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1 Introduction

Throughout this paper, we denote by X and X* a real Banach space and the dual space
of X, respectively. The duality mapping J : X —> 2X" is defined by

J@ ={f e X" (x, f) = IxI? I fIl = Ixl),

where (-, -) denotes the duality pairing between X and X*. If X := H is areal Hilbert
space, then J = I where [ is the identity mapping. It is well known that if X is smooth,
then J is single-valued, which is denoted by j (see [30]). Let C be a nonempty, closed
and convex subset of X and T be a self-mapping on C. We denote the fixed points set
of the mapping S by Fix(T) ={x € C : Tx = x}. Amapping T : C — C is said
to be L-Lipschitzian if there exists a constant L > 0 such that

ITx — Tyl < Lllx —yll, Vx,y € C.

If0 < L < 1, then T is a contraction and if L = 1, then T is a nonexpansive
mapping.

Let A : X —> 2% be a set-valued mapping. We denote D(A) by domain of A, that
is, D(A) = {x € X : Ax # }. A set-valued mapping A : D(A) C X — 2% is said
to be accretive if for all x, y € D(A) there exist j(x — y) € J(x — y) such that

(u—v,j(x —y)) >0 for u e Ax and v € Ay.

In a Hilbert space, an accretive operator is also called monotone. Let A : D(A) C
X —> 2% be an accretive mapping, we can define a single-valued mapping J,A :
X —> D(A)by JA = (I +rA)~!, which is called the resolvent operator associated
with A, where r > 0 and also denote A~10 by the set of zeros of A, that is, A~ =
{x € D(A) : 0 € Ax}.Itis well known that J,A is nonexpansive and Fix(JrA) ={xe
X : JrAx = x} (see [30]). An operator A is called m-accretive if it is accretive and
R(I+rA),rangeof I+rA,is X forallr > 0;and A is said to satisfy the range condition
if D(A) = R(I +rA), Vr > 0, where D(A) denotes the closure of the domain of A.

Interest in accretive mappings stems mainly from their firm connection with equa-
tions of evolution. It is known (see, e.g., [1]) that many physically significant problems
can be modeled by initial-value problems of the form

x'(t)+ Ax(t) =0, x(0) = xo, (1.1)

where A is an accretive operator in an appropriate Banach space. Typical examples
where such evolution equations occur can be found in the heat, wave, or Schrodinger
equations. One of the fundamental results in the theory of accretive operators, due
to Browder [2], states that if A is locally Lipschitzian and accretive then A is m-
accretive. This result was subsequently generalized by Martin [3] to the continuous
accretive operators. If in (1.1) x(¢) is independent of ¢, then (1.1) reduces to Au = 0
whose solutions correspond to the equilibrium points of system (1.1). Consequently,
considerable research effects have been devoted, especially within the past 20 years
or so, to iterative methods for approximating these equilibrium points.
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In recent years, many authors have constructed the several iterative methods which
is related fixed points problems in several settings, see, e.g., ([4-13,16-21]).

In 1974, Bruck [22] introduced an iteration process and proved, in Hilbert space
setting, the convergence of the process to a zero of a maximal monotone operator. In
[23], Reich extended this result to uniformly smooth Banach spaces provided that the
operator is m-accretive. By the inspiration of the regularization method for Rockafel-
lars proximal point algorithm [40] and the iterative methods of Halpern [24], in 2003,
Benavides et al. [25] studied the Halpern type iteration process (1.2) to find a zero of an
m-accretive operator A in a uniformly smooth Banach space with a weakly continuous
duality mapping J, with gauge function ¢ in virtue of the resolvent J, = (I + rA)~!
of A forall r > O:

Xpt1 = apu + (1 —ay)Jp, xp, Yo > 1. (1.2)

On the other hand, Takahashi [14] introduced the following proximal point algo-
rithm in a reflexive Banach space with a uniformly Gateaux differentiable norm by
the viscosity approximation method:

Xn+1 = anfxp) + 0 — an)Jrnxn» Vn > 1, (1.3)

where f : C —> C is a contraction and J, = (I +rA)~! is a resolvent of A for all
r > 0. Under some mild conditions on the parameters {c,} and {r,}, he proved that
the sequence {x,} defined by (1.3) converges strongly to a point in A~10.

Later, Petrusel and Yao [15] also studied strong convergence theorem of proxi-
mal point algorithm (1.3) by the viscosity approximation method with a generalized
contraction mapping f.

Recently, Song et al. [17] studied the following strong convergence of the proxi-
mal point algorithm in a reflexive Banach space which admits a weakly sequentially
continuous duality mapping:

Xpt1 = Iy, (apu + (1 —ay)x,), Vo >1, (1.4)

where {o,} C (0, 1), {rn} C (0, 00) and J, = (I + rA)~! is a resolvent of A for all
r>0.

In this paper, motivated by Petrusel and Yao [15] and Song et al. [17], we introduce
iterative algorithms for finding a zero of set-valued accretive operators by the vis-
cosity approximation method based on Meir—Keeler-type contractions in a reflexive
Banach space which admits a weakly continuous duality mapping. We obtain some
strong convergence theorems under suitable conditions. As applications, we apply our
results for finding common fixed point of nonexpansive semigroups and for solving
equilibrium problem, optimization problem, and variational inequalities.

