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Abstract Fora,y > 0and 8 < 1, let Wg(a, y) denote the class of all normalized
analytic functions f in the open unit disk £ = {z : |z| < 1} such that

Re'® ((1 —a+2y )& + (@ =2y) (@) +vaf'(2) — ﬁ) >0, z€E

for some ¢ € R. For f € Wg(«a, y), we consider the integral transform

f( z)

Vi(f)(@) ::/o A1)

where A is a non-negative real-valued integrable function satisfying the condition
fOl A(t)dr = 1. In a very recent paper, Ali et al. (J Math Anal Appl 385:808-822,
2012) discussed the starlikeness of the integral transform Vj (f) when f € Wg(a, y).
The aim of present paper is to find conditions on A(¢) such that V, (f) is starlike of
order§ (0 < 6 < 1/2) when f € Wg(a, y). As applications, we study various choices
of A(t), related to classical integral transforms.
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1 Introduction

Let A denotes the class of analytic functions f defined in the open unit disk

= {z : |z| < 1} with the normalization f(0) = f’(0) — 1 = 0 and Ay =
{g: g = f(2)/z, f € A}. Let S be the subclass of A consisting of functions uni-
valent in E. A function f in A is said to be starlike of order g if it satisfies

5 (Zf’(z)

f(z))>ﬁ’ ee ks

for some B (0 < B < 1). We denote by S*(8), the subclass of S consisting of
functions which are starlike of order 8 in E. Set $*(0) = S*. For any two functions
() =z+amz>+azz® +--- and g(z) = 2+ brz> +b3z° + - - - in A, the Hadamard
product (or convolution) of f and g is the function f * g defined by

(f*xg)@)=z+ Zanbnz".

n=2

For f € A, Fournier and Ruscheweyh [4] introduced the operator

S (tz)

Vi(F)(@) 32/0 A1) (1.1)

where A is a non-negative real-valued integrable function satisfying the condition
fol A(t)dr = 1. This operator contains some of the well-known operators (such as
Alexander, Libera, Bernardi, and Komatu) as its special cases. This operator has been
studied by a number of authors for various choices of A(¢) [1,3,4,6,9,12]. Fournier
and Ruscheweyh [4] applied the Duality theory [10,11] to prove the starlikeness of
the linear integral transform V, ( f) over functions f in the class

P(B) = {feAzaqseRme"‘f’(f’(z)—ﬂ)>o, zeE}.

In 2001, Kim and Rgnning [5] investigated starlikeness properties of the integral
transform (1.1) for functions f in the class

Py(ﬁ):=[feA:a¢eR|mei¢<(1 y)&—i—yf() ,3)>0, zeE].

Recently in 2008, Ponnusamy and Rgnning [9] discussed the same problem for the
functions in the class

Ry(B) = |f € A:30 e RN (1) +y2f" ()~ B) > 0, z € E}.
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Duality and Integral Transform of a Class of Analytic Functions 651

It is evident that R, (8) is closely related to the class P, (B). Clearly, f € R, (B) if
and only if zf’ belongs to P, (B).

In a very recent paper, Ali et al. [1] discussed this problem for the functions f in
the class

IO -2 7 @+vaf"@-p) >0, 2 B

' (1.2)
Note that Wg(1, 0) = P(B), Ws(a, 0) = Py (B) and We(1 +2y,y) = R, (B).

In Sect. 3 of the paper, we shall mainly tackle the problem: For given0 < § < 1/2,
to find conditions on 8 such that Vy (f) € S$*(8) whenever f € Ws(«, y). In Sect. 4,
we find easier criteria of starlikeness of the integral operator V, ( f). While in the last
section of the paper, we discussed applications of results obtained for various choices
of A(1).

To prove our result, we shall need the duality theory for convolutions, so we include
here some basic concepts and results from this theory. For a subset B C Ag we define

We(a, y)i=1f € A:3¢ € R|%e'? ((1—a+2y)

B ={geAy: (fxg)z) #0, z € E, forall f € B}.

The set B* is called the dual of B. Further, the second dual of B is defined as B** =
(B*)*. The basic reference to this theory is the book by Ruscheweyh [11] (see also
[10]). We shall need the following fundamental result.

