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Abstract This article concerns the existence and multiplicity of solutions to a class of
p(x)-Laplacian-like equations. We introduce a revised Ambrosetti-Rabinowitz condi-
tion, and show that the problem has a nontrivial solution and infinitely many solutions,
respectively.
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1 Introduction

Capillarity can be briefly explained by considering the effects of two opposing forces:
adhesion, i.e. the attractive (or repulsive) force between the molecules of the liquid and
those of the container; and cohesion, i.e. the attractive force between the molecules
of the liquid. The study of capillary phenomena has gained some attention recently.
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This increasing interest is motivated not only by fascination in naturally occurring
phenomena such as motion of drops, bubbles and waves but also its importance in
applied fields ranging from industrial and biomedical and pharmaceutical to microflu-
idic systems. Ni and Serrin [13] initiated the study of ground states for equations of

the form
. [Vl . N
—divl| ———= )= f(u), inR
(\/l—i—|Vu|2

with very general right-hand side f.

Recently, the study of various mathematical problems with variable exponent
growth condition has received considerable attention in recent years; see e.g.
[6,7,11,12,14]. For background information, we refer the reader to [17,18]. The aim
of this paper is to discuss the existence and multiplicity of solutions of the following
p(x)-Laplacian-like equation in RV:

[V |PO)

—div | |1+~ | [V 7V | P20 = K () f (),
V14 Va7
inRY, uew"re(RY), (1.1)
where p(x) = p(lx]) € C(RY) with 2 < N < p~ := infgy p(x) < pt =

suppy p(x) < +oo, K : RY — R is a measurable function and f € C(R,R).
Recently, the following equation also has been studied very well:

—Apot + [P 20 = fx,u), inRY, ue whrO(RY).
(12)

when p(x) = p(lx]) € C(RV) with2 < N < p~ < p™ < +oo0, the authors in
[2] proved the existence of infinitely many distinct homoclinic radially symmetric
solutions for (1.2), under adequate hypotheses about the nonlinearity at zero (and at
infinity). For p(x)-Laplacian-like operator, Rodrigues [16] established the existence
of nontrivial solutions for problem (1.1) on bounded area under the case of superlinear,
by assuming the following key condition:

(F1") there exist & > p* and M > 0 such that

1
0<OF() := 9/ f(s)ds < f()t, Vt| > M.
0

This condition is originally due to Ambrosetti and Rabinowitz [ 1] in the case p(x) = 2.
Actually, condition (F1’) is quite natural and important not only to ensure that the
Euler-Lagrange functional associated to problem (1.2) has a mountain pass geometry,
but also to guarantee that Palais—Smale sequence of the Euler—Lagrange functional
is bounded. But this condition is very restrictive eliminating many nonlinearities. In
this paper, we introduce a new condition (F1) (motivated by [10]), below, which is
different from the Ambrosetti-Rabinowitz-type condition (F1).
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(F1) there exist a constant M > 0 and a decreasing function 7 in the space C (R \
(=M, M), R), such that

t
0<(pT+t)F() = (1!7++T(t))/0 f)ds = fr, t] =M,

where () > 0, limy|— oo |7]7(t) = +00 and lim};|— 4.0 fli,;l@ds = +o00.

Remark 1.1 Obviously, when inf|;|>p T(t) > 0, conditions (F1) and (F1’) are equiv-
alent. However, condition (F1) is weaker than (F1’) when inf};>» t(f) = 0. For
example, let || > M = 2, and assume that F(t) = |t|p+ln|t|. Then f(t) =
(pt + r(t))sgn(t)|t|p+_1ln|t| satisfies condition (F1) not (F1), where () = ﬁ €
CR\ (—M, M), R).

Remark 1.2 Condition (F1) was introduced in [10] to study p-Laplacian equation
in RY. We can see that this new condition (F1) can also study p(x)-Laplacian-like
equation and another situation with p~ > N when compared with the reference [16].

