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Abstract This paper deals with certain algebraic systems called polygroups. A
polygroup is a completely regular, reversible in itself hypergroup. The concept of
topological polygroups is a generalization of the concept of topological groups. In
this paper, we present the concept of topological hypergroups and prove some proper-
ties. Then, we define the notion of topological polygroups. By considering the relative
topology on subpolygroups we prove some properties of them. Finally, the topological
isomorphism theorems of topological polygroups are proved.
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1 Basic Definitions

Let H be a non-empty set. Then, a mapping o : H x H — P*(H) is called a
hyperoperation, where P*(H) is the family of non-empty subsets of H. The couple
(H, o) is called a hypergroupoid. In the above definition, if A and B are two non-empty
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subsets of H and x € H, then we define Ao B = UaeA,heBa ob,xoA={x}oA,
and A ox = A o {x}. A hypergroupoid (H, o) is called a semihypergroup if for every
x,y,z € Hywehave x o (y o z) = (x o y) o z and is called a quasihypergroup if for
every x € H,wehave x o H = H = H o x. This condition is called the reproduction
axiom. The couple (H, o) is called a hypergroup if it is a semihypergroup and a
quasihypergroup [5,21].

For all n > 1, we define the relation B, on a semihypergroup H, as follows:

n
aﬂnb¢>3(xla"'7xn)EHn : {ﬂ,b}g H-xiv
i=1

and B = (J72, Bn, where Bi = {(x,x) | x € H} is the diagonal relation on H. This
relation was introduced by Koskas [20] and studied mainly by Corsini, Davvaz, Freni,
Leoreanu, Vougiouklis, and many others. Suppose that 8* is the smallest equivalence
relation on a hypergroup (semihypergroup) H such that the quotient H/B* is a group
(semigroup). If H is a hypergroup, then 8 = B* [13]. The relation * is called as
the fundamental relation on H, and H/B* is called as the fundamental group. Let
(H, o) be a semihypergroup and A be a non-empty subset of H. We say that A is a
complete part of H if for any non-zero natural number » and for all ay, - - - , a, of H,
the following implication holds:

n n
AﬁHa,- #*0) = Ha,- C A.
i=l1 i=I

The complete parts were introduced for the first time by Koskas [20]. Then, this concept
was studied by many authors, for example, see [5,6,10,11,17,22,23]. Till now, only
a few papers treated the notion of topological hyperstructures, in the classical and
fuzzy case, see [2,7,8,14,16]. Let (Hj, o) and (Ha, *) be two hypergroups. A map
f : Hl —> H», is called

e a homomorphism if for all x, y of H, we have f(x o y) C f(x) * f(y);

e a good homomorphism if for all x, y of H, we have f(x oy) = f(x) x f(y);

e an isomorphism if it is a homomorphism, and its inverse ! is a homomorphism,
too.

A special subclass of hypergroups is the class of polygroups. We recall the following
definition from [3]. A polygroupisasystem P =< P, o, e,” ' > whereo: PxP —>
P*(P), e € P, ! is a unitary operation on P and the following axioms hold for all
xX,y,z2 € P:

(1) (xoy)oz=xo0(yoz);
(2) eox =xo0e=ux;

(3) x € yozimpliesy € x oz~

andz € y~'ox.

The following elementary facts about polygroups follow easily from the axioms: e €
xox 'nxlox,e ' =e, (x™H) ' =x,and (x 0 y)~' =y~ ox~!. A non-empty
subset K of a polygroup P is a subpolygroup of P if and only if a, b € K implies
aob C K and a € K implies a~!' € K. The subpolygroup N of P is normal in P if
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and only if a=' o N oa € N for all @ € P. For a subpolygroup K of P and x € P,
denote the right coset of K by K o x and let P/K be the set of all right cosets of K in
P.If N is a normal subpolygroup of P, then (P/N,®, N, ') is a polygroup where
Nox®ONoy={Noz|ze€Noxoy}and (Nox)~! =N ox'. For more details
about polygroups we refer to [1,9,10,18].

Now, we recall the definition of a topological group from [15]. A topological group
is a group G together with a topology on G that satisfies the following two properties:

(1) the mapping p : G x G —> G defined by p(g, h) = gh is continuous when
G x G is endowed with the product topology;

(2) the mapping inv : G —> G defined by inv(g) = g~

is continuous.