2 Preliminaries

A Banach space X is said to be strictly convex if M < lforall x,y € X with
x|l = llyll = 1 and x # y. A Banach space X is said to be uniformly convex if
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776 P. Sunthrayuth et al.

for each € > 0, there exists § > 0 such that for x, y € X with |x|, ||y]] < 1 and
lx — ¥l > €, M < 1 — 4 holds. It is well known that a uniformly convex Banach
space is reflexive and strictly convex (see [30]). Let S(X) = {x € X : ||x|| = 1}
denote the unit sphere of a Banach space X. The norm of X is said to be Gdateaux
differentiable (or X is said to be smooth) if the limit

e eyl =l
lim —

t—0 t

2.1)

exists for each x, y € S(X). The norm of X is said to be uniformly Gateaux differen-
tiable, if for each y € S(X), the limit (2.1) is attained uniformly for x € S(X).

Let ¢ : [0, 00) := Rt — R be a continuous strictly increasing function such
that ¢(0) = Oand ¢(#) —> oo ast —> oo. This function ¢ is called a gauge function.
The duality mapping J, : X —> 2X" associated with a gauge function ¢ is defined
by

Joo) ={f* € X*: (x, f*) = lIxlleUlxID, 1/ =elxl), Vxe X},

where (-, -) denotes the generalized duality paring. In particular, the duality mapping
with the gauge function ¢(t) = t, denoted by J is referred to as the normalized duality
mapping. Clearly, there holds the relation J,(x) = %J (x) for each x # 0O (see
[31D).

Browder [31] initiated the study of certain classes of nonlinear operators by means
of the duality mapping J,. Following Browder [31], we say Banach space X has a
weakly continuous duality mapping if there exits a gauge function ¢ for which the
duality mapping J, (x) is single-valued and continuous from the weak topology to the
weak™ topology, that is, for each {x,} with x, — x, the sequence {J(x,)} converges
weakly* to J, (x).

A Banach space X is said to satisfy Opials condition if, for any sequence {x,} in
X, x, — x implies

limsup ||x, — x| < limsup ||x, — y||, Vy € X with x # y.

n—-oQ n—-oQ

By Theorem 3.2.8 of [29], we know that, if X admits the weakly continuous duality
mapping J, with gauge function ¢, then X satisfy Opial’s condition.

Lemma 2.1 (Cioranescu [32]) Assume that a Banach space X has a weakly contin-

uous duality mapping J, with gauge ¢. For all x,y € X, the following inequality
holds

O(llx + yI) = @lxID) + {y, Jp(x + y)).
A mapping ¥ : Rt — R is said to be an L-function if ¥ (0) = 0, ¥ () > 0

for each ¢+ > 0 and for every s > 0, there exists # > s such that {/(t) < s for each
t € [s, u]. As a consequence, every L-function v satisfies ¥ (¢) < ¢, foreach t > 0.
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Definition 2.2 Let (X, d) be a metric space. A mapping f : X —> X is said to be

(1) a (¢, L)-contraction if ¥ : Rt — R™ is an L-function and d(f (x), f(y)) <
Y(d(x,y)), Vx,y € X, withx # y,

(2) a Meir-Keeler-type mapping if for each € > 0 there exists § = §(¢) > 0 such
that for each x, y € X, withe < d(x, y) < e + 6§, wehave d(f(x), f(y)) < €.

Lemma 2.3 (Lim [27]) Let (X, d) be a metric space and f : X —> X be a mapping.
The following assertions are equivalent:

(1) f is a Meir—Keeler-type mapping;
(i) there exists an L-function ¥ : RY™ — RY such that f is a (r, L)-contraction.

Lemma 2.4 (Petrusel and Yao [28]) Let C be a convex subset of a Banach space X.
Let T : C —> C be a nonexpansive mapping and f be a ({r, L)-contraction. Then
the following assertions hold

(i) T o fisa (¥, L)-contraction on C and has a unique fixed point in C;
(ii) foreacha € (0, 1), the mapping x —> of (x) + (1 — @) T x is Meir-Keeler-type
and it has a unique fixed point in C.

Lemma 2.5 (Suzuki [26]) Let C be a convex subset of a Banach space X. Let f :
C —> C be a Meir-Keeler-type contraction. Then for each € > 0 there exists
k € (0, 1) such that

foreach x,y € C with ||x — y|| > € we have || f(x) — fD)| < kllx — y|.

From now on, by a generalized contraction mapping, we mean a Meir—Keeler-
type mapping or a (i, L)-contraction. In the rest of paper, we suppose that the L-
function from the definition of (¢, L)-contraction is continuous, strictly increasing
and lim; __, o n(¢) = oo, where n(t) :=t — ¥ (t) , ¥Vt € RT. As a consequence, we
have that 7 is a bijection on R

Lemma 2.6 (Xu [33]) Assume that {a,} is a sequence of nonnegative real numbers
such that

ant1 < (1 —oy)a, + 68,,

where {0y} is a sequence in (0, 1) and {8,} is a sequence in R such that

(i) 25520 on = 003
(i) limsup, . g_ <00r Y%, 18] < oo

Then, lim,,__, o a, = 0.

