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Abstract Under new conditions on Banach algebra elements a and b, we derive
explicit expressions for the generalized Drazin inverse of the sum a + b. As an appli-
cation of our results, we present new representations for the generalized Drazin inverse
of a block matrix in a Banach algebra.
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1 Introduction

Let A be a complex unital Banach algebra with unit 1. The sets of all invertible,
nilpotent, and quasinilpotent elements of A will be denoted by A~!, A", and A9"!,
respectively.

Let us recall that the generalized Drazin inverse of a € A (or Koliha—Drazin inverse
of a [9]) is the unique element a? € A which satisfies

aaa® = a?, aa® =a%a, a—a*a? e AT,

We use a” = 1 — aa? to denote the spectral idempotent of a corresponding to the
set {0}. Notice that, if a € A9"! then a? = 0. The set A4 consists of all generalized
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Drazin invertible elements of A. If a — a?a? € A™! in the above definition, then

a? = aP is ordinary Drazin inverse. The group inverse is a special case of the Drazin

inverse for which ¢ = aa®a instead of a — a%a? € A"!. We use a* to denote the
group inverse of a, and .A* to denote the set of all group invertible elements of A.

The next auxiliary result, which is proved in [7, Lemma 2.1] for bounded linear
operators, has been extended to Banach algebra elements in [4].

Lemma 1.1 [4, Lemma 2.1] Let a, b € Aanil, Ifab = ba orab = 0, thena + b €
Aqnil_

Let p = p? € Abe an idempotent. Then we can represent element a € A as
_|an a2
a  axn |’

where a1y = pap, a1 = pa(l — p), a1 = (1 — p)ap, and ax, = (1 — p)a(l — p).
If a € A9, we can write
= al 0
10 a

relative to p = aa’, where a; € (pAp)~land ay € (1 — p)A(1 — p))9"! Then the
generalized Drazin inverse of a can be expressed as

4 = a? 0 _ al_1 0 '
0 o0 0 0
We use the following lemma.

Lemma 1.2 [2, Theorem 2.3] Let x = |:Z O:| € Arelative to the idempotent p € A

b
b c . .
and let y = 0 a € A relative to the idempotent 1 — p.

() Ifa € (pAp)? and b € (1 — p)A( — p))?, then x,y € A? and
d 0 bd
xdzl:au bd:|’ yd=|:0 aud]a

where

oo oo
U= Z(bd)n+zcanan’ +Zbﬂbnc(ad)n+2 —bdcad.
n=0 n=0

(i) Ifx € A and a € (pAp)?, thenb € (1 — p)A(l — p))? and x? is given as in
part (1).
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In this paper, we studied additive properties of the generalized Drazin inverse in
a Banach algebra. Precisely, we find explicit formulae for the generalized Drazin
inverse (a + b)¢ in the cases that ab = b™bab™ or ab = a™ b™ bab™ . Applying these
expressions, some representations for the generalized Drazin inverse of a block matrix
are presented.

2 Main Results

We start with an important special case of our main theorem.

Theorem 2.1 Ifa € A7 b e A% and ab = b"bab™, then a + b € A? and
o
@+ =>0"""a" (1)
n=0

Proof Ifb € A9 by b™ = 1 and ab = b™bab™, we get ab = ba. Applying Lemma
1.1, a + b € A and the formula (1) is satisfied.

Suppose that b ¢ A%™! Then, relative to p = bb%, we have the following repre-
sentations of b and a:

_|b1 0 _|lar a
b_|:0 b2:| and a_[a3 a4]’
where b; € (p.Ap)_1 and b, € (1 — p)A(l — p))qm‘l_ So

-1
d_ | b 0 - |0 0
b—|:0 Oj| and b —|:0 1—pl

The equalities

albl a2b2 _ a7 T 0 0
[a3b1 a4b2}_ab_b bab™ =10 byas

imply ajb; = 0, axb, = 0, azb; = 0, and asby = bras. Because b; is invertible,
a; = 0 and a3 = 0. Now, since a € A7 a4 € (1 — p)A(l — p))?"!. By Lemma
1.1, a4 + by € (1 — p) A — p))?" ! and (a4 + b2)? = 0.