Theorem 1.1 (Duality Principle) Let

I +xz
I+yz

B=[ﬁ+(l—ﬂ)< )IIXI=IyI=1},ﬁ€R,ﬁ#1-

We have

(1) B* ={g € Ao : 3¢ € Rsuch that% (' (g(z) — B)) > 0, z € E}.
(2) If 'y and Ty are two continuous linear functionals on B with 0 ¢ T'y, then for
every g € B** we can find v € B such that

F@ _ i
(g Ta()’

2 Preliminaries
We use the notations introduced in [1]. Let £ > 0 and v > 0 satisfy
Uw+v=a—y and puv =y. 2.1

For y = 0, p is also taken to be 0, in which case, v = o > 0. Writingo = 1 + 2y in
2.),wegetu+v=14+y=1+puv,or(u—1(>1—-v)=0.

(i) When y > 0, then writing u = 1 gives v = y.
@) Ify =0,thenu =0andv =a = 1.
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In the particular case @ = 1 + 2y, the values of i and v for y > 0 will be taken
as u = I and v = y respectively, while in the case when y = 0, we have . = 0 and

v=1=a.
Define
o (v + D +1) ,
buv(z) =1 +HZ=; i ", (2.2)
and
_oa—1 _ — n+1 n
Vi@ =0, @ =1+ Z (nv+Dnp+ 1)Z
dsdt 2.3)
/ /o (1 —1Vskz)? '
Hereqb;lv

» denotes the convolution inverse of ¢, , such that ¢, , *qb;]v =z/(1—2)
If we take y = 0, then u = 0, v = ¢ in (2.3), we have

1 1
I/foa(z)—l-i-z "t ”=/0 &

(1 —r2z)2’

If y > 0, thenv > 0, © > 0, and making the change of variables u = t¥, v = s#
results in

JI/v=1y1/n-1
————dudv.
Viv(e) = Mv/ / I —uvgz "

Thus the function v, , can be written as

1 ul/u lvl/u.—] .
m fO (I—uvz)? dudv, y >0;

' 2.4)
fO (1—?—5’%)2’ Yy = 0, a > 0.

W;L,v(z) =

Further let g be the solution of the initial-value problem

2 Ajv—1 pl _1=804st)  1/u—1 .
d 1/v lwt fO (1 a)(1+s;)2s ds, y >0
! (I+g@) = 3 st et 2.5)
@ a=5)(1+02! ; y=0,a>0.

satisfying g(0) = 1, where § € [0, 1/2]. A simple calculation leads to the solution
given by

—8(1 + swt) Up—1. 1/v—1 3
g(t)_/w// (1—8)(1+swt)2s w dsdw — 1. (2.6)
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In particular

2 e " oajemr =80 +w)
_ Ja 1/a—1 _
) = —t ————du—1, y =0, 0. 2.7
s =4 /o“ A= +wr V707 @7

3 Main Results

Theorem 3.1 Let u > 0, v > 0 satisfy (2.1), and B < 1 satisfy

p /1
— =— [ Ang@)de, (3.1
1-p 0
where g is the solution of the initial-value problem (2.5). Further let
1
A
Ay(t) =/ %dx, v >0, 3.2)
P
1 1/v=1-1/pn .
A dx, 0;
My (t) = Ji Aoz or= (33)
A(x(t)v yZO,(MIO,U:(X>0)

and assume that tl/”AU(t) — 0, and tl/“l'[,“,(t) — 0ast — 0. Then for
8 € [0, 1/2], we have V;Wg(a, y)) C S*(8) if and only if Ln,,(hs) = 0, where
Ln,, , (hs) and hs are defined by following equations:

vl 1/u—1 [ h(tz) 1-=6(141) .
Ehf() Hu,v(t)l /1 (T—m)dl, Y >O,

Ln,, (hs) = (3.4)

1 _ _
R fy Moo ()" (h(ztzZ) - (11—58)((]11?)_2)(1% y =0.

and

z (l + eﬁ‘szglz)
(1-12)2 '

respectively. This conclusion does not hold for any smaller values of B.

hs(z) = lel =1, (3.5

Proof The case y = 0(u = 0, v = «) corresponds to the Theorem 1.2 in [2], so we
will prove the result only when y > 0.
Let

Hz)=0-a+ 27/)@ + (=2 '@ +rzf"@.

Since 4 +v =« — y and uv = y, then

Hz)=(l+y —(x— y))@ +@—y =) f@+vrz"
={+pu—-—pn-—v fiz) + (u+v— ) f'(@) + pvzf ().
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654 S. Verma et al.