3 Main Results

Theorem 3.1 Let C be a nonempty, closed and convex subset of a reflexive Banach
space X which admits a weakly continuous duality mapping J, with gauge function ¢.
LetT : C —> C be anonexpansive mapping such that Fix(T) # Wand f : C — C
be a Meir—Keeler-type contraction. Then the net {x;} defined by
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xr=tf(x))+ A —1)Tx;. 3.

converges strongly to an element x* € Fix(T), where x™* is the unique solution of the
variational inequality

(fx™) —x*, Jy(z—x%)) <0, Vz e Fix(T). 3.2)

Proof Note that from Lemma 2.4(i), we have {x;} defined by (3.1) is well defined.
First, we show the uniqueness of a solution of the variational inequality (3.2). Suppose
that x, x* € Fix(T) are solutions of (3.2). Since f is a Meir-Keeler-type contraction,
then for each € > 0 such that |x — x*|| > €. By Lemma 2.5, there exists k. € (0, 1)
such that || f(X) — f(x®)|| < kellX — x™||. Then we have

(f(x™) —x*, J,(x — x¥)) <0. (3.3)
Interchange x* and X to obtain
(f(&) =X, Jp(x* —X)) <0. 3.4)
Adding up (3.3) and (3.4), we have

0= ((f(x) —x™) = (f(X) — X), Jp(¥ —x7))
= (X —x", Jo(X —x7) = (f(X) = f(&™), Jp(X — xT))
> |IX = xMllodlx —x* D) — £ ) — FE) I p(E — x|
= 1% — x*llo(IX — x*[) — klIX — x*[l(I% — x|
= (1 —P(|Ix — x|,

which is a contradiction, we must have ¥ = x* and the uniqueness is proved. Below,
we use x* to denote the unique solution of the variational inequality (3.2).
Next, we show that {x,} is bounded. Take p € Fix(T), fixed €g, foreachr € (0, 1).

Case 1 ||x; — pl|l < €o. In this case, it easy see that {x;} is bounded.
Case 2 ||x; — pll > €o. By Lemma 2.5, there exists k¢, € (0, 1) such that || f(x;) —
F (Pl = kellx: — pll. Then, we have

e = pll = t(f(x) = p) + A = O)(Tx: — p)|

=t fG) = pll+ A =DITx = pll

=t fG) = fFI+2lf(p) = pll+ A =D)ITx = pll
< (1= =ket)llxe = pll + 11 £ () = plI.

A

It follows that

1
lxe = pll <

< T 1@ =l

Thus, {x;} is bounded, so are { f(x;)} and {T x,}.
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By definition of {x;}, we have

e = Txell = Nlef (o) + (1 =) Tx; — Txt|
=t|f(x)) —Txt|]| — 0 as t — 0. 3.5)

Assume that {f,} C (0, 1) is a sequence such that t, — 0 as n —> oo. Put
Xp = X;,. By reflexivity of a Banach space X and boundedness of {x,}, there exists
a subsequence {x,,} of {x,} such that x,, — X € C asi — oo. Let us to show
X € Fix(T). Suppose that ¥ ¢ Fix(T), i.e., X # Tx. By the Opial’s condition and
(3.5), we have

liminf, o0 Xy, — X|| < liminf, o [lX,, — TX||
< liminf, oo (IlXn; = Totu || + 1T X, — TX|))

< liminf,  [[xy; — x|l

which is a contradiction. Thus, we obtain x € Fix(T).

Next, we show that {x,} is relatively sequentially compact. For each z € Fix(T),
suppose the contrary, there exists € > 0 and a subsequence {x,,;} of {x;,} such that
lx7; — zll > €. By Lemma 2.5, there exists kc € (0, 1) such that || f (x,,,) — f(2)]| <
kellxm; — z||. Then we have

O (lxm; — zll) = U = ) (Txm; — 2) + by, (f (Xm;) — 2D
= QI = tm ) (Txm; — 2) + t; (f Gom;) — f(2)) + 1, (f (2) — zID)
< OU = tm)(Txm; — 2) + 1, (f ) — f @)D + 1w, (f (2)
—2, Jop(Xpm; — 2))
=< (1 - (- ke)tmi)q)(||xmi —zlD + tmg(f(z) — 3, J(p(xmi —2)).

It follows that

1
D ([lxm, —zl) =

ST % (f (@) =z, Jp(xm; — 2)). (3.6)

Since J,, is single-valued and weakly continuous duality mapping, it follows that
from (3.6) that ® (|| x,,;, —X||) —> 0. By the properties ® implies that x,,, —> X, that
i8 |lxm; — X|| < €, which is a contradiction. Thus, we obtain x,, — X asi —> oo.

Next, we show that X solves the variational inequality (3.2). Since

Xy =1tf(x)) + (1 —)Tx,
we can derive that

1
= fx = —?(I —T)x; +U —T)x;. 3.7

Since T is nonexpansive, we have that I — T is accretive. Note that for all z €
Fix(T), it follows from (3.7) that
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780 P. Sunthrayuth et al.