We remark that item (1) is equivalent to the statement that, whenever U C G is open,
and g1g> € U, then there exist open sets V; and V» such that g € Vi, g» € V>, and
ViVo ={viva | v1 € V1,03 € Vo} C U. Also, item (2) is equivalent to showing that
whenever U C G is open, then U~ = {g7' | geU}is open.

Let X be a topological space and ~ an equivalence relation on X. For every x € X,
denote by [x] its equivalence class. The quotient space of X modulo ~ is given by the
set X/ ~= {[x] | x € X}. We have the projection map p : X — X/ ~, x — [x]
and we equip X/ ~ with the topology: U C X/ ~ is open if and only if p~!(U) is
an open subset of X.

In this paper, we introduce the concept of topological hypergroups and topological
polygroups as a generalization of topological groups. Let (P, o, ¢,~!) be a polygroup
and (P, 1) be a topological space such that the mappings (x, y) — x oy from P x P
to P*(P) and x — x~! from P to P are continuous with respect to product topology
on P x P and the topology t* on P*(P) induced by t. By considering the relative
topology on subpolygroups we prove some properties about them. In the last section,
we prove the isomorphism theorems on topological polygroups.

2 Topological Algebraic Hyperstructures

Let (H, 7) be a topological space. The following lemma give us a topology on P*(H)
induced by t.

Lemma 2.1 [16] Let (H, t) be a topological space. Then, the family B consisting of
all sets Sy = {U € P*(H) |U C V, U € t}is a base for a topology on P*(H). This
topology is denoted by t*.

Let (H, t) be a topological space. Then, we can consider the product topology on
H x H and the topology t* on P*(H).

Definition 2.2 Let (H, o) be a hypergroup and (H, t) be a topological space. Then,
the system (H, o, 7) is called a topological hypergroup if

(1) the mapping (x, y) — x oy, from H x H — P*(H) is continuous;
(2) the mapping (x,y) — x/y, from H x H — P*(H) is continuous, where
x/y={z€ H|x €zoy}
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Let H be a hypergroup and A and B be non-empty subsets of H. Then, A/B =
Ufa/b | a € A,b € B}. Let (H, o, t) be a topological hypergroup and 8* be the
fundamental relation on H. Then, (H/B*, T) is a topological space, where T is the
quotient topology induced by the natural mapping # : H — H/B*. Thatis A C
H/B*isopenin H/B*ifandonlyif 7 ~'(A)isopenin H.Let (H, o, 7) be atopological
hypergroup such that every open subset of H is a complete part. Then, the natural
mapping 7 : H —> H/B* is an open mapping [14].

Theorem 2.3 [14] Let (H, o, T) be a topological hypergroup such that every open
subset of H is a complete part. Then, (H/B*, ®, T) is a topological group.

Theorem 2.4 Let (H, o, T) be a topological hypergroup and U € t such that U is a
complete part. Then, U = |J,,cyy B*(u).

Proof Obviously, U € |J, <y B*(u). Suppose that u € U and x € 8*(u). Then, there
exist ay,---,a, € H such that {x,u} C H?:l a;. Since U is a complete part, it
follows that x € []/_, @; € U and so B*(u) € U. Therefore, U = |J,,c;y B*(u). O

Lemma 2.5 Let (H, o) be a hypergroup and 8* be the fundamental relation on H.
Then, B = {B*(x) | x € H} is a base for a topology on H and every open subset of
H is a complete part.

Proof Since H = J, .y B*(x), it follows that 5 is a base for a topology on H. It is
easy to see that every open subset of H is a complete part. O

We denote the topology in the previous lemma by 5.
Let 71 and 1 be two topologies on the same set X. Then, we say that 77 is stronger
or finer than 7 if 71 D 1, and that then 7, is weaker or coarser than 7.

Theorem 2.6 Let (H, o) be a hypergroup and * be the fundamental relation on H.
Then, tg is the finest topology on H such that H becomes a topological hypergroup
and every open subset of H is a complete part.

Proof Firstly, we prove that (H, o, 7g) is a topological hypergroup. Suppose that
x,y € H suchthat x o y C U for some open subset U of H. So by Theorem 2.4, we
have U = UueU B*(u). Thus, there exists u € U such that x o y C B*(u). Hence,
B*(x) o B*(y) € B*(u) C U and B*(x) and B*(y) are open subsets of H containing
x and y, respectively. Therefore, the hyperoperation o is continuous.