Writing f(z) = 2+ > o, ayz", we obtain from (2.2)

H@) =1+ D apii(nv+ Dnp+ D" = f(2) % duu(2), (3.6)

n=1

and (2.3) gives that
f/(z) = H(z) * wu,v(Z)- 3.7

Now, let f € Wg(a, y). Then, in the view of the Theorem 1.1, we may restrict our
attention to functions f € Wg(a, y) for which

Hz) =0—-a+ 2)/)@ + (@ =2y) f'@ +rzf" @

14+ xz
—ﬁ+(1—ﬂ)(l+yz), x| =yl =L

Thus (3.7) gives

/ 1+
f(@= ((1 -B) I +); + /3) * Y (2), (3.8)
and therefore
@=1/'((1—ﬁ>1”w+ﬂ)dww<z), (3.9)
z z Jo 1+ yw
here ¥ 1= ¥, . O

Also, a well-known result from the theory of convolutions [11] (see also [10])
implies that

1
FeS(@© & E(F*ha)(z)#(), z€E,

where

z (1 + —eﬁ‘;lz)

hS(Z) = W’

le] = 1.

Hence F € S*(§) if and only if

1 1 1
0 # Z(Vx(f)(z) * hs(2)) = — [/0 A(t)f(mdt *hs(z)]

Z t

=/1 Mo L @ kR
0

1—1tz Z z
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Using (3.9), we have

oo e[ (vt o]
1

=/ MO dt*hS(Z)*[l/ (( —ml”ww)dw}w&)
o 1—1z Z Z

- 5(2) ~ 1 1+ xw B

_/0 A0~ (1 ﬁ)[z/o (1+yw+(1—/3))dw:|*w(Z)

. 1 ha(Z) B 1 [ 14+xw
_(l—ﬂ)[/o AD) dt+(1—ﬁ)}*2/0 1~I_ywdw*w(z)

_ ! Zha(tw) B 1+xz
_(l_ﬂ)[/ Mt)(/o rw )dt+(1—ﬂ)}*1+yz*wz)'

This holds if and only if [10, p. 23]

: “hs(tw) | p 1
?ﬁ(l—ﬁ)[/o /\(t)(/o > w>dt+(1_’3)}*¢(z)zz,

@‘R(l—ﬁ)[/ ,\(t)( /Zha(m)d )dt+ p___1 }*w(z)>0
' 0 0 tw (1-8)  2(1-p) -

hs(z)
Z

! 7 ha(tw) ) B :|
w| [ a d _ ) >0,
< /o (’( TRl M
. 1 Z h(;(tw) B
<:>E}1_O)L(t)( )d__+2(1 ﬂ):|>x<1//(z)20,
- 1 Z
sl r0 ( h“(“") 1 +2g( )> dt:| «¥(2) >0, (Using (3.1))
L 0
B 1 z
osnl| [ 0 (ha(”) L+ g(t)) dti| » 1/ ¥ (w)dw > 0,
L 0 1z Z Jo
I ‘ hs(tz) 1+g<r) S z"
SN 0 )\.(l‘) ( 12 )dl] * Z m _O (Usmg (2 3))

ad hs(tz) 14 g(@)
<:>%/ )L(t)( (nv+1)(nu+1) * tz 2 )dtzO,

dnd¢ hs(tz) 14 g(@)
on Mt)(//o(l—flé““z) -z

> Wt/ A1) (/ / hat(t;ngi“) nd¢ — 1+2g(t)) dt >0,

which can also be written as

L'l h 1
m/ AD) (/ / hszuv) | 1o-ty1/u-14,q,, +g(t))dt20.
AV tzuv 2
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Writing w = fu, we get

L trlh 1 t
E)“L/ tl(/3 |:/ / —S(wzv)wl/”_lvl/“_]dvdw — ,u,vtl/”——l_ 8( )] dr > 0.
0 0 JO wzv

2

An integration by parts with respect to ¢ and (2.5) gives

1 1 1
m/ Ay() [/ —ha(rzv)zl/”—lul/“—ldu—rlf”—l/ —1_8(1+St)zsl/“_lds:|dt
0 0 tzv 0 (1—5)(1+Sl)

> 0.