The aim of this paper is twofold. First, we want to handle the case when p~ > N
and the unbounded area R" . Although important problems can be treated within this
framework, only a few works are available in this direction, see [2]. The main difficulty
in studying problem (1.1) lies in the fact that no compact embedding is available for
wlp (RN ) — L*® (RN ) However, the subspace of radially symmetric functions

of WP (RN ), denoted further by er P (]RN ), can be embedded compactly into
LOO(RN) whenever N < p~ < pT < 400 (cf. [2, Theorem 2.1]). Second, instead of
some usual assumption on the nonlinear term f, we assume that it satisfies a modified
Ambrosetti-Rabinowitz-type condition (F1).

To state our results, we first introduce the following assumptions:

(H1) K € LY(RV) n L>®(RY) is radial, K(x) > 0 for any x € RY and
Supy-o essinfiyj<¢ K(x) > 0.

(H2) f(t) = o(t?" ~1) for ¢ near 0.

Now, we are ready to state the main result of this paper.

Theorem 1.3 Suppose that (H1), (H2) and (F1) hold. Then problem (1.1) has a
nontrivial radially symmetric solution. Furthermore, if f(t) = f(—t), then problem
(1.1) has infinitely many pairs of radially symmetric solutions.

In the remainder of this section, we recall some definitions and basic properties of
variable spaces L) (RN ) and WP (RN ) For a deeper treatment on these spaces,
we refer to [4,5].

Let p € L(R"), p~ > 1. The variable exponent Lebesgue space L”™) (RV) is
defined by

L (RN) = [u:RN — R:u is measurable and/

lul?@dx < —i—oo]
RN
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endowed with the norm |u|p() {A > 0: [y [%P®)dx < 1}. Then we define the vari-
able exponent Sobolev space

WhPO(RY) = {u e LPY(RN) : [Vu| € LPO(RY)}

with the norm [[u || = |upu) + [Vl pe)-

Proposition 1.4 (/3]) Set ¥(u) = [pn(IVu()[P® + [u(x)[P©)dx. If u,ux €
wlpe) (]RN), then

Lul <l(=1;> 1) & y@) < 1(=1;> 1);
2. Ifllull > 1, then lull”” < (u) < u|?";
30 ull < 1, then [lull?” < () < lull?”;
4. Timps oo k] = 0 & limys o Y (ux) = 0;

2 Proof of Theorem 1.3

In this section, we prove Theorem 1.3 when inf ;> 7(¢) = 0. If inf;>p () > O,
then conditions (F1’) and (F1) are equivalent, and the proof is rather standard. We may
assume that M > 1, and that there is constant Ny > O such that

lT()] = No 2.1

forallt e R\ (=M, M).
We introduce the energy functional ¢ associated to problem (1.1) defined by

@(u) =/ L (IVu(x)Ip(x) + /1 4+ | Vux)|?p® + |u(x)|p(x)) dx
RV p(x)
—/ K@Fwdx ue W PO ®RY).
RN

Due to the principle of symmetric criticality of Palais (see [8]), the critical points of
<p|W1, P (g are critical points of ¢ as well, so radially symmetric weak solutions of

problem (1.1).

Claim 2.1 Let W = {w € er’p(x) (RN): lw|| = 1}. Then, for any w € W, there
exist 8,y > 0 and Ay, > 0, such that

9(Av) <0, Yve WnN B(w,dy), VIA| = Ay,
where B(w, 8,)) = {v € WP (RY): v — w] < 8,).

Proof Since the embedding W, ™) (RV) < L>°(RY) is compact, there is constant
C > 0 such that |u|sc < C|lul|. Thus, for all w € W and a.e. x € RV, we have
lw(x)| < C. By the definition of 7 (#) and decreasing property of 7(¢), we deduce that
there exists #, € {t € R: M < |t| < |A[C} such that 7(f;) = minpy<|;j<ppjc T().
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Then |A| > % and lim | 100 |[ta| — +o00. From condition (F1), we conclude that
F(t) > Ci|t|PT H(|¢)) forall || > M, where H(t) = exp (f)f,'@ds). Hence, using

limys - 400 fli,;l @ds = 400, it follows that H (|z]) increases when |¢| increases, and
limj¢|— 00 H(|2]) = +00.