Similarly, we can prove that if x/y € U for some open subset U and x,y € H,
then g*(x)/B*(y) € U.

Now, suppose that 7 is a topology on H such that every open subset of (H, t) is a
complete part and (H, o, 7) is a topological hypergroup. Let x € U and U € t. Then,
by Theorem 2.4, we have U = |J oy B*(u). Thus, B*(x) € U and B*(x) is an open
subset of (H, tg). Therefore, 74 is the finest topology on H such that H becomes a
topological hypergroup and every open subset of H is a complete part. O

Theorem 2.7 Let (H, o0, t) be a Ty topological hypergroup such that every open
subset of H is a complete part. Then, H is a group.
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Proof We prove that |[x o y| = 1 forevery x, y € H. Assume for the contradiction that
a,b exoyanda # b. Since H is Ty, it follows that there exists an open subset U of
H containing exactly one of a or b. Leta € U and b ¢ U. Then, a € *(u) for some
u € U.Thus, b € B*(b) = B*(a) = B*(u) hence, b € U, and it is a contradiction. So
|x o y| = 1. Therefore, H is a group. O

Now, we introduce the concept of topological polygroups and prove some properties.
Let P be a polygroup and t a topology on P. Then, as in topological hypergroup we
consider a topology t* on P*(P) which is generated by B = {Sy | V € 1}, where
Sy={UeP*(P)|UCV,Uer}

In the following we use the topology 7* on P*(P) and the product topology on
P x P.

Definition 2.8 Let P = (P, o0,e,”!) be a polygroup and (P, 7) be a topological
space. Then, the system P = (P, o, e,” !, 1) is called a topological polygroup if the
mappings o : P x P — P*(P)and ~! : P —> P are continuous.

Obviously, every topological group is a topological polygroup. Now, we give some
other examples of topological polygroups.

Example 1 Every polygroup equipped with discrete or indiscrete topology is a topo-
logical polygroup.

Example 2 Let P be a polygroup and S* be the fundamental relation of P. Then,

r=[Uﬂ*(u)|U§P]U{@}

uelU

is a topology on P, and (P, o, e, L 7) is a topological polygroup.

In [4], an extension of polygroups by polygroups has been introduced in the fol-
lowing way: Suppose A and B are polygroups whose elements have been renamed
so that AN B = {e}, where e is the identity of both A and B. A new system
A[B] = (M, , e,') called as the extension of A by B, is formed in the following
way: Set M = {x |x € A,x #e}U{x |x € B,x # e} U {e} and let e/ = e,
x! = x~! (in the appropriate system), e * x = x % ¢ = x for all x € M, and for all

x,yef{x|xeM,x #£e}

x.y ifx,ye A

X ifxeB,yeA
xxy=13y ifxeA,yeB

x.y ifx,yeB,y#x!

xyUA ifx,yeB, y=x"\.

The extension A[B] is a polygroup.

Theorem 2.9 Ler (A, oq, er,” ! ) be a polygroup and (B, o, e, !, Tp) be a topo-
logical polygroup. Then, there is a topology on A[B] such that A[B] is a topological
polygroup.
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Proof We define a topology on A[B] as follows
AR ={UUA|U €13} U {0}

Then, (A[B], to[g)) is a topological space. Suppose that x € A[B] and U U A be an
open subset of A[B] such that x~1 e UU A for some open subset U of B. Ifx~!eaA,
thenx € A CU U A.Ifx~! € U, then there exists an open subset V of B such that
x € Vand V™! C U hence, V~! C U U A. Therefore, the mapping x — x ! is
continuous. Suppose that x, y € A[B] and U € 75 suchthat x x y C U U A, then we
have the following cases:

CaselIfx,ye A,thenx*xy=x01yC A ACACUUA.
Case2Ifxe Aandy € B,thenxxy=ye U CUU A.

Case3Ifxe Bandye A,thenxxy=xe€ U C U U A.

Case4Ifx,y e Bandx # x~ !, then x x y = x oo y C U. So there exist open
subsets V and W of B containing x and y, respectively, such that V.- W C U.
Thus, (VUA)x (WUA)CV-WUACUUA.

Case5Ifx,y e B,thenx*xy =x0pyUA C U U A. Also, we can do the similar
way to Case 4.