Again writing w = vt and n = st reduces the above inequality to

1 t t
h 1—-58(1+
Eﬁ/ Ay ()t /v- e [/ —a(wz)wl/“qdw—/ —( n)znl/ﬂldn:l dr
0 0wz o (I=9)A+n)

ZO’

which after integration by parts with respect to ¢ yields

1 L (h(t2) 1—8(1+1)
1/pn—1 —
sﬁ/o My, (D)1 ( p (1_5)(1+r)2)dt

Thus F € $*(§) if and only if L7, (hs) > 0.

w

Finally, to prove the sharpness, let f € Wg(a, y) be of the form for which

/@)

14z
- )

1—z

+@=2) '@ +yzf"@Q=p+10-B)

(I—-a+2y)
Using a series expansion we obtain that

1

Zn-H
(mv+Dmru+1)

f@=z+20-p
n=1

Thus

ftz)

t

1
F(z) = Vi(f) (@) =/0 A1)

o0
T
dr =z +2(1 — ‘ ntl
2+ 2 ﬂ);(nv—l—l)(nu—l—l)z

where 1, = fol A(t)t"dt. From (2.6), it is a simple exercise to write g(f) in a series

expansion as
o

2 (=D)'n+1-19) ,
I—SZ(nv+l)(n/L+1)t '

n=1

(3.10)

g) =1+
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Now, by (3.1) and (3.10), we have

1
% = —/O A(t)g(t)dr

o0

_ 2 sV tl-9),
__/0 ’W)[H 1—8Z(nv+1)(nu+l)t }df

n=1

o]

2 (=D)'n+1-=8) [!
_1—8Z(nv+1)(nu+1) 0

n=1

A()t"dr.

Therefore

1 2 Z (=D"(n+1-=938)1, G.11)

-8 1-3 v+ Dap+ D

n=1

Finally, we see that

(n+ Dy .
v+ Dp+ 1)

F@y=1+20-p>"
n=1

For z = —1, we have

(=D"(n+ D1y
(mv+Dmu+1)

Fl(-)=1+201-8)>
n=1

_ e D=, N (=D,
=1+ ﬂ)nZ:; (nv+ D(np + 1) 20 ﬂ);(nv+l)(nu+l)

(—D" 1y
(nv+Dnrp+1)

s =1+20 D)
e U _ﬁ)z(anrl)(nMJrl)

n=1
— _§F(—1).

=1-(1-8+820-p>
n=1

Thus zF'(z)/F(z) at z = —1 equals 8. This implies that the result is sharp for the
order of starlikeness.

4 Consequences of Theorem 3.1

Theorem 4.1 Let 0 < § < 1/2. Assume that both 1, ,(t) and A,(t), as given
in Theorem 3.1, are integrable on [0,1] and positive on (0,1). Further assume that
w>1,and
I, 0 (2)
A+ —1)!+2

is decreasing on (0, 1). “.1)
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658 S. Verma et al.

If B satisfies (3.1), then we have Vy(Wg(a, y)) C S*(8), where V. (f) is defined by
(1.1).

Proof For > 1, the function !/#~1 is decreasing on (0,1). Thus the condition (4.1)
along with [8, Theorem 2.3] gives

%/11_[ (1 (h(tz)_ 1—8(0+1) )dt>0
B A 17 (1—8)(1+1)2 -

The result now, follows from Theorem 3.1. O

Below, we obtain the conditions to ensure starlikeness of V, (f). As defined in
Theorem 3.1, for y > 0,

! 1v—1-1 P o)
n,w(t)z/ Ay ()x V1= rgy and Au(t):/ xl/vdx.
t t

In order to apply Theorem 4.1, we have to prove that the function

I, (1)
(I+0)(1 —1)1+2

p(t) =

is decreasing in (0,1). Since p(¢) > 0 and

p@ Ay(1) 20t +38(1+1)
p(ty VeI, () 1—1¢2 ’
or equivalently,
Pl 20+8(1+1) [ (1 —2)A, () =1=1m
= 2 H;,L,V(t)_ )
p@) (=9I, () 2(t +6(1 +1))

so it remains to show that g (¢) is increasing over (0,1), where

(1 =) A, ()t /v=1=m
2+ 61 +1))

q) = H,u,v(t) -

Since g(1) = 0, this will imply that g(t) < 0, and thus p(¢) is decreasing on (0,1).
Now

tl/v—l—l/p.(l +1)

20t + (1 +1))2

1—
+A, (1) ((t—t)(l/v—l—1/;L)(t+8(1+t))—(1—t—8(1 +1)(1+ 28))].