1
(= e, Jp(xs —2)) = —;((1 —T)x; — (I =T)z, Jp(x: — 2))
+ (I — T)x, Jp(x; — 2))
<A = TD)xy, Jp(xs — 2))
< llxe = Tx | M, (3.8)

where M > 0 is a constant such that M = sup,¢ o 1){llJp(x: — 2)|I}. Now, replacing
t in (3.8) with #, and taking the limit as n — oo, we noticing that x;,, — Tx;, —>
X—Tx =O0forx € Fix(T),weobtain ((f —1)x, Jo(z—X)) < 0.Hencex € Fix(T)
is the solution of the variational inequality (3.2). Consequently, x* = X by uniqueness.
Therefore x; —> x* ast —> 0. This completes the proof. O

Using Theorem 3.1, we get the following strong convergence theorems for proximal
point algorithm by the viscosity approximation method based on Meir—Keeler-type
contractions for zeros of accretive operators in Banach spaces. The proofs are similarly
related to Theorems 3.2 and 3.3 in [17]; see also, [21], [14] and [15].

Theorem 3.2 Let C be a nonempty, closed and convex subset of a reflexive Banach
space X which admits a weakly continuous duality mapping J, with gauge function
@. Let A : D(A) C X —> 2% be an accretive operator such that A~'0 # @ which
satisfies the condition m C C C (o0 RU +rA). Let J, be the resolvent of A
forallr > 0and f : C —> C be a Meir—Keeler-type contraction. For given x| € C,
let {x,} be a sequence defined by

Xpa1 = oy f () + (1 — an)Jrnxm Vn > 1, (3.9
where {a,} C (0,1) and {r,} C (0, 00) are sequences which satisfy the following

conditions:

(CI) lim, oo 0ty =0and 302 | oy = 00;
(C2) limy,— oo 1y = 0O.

Then the sequence {x,} defined by (3.9) converges strongly to an element x* € A0,
where x* is the unique solution of the variational inequality

(f(x™) —x*, Jy(z —x%)) <0, Vz e Ao, (3.10)

Proof First, we show that {x,} is bounded. Take p € A0, fixed €, foralln > 1.

Case 1 ||x, — p|l < €p. In this case, it easy see that {x,} is bounded.
Case 2 ||x, — pll = 0. By Lemma 2.5, there exists k¢, € (0, 1) such that || f(x,) —

F (PN =< keollxn — plI-

Then, we have

||xn+1 - P|| = “an(f(xn) - P) + - an)(-lrnxn - P)||
< anllf () — pll + (1 = o) [ Jr, X0 — P
<ol fxn) = F(PI+anll f(p) — pll + (1 —an)llxs — pll
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< (1= (1 = ketn) lIxn — pll +enll £ (p) — pl

If(p) — pll
= (1 — (1 - keo)an)”xn -pl+{d- keo)an—
1 — ke,
Ilf(p) — pl
< — —_— .
< max [len pll, I~k
By induction, we have
Il f(p)— pl
6w — pll < max [||x1 —pl, % , Va1
— ke

Thus {x,} is bounded, so are { f (x,)} and {J,, x,}.
Next, we show that lim,,—,  ||x;, — J-Xx,|| = 0. By the condition (C1), we have

1ns1 = Iy Xl = ol £ Gon) = Jrxall —> 0 as n —> 00, (3.11)
For r > 0, we note that

e JrXn — Jryxnll = I — T ) I, Xnll = 7| Ay Ty xn | < 71AT, 0| < 1l Ar, Xl
, [lx, — Jrnxn”

I'n
It follows from the condition (C2) that
nli_l;[loo NIy Ty, x0 — T x0 |l = 0. (3.12)
We observe that

lxXn41 — Srxnstll < llxpg1 — ]r,,xn” + ”Jrnxn - Jr-lr,,xn” + ”]r-lr,,xn — Jrxpqll
< 2”)Cn—i-l - Jrnxn” + ”Jrnxn - Jr]r,,xn II.

It follows from (3.11) and (3.12) that lim,,—, oo ||X;+1 — JrXu+1] = 0, and hence
lim |lx, — Jyx,|| =0, Vr >0. (3.13)
n—-oo
Next, we show that

limsup,, __, o (f(x™) —x*, J,(x, —x¥)) <0,

where x* is the same as in Theorem 3.1. To show this, we take a subsequence {x,, } of
{x,,} such that

limsup, o (f(x*) —x*, Jo(x, —x™)) = lim; oo ( f (x™) — x*, Ty (xp, — x™)).
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782 P. Sunthrayuth et al.

By reflexivity of a Banach space X and boundedness of {x,}, there exists a sub-
sequence {x,} of {x,} such that x,, — z asi —> oo. Let us to show z € A~'o.
Suppose that z ¢ A~'0, i.e., z # J,z. By the Opial’s condition and (3.13), we have

liminf, o |lxn; — zll < liminf,— oo [ Xn; — Jr 2|l
< timinfy oo (160, — St |+ 1,50, — 2]

< liminf, o0 [lxn;, — 2,

which is a contradiction. Thus, we obtain z € A~!0. Since Jy is single-valued and
weakly continuous duality mapping, we obtain that

limsup(f(x*) —x*, Jo(x, —x¥)) = lim (f(x™) —x*, Jy(xp, —x))

n—s00 [—>00

(f&x™) —x*, Jo(z—x%)) <0. (3.14)

Finally, we show that x,, —> x™ as n —> o0. Suppose the contrary, {x, } does not
converge strongly to x* € A~'0. Then there exist ¢ > 0 and a subsequence {x, jhof
{xn} such that [|x,; — x*|| = e for all j € N. By Lemma 2.5, there exists k. € (0, 1)
such that