Thus, the hyperoperation * is continuous. Therefore, (A[B], *, I, 74(g)) is a topo-
logical polygroup. O

By using the previous theorem we can construct topological polygroups by consid-
ering B as a topological group.

Example 3 Consider the topological group (R, +) with standard topology. Then,
Z3[R] is a topological polygroup.

Example 4 Consider symmetric group S3. Let t = {@J, A3, Ag, S3}, where A3 is the
set of all even permutations of S3 and Ag = S3\A3. Then, (S3, 7) is a topological
group so Z>[S3] is a topological polygroup.

In [14] we prove the next two lemmas for topological hypergroups. In the following
we rewrite them for topological polygroups.

Lemma 2.10 Let P be a topological polygroup. Then, the hyperoperation o : P X
P — P*(P) is continuous if and only if for every x,y € P and U € t such that
x oy C U then there exist V,W € t suchthatx € V.andy €e WandV oW C U.

Lemma 2.11 Let P be a topological polygroup. Then, the mappings

a¢: P — P*(P)byx+— aoux,
0o : P —> P*(P)byx > xoa

are continuous, for every a € P.

Lemma 2.12 Let P be a topological polygroup, A € P and U be an open subset of
P.Then, AC x ' oU ifand onlyifx o A C U forall x € P.
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Topological Polygroups 713

Proof Suppose that A € x ' o U and t € x o a for some a € A. Then, a €
xlotnNxtoU.Soa € x L ouforsomeu € U. Thus, u € x oa N U hence
xoa C U. Therefore, xo A C U.

Conversely, suppose thatx € P andxoA € U. Then, wehave A C (x_lox)oA =

x*]o(on)gx*]oU. O

Lemma 2.13 Let U be an open subset of a topological polygroup P such that U is a
complete part. Then, a o U and U o a are open subsets of P for every a € P.

Proof Suppose that U is an open subset of P such that U is acomplete partanda € P.
Then, by Lemma 2.12 we have

o\ (Sy)={xeP|laoxCU}=aol.

So by Lemma 2.11, the mapping ¢,-1 is continuous; thus, a o U is open. Similarly,
we can prove that U o a is open. O

Theorem 2.14 Let P be a topological polygroup and A, B be open subsets of P. If
A or B is a complete part, then A o B is open.

Proof Suppose that A is a complete part. By Lemma 2.11, A o b is open. Since every
arbitrary union of open subsets is open, it follows that Ao B = | J,.z Ao bisopen. O

Lemma 2.15 Let P be a topological polygroup such that every open subset of P is a
complete part. Let U be an open basis at e. Then, the families {x o U} and {U o x},
where x runs through all elements of P and U runs through all elements of U, are
open basis for P.

Proof Suppose that W is an open subset of P and a € W. Since e € a=! o W, it
follows that there exists U € I such thate € U € a~! o W. Since W is a complete
part we conclude thata € a o U € W. Thus, W is a union of open subsets a o U.
Therefore, {x o U} is an open basis for P. Similarly, the family {U o x} is a basis for
P. O

Theorem 2.16 Let P be a topological polygroup and U be a basis at e. Then, the
following assertions hold:

(1) foreveryU € U and x € U there exists V € U suchthatx oV C U;
(2) for every U € U there exists V € U suchthat VoV C U;
(3) forevery U € U there exists V € U such that v-lcu.

Proof The proofs are straightforward. O

As in topological spaces, we use the term “neighborhood” for open subsets. An
open subset U of a topological polygroup P is called a symmetric neighborhood if
u-l=u.

Theorem 2.17 Every topological polygroup has an open basis at e containing a sym-
metric open basis at e.

Proof Suppose that { is an open basis at e. Then, forevery U € U,putV = UNU .
Then,V=V~!land V C U. a]
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714 D. Heidari et al.

Theorem 2.18 Let P be a topological polygroup such that every open subset of P is
a complete part. Then, for every neighborhood U of e there exists a neighborhood V
of e such that V. C U, where V is the closure of V.

Proof Suppose that V' is a symmetric neighborhood of e such that V o V. C U. Now,
if x € V,thenx o VNV # (. So there exist vy, vo € V such that v, € x o v;. Thus,
x€wvmov,' CVoV!l=VoVCU. o

Theorem 2.19 Let P be a topological polygroup such that every open subset of P is
a complete part, U be any neighborhood of e, and F be a any compact subset of P.
Then, there exists a neighborhood V of e such that x o V o x~! C U forall x € F.