4.2)

q'(t) = — [ —xOA =)@+ 80 +1)
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So, ¢’(t) > 0 fort € (0, 1) is equivalent to the inequality r(r) < 0, where r(¢) is
equal to

—AOVA =@+ 80 +1))

1_
+AL (D) (( t)(l/v 1= +81+1)— 1 —t—8(1+1)1 +25)).

By using the idea similar to the one used to prove Theorem 3.1 in [3], we can write

r(t) = —AWDX (1) + Q A(s)ds,

t

where,

A(t) = Ay,

Xt)=U0—-0)+5(1+1)),

Y@&)=X®O)A/v—1-1/u)+Z@),

Z(t) =—t(1—t—=681+1)A +29). 4.3)
Clearly, A(¢) > 0 and X(¢) > O forall ¢ € (0, 1).
Case (i). If Y(r) < 0on (0,1), then r(z) < 0 on (0,1) and thus the result follows.
Case (ii). When Y () > 0. We may write

r(t) = QB(t) where B(t) = —A(t) (([))

+/ A(s)ds, and B(1) = 0.
t

Thus, to prove that r(¢) < 0, it is enough to prove that B(¢) is an increasing function
of . Now

, A1) £X (1)
B'(1) = A()[A(z) - +( )(t)+ }

_r—l/vx(z)[(ti(g) 1) );g)) +( ) ) + }

For Y (¢) > 0, B’(t) > 0 is equivalent to

0 (X Y@
A 5 - [] +< ) (t)} X)) *4)

Now, following three possibilities arise:

(a). If Y(¢+) > 0O throughout the interval (0,1), then (4.4) implies that B’(r) > 0 on
(0,1). Thus, B(t) is increasing in (0,1) which implies that, B(t) < B(1) = 0.
Therefore, r(t) < 0 on (0,1).
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(b). If Y(¢) > 0 on some interval (0, f9) and Y () < 0 on [ty, 1) for some ¢y € (0, 1),
then (4.4) implies that B’(r) > 0 on (0, fp). Thus, B(¢) is increasing in (0, fp)
which implies that, B(t) < B(fg) for any ¢ in (0, fp). Since B(ty) — —o0, this
implies that B(¢) is negative. Therefore, r(t) < 0 on (0, #p). In view of Case (i),
r(t) < 0 whenever Y (¢) < 0. Thus, r(z) < 0 on (0,1).

(c). If Y(r) < 0 on some interval (0, fo] and Y (t) > 0 on (¢y, 1) for some 7y € (0, 1),
then (4.4) implies that B’(r) > 0 on (f9, 1). Thus, B(¢) is increasing in (zg, 1)
which implies that, B(¢) < B(1) = 0 for any ¢ in (f, 1). Therefore, r(t) < 0
on (fp, 1). In view of Case (i), r(#) < 0 whenever Y () < 0 which implies that,
r(t) <0on(0,1).

Subcase (i). For 6 = 0, X (r) and Y (¢) reduces to the simple form
1 1
Xt)=t(l—t) and Yt)=t(l—t)|——2——]).
v 0
o 1 .
Clearly Y () <0on(0,1)if ——2—— < Qorsimplyv > nu/(2u+ l)andsor(t) <0
v w
in this case. On the other hand, if 0 < v < /(2w + 1) on (0,1), then Y (¢) > 0 on
(0,1) and thus (4.4) gives that

A (t 1
()<1+_

At T iz

on (0,1) and hence r(#) < 0 throughout the interval (0,1).
In the case when y = 0, we have u = 0, v = o > 0. Let

P
Tia dx.

k@) = Ay (D171, where Ay(t) =/
t

To apply Theorem 2.3 in [9] along with Theorem 3.1, the function P(t) =
k(t)
(141)(1—1)1+20

(0,1) and

must be shown decreasing on the interval (0,1). Since, P(f) > 0 on

P'(t)  2(+58(1+1) [ (1 — 2K (1)

P(t) B (1 - tz)k(t) 2(1‘ =+ 3(] + t)) + k(t)] s

thus, P () is decreasing in (0,1) provided

(1 — 2K (1)

o) :==k(@) + m <

Since, Q(1) = 0, thus Q(t) < 0 will certainly hold if Q is increasing on (0, 1).
/ (1 + t) _ "
—1 -1+ KD},
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Duality and Integral Transform of a Class of Analytic Functions 661

where (1 —1)(t +8(1 +1))k" (1) +[28( +8(1 +1)) — (1 —1)(1 4+ 8)]k'(¢) is equal to