Fix w € W. By |lw|| = 1, we deduce that u({x € R: w(x) # 0}) > 0, and that
there exists a 7,, > M such that u({x € RV: |f,w(x)| = M}) > 0, where u is the
Lebesgue measure.

Set Q1 = {x € RN : |[f,w(x)| > M} and Q, := RV\Q. Then u(Q;) > 0.
Therefore, for any x € 1, we have that |w(x)| > ;Mw Now take §,, = % Then, for
anyv € WNB(w, dy), [v—w|ex < Cllv—w]| < %.Hence,forallx € Q1,wededuce

that |v(x)| > % and |Av(x)| > M for any x € Q; and A € R with |A| > 27,,. Thus,

for || > 27, by the above estimates and H (|¢|) increases when |¢| increases, we have

/ K (x)F(Av(x))dx = C1|)~|p+/ K)lv)|”" H (v @)])dx
Q1 Q

1

> Cy AP’ (ﬂ)fH(mﬁ)/ K(x)dx. (2.2)
= 2 2% ) Ja, S

On the other hand, by continuity, we deduce that there exists a C; > 0 such that
F(t) > —C, when |f| < M. Note that F(t) > 0if [t| > M. Hence,

/ Kx)F(Av(x))dx = / K(x)F(v(x))dx
Q0 QUxeRN v (x)|= M)

+/ K (x)F(u(x))dx
QU{xeRN:|2v(x)| <M}

v

/ K(x)F(v(x))dx
QU{xeRN:|rv(x)| <M}

—C|Ky. (2.3)

A%

Hence, forv € W N B(w, §) and |[A| > 1, from (2.2) to (2.3), we have

AP
<p(xv)=/ L(|W|p<x>+ /1+|Vv|2p(x)+|U|P(x)) dx

RN p(x)
—/ K(x)F(v(x))dx
RN

M\ M
<27 — Pt (7) H(lll—)/ K(x)dx + C2|K |1
Qi

N M\ M
P l2—c (=) H(r— /K(x)dx + Co|K|) — —o0,
2ty 2ty Q

as |A| = 400, because lim;| o0 H (|t]) = +00. -
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Claim 2.2 There exist v > 0 and p > 0 such that inf =, ¢(u) > p > 0.
Proof Note that |u|oc — 0 if ||u]] — 0. Then, by hypothesis (H2), we have

/RN K F@dx = [Kho(lulZ) = K 1o(lu]”*).

which implies
1 px) 2p(x) )
o) = | —— ‘Vu(x)‘ T Va7 4 ) P9 ) dx
RN p(x)
2
- [ K@FGr = -l = IKlho(jul”).
RN p

Therefore, there exist 1 > v > 0 and p > 0 such that inf =, ¢(u) > p > 0. O
Claim 2.3 The functional ¢ satisfies the (PS) condition.

Proof Let {u,} C er P (RN ) be a (PS) sequence of the functional ¢; that is,
lp(ua)| < ¢ and [(¢/(un), B)| < enllh]| with &, — 0, for all b € WP (RY).
We will prove that the sequence {u,} is bounded in er’p (x)(RN ). Indeed, if {u,}

is unbounded in W,"”* (RY), we may assume that [[u,|| — 00 as n — oco. Let
U, = Aywy, where A, € R, w, € W. It follows that |A,| — oo.

Let QF := {x € RV : A, w,(x)| > M} and Q4 := RN\Q". Then

—&nlhn| = —enllunll < (‘p/(“n), Up)

2p(x)
p(x) Vu
:/ ’Vun +—| ! + Jup PO ) dx
RN V14 |Vu,|2re

—/ K(x) f(up)u,dx
RN

|V, |27

5/ PO | Vw, [P 4 ——— 4 |, [P
RN V14 |an|2p(x)
_/ K x) f(Aqwp)dyw,dx _/ K (x) f (Apwp)dywydx,
Q4 2

which implies that

/ K(x) f(Apwy)A,w, dx
Qf
}2[’()6)

px) Vw
S/ |A’1|P(X) ‘an’ + |"—
RN V14 |Vw,|2P™

+ en|hn| — /n K(x) f(Apwy)i,wydx.

