 2 2, 4
a,r azb,ri +r
x max {1, e~ 4171 Z(ZAlrl)k, AR S 12 ,
=0 I —apr1 2b, (1 — aury)

or 1 2<r1<r*<n1_ﬂ/2and1/2<r2<r <m ’3/2
1 0 2 0

Proof For f (z1, z2) , we define the parametric extensions of the Voronovskaja’s for-
mula by

anz? 9
Gad —f(z1 22)

21T, (f) (z1,22) == Ry (f (., 22)) (z1) — f (21, Z2)+1
+ a,z1 071

apbnzi +z1 O f

— (z1,22)
by (1 + apz1)? 022
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Approximation by Complex Bivariate Baldzs-Szabados Operators 9

and
anz;  Of
2T (f) (21, 22) == R (f (21, ) (z2) — f (21, 22) + 1—— (z1,22)
+ amz2 022
atbmzs + 22 82f
2b (1 + amz2)? 3z2 (a1, 22).
Their product (composition) gives
20w (f) (21, 22) 0 21T, (f) (21, 22)
=Rn|R )— [ )+ ——— i ﬂ( )
- m n(f(~v~))(Zl Zlv 1+an ] aZl 1"

azan? +z1 82f
" 2by (1 + )’ 022 (z1,) | @) = | Ra(f (1 22)) (21) = f (21, 22)

anzy A aybazi + 21 f o anzy D
Ttz oz "7 2by (Lt anan)? 922 07 T T anm 00
2
nZi  Of
X | R 4 z21) — f @1, 22)+ ———— (21,2
|:n(f( 2)) (z1) — f (z1.22) 1+nZ131(]2)
btz Z)Z_f(ZI N apbnzy +22 9%
2b, (1 +ayz1)? 827 26y (1 + apmz2)? 323
2
anzy  Of
R . - 9 - . 4 9
X[ W(f(L22)) @) — f(z1.22) + 1T,z 92) (21, 22)

25 4 2
abyziy+z1 0
—LZ—J; (z1,22) | ;== E1 — Ex + E3 — E4.
2b, (1 4+ anz1)” 927

After simple calculation, it is obtained the commutativity property

2T (f) (z1,22) o 21T, (f) (21, 22) = 21T, (f) (21, 22) 0 22T (f) (21, 22) . (B.5)

From the analyticity of f, since the all partial derivatives of f are analytic in Dg, X
Dg,, using Lemma 3, we can write

2 2 4 2
any f a anI +z1 0 f
RI'L . - w1y & + . . . 7 £
(f (. 22) @) = f(z1,22) T ans 92 (z1,22) — 2o (1 + ayen)? 022 (z1,22)
- (anzd) k5™ (a2buz} +21) k (k= 1) 252
fe @) | R (€f) (1) = €f (21) + —— - :
ké ( 1) ! 1+ ayz 2b, (1 + anz1)?

(3.6)
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10 E. Y. Ozkan

Applying now Ry, to (3.6) with respect to zp, we obtain

Ev =" R (f0) @) [Ra (ef) 1) = ef )
k=2

(@) ket~ (@bazt +2) k (k= D2f 2
1+ ayzy 2b, (1 + anz1)?

- i ick,.,zem (eg) (22) [R,, (e’f) (z1) — €} (21)

k=2 j=0
(@) kb~ (a2buzt + ) k k= 12} 37
1+ anz1 20y (1 + anz1)> ' '

In (3.7), passing now to absolute value for |z1| < r; and |z2| < rp and taking into
account the Lemma 1.10.2 and the estimate given in the proof of Theorem 1.10.6 in
[6] (see p. 141 and pp. 145-146), it follows

1 2
|Ej| < (an + b—) Crrr
n

x> e 1 @ra) (k= Dk (k+ 1) (k +2) k! @)
k=2 j=0

1 2
= (an + b_) ]ucrlyri“eAzr2

n

X D (k= Dk (k+1) (k+2) QArD* D~ (242m)7 (3.8)
k=2 j=0

where r; <rf <R < n(l)_ﬂ/Z with r{ < 1/2A; and Cy, r# is a constant depending
onry and ry.
Similarly, using Lemma 3, we have

(anz?) k2!

R (k ok
n 61) (z1) 91 (z1) + 1+ apz)

|Eal < D 1fi z2)]
k=2

(a2bnz3 + 21) k (k — 1) 2572
2b, (1 + anz1)?