/a2 [t(l — D+ 81+ 1))A () + [2 (é — 1) A=0)(+8(1+1))

+268(t + 81+ 1) —t(1 —)(1 + 5)}

1 _
A (1) + [(; —2) d - t)(t+8(1 +1)+25+8(1+1)

(1= +5)} (é - 1) Aa(f)]-

Thus, Q'(r) > 0, for ¢ € (0, 1), is equivalent to the inequality

[z(1 — D+ 814+ D)A" @) + [2 (é - 1) (1= +8(1+1)

+ 218 +8(1+1) —t(1 —1)(1 + 8)}A,/(t)

1

+ [(& —2) d t_[)(t+8(1 +1)+25(t+8(+1)

—( =+ a)} (é - 1) Aa(t)] >0,
The latter condition is equivalent to A(#) > 0, where
At) = {—tk/(t)(l — D+ 81 +1)+ A@1) [(2 - é) (1= +8(1+1)
=2t8(t+8(1+t)+t(1—1)(1 + 8):|

+ [(é - 2) (L =)t +8(1 +1)) +268(t + 8(1 +1))

—1(1 =01 +5)} (é - 1) tl/“_lAa(t)} .

A simple computation along with (4.3) shows that A can be rewritten as

—t XN (@) + [(3 - é) X(@) — (X)) + Z(t))} A)

+ [(é - 3) X(t)+ (X(@) + Z(z))] (é — 1) I (). (45)
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662 S. Verma et al.

Since Ay (¢) > 0 and setting

[(l - 3) X))+ (X(@) + Z(t)):| (l — 1) >0,
[07 o

A > 0 follows from
—t XN (@) + |:(3 - é) X)) — (X&) + Z(t))i| A(t) = 0.

Since X () is non-negative on (0,1), thus the inequality A > 0 follows from

A (t) 1 X))+ Z(2) 1 1
) < (3 - a)_—X(I) and |:(a - 3) X(t)+(X(t)+Z(t)):| (&—1)

> 0. (4.6)

For § = 0, (4.6) reduces to

tA (1) 1 1 1 .
<3——for | ——1 ——3) > 0 or equivalently for « € (0, 1/3] U [1, 00).

o
These observations for § = 0 lead to the following result by, Alietal. [1, Theorem 4.2].

Corollary 4.1 Assume that both T1,, ,(t) and A, (t), as defined in Theorem 3.1 are
integrable on [0,1], and positive on (0,1). Let A(t) be a normalized non-negative
real-valued integrable function on [0,1]. Under the same conditions as stated in The-
orem 3.1, if ) satisfies

’ 1 .
1 (1) <[1+,ﬂ w= 1y > 0); wn

A1) 3-1 ¥y =0,0€(0,1/31U[l, 00,

then F(z) = V,(f)(z) € S*. The conclusion does not hold for smaller values of B.

Subcase (ii). If 0 < § < 1/2 with y > 0, then (4.4) can be rewritten as

1 A1) ) , ,
(; — G, )X(t)Y(t) >Y O +YOX @)+ X(@) —Y ()t X(2).

Since Y (t) = X (t)(1/v — 1 — 1/u) + Z(t), so the above inequality is equivalent to

1 1 1 ()
(——1——)[X(t)+Z(t)]X(t)—(1+—— )
M jz

v A1)

(-1-3)xo+z0]
—— ==X+ Z@)
v I

< Z' (X @) = ZWOEX @) = Z2(0). (4.8)
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Define D(t) = t(1 + 8) — (1 — §). Rewriting the expressions for X (¢) and Z(¢) in
terms of D(t), we get

Xt)=1A—-0)(D@)+1) and Z(t) = (1 +28)tD(t)
and so a simple computation gives that
Z'(OEX (1) — Z(1)( X) (1) — Z2(1) = 28(1 4 28)1%(1 — D*(1)). 4.9)

Since Dz(t) < lfort € [0, 1]thus (4.9) is non-negative in (0,1). Since X ()+ Z(¢) and
X (t) are non-negative on (0,1), soif (1/v — 1 — 1/u) < Oorsimply v > u/(u + 1),
then the inequality (4.8) holds on the interval where Y () > 0 and hence, () < 0 on
(0,1).

While on the other hand, for 0 < § < 1/2 with y = 0, from (4.6) we have

tA (1) 1 X+Z(@) 1 1
A(t)S(3—;)—--——X—(5——and[(;—3)X(t)+(X(t)+Z(t))](;—-1)

> 0.