§2

+ |wy |p(x)) dx
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Note that 0 < (p* + 7 (13,)) F (hqwp) < f (enwn)rpwy, in 1. So,

/ Kx)F(\w,)dx <
Q)‘l

T(Z)/ K(x)f(k wn))u wndx

Then, by (2.1), it follows that

o(un) = e(Aqwy)

A, | PO
=/ L(’Vw|p(x)+\/1+|Vw|21’()‘)+|w|”("))dx
RN

px)
—/ K(x)F(\,w,)dx
RN

A, [P
Y S
R

_/ K (x)F (Aywy)dx —/ Kx)F(A,wy,)dx
i Q!
1
> — |An|P(x) (|Vw|p(x) +1+ |Vw|2p(x)+|w|p(x)) dx
pt Jry
~ /. K Anwn)kgwpdx — [ K (x)F(hwy)d
pt+1®,) Q! () f Onwn) A wndx /93 (x)F(Awy)dx
1
> — [hon| P <2|an|p(x) n |wn|p(x)) dc
P JRN
1
- A ”(")(ZVw PO 4w ”("))dx+8 by :|
p++t(tkn) |:/]RN| d | ”‘ [wy | Al

1
_ K A A dx — Kx)F(A d
+p++tmn)/9g 0 Gon s = [ KF )i

_ T(t,)
pr(pt +1(1,)) JrNY

enlinl + T (Aqwy)

AP (2 V[ + |7 dix

S pt )
ST
pt(pt + No)
o |[|xn|P‘rmn> n

1
- _+8n|)\n| + T (Aywy)
p

pr(pt+ Ny p*

APl (e €
ZM"'P u” T, ] c.

:| + T (Apwy)

pt(pT+No) pt

where

1
T (Apwy) = m o K (x) f Quwp) dywy, dx — /Qg K (x)F (Apwy) dx
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is bounded from below. We know that |A,,| — 400, andso |t),| = +00,asn — +00.
It follows from (F1) and p~ > N > 2 that

- th |T(t
lim [Ael? "'r(,) > fim 2 T) (5,)

= +OO
n—+00 n——+00 M

This means that lim,—, 1~ ¢(1t,,) — 4o00. This is a contradiction. So, the sequence
{u} is bounded in W, "?*)(RN). Note that the embedding W, "™ (RV) < L®®RN)
is compact, there exists a u € W,"”®(RV) such that passing to subsequence, still
denoted by {u,}, it converges strongly to u in L>(R"), and in the same way as the
proof of [9, Proposition 3.1], we can conclude that u, converges strongly also in
W, P@ (RN). Thus, ¢ satisfies the (PS) condition. o

Proof of Theorem 1.3 Due to Claims 2.1, 2.2 and 2.3, we know that ¢ satisfies the
conditions of the classical mountain pass theorem due to Ambrosetti and Rabinowitz
[1]. Hence, we obtain a nontrivial critical point, which gives rise to a nontrivial radially
symmetric solution to problem (1.1).

Furthermore, if f(t) = f(—t), then ¢ is even. We will use the following Z, version
of the mountain pass theo in [15]. O

Theorem 2.4 Let E be an infinite-dimensional Banach space, and ¢ € C(E, R) be
even, satisfying the (PS) condition, and having ¢(0) = 0. Assume that E =V & X,
where V is finite dimensional. Suppose that the following hold.

(a) There are constants v, p > 0 such that infyp ux ¢ > p.

(b) For each ﬁAnite-dimensional subspace E C E, thereisan o = G(E) such that
¢ <0on E\B,.

Then ¢ possesses an unbounded sequence of critical values.

From Claims 2.1 and 22, ¢ satlsﬁes (a) and the (PS) condition. For any finite-
dimensional subspace ECE,SNE = {we E: [lw|| = 1} is compact. By Claim 2.1
and the finite covering theo, it is easy to verify that ¢ satisfies condition (b). Hence, by
the Z, version of the mountain pass theo, ¢ has a sequence of critical points {u,}>
That is, problem (1.1) has infinitely many pairs of radially symmetric solutions.
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