Using Lemma 1.2, apbr = 0 and a4by = byaa, we conclude thata + b € A4 and

b a d b % by " ayan
(a+b)"=[01 2b] =
as + by 0 0
o0 o0
— bd + Z(bd)l’l+2an+l — Z(bd)n+lan.
n=0 n=0

O
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Castro-Gonzélez and Koliha obtained the formula (1) for (a + b)¢ in [2, Corol-
lary 3.4] when ab = 0 instead of ab = b™ bab™ in Theorem 2.1.

Notice that the conditions ab = 0 and ab = b" bab™ are independent, but in the
both cases we obtain the same expressions for (a + b)?. In the first example, we have
that the condition ab = 0 holds, but the condition ab = b™ bab™ is not satisfied.

Example 2.1 Let A be the algebra of all complex 3 x 3 matrices and leta, b € A such
that

S

Il
S OO
SO =
o O O

N

Il
—_ O O
S OO
S OO

Thus, ab = 0. From b2 = 0, we have b = 1 and

b"bab™ = ba = £ ab.

S O O

0
0
1

S O O

In the second example, we consider matrices a and b in the algebra A of all complex
3 x 3 matrices such that ab = b™ bab™ is satisfied but ab = 0 does not hold.

Example 2.2 Let A be the algebra of all complex 3 x 3 matrices and leta, b € A such
that

Q
I
S3
Il
coo
c o~
o= o

Then
0 0 1
=10 0 0
0 0 0

and a® = 0 implying a? = 0 and ™ = 1. Hence, 0 # ab = a*> = a"a*d” =
b"bab™.

Now, we prove our main theorem.

Theorem 2.2 Ifa,b € A4 and ab = a™b" bab™, thena + b € A4 and

o0 o
(Cl + b)d — bnad 4 bdan 4 Z(bd)ﬂ+larla71 4 Zb”(a 4 b)"b(ad)'Hz. (2)

n=1 n=0

Proof First, if we assume that a € A9, by Theorem 2.1, we get (2). Fora € A™!,
we obtain ab = 0 and the formula (2) holds by [2, Example 4.5].
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Further, if a is neither invertible nor quasinilpotent, we have the following matrix
representations of @ and b relative to p = aa‘:

_|a 0O b— bi b
“= 0 a ]’ T by by’
where a; € (pAp)~' and as € (1 — p)A(1 — p))a™l.

From ab = a™b™ bab™, we obtain a;b; = 0 and a1b, = 0. Since a; is invertible,
then b1 = 0 and b, = 0. Now
0 O
=L )

and, using Lemma 1.2, we observe that by € ((1 — p)A(l — )4,

0 0 0
d __ T P
b —[aafozba bz] and b —[—bzbs bz]

Also, the equalities

0 07 . . 0 0
|:azb3 azbJ_“b_" DRBab™ = prpay — b byarblbs BT baarh?

give axbz = bjbza; — be4a2bffb3 and axby = b} bsarb} . By Theorem 2.1, we
conclude that ar + by € (1 — p)A(l — p))? and

oo
(az +by)* =D (b aj.
n=0

Now, from Lemma 1.2, a + b € A9 and

@+ b)d _|a 0 d _ afl 0 3)
b3 ax+ by u  (aa+bp)? |’

where

o
="y (ay+by)"(a+bs)"bsa; "*? — (az + ba)'b3a; .
n=0

Because arby = b} byarb] , we get azbff = 0and bffazb4 = 0. By azb3 = b} bza; —
b7 bsarbibs, we obtain ab3 = b} bzay and blazbs = 0. Since

bf{azazbg, = bﬁfazbffbwl = bfa2b3a1 =0
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and
b arasby = bl aybi byarbT = blazbsarbi =0,

then b¢aibs = 0 and bfalbs = 0, for all n > 1, which imply (b$)*+'a5*!(ar +
by)"b3 = 0, for all k, n > 0. Thus,

o
(@ +by)" = (1= p) — (a2 + ba)(ay + ba)* = (1 = p) — by >_(b)"'af
n=0
o
— bi‘[ _ Z(bg)n-Flangl
n=0