Since X (¢) and X (¢) + Z(¢) are non-negative on (0,1), thus equivalently,

tA (1) <3 l
Aty — o

, for a € (0, 1/3].

Hence, for 0 < § < 1/2 with y = 0, we have A > 0 throughout the interval (0,1).
Thus, we see that above Corollary continues to hold for § € (0, 1/2] but with some
restrictions. More precisely, we have

Theorem 4.2 Let A(t) be a non-negative real-valued integrable function on [0,1].
Assume that both 11, ,,(t) and A, (t) are integrable on [0,1], and positive on (0,1).
Let ) satisfying the condition

/ 1 .
tA (1) - I+4. nz=1y>0):; @10)
A(t) 3-1 y=0,0e(0,1/3]
Let f € Wg(a,y) withv > u/(u+ 1), and B < 1 with
B /1
—_— = M) g(t)dr, 4.11
=5 A ()g() 4.11)

where g(t) is defined by (2.6) with § € (0, 1/2].Then F(z) = Vo (f)(z) € S*(8). The
conclusion does not hold for smaller values of B.
Remark 4.1

1. Fora =1+ 2y with y > 0 and = 1, Theorem 4.2 yields Theorem 3.1 in [3]
with0 < 8 < 1/2.
2. With § = 0, our Corollary 4.1 coincides with the Theorem 4.2 in [1].
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5 Applications

In this section, we present a number of applications of Theorem 4.2 for various well-
known integral operators. Let (a), denote the Pochhammer symbol, defined in terms
of the Gamma function, by

(@) _Ta+n _ |1, n =0,
D= @) a@+1)..a+n—1), neN.

Define the Gaussian hypergeometric function by

o]

(@)n(D)n
2Fi(a,b;c;z) = F(a,byc;2) = ) ———2", |zl <1,
§ ©n (D
n=
where a, b and ¢ are complex numbers with ¢ # 0, —1, —2, .. .. Note that the series

2 F1 converges absolutely for z € E. Now let & be defined by ®(1 — 1) = 1 +
>l by(1—1)", by, > 0forn > 1, and

Ao = KiP' 1 =) Po1 — 1), (5.1
where K is a constant chosen such that fol A(t)dt = 1. The following result holds in

this instance.

Theorem 5.1 Leta, b,c, o >0, v > u/(u+ 1) and B < 1 satisfy

1
F_ —K/ PN = TP e (1 — ng(r)de,
1-8 0

1
where K is a constant such that K A1 =)o —)dt = 1 and g is

0
given by (2.6). Then for § € [0, 1/2], we have V,(Wg(a, y)) C S*(8) provided the
following condition hold

241 y>ow=1)
c>a+b and b < H 5.2)
4-1 y>0ae/4,1/3],
where
1
t
Vi(f)(z) = K/ P = te —t)f(tz)dt.
0

The value of B is sharp.
Proof Using (5.1), we have

tA (1) b1 (c—a—Db)t 3 td'(1 — t).
A 1—1t O(1—1)
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The condition (4.10) is satisfied when

b-1) -

(c—a—by 11— _ L+, p=1y >0
-1 @1 1) 3-1 y=0ae(0,1/3]
Since ®(1 —1) =1+ Zflozl b,(1 —1)", b, > 0forn > 1, so the functions ®(1 — 1)

and @’ (1 — 1) are non-negative in (0,1). Therefore, a simple computation of (b — 1) —

@ with ¢ —a — b > 0, implies that the condition (4.10) is satisfied whenever b

satisfies (5.2). Hence the result follows by applying Theorem 4.2. O

Writing y = 0, « > 0 in Theorem 5.1 leads to the following corollary:
Corollary 5.1 Leta, b, c, o > 0, and B < 1 satisfy

1
F_ —K/ PN = )P D (1 — 1) ge (1)dt,
1-p 0

1
where K is a constant such that K A1 = Pd1 — 1)dr = 1 and 8o IS

0
given by (2.7). If f € Wg(a, 0) = Py (B), then the function

1
Vi(f)(2) = K/ P —nte - t)@dt
0

belongs to S*(8) with § € (0, 1/2] whenever a, b, ¢ are related by ¢ > a + b and
b<4-— é, a € (1/4,1/3], forallt € (0, 1). The value of B is sharp.