IfGen) = FON < kellxn; —x*| forall j eN.
By Lemma 2.1, we have

S ([lxn;+1 —x*[) = @(I = &) (Jr, X = x") +a, (f (xny) — x5)ID
= @I = an))(Jr, Xn, —x") Fa, (f (xny) — f(x7))
o, (f (™) = x))
= @UIA = on) (U, Xn, —x) 4o, (f (o) = fFEND
o (f (%) = X, Ty (Xn ;41 — X))
< (1= (1 = kan;) P (llxn; — x*[) 4 0, (f ()
= X", Jp(Xn ;41 — x5)). (3.15)

Put oy, := (1 — koot and 8, := ﬁ(f(x*) — x*, Jy(xn; 41 — x¥)). Then (3.15)
reduces to formula

(11 = 271 = (1= 02, ), — ¥ 1) + 00,80,

It is easily seen that Z?‘;l Op; = 00 and (using (3.15))
limsup;_,, 8p; =limsup;_, ﬁ(f(x ) = x7, Jp(xn;41 —x7)) < 0.
- Re
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Then by Lemma 2.6, we have @ (|lx,; — x*||) — 0. This implies that Xn; —> x*,
thatis [[x,; —x*|| < €o, whichis contradiction. Therefore, we conclude that x,, —> x™.
This completes the proof. O

Theorem 3.3 Let C be a nonempty, closed and convex subset of a reflexive Banach
space X which admits a weakly continuous duality mapping J, with gauge function
@. Let A : D(A) C X —> 2% be an accretive operator such that A~'0 #  which
satisfies the condition D(A) C C C ,~0 RU + rA). Let J, be the resolvent of A
forallr > 0and f : C —> C be a Meir—Keeler-type contraction. For given x1 € C,
let {x,} be a sequence defined by

Xn1 = Jp, (otn f(xn) + (1 — an)xn), Vn =1, (3.16)
where {a,} C (0, 1) and {r,} C (0, 00) are sequences which satisfy the following
conditions:

(CI) 11mn—>oo oy = 0 and Z;’zo:] oy = OO0,
(CZ) limn—>oo rp = OQ.

Then the sequence {x,} defined by (3.16) converges strongly to an element x* €

A0, where x* is the unique solution of the variational inequality (3.2).

Proof By the similar method to the proof technique of Theorem 3.2, we show that the
sequence {x,} is bounded firstly. Let y, = o, f (x,) + (1 — o,)x,. Take p € A~lo,
fixed €g, for all n > 1.

Case 1 ||x, — p|| < €p. In this case, it easy see that {x,} is bounded.
Case 2 ||x, — pll = 0. By Lemma 2.5, there exists k¢, € (0, 1) such that || f(x,) —
F (Pl = keyllxn — pll. Then, we have

Ixn+1 — Pl = 1,30 — PN < llyn — Pl
= |la, (f(xn) — p) + (1 — ) (x, — p)
< anllf ) = F(PI+ anll f(p) — pll + (1 —an)llxn — pll
< (1= =ke)llxn — pll +anl f(p) — plI.

By induction, we have

If(p) — Pl

, Vn > 1.
1 — ke,

lxn — pll < max [lel = pl.

Thus {x,} is bounded, so are { f(x,)} and {J,, y.}.

Next, we show that lim,,—, ||y, — Jryn|l = 0. By the condition (C1), we have
Iyn = xnll = anll f (xn) = xp|| —> 0 as n — oo. (3.17)
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For r > 0, we note that

xXp41 — JrXng1ll = ”-Ir,,yn - JrJrnyn” = - Jr)-]rnyn”
lyn = Jr, yull
= A Jr il < TIAT ] < 1Ayl = r ===
n
It follows from the condition (C2) that lim;,,—.  ||X;+1 — JrXn+1]| = 0, and hence

lim ||x, — Jrx,|| =0, Vr > 0. (3.18)
n—-o0
Observe that

lyn = Jrynll < lyn — X0l + X0 — Jrxnll + 1 X0 — Jr yull
< 2lxn = yull + lIxn — Jrxall.

It follows from (3.17) and (3.18) that
Jim Ay = Jryull = 0. (3.19)
Next, we show that
limsup, o (f (™) —x*, Jo(yp — ™)) <0,

where x* is the same as in Theorem 3.1. To show this, we take a subsequence {yj, } of
{yn} such that

limsup, _, oo (f (™) —x7, Jp(yp — %)) = limj — oo (f (x™) — x™, Jp(yn, — x7)).