which yields

u = szl. (aZ + b4)"b;a_("+2) ZZ(bd)k+l k+1(a2 4 b4)"b;a (n+2)
n=0 k=0
o

—b{bsa;' = D (b aybsa;

n=1

o0
=" b7 (ar + ba)"bsa; " — bibza; .
n=0
Using the equalities

0 0 0 0
d_m 2 d n+1 n_m §

n=1

U To 0
0 Xy | T [0 (a2 +ba)?! |

n=0
00 0 0
_ b4 n d\n+2 __ 00
Xy =) b (a+b)"ba’)"? = S BT (@ + byy'bsa "D 0 |
n=0 n=0
-1
0
Xs=bp"al=| I
S [ ~bgbsa;’! 0]

and (3), we deduce that
(@+b)? =X+ X2+ X3

and the formula (2) is satisfied. O
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Note that under the conditions of Theorem 2.2, it can be verified that #%ab = 0.
Precisely, b%ajbs = 0 and bda}bs = 0 imply b%a"b = 0 for all n > 1.

In [2, Theorem 3.5], Castro-Gonzdlez and Koliha presented the expression for
the generalized Drazin inverse of a + b in the case that a”b = b, ab™ = a, and
b"aba™ = 0. Observe that matrices a and b introduced in Example 2.2 satisfy the
conditions of Theorem 2.2, but the assumption 5™ aba™ = 0 of [2, Theorem 3.5] does
not hold.

Liu and Qin [10] derived a formula for (a +b)d under the conditions ab = a”™ bab™ .
The following example describes two matrices a and b in the algebra of all complex
2 x 2 matrices which do not satisfy the conditions of [10, Theorem 2.2], whereas the
conditions of Theorem 2.2 are met, which allows us to compute (a + b)d.

Example 2.3 Let A be the algebra of all complex 2 x 2 matrices and leta, b € A such

that
0 2 1 0
“2[0 o}’ bz[o 0}'

Since a? = 0 and b? = b, then a” = 1 and

r_q1_._100
b =1 b_|:01.

Thus, 0 = ab # a”bab™ = a and ab = 0 = a™ b™ bab™.

3 Applications

The problem of finding explicit representations for the Drazin inverse of a 2 x 2 block
matrix in terms of its blocks was posed by Campbell and Meyer [1]. There have been
many papers on this subject, under different conditions [3,5,8,11-14], but it is still a
hard problem to find an explicit formula for the Drazin inverse of a block matrix.

In this section, as an application of Theorem 2.2, we obtain representations for the
generalized Drazin inverse of a block matrix x € 4 given by

o[ ]

relative to the idempotent p € A, where a € (pAp)? andd € (1 — p)A( — p))<.
Throughout this section, if the lower limit of a sum is greater than its upper limit, we
always define the sum to be 0. For example, the sum 2221 * = 0.

Theorem 3.1 Let x be defined as in (4). If

o0
a"bc=0, a"bd=ab, and » (d*)'ca"b=0, 5)
n=0
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then x € A% and

n
d 0 s b dd k+1 dyn+2—k b dd n+2
xdz[a od}+zx,l in = 2 b@H et @yl 6
u d
n=0 0 0
where
oo o
u = Z(dd)”+2ca"a” + Zd”af”c(ad)"+2 —d%ca?,
n=0 n=>0
(.¢] oo
in = Zbd”dkc(ad)"+k+3—bddc(ad)"+2+z b(d®)" 3 caka™ — b(d?y 2 ca?
k=0 k=0
(N
forn > Q.
Proof Let
a 0 0 b
x_|:c di|+|:0 O}.—y—i-z. (8)

Applying Lemma 1.2, we have that y € A%,

d T
d_|a 0 T a 0
Y _|:u dd:| and 'y _|:—cad—du d”i|’

where u is defined as in (7). Observe that z2 = 0 implies 2 =0and 77 = 1.
Then

_ |0 ab and V2T oy — a”"bc a™bd
Ye=10 cb yrwe = (—ca? —du)bc  (—ca? — du)bd |

The hypothesis a” bd = ab gives a®b = 0 and bd = ab. Now, from a” bc = 0, we
get bc = 0. By the third equality in (5), we obtain

o0 o0
cb + dubd = cb + Z(dd)"“ca"bd —cb+ Z(d")”“ca"“b
n=0 n=0

o
= > (d")"ca"b =0.
n=>0
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Hence, yz = y”™ z”7 zyz" which yields, by Theorem 2.2, x € A and