Proof Suppose that U be a neighborhood of e so by Theorem 2.16, there exists a
symmetric neighborhood T of e such that 7 o T € U. Applying Theorem 2.16 for T,
we conclude that there exists a symmetric neighborhood W of e suchthat Wo W C T'.
Sowehave Wo W oW C ToT C U.Since F is compactand FF C U,erp W o x, it

follows that there exist x, --- , x,, € F such that FF C U?:] W o x;.
LetV = ﬁ?:l)ci_lWo)ci.Weclaimthatxi_l oVox; € W,fori =1,---,n.Since
W is a complete part and w € (x; oxi_l) ow o ()cl._1 oxj)NWfori=1,---,nand

w € W, it follows that (x; oxi_l) owo (xl._1 ox;) € W.Soforevery 1l <k <nwe
have

n
XkOVOX]:I =xko(ﬂ(xiloWoxi))oxk

i=1

gxkoxk_loWoxkoxk_lgW.

Therefore, for every x € F there exist w € W and | < k < n such that x € w o xy,
hence we have

)coVox_lg(woxk)oVo()ck_low_l)gwo()ckoVoxk_l)ow_1

CwoWowCWoWoWCU.

m}

Theorem 2.20 Let P be a topological polygroup such that every open subset of P is a
complete part, U be any neighborhood of e, and F be a any compact subset of P such
that F C U. Then, there exists a neighborhood V of e such that (FoV)U(VoF) C U.

Proof Suppose that F' is a compact subset of P and U be a neighborhood of e such
that F € U. Then, for every x € F there exist a neighborhood W, of e such that
x o W, C U and a neighborhood V, of e such that V, o V, € W,. Since F is compact
and F C Uyepx o Vi, so there exist xp, - - - , x, € F such that ¥ C U?_ x; o Vy,. Let
Vi = ﬂ;’: 1Xi o Vy,. Hence, we have

n n n
FoV Q(Ux,-oni)on QUx,-oVX[oVXi C Uxioni cU.

i=1 i=1 i=1
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3 Subpolygroups of a Topological Polygroup

In this section we introduce the concept of subpolygroups of a topological polygroup.
We consider the relative topology on a subpolygroup.

Theorem 3.1 Let P be a topological polygroup. Then, every subpolygroup K of P
with relative topology is a topological polygroup.

Proof Since the restriction of mappings hyperoperation and inverse to K continues,
the result holds. O

Lemma 3.2 Let A and B be subsets of a topological polygroup P such that every
open subset of P is a complete part. Then, the following assertions hold:

(1) AcBC Ao B;

2 (A=A,

Proof (1) Supposethatt € AoB.Then,t € xoyforsomex € Aandy € B.We prove
that each neighborhood U of ¢ has a non-empty intersection with A o B. Since U
is a complete part, it follows that x o y € U. Thus, there exist neighborhoods V
and W containing x and y, respectively, such that Vo W € U.Fromx € VN A
andy e WnN ‘B we conclude that there exista € VN A and b € W N B. Now,

we havea ob € U N A o B. Therefore,t € Ao B.
(2) Suppose that x € Z_l. Then, x~! € A.If x € U € 7, then x~! € U™ so0 there
exists ye ANU thusy e A7 N U Hence, x € A-1. Thus, A ' C A1

Similarly, we can prove that A=l € A~ Therefore (A=, ]

Theorem 3.3 Let P be a topological polygroup such that every open subset of P is a
complete part. Then, the following assertions hold:

(1) If K is a subsemihypergroup of P, then K is a subsemihypergroup of P.
(2) If K is a subpolygroup of P, then K is a subpolygroup of P.

Proof (1) Suppose that K is a subsemihypergroup of P; then KoK C K. By Lemma
3.2, wehave K o K € K o K C K; thus, K is a subsemihypergroup of P.
(2) Suppose that K is a subpolygroup of P; then K~! C K. By Lemma 3.2, we have

K o =K' CK;thus,K isa subpolygroup of P. O

Theorem 3.4 Let P be a topological polygroup such that every open subset of P is
a complete part. Then, every subpolygroup K of P is open if and only if its interior is
non-empty.

Proof Suppose that x is an interior point of K. Then, there exists a neighborhood U
of e such that x o U C K. Now, for every y € K we have

yoUCyo(xlox)oK=(ox HoxoK)=(yox oK =K.