By reflexivity of a Banach space X and boundedness of {y,}, there exists a sub-
sequence {yy,} of {y,} such that y,, — z asi — oo. Let us to show z € A~10.
Suppose that z ¢ A0, i.e., z # J,z. By the Opial’s condition and (3.19), we have

liminf, oo [|yn, — zll < liminf, oo |yn; — Jr 2l
< liminf, (HYni = Ly L+ ey, — JrZ”)

< liminf, _ [lyn; — zll

which is a contradiction. Thus, we obtain z € A~'0. Since Jy is single-valued and
weakly continuous duality mapping, we obtain that

limsup(f (x*) — x*, Jo(yu — x™)) = ignoo(f(x*) —x*, Jo(my — %))

(f(x™) —x*, Jp(z —x™)) <0. (3.20)

Finally, we show that x,, —> x™ as n —> o0. Suppose the contrary, {x, } does not
converge strongly to x* € A~10. Then there exist € > 0 and a subsequence {x, i of
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{xn} such that ||x,; — x*|| > e for all j € N. By Lemma 2.5, there exists k. € (0, 1)
such that

1f Cen) = FOON < kellxn, —x*|| forall j eN.
By Lemma 2.1, we have

O (11 = X1 = Dy, 30, = x*1) < @Clyn; = 1)

= D1 — &) (xn; — x*) + etn, (f () — )1

= D1 — &) (n; — x) + atn, (F () — f ()
o, (f () = 29

< DU = an)) (ony — X + &, (F () — FENID
o (f () = X%, Jp Oy — %))

< (1= (1= ke)an,) D2, — ¥ + o, (f () — x*,
Jo(yn; — x%). (3.21)

Puto,, := (1 — k)ay; and 8, := ﬁ(f(x*) — x*, Jy(yn; — x*)). Then (3.21)
reduces to formula

CI)(”xn_/+1 _x*”) = _Gn_/)q)(“xn_,- _X*”) +0'nj6n_/-~

It is easily seen that Z?’;l on; = 00 and (using (3.20))

1
11msup/—>oo 8,1/ = lim Sup/—>oo 1— f(x )_x Jtp()’n] - )) = 0.

Then by Lemma 2.6, we have @ (||x,,; — x *) — 0. This implies that Xn; —> x*
thatis [|x,; —x*|| < €9, whichis contradlcnon Therefore, we conclude thatx,, — x*
This completes the proof. O

4 Application to Nonexpansive Semigroup

Definition 4.1 Let C be a nonempty, closed and convex subset of a real Banach space
X. A one-parameter family S = {T'(t) : t > 0} from C into itself is said to be a
nonexpansive semigroup on C if it satisfies the following conditions:

(i) T(O)x =x forall x € C;

(1) T(s+t)x =T(s)T(t)x forallx € C and 5,1 > 0;
(iii) for each x € C the mapping ¢ + T (¢)x is continuous;
@) |1T)x —=T@)y| <|lx —y| forallx,y e Candt > 0.

Remark 4.2 We denote by Fix(S) the set of all common fixed points of S, that
is Fix(S) := (V20 Fix(T (1)) = {x € C: T(t)x = x}. We know that Fix(S) is
nonempty if C is bounded (see [44]).
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Now, we present the concept of a uniformly asymptotically regular semigroup (see
[34-36]).
Definition 4.3 Let C be a nonempty, closed and convex subset of a real Banach space
Xand S = {T(¢) : t > 0} be a semigroup of nonexpansive operators. Then S is called
uniformly asymptotically regular (in short, u.a.r.) on C if for all ~ > 0 and for any
bounded subset B of C such that

lim sup |[T(W)T(t)x — T (t)x| = 0.
—>00 xeB
The nonexpansive semigroup {o; : ¢+ > 0} defined by the following lemma is an
example of u.a.r. operator semigroup. Other examples of u.a.r. operator semigroup can
be found in [34]. The following lemma found in [37].

Lemma 4.4 (see [37]) Let C be a nonempty, closed and convex subset of a smooth
Banach space X and let S = {T (h) : h > 0} be a u.a.r. nonexpansive semigroup on
C such that Fix(S) = ()~ Fix(T (h)) # ¥ and at least there exists a T (h) which
is demicompact. Then, for each x € C, there exists a sequence {T (tx) : tx > 0, k €
N} C {T(h) : h > 0} such that {T (ty)x} converges strongly to some point in Fix(S),
where limy__, oo ty = 00.

Using Lemma 4.4 and Theorems 3.2 and 3.3, we have the following results.

Theorem 4.5 Let C be a nonempty, closed and convex subset of a uniformly smooth
Banach space X which admits a weakly continuous duality mapping J, with gauge
function ¢. Let S = {T'(t) : t > 0} be a u.a.r. nonexpansive semigroup from C into
itself such that Fix(S) := (\,~o Fix(T (h)) # ¥ and least there exists a T (h) which
is demicompact and f : C —> C be a Meir-Keeler-type contraction. For given
x1 € C, let {x,} be a sequence defined by

Xnt1 = an f(xn) + (L= o) T (t0)Xn, Vn =1, 4.1

where {a,} C (0,1) and {t,} C (0, 00) are sequences which satisfy the following
conditions:

(CI) limy,— o0ty =0 and > 02 | oy = 00;

(C2) lim,,_,  t, = 00.

Then the sequence {x,} defined by (4.1) converges strongly to an element x* € Fix(S).