')
xd — yd + anz(yd)n+2

n=0
d 00 vk dvatl—k dyn+2
_ [a Odi| + o > b(d*)u(a®) b(d?)
=% g | T2

n=0 0 0

n
0 . bu(ad)n+l _ b(dd)k+lc(ad)n+27k +b(dd)n+lu b(dd)n+2
+D k=1
n=0 0 0

implying that the equality (6) is satisfied. O

Observe that the third equality in (5) can be replaced by weaker assumption cb = 0,
since the equalities ¢b = 0 and bd = ab give cab = 0, forn > 0.

In the following theorem, we derive a formula for the generalized Drazin inverse
of x under some rather complicated conditions, but the theorem itself will have useful
consequences which will include much simpler conditions.

Theorem 3.2 Let x be defined as in (4) and let u be defined as in (7). If
o
a"abd™ = bd, (—ca® —du)ab+d"cb =0, and Zbd”c(ad)" =0, (9)

n=0

then x € A and

d d\2
o [au g;ll;] (10)

where

o0 o
i = Z A" d"c(a®"3b — d%ca®)*b + Z(dd)"+3ca"a”b — @?cap.
n=0 n=0

Proof If we suppose that x is represented as in (8) and denote by r = (—ca? —du)ab+
d™cbh, we have

| bc bd T a"ab(—ca® — du) a” abd™
_[0 0} and - y"yzy _[ t(—ca® —du)y  1d™ |’
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From the condition a” abd™ = bd, we obtain bd? = 0 and a®ab = bd. So, using the
assumptions (9), note that t = 0,

o
a"ab(—ca? — du) = —bdca? — bd*u = —bdca® — Zbd"“c(ad)’”rl

n=1

o0
— Zbd”c(ad)" = be

n=1
and zy = 77 y" yzy™. Applying Theorem 2.1, we conclude that x € .A¢ and

d dy\2

d_ .d a2, _|a (@*)°b
=Y +(y)z_|:u dd~|—uadb+ddub:|’

which yields that (10) holds. O

The following corollary presents conditions weaker than those given in Theorem
3.2 under which we have simpler expression for x?.

Corollary 3.1 Let x be defined as in (4) and let u be defined as in (7).
(1) If a™abd™ = bd, caab = d*cb, dca = 0, and bc = 0, then x € A and

d_ a? @b
T @2+ c@h)? dd + c(a®)3b + (d)3eb |

(i) Ifa"abd™ = bd, ca™b =0, dc = 0, and bc = 0, then x € A? and

d_ a? (ad)zb
= ca®? d?+ @b |

(iii) Ifab=0,bd =0, d"cb = 0, and bc = 0, then x € A4 and

)Cd_ ad 0
Tl u d4+@dH3eb |

@iv) Ifab=0,bd =0, cb =0, and bc = 0, then x € A4 and

d
d a 0
The formula for the generalized Drazin inverse given in part (ii) of Corollary 3.1
was obtained for operator matrices in [6, Theorem 5.3] in the case that bd = 0,dc = 0,
and bc = 0.

If we suppose that a and d are group invertible in Theorems 3.1 and 3.2, we get the
following representations of x?.
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Corollary 3.2 Let x be defined as in (4), a € (pAp)* andd € (1 — p)A(1 — p)*.
(i) If the equalities (5) hold, then x € A% and

d _ (1# 0
T @H2ed™ + d7e@? — dteat  d*
l _ Z b(d#)k+1c(a#)n+2 k b(d#)n+2
+ Z
0 0

where i/, = bd™ c(a*)"*3 — bd¥*c(a*)"*? + b(d*)"3ca™ — b(d*) 2 ca®, for
n>0.
(i) Ifbd = 0, (—ca® — dd*ca*)ab + d™cb = 0, and be = 0, then x € A? and