Writinge = 142y, > O0and © = 1in Theorem 5.1 gives the following corollary,
which is an improvement of the Theorem 4.3 in [3]:

Corollary 5.2 Leta, b,c >0,y > 1/2 and B < 1 satisfy

1
B _ —K/ P =P —1)g, (n)dr,
1-8 0

1
where K is constant such that K 1A =P o —1)dr = 1 and gy is given
0
by (2.7). If f € Wg(1 + 2y, y), then the function

dt

1
i@ =k [t —oereq 9
0

belongs to S*(8) with § € (0, 1/2] whenever a, b, ¢ are related by ¢ > a + b and
0<b<3 forallt € (0,1)andy > 1/2. The value of B is sharp.

The following special case of Theorem 5.1 corresponds to Bernardi operator, which
we state as a theorem.
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Theorem 5.2 Letc > —1,v > u/(nw+ 1) and B < 1 satisfy

’3 1
TTE=—ﬂF%UAt%UML

where g in given by (2.6). If f € Wg(a, v), then the Bernardi Transform

1
Vo) @) = (1+¢) / (=1 (s
0

belongs to S*(8) with § € (0, 1/2] if

3—L1 y=0,ae(1/4,1/3].

o’

C<[1+ﬁ, w= 1y > 0);

The value of B is sharp.

Taking y = 0, o > 0 Theorem 5.2 reduces to the following corollary:

Corollary 5.3 Let —1 < c <3 —1/a, @ € (1/4,1/3] and B < 1 satisfy

:3 1
T =+l “ga(1)dt,
T—p (c+)/0tg(t)t

where gy is given by (2.7). If f € Wg(a, 0) = Py (B), then the function
1
Vi@ =1 +0) / 17! fez)ds
0

belongs to S*(8) with § € (0, 1/2). The value of B is sharp.

Remark 5.1 Foroe =14 2y,y > 0and u = | in Theorem 5.2 yields C
in [3].

To prove the next theorem, we define

agy__4+b—a
D) = @+De+D"E 2 b g
(a + 1)%t%log(1/1), b=a,

where b > —landa > —1.

Theorem 5.3 Leth > —1,a > —1,v>pu/(u+1)anda > 0. Let B <
B /1
— =— [ An)g(n)ds,
-8 0
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where g is given by (2.6) and \(t) is defined by (5.3). If f € Wg(a, y), then the
convolution operator
(aJrl)(bJrl)f 4= 1(1 tb_a)f(tz)dl, b#a;

Grla,b;z) = {
(a+1)? fo t“og(1/t) f(tz)dt, b=a.

belongs to S*(8) with § € (0, 1/2] if

a <

1+l > 1 0):
[ w=>1(y > 0) 5.4

3-L  y=0,ae/41/3]

’
The value of B is sharp.

Proof We omitted the proof as it follows on the same lines as discussed in Theorem 5.3

[11.
Remark 5.2

1. Fora =1+2y,y > 0and = 1 in Theorem 5.3 yields Theorem 4.1 in [3].
2. For y = 0, Theorem 5.3 gives a result similar to Theorem 2.1 [2].

Now, we define

A(t) = M#’ (og(1/tHP~', a>—1, p>0.
L(p)

In this case, V) reduces to the Komatu operator

A +a)yP [! NN
Vi(f)(2) = —/ (log (—)) Y7 f(tz)dt, a>—1, p>0.
C'(p) Jo t

For p = 1 Komatu operator gives the Bernardi integral operator. For this A, the
following result holds.

Theorem 5.4 Let —1 <a,a >0, p> 1, v>pu/(nw+1)and B < 1 satisfy

g d+a)f
1-8 T(p

where g is given by (2.6). If f € Wg(a, y), then the function

P 1 p—1
Q,(a;2) % f(2) = %/{) (10g (%)) 7! f(tz)dr

belongs to S*(8) with § € (0, 1/2] if

1
/ 1 (log(1/1)"~" g()dt,
0

1 .
a<[1+_ MZI(J/>O)’ (5.5)

3-1  y—0,0e/4,1/3]

o’
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The value of B is sharp.

Proof Since

() _p-1
o log(1/0)

therefore, using the fact that log(1/¢) > 0 for ¢ € (0, 1), and p > 1, condition (4.10)
is satisfied whenever a satisfies (5.5).

Remark 5.3 Settinga = 14-2y,y > 0and u = 1in Theorem 5.4, we get Theorem 4.2
in [3].
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