Proof By using the same arguments and techniques as those of Theorem 3.2, we only
need show that

lim, o0 X — Tx, |l = 0.
By the condition (C1), we have
lXnt1 = T @)X ll = anll f(xn) — T(t)xnll —> 0 as n —> oo. 4.2)

Since {T'(t) : t > 0} is a u.a.r. nonexpansive semigroup and lim,__, . t, = 00,
then for all 2 > 0, and for any bounded subset B of C containing {x,}, we obtain that
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lim ||T(W)T (tn)xn — T (tn)xnll < lim_sup [T (M)T (tn)w — T (tn)wl|l = 0.
n—s00 n—s00

weB

“4.3)
For all & > 0, observe that

[Xn41 = T W) Xpg1ll < Nxng1 = T @)xnll + 1T (1) X0 — T ()T (1) x|
HIT AT (tn) — T (W) xp11l
< 2|xn41 = T Xnll + T (1) X0 — T (R)T (tn)Xn |-

It follows from (4.2) and (4.3) that lim,,—, o || Xn+1 — T (h)x,+11] = 0, and hence

lim fxp — T(h)x]| = 0 forall i > 0. (4.4)
n—suo0o

Since {T'(h) : h > 0} is a u.a.r. nonexpansive semigroup, by Lemma 4.4, for each
x € C, there exists a sequence {T'(#) : tx > 0,k € N} C {T'(h) : h > 0} such that
{T (tx)x} converges strongly to some point in Fix(S), where f; —> 00 as k —> 00.
Define a mapping 7 : C — C by

Tx =limg_, o T(tx)x, Yx € C.

By [37, Remark 3.4], we see that the mapping 7 is nonexpansive such that
Fix(T) = Fix(S). From (4.4), we obtain that

limy, oo |y — T, || = limy, oo limg s o0 |, — T (2) x5 |

= limg s o0 lim, s o0 1% — T (1) xa || = 0.
This completes the proof. O

Theorem 4.6 Let C be a nonempty, closed and convex subset of a uniformly smooth
Banach space X which admits a weakly continuous duality mapping J, with gauge
function ¢. Let S = {T'(t) : t > 0} be a u.a.r. nonexpansive semigroup from C into
itself such that Fix(S) := (\,~o Fix(T (h)) # ¥ and least there exists a T (h) which
is demicompact and f : C —> C be a Meir-Keeler-type contraction. For given
x1 € C, let {x,} be a sequence defined by

Xp1 = T () oy f(xn) + (1 —ap)xy], Vrn>1, 4.5)

where {a,} C (0,1) and {t,} C (0, c0) are sequences which satisfy the following
conditions:

(CI) lim,— o0ty =0 and 302 | oy = 00;
(C2) Timy, s o ty = 00,

Then the sequence {x,} defined by (4.5) converges strongly to an element x* €

Fix(S).
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5 Application to Equilibrium Problem

Let C be anonempty, closed convex subset of areal Hilbert space H and® : CxC —>
R be a bifunction, where R is the set of all real numbers. The equilibrium problem is
to find x € C such that

Ox,y) >0, VyeC. 6D

The set of solutions of the equilibrium problem (5.1) is denoted by E P (®). Given a
mapping T : C — H,let®(x,y) = (Tx,y—x)forallx,y € C.Thenz € EP(O®)
if and only if (Tx,y —x) > Oforall y € C, i.e., z is a solution of the variational
inequality.

Numerous problems in physics, optimization and economics reduce to find a solu-
tion of the equilibrium problem (5.1). Some methods have been proposed to solve the
equilibrium problems (see, for instance, BlumOettli [38] and Combettes and Hirstoaga
[39D).

For solving the equilibrium problem, let us assume that a bifunction ® : C x C —>
R satisfies the following conditions:

(Al) ®(x,x) =0forall x € C;
(A2) ® is monotone, i.e., ®(x,y) + ®(y,x) <0Oforeachx,y € C;
(A3) © is upper-semicontinuous, i.e., foreach x, y,z € C,

limsup; o+ Otz + (1 —1)x,y) < O(x,y);

(A4) O(x, ) is convex and weakly lower semicontinuous for each x € C.

The following lemmas were also given in [38] and [39], respectively.

Lemma 5.1 (see [38, corollary 1]) Let C be a nonempty, closed and convex subset
of H and let ® : C x C — R satisfying the conditions (Al)—(A4). Let r > 0 and
x € H. Then there exists z € C such that

1
@(z,y)—k;(y—z,z—x)zo, Vy e C.

Lemma 5.2 (see [39, lemma 2.12]) Assume that ® : C x C —> R satisfies the
conditions (Al)—(A4). For r > 0 and x € H, define a mapping T, : H — C as
follows:

1
Tr(x)={zeC:@(z,y)—i—;(y—z,z—x)20, Vy e C}, Vx e H.

Then the following hold

(1) T, is single-valued.
(2) T is firmly nonexpansive, i.e., for each x,y € H,

IT,x — Tryl* < (Trx — Try, x — y).
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(3) Fix(T,) = EP(O).
(4) EP(O) is closed and convex.

Theorem 5.3 Let C be a nonempty, closed and convex subset of a real Hilbert space
H. Let ® : C x C —> R be a bifunction satisfies the conditions (Al)—(A4) with
EP(®) #@. Let f : C —> C be a Meir-Keeler contraction-type. For given x| € C,
let {x,} be a sequence defined by

Oun, ¥) + (y — tp, uy — xp) = 0,
" 5.2)

Xp1 = oy f(x) + (1 —ap)u,, Vn>1,
where {a,} C (0, 1) and {r,} C (0, 00) are sequences which satisfy the following
conditions:

(CI) limy,— o0ty =0 and D02 | oy = 00;
(C2) limy,__ oo 1y = 00.

Then the sequence {x,} defined by (5.2) converges strongly to an element x* € E P(0O).