So y is an interior point of K. Hence, K is open. O
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Theorem 3.5 Let P be a topological polygroup such that every open subset of P is a
complete part. Then, every open subpolygroup is closed.

Proof Suppose that K is an open subpolygroup of P, then we have

P= Uon:KU(Uon).

xeP x¢K

So K¢ = Ux¢1< x o K. Now, since K is a complete part, it follows that x o K is open.
Thus, K€ is open and it conclude that K is closed. O

Theorem 3.6 Let A be a family of neighborhoods of e in a topological polygroup P
such that

(1) foreach U € A, thereis V € AsuchthatV oV C U;
(2) foreach U € A, thereis V € A such that V' C U;
(3) foreach U,V € A, thereis W € A suchthat W CU o V.

Let H=N{U | U € A}. Then, H is a closed subpolygroup of P.

Proof Suppose that x, y € H and U € A. Then, by (1) there exists V € A such that
VoV CU.Thus,x,ye Vsoxoy C VoV C U.Hence,xoy C H.Similarly, we
can prove that if x € H, then x~! € H. Therefore, H is a subpolygroup of P. Now,
we prove that H isclosed. Letx € P\H. Then,x ¢ U forsome U € A. Soby (1), (2),
and (3) there exist Vi, V5, V € Asuchthat Vio V| C U, V{l CViandV C ViNV,.
Thus, Vo V-1 C U.Hence,ifxo VNV # (), then we have x € V o v-lcUso
x € H, and it is a contradiction. Thus, x € x o V € P\ H. Thus, P\ H is open, that
is, H is closed. O

Theorem 3.7 Let U be a symmetric neighborhood of e in a topological polygroup P
such that every open subset of P is a complete part. Then, the set L = |Joo, U" is
an open and closed subpolygroup of P, where U> = U o U and U" = U o U for
everyn € N.

Proof Ifx e UFand y € U, thenx oy € U™ and x~! € (U~1)F = U¥, for every
k,t € N. Hence, L is a subpolygroup of P. By Theorem 3.4, L is open and closed. O

Theorem 3.8 Let P be a topological polygroup such that every open subset of P is a
complete part. Then, a subpolygroup H of P is closed if and only if there is an open
subset U of P suchthatU "NH =UNH # 0.

Proof If H is closed subpolygroup of P, then it is sufficient to consider U as a
neighborhood of e.

Conversely, suppose that there is an open subset U of P suchthat UNH = UNH
andUNH #@.Letx e Handy € U N H. Then, x € x o y~! o U and by Lemma
2.13 x o y~! o U is an open subset of P. So there exists h € H Nx o y~! o U. Thus,
hexoy ' ouforsomeu € U,henceu € yox—!oh.Sou € UN H, since by
Theorem 3.3, H is a subpolygroup of P. Thus,u € UNH hence x € hou"'oy C H.
Therefore, H = H, that is, H is closed subpolygroup of P. O
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Theorem 3.9 Let P be a topological polygroup such that every open subset of P is
a complete part and H is a non-closed subpolygroup of P. Then, H N H® is dense in
H.

Proof Suppose that H is a non-closed subpolygroup of P. Then, by the previous
theorem, for every open subset U of P, UNH = @or¥ # UNH C UNH.
Let x € H and U be a neighborhood of x. Then, U N H # . So there exists
ueUNH\UNH.Thus, u € UN (HN HC). Therefore, H N HC is dense in H.

O

4 Isomorphism Theorems

In this section we state and prove the isomorphism theorems for topological poly-
groups.

Let (P,o,e,”!, 1) be a topological polygroup and N be a normal subpolygroup
of P. Let w be the natural mapping x — N o x of P onto P/N. Then, (P/N,7) is
a topological space, where T is the quotient topology induced by 7. That is for every
subset X of P we have {N o x | x € X} is an open subset of P/N if and only if
7 V({N o x | x € X}) is an open subset of P. In the following, the notation X/N is
used for {N o x | x € X} for every subset X of P.

Theorem 4.1 Let (P, o,e,” ', ) be a topological polygroup such that every open
subset of H is complete part. Then, (P/B*, ®,T) is a topological group, where *
is the fundamental relation of P and *(x) ® B*(y) = B*(2),z € x oy for every
x,y € P.