d_ a* a®?b
= d"2ca™ +d7c(a®? —d*ca® at +i' |’

where i’ = d"c(a®)3b — d*c(a®)2b + (d*)3ca™b — (d*)%ca®D
In a similar way as it was done in the previous theorems, using the another splitting,
we present new expressions for the generalized Drazin inverse of a block matrix in a
Banach algebra.
Theorem 3.3 Let x be defined as in (4). If
o
d"cb =0, d"ca=dc and » (a*)"bd"c =0, (1)
n=0
then x € A? and
ad v o) 0 O
d __ n n
X = |: 0 dd:| + Zox C(ad)n+2 jn _ Z C(ad)n+2—kb(dd)k+l 5 (12)
n= k=1

where

o0 o0
v = Z(ad)n+2bdndﬂ + Zananb(dd)n+2 _ adbdd,

n=0 n=0
oo oo
Jn=>_c@y"*Bbdtd™ — c(@)"?bd?+ " ca™d bd?y" 3 —cabd?y 2,
k=0 k=0
(13)
forn > Q.
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Proof 1f we write

x=[8 Z}Jr[(c) 8]:=y+z, (14)

thenz2=0=12%,7" =0,

d T d
d_|a v z | a® —av—bd
y—|:0 dd] and y —[0 J :|
The equalities (11) give yz = y"z"zyz". By Theorem 2.2, similarly as in the proof

of Theorem 3.1, we have that x € A% and x9 is represented as in (12). O

Instead of the third condition of (11), we can assume that weaker condition bc = 0
holds.

Theorem 3.4 Let x be defined as in (4) and let v be defined as in (13). If
oo
d"dca™ =ca, (—av—bd*)dc+a"bc=0, and Y ca"b(d?)" =0,
n=0

then x € A% and

xd— ad+j v
- (dd)Zc dd ’

where
o0 o
j= Z(ad)”+3bd”d”c — @H?pd?c + Z a"a"b(d?)" e — albd?)’e.
n=0 n=0
Proof Using the decomposition (14) of x, as Theorem 3.2, we prove this result. O

Remark that, if » = 0 in Theorem 3.1 (or Theorem 3.2) and ¢ = 0 in Theorem 3.3
(or Theorem 3.4), we obtain Lemma 1.2 (i).
As a consequence of Theorem 3.4, we get the next result.

Corollary 3.3 Let x be defined as in (4) and let v be defined as in (13).
@G) Ifd™dca™ = ca, bd?dc = a"be, abd = 0, and cb = 0, then x € A? and

a_ [a?+ @h3bc+b@?3c  (a%)*b + b(d?)?
= (dd)ZC dd .

(i) Ifd"dca™ = ca, bd"c =0, ab =0, and bc = 0, then x € A4 and

a_ [a?+b@H3c bad)?
- (dd)ZC dd :
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(iii) Ifdc =0, ca=0,a"bc =0, and cb = 0, then x € A? and

o — ad+(ad)3bc v
- 0 at |

(iv) Ifdc =0, ca =0, bc =0, and cb = 0, then x € A% and

ad v

Applying Theorems 3.3 and 3.4, we verify the following corollary.

Corollary 3.4 Let x be defined as in (4), a € (pAp)* andd € (1 — p)A(1 — p)*.
() If the equalities (11) hold, then x € A% and

d a®  (a?bd™ + a"b(d")* — a*bd*
X = 0 d#
% 0 0
n
+Zoxn c(a#)n+2 ]’; _ z c(a#)n+2—kb(d#)k+1 s
n= k=1

where j! = c(a®)"3bd™ — c(@®)"2bd* + ca™b(d*)"3 — ca*b(d*)"+?, for
n=>0.

(i) Ifca =0, (—aa*bd* — bd*)dc + a™be = 0, and cb = 0, then x € A? and

a_[d"+j (@)*bd™ +a"b(d*)? — a*bd*
X = #)2 # ’
(d™)*c d

where j' = (a*)3bd™ ¢ — (a*)?bd*c + a™ b(d*)3c — a*b(d*)?c.
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