2 oo 00 .
< (an + i) Crort DD Jexj|rd k= Dk (k+1) (k +2) (k!) 2r1)*

bn k=2 j=0
1\? x
< (a,, + b—) MC,, e Z k—Dkk+1) (k+2)QArD*. (3.9
n k=2
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Approximation by Complex Bivariate Baldzs-Szabados Operators

Using

af 9k
Ry (8_12 (s zz)) (z1) = Z P (22) Rn ("1) )

k=0

o o0
. j—1
= > > i R (ef) @),

k=0 j=1

we can write

2
am7;5 af ) af
Esy=——— R, {— (.2 71) — — (21,2
3 1+amzZ[ "(8z2( 2) ) (z1) 8z2(1 2)

2 2 2, 4 3
an ad a;byzi +z 0
+ f (z1,22) — —2~1 1 f (z1 zz)]

21,2
1+ anz1 921922 2by (1 + anz1)? 323922
R () o -l
“1+a, ZZZZ%J@ nler) (1) —ep (z1)

+(anzl)kzl (a2bpzt + 1) k (k — l)zlf_2:|

1+ anzy 2by (1 + ayz1)?

which implies

1\? amr22
E;| < — ) —=—C,
|E3] < (an + bn) 1 —a,r riri

x> ewj|jrs k= Dk (k+ 1) (k +2) (k) @rp)F,

k=2 j=1

1\ anr?
S an + _ m—2
b, 1—ay,nr

o0
XMC,, 1™ > (k= Dk (k+ 1) (k+2) QArDE. (3.10)
k=2

And also, using

o0 2
( 270 12))(21)—2 SR e ke (4) @

k=0 9%2
o0 [o/0]
FN j—2
= Z e jj (G —1Dz "Ry (6’{) (z1),
k=0 j=2
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12 E. Y. Ozkan

we can write
25 4 2 2
azbnzs + 22 o°f o~ f
Ej= "2 IR, —5 (. 22) @) — —5 1. 22)
2by, (1 + amz2) 075 075

anzl 83f ( ) a%bnz?-l-m 34f ( )
P 21,2 21,2
I +auz 811822 e 2b, (1 4 ayz1)? 8118 z2 b2

- 2: Z’"T;Z)z ZZCk G-z [ (elf) (@) — & ()

(an2?) kA1 (a,%bnzl +z1) k(e — 1)z~ }

1+ ayzy 2b, (1 + anz1)?

which implies

1\? & bmr4 + > )
|E4I§(a +—) R T D I L = V17
" Uby) 26y (1 —apr)? ; 2

X > e j| = 1k (k + 1) (k +2) (k) 2r)*
k=2

1\? a,znbmrg +r
\@w+—) 70—
by 2by, (1 — apra)

o0
XMC,, e 3" (k= Dk (k+ 1) (k+2) @Ayrp* . (3.11)
k=2

Using (3.7)-(3.11), we get

|22Tm (f) (z1,22) o 21T, (f) (21, 22)| < |E1| + |E2| + | E3| + | E4l

* 1 2
"
Scrl,rz(f) (an+b ) .
n

If we estimate |21 T, (f) (21, 22) 0 22T (f) (21, 22)| , then by reason of symmetry we

get a similar order of approximation, simply interchanging above the places of n with
m and r; with rp.

In conclusion, using the commutativity property given in (3.5), we reach the result.

(]

Let us denote with A(Cz) (f) the space of the all complex valued functions that
they and their first and second partial derivatives are uniformly continuous on
(DR, U[Ry,00)) x (Dg, U[R2,00)), bounded on [0, 00) x [0, c0) and analytic
in Dg, x Dg, and there exist M > 0, 0 < A < 1/2r, 0 < Ay < 1/2n
with | j| < MAYAJ/k!j1( which implies | f (z1,22)] < MeAtRil+A2l for all
(z1,22) € DR, X Dg,).
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Approximation by Complex Bivariate Baldzs-Szabados Operators 13

Theorem 2 and Theorem 3 will be used to find the exact degree in approximation
of R, , (f) . In this sense we have the following lower estimate.

Theorem 4 Let no = 2,0<B<1/21/2<r <R <nyP/2and1/2 <

rn < Ry < ”0 5/2. If f e Ag) (f) and f is not a solution of the complex partial
differential equation

32 32
K (f)(z1.22) =Z1—J;(Z1,Z2)+zz—];(zl,z2) =0, (3.12)
073 075

then for all n > no we have

1
| R ()= £, = m( an + 3 ) K )l

Proof We can write
Run () (z1,22) — f(z21,22)

= Z(an + bi) K (f) (21, 22) +2(a,, + i) Dn (/) (21, 22)

2
by 4(an 4 bln)
+E, (f) (z1,22) + F (f) (21, 22)}, (3.13)
where
Dy (f) (z1,22) = 22T, (f) (21, 22) o 21T, (f) (21, 22)
4
E,(f)(z1,22) = D En (f) (21, 22)
h=1
with
—ayb,yz? 9 3
END GLe) = 5 Z )(flﬂ - [Rn (f 21, .>) (z2) — % (m,m]
- nbn 2 a
EX(f)(z1,22) = e Z )(ﬁ_a ) [Rn (af (o Zz)) (Zz)—azfz(m,zz)],