Proof 1t follows from Theorem 2.3. O

Definition 4.2 Let < Pj,o5,e1, ', 7] > and < P5, 05, ¢35, 15 > be topological
polygroups. A mapping ¢ from Pj into P; is said to be a good topological homomor-
phism if for all a, b € Py,

(D) g(er) = e;

(2) @(a o1 b) =¢(a) oz ¢(b);
(3) ¢ is continuous;

(4) ¢ is open.

Clearly, a good topological homomorphism ¢ is a topological isomorphism if ¢ is one
to one and onto. We write P; = P, if Pj is topologically isomorphic to P;.

Because P; is a polygroup, e> € a oy a~ ! for all a € P;; then we have p(er) €
@(a)orp(@a Mores € <p(a)ozgo(a’l)whichimplies @(a™") € p(a)~oses; therefore,
@(a™") = @(a)~ foralla € P;. Moreover, if ¢ is a strong topological homomorphism
from P into P,, then the kernel of ¢ is the set kergp = {x € P1 | ¢(x) = ez}. It is
trivial that ker is a subpolygroup of P; but in general is not normal in Pj.

As in polygroups, if ¢ is a good topological homomorphism from P; into P, then,
@ it is injective if and only if ker¢ = {e1}.
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Theorem 4.3 Let (Py, 01,” !, e1, 7)) and (P2, 02,” ', €2, 12) be two topological poly-
groups and f : Py —> P> be a homomorphism. Then, f is continuous if and only if
is continuous at ej.

Proof Obviously, if f is continuous, then f is continuous at ¢;. Conversely, suppose
that f is continuous at e; and f(x) € U, for some x € P; and open subset U, of
P>. Now, we have f(e1) € f(x T ojx) = f(x)" ' oa f(x) € f(x)"! 0y U, s0
there exists an open subset U; of P; containing e; such that f(U;) € f(x)~" oy Us.
Hence, by Lemma 2.12, we have f(x o1 Uy) = f(x) o2 f(Uy) € U,. Therefore, f is
continuous at x. O

Lemma 4.4 Let P be a topological polygroup and N be a normal subpolygroup of
P. Let w be the natural mapping x —> N o x of P onto P/N. Then,

(1) 7= '({N ox | x € X}) = N o X for every subset X of P;
2) {(Nox|xeX}={Noy|ye N o X} forevery subset X of P;
(3) Ifevery open subset of P is a complete part, then the natural mapping w is open.

Proof (1) Obviously, we have that No X C n_l({Nox | x € X}) for every subset X
of P. We prove the converse of inclusion. Suppose that y € 7 ' ({Nox |x € X}).
Then, 71(y) = Noy e {Nox|x € X}.So Noy = N ox for some x € X.
Thus, y o x ' NN # (. Hence, there exists n € N such that n € x o y~! and this
implies y € n ox € N o X. Therefore, the proof is complete.

(2) Forevery subset X of P wehave X C NoXso{Nox|xe X} C{Noy|ye
N o X}. On the other hand, if y € N o X, there existn € N and x € X such that
y € nox.Thus, N oy = N o x and the proof is complete.

(3) If U is an open subset of P, then by (1) we have 7~ (7(U)) = N o U. Since U
is a complete part, it follows that N o U is open in P by Lemma 2.13. Therefore,
7 is open. O

Let N be a normal subpolygroup of topological polygroup P and every open subset
of P be acomplete part. Let A be an open subset of P/N. Then, by the previous lemma,
A = U/N for some open subset U of P.

Theorem 4.5 Let N be a normal subpolygroup of topological polygroup P and every
open subset of P be a complete part. Then, < P/N,®, N,”! > is a topological
polygroup, where Nox © Noy={Noz|zexoyland(Nox)" ! =Nox~ .

Proof We prove that the hyperoperation © and the unitary operation ~/ are continuous.
Suppose Nox, Noy € P/N,and Ais anopen subsetof P/N suchthat NoxONoy C
A. Then, x o y € 7w~ !(A). Since 7' (A) is open in P, there exist open subsets V
and W of P containing x and y, respectively, such that V o W € 7~ !(A). It follows
that 7 (V') and w (W) are open in P/N containing N o x and N o y, respectively, such
that 7 (V) © (W) C A. Therefore, the hyperoperation © is continuous.