Proof By using the same arguments and techniques as those of Theorem 3.2, we only
need show that there exists a number r > 0 such that

lim, . |x, — T, x, | = 0.

From definition of 7,, we have

1
OT;,xn, y) + r—(y —Tr,xn, Tryxn — x) =20, Vy eC, (5.3)

n

and

1
O, T, xn, y) + r—(y — T Tr,xn, T, Ty xn — x5) >0, Vy e C. 5.4)

n

Substituting y = 7,7, x, in (5.3) and y = T, x, in (5.4). Then, add these two
inequalities and from the condition (A2), we obtain

207

T xn —xn Tryxn — Xp
Trnxn - T Trnxna -
'n

,
and hence, for each r > 0,

T, Ty xn — T, X |12

r

1
< <Tr,,xn — T, T, xn, r—(xn — Trnx,,)>

n

= ”TrTrn-xn - Trnxn”r_”Tr,,xn — Xnll,
n
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which implies that

Ty, Xn — Xnl
”TrTr,,xn - Trnxn” = M
I'n

It follows from the condition (C2) that

lim || T, T, x, — Ty, xa | = 0. (5.5)

n—-o0

Noticing u, = T,,x,, we note that

”xn—H — Trxpg1ll < llxng1 — Tr,,xn” + ”Tr,lxn - TrTr,,xn” + ”TrTr,,xn - Trxn—i-l Il
=< 2||xn+1 —uy| + ”Tr,lxn - TrTr,,xn”

It follows from (5.5) that lim,,—,  |[Xp+1 — Trx4+1]| = 0, and hence
lim, o0 lXp — Trxnll =0, Vr > 0.

This completes the proof. O

6 Application to Optimization Problem

Let H be a real Hilbert space and ¢ : H —> (—00, +00] a proper convex lower
semicontinuous function. Then the subdifferential d¢ of ¢ is defined as follows:

dp={yeH:p(x)=¢p(x)+(z—x,y), z€ H} Vx € H.

From [40], we know that d¢ is maximal monotone. It is easy to verify that 0 € d¢
if and only if ¢ (x) = minycy ¢ (y) see also [40-42].
Consider a kind of optimization problem with a nonempty set of solutions

minyec h(x), 6.1)

where /1 (x) is a convex and lower semicontinuous functional defined on a closed convex
subset C of a real Hilbert space H. We denote by arg min(#) the set of solutions of
(6.1). Define a bifunction ® : C x C —> Rby ®(x, y) := h(y) — h(x). Itis obvious
that EP(®) = argmin(h). In addition, it is easy to see that ®(x, y) satisfies the
conditions (A1)—(A4) in the Sect. 5.

Using Theorem 5.3, we have the following result.

Theorem 6.1 Let C be anonempty, closed and convex subset of a real Hilbert space H.
Let h be a convex and lower semicontinuous functional on C such that arg min(h) #= (.
Let f : C —> C be a Meir—Keeler-type contraction. For given x1 € C, let {x,} be a
sequence defined by
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1
— in. h v — 2 ,
Up = argminyec 1 h(y) + 2rnlly Xl 62)

Xnt1 = oy f(xn) + (1 —aplup, Yo >1,

where {a,} C (0, 1) and {r,} C (0, 00) are sequences which satisfy the following
conditions:

(C]) hmn—>oo oy = 0 and Z?zozl o, = 00,
(C2) lim, 00 1y = 00.

Then the sequence {x,} defined by (6.2) converges strongly to an element x* €
arg min(h).

7 Application to Variational Inequalities

Let C be a nonempty, closed and convex subset of a real Hilbert space H and A :
C — H be a mapping. The classical variational inequality is to find x € C such
that

(Ax,y —x) >0, VyeC. (7.1

The set of solutions of the classical variational inequality (7.1) is denoted by
VI(C, A). We recall that a mapping A : C — H is monotone if

(Ax — Ay, x —y) >0, Vx,yeC.

The following lemmas found in [43].

Lemma 7.1 (Bose [43]) Let C be a nonempty, closed and convex subset of a real
Hilbert space H. Let A be a continuous monotone mapping of C into H. Define a
bifunction ® : C x C —> R as follows:

O(x,y) = (Ax,y —x), VYx,yeC.

Then the following hold

(1) O© is satisfies the conditions (Al)—(A4) in Sect. 5 and VI(C, A) = EP(O).
(2) foreachx e Hyz € Candr > 0,

1
®(z,y)+;<y—z,z—x> >0Vy e C,& 7= Pc(x —rAx),

where Pc is projection operator from H into C.
Using Lemma 7.1 and Theorem 5.3, we have the following result.
Theorem 7.2 Let C be a nonempty, closed and convex subset of a real Hilbert space

H. Let A be a continuous monotone mapping of C such that VI(C, A) # (. Let
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f : C —> C be a Meir-Keeler-type contraction. For given x1 € C, let {x,} be a
sequence defined by

up = Pc(xy, — rpAxy),

(7.2)
Xng1 = o f(xn) + (1 —ap)uy, Yn>1,

where {a,} C (0, 1) and {r,} C (0, 00) are sequences which satisfy the following
conditions:

(C1) limy—oc 0ty = 0and 3 02 ay = 00;
(C2) lim,, oo 1y = Q.

Then the sequence {x,} defined by (7.2) converges strongly to an element x* €
VI(C, A).
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