2zt + 21 f
E> = InZn?1 . - —
2 () (21, 22) TA T ab) (AT am)? { ( (z1, )(Zz) 922 (z1,22) |,
Ey(f)(z1,22) = (

2, 4 2

a;byzs + 22 9

abn2;y 5 > (L 22) J(z) — J;(thz) )
4(1 + apby) (1 4 anza) 9z 923

21T, (f) (21, 22) + 22T, (f) (21, Zz)

2 (a,l + é)

Fo (f)(z1,22) =
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14 E. Y. Ozkan

anbnz% af anbnz% af
——— (1, 22) — (21, 22)
2(1 4+ auyz1) 021 2(1 4+ auzp) 9z
a2 2
b 2223
- ad (z1,22)
2(1 +anby) (1 +ayz1) (1 + ayz2) 921022
(a2bpzt + 21) (anz3) 3 f (1. 22)
1,22
41+ anby) (1 + anz)* (1 + anz2) 927922
(a2bnz3 + 22) (anz?) 9 f 1 22)
1’ 2
41+ ayby) (1 +ayz1) (1 + anZZ)2 32132§
3 (a2bnzt + 21) (abuzs + 22) *f @1, 2)
8y (1 + anby) (1 +anz1)* (1 + anz2)* 927923 ’
and
K, () ( ) 1 atbpzi + 21 82f( " albyzy + 22 82f( )
21,22) = 21,2 —_ 21,2
" <2 1+an n 4(1 +an21)2 8Z2 hhe2 4(1 +Can2)2 8Z2 e

Under the conditions of theorem, since hm a, =0, 11m 1/b, = 0and lim a,b, =
—00 n—00

0 for 0 < B < 1/2, considering Theorem 1.10.5 and Theorern 1.10.6 in [6] (see p.
145), it is clear that

nliygo Ey (f)(z1,22) =0and HILH;O Fo (f) (z1,22) = 0. (3.14)

From Theorem 3, we obtain

n—o0 1
ay + E

; 1 D, (f) B
im_ |12 (@ + - ﬁ +E(H+F (] =0
n/ |4

r1,r2

Using lim a,b, =0for0 < g < 1/2and 1/1 + a, |z1| = 2/3, we get
n—o0

1K (Pl = Ty 1 ?;T%(m,zz) . (3.15)
Similarly, it follows
(TS PR ——) L& S (3.16)
’ 18 (1 + anby) 323
From (3.15) and (3.16), we can write
I1Kn (), = 360 - aby) 1K Oy, - (3.17)
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In (3.13), taking into account the inequalities
IH + Gl ry = [1H iy ry = 1G g | = 1 H Ny = G Ly 1y »

and (3.17), it follows
” R"’n (f) - f”r],rz
1
>2 (an + b_) {10 (O,
n

- z(an+bi) DD B )+ Fa ()
" 4(an+i)

2

1
> (Cln + b_) ”Kn (f)“rmz

1 1
>(an+—)———|IK .
_(a +bn)36(1—|—anbn) 1K (Ol ry

for all n > ng with ng depending only f, r; and r,. We used here that by hypothesis
we have K ()l ,, > 0. O

Combining Theorem 3 with Theorem 4, we immediately obtain the following result
giving the exact degree of the operators (1.1).

Corollary 1 Suppose that the hypothesis in the statement of Theorem 6 holds. If
Taylor series of f contains at least one term of the form ckHyozlf with ck+1,0 # 0 and

k=1,2,...0rof the form CO,j-',—lZé withco j+1 #0and j = 1,2, ..., then for all
n > ng we have

1
HRn,n (f) - f||r1,r2 ~ ((ln + E) .

Proof 1t suffices to prove that under the hypothesis on f, it cannot be a solution of
the complex partial differential equation

2f 32f

21—5 (@, 22) t22—5 (21,22) =0, [z1] < Ry, [z2] < Ra.

071 025

Indeed, suppose the contrary. Since simple calculation gives
2 2

8 o0 [e @)
(z1,22) + zza—zf (@1,22) = D crprok k+ D2y + D crpnk (k+ D zhz
2 k=1 k=1

71
81%

oo oo o0
+2D o juzh 4 D D ersr, jk (k+ 12z,
j=2 k=2 j=2
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16 E. Y. Ozkan

o o0
+ D cojri G+Dz+ D e G+
j=1 j=1

00 0 0
—1—22%22];22 + Z ch,j+1j G+1D Z/fzé’
=2 k=2 j=2

by equaling with zero and by the identification of coefficients, from the terms under
the first and fifth sign >, we immediately get that cx41,0 = co,j+1 = 0, for all
k =1,2,...and j = 1,2,..., which contradicts the hypothesis on f. There-
fore the hypothesis and the lower estimate in Theorem 4 satisfy, which complete the
proof. O
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