Suppose that (N ox)™/ = Nox~! € A. Then, x~! € 77! (A). Thus, there exists
an open subset U in P such that x e ''canlAson(x ) =Nox"! e
(U™ € Aand 7(U™") is openin P/N. o

The isomorphism theorems of polygroups are presented in [10]. In the following
we prove them for topological polygroups.
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Theorem 4.6 Let (Py, 01,1, L, t1) and (P, 02, e, L, 1) be topological poly-
groups such that every open subset of Py is a complete part. Let ¢ be an open and
continuous good topological homomorphism from Py onto Py such that N = kerg is
a normal subpolygroup of Py. Then, P1/N and P, are topologically isomorphic.

Proof We define the mapping ¢ : P, —> P;/N by setting ¥ (x2) = N o] x1 where,
@(x1) = x2, for all x, € P,. Since ¢ is onto, so (p_l(xz) # 0. Ifx1,y € go_l(xz),
then @(x1) = x2 = @(y1). Thus, ez € ¢ (x1 o] yl_l), hence there exists n € xj o; yl_1
such that ¢(n) = e>. Now, we have N o1 x; € N oy (noj y1) = Nojy; C
N oj;n—1tojx; = N oy x;. Therefore, Y is well defined. Obviously, ¥ is onto and an
algebraic homomorphism. If 1 (x2) = N oy x1 = ¥ (y2) = N o1 y1,thenx; € noj y;
for some n € N. Thus, xo = ¢(x1) € ¢(n) o2 (y1) = y» hence, ¥ is one-to-one.
Therefore, v is an algebraic isomorphism.

Now, we show that v is open and continuous. Suppose that U is an open subset of
P>. Then, ¥ (Us) = {N oy uy |u; € ¢~ (Uz)} = ¢~ 1(Up)/N. Since ¢ is continuous,
it follows that ¢ ~!(U>)/N is open in P;/N. Therefore, ¥ is open.

If Uy /N is an open subset of P;/N, then ¥y~ (U;/N) is open in P; since ¢ is open
and we have

v YU /N)Y={uz | ¥ (u2) € U/N}={uz | N oy uy € Ui/N, ¢(u1) =uz}=¢(U).

Therefore, v is continuous, and the proof is complete. O

Theorem 4.7 Let K and N be subpolygroups of a polygroup P with N normal and
K open in P such that every open subset of P is a complete part. Then, K /(N N K)
and (N o K)/N are topologically isomorphic.

Proof Define ¢ : K —> P/N by ¢(k) = N o k. Then, ¢ is a strong homomorphism
and kero = NNK.Since K C N oK and ¢ is the restriction of v on K, it follows that
@ is open and continuous. It remains to show that Im(¢) = No K/N.If x € No K,
thenx € nok,forsomen € N andk € K.Hence, p(k) = Nok = Nonok = Nox.
SoNoK/N C Im(K) € NoK/N.Therefore, by previous theorem, K /(NN K) =
(NoK)/N. O

Theorem 4.8 Let K and N be normal subpolygroups of a polygroup P such that
every open subset of P is a complete part and N € K. Then, (P/N)/(K/N) and
P /K are topological isomorphic.

Proof The mapping ¢ : P/N — P/K, where ¢(N o x) = K o x is a good
homomorphism and we have Kergp = K/N.If U is an open subset of P, then we
have p(U/N) = U/K. Therefore, ¢ is open and continuous. So by Theorem 4.6 we
conclude that (P/N)/(K/N) and P/K are topologically isomorphic. O

Theorem 4.9 If Ni, Ny are normal subpolygroups of P and P, respectively, then
N1 X N is a normal subpolygroup of Py X P> and (P; X P3)/(N1 x N2) and P /N1 X
P>/ N2 are topological isomorphic.

Proof 1t is straightforward. O
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5 Conclusion

This paper deals with one of the newest argument from hyperstructure theory namely
topological hypergroups. Applications of hypergroups have mainly appeared in special
subclasses. One of the important subclasses is the class of polygroups. Indeed the
structure of a polygroup is more near to the structure of a group. So, in the paper we
studied the concept of topological polygroups. The concept of topological polygroups
is a generalization of the concept of topological groups. It is important to mention that
in this paper, the topological polygroups and topological hypergroups are different
from topological hypergroups which were initiated by Dunkl [12] and Jewett [19].

Acknowledgments The authors are highly grateful to referees for their valuable comments and sugges-
tions for improving the paper.
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