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Abstract We define a more general type of integral on time scales. The new diamond
integral is a refined version of the diamond-alpha integral introduced in 2006 by Sheng
et al. A mean value theorem for the diamond integral is proved, as well as versions of
Holder’s, Cauchy–Schwarz’s, and Minkowski’s inequalities.
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1 Introduction

In 1988, Hilger introduced the theory of time scales in his dissertation. This intends
to unify and extend existing continuous and discrete calculus into a uniformed theory
[1,2]. Since then, the time scale theory advanced fast, as seen by the number of
published works dedicated to the subject. Science Watch, from Thomson Reuters,
considered in October 2007, and later in February 2011, the study of equations on
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time scales as an emerging research front in the field of mathematics with “potential
applications in such areas as engineering, biology, economics and finance, physics,
chemistry, social sciences,medical sciences,mathematics education, and others.” For a
good introduction to the theory of time scales, we refer the reader to the comprehensive
books [3,4].

The delta/forward calculus and the nabla/backward calculus were the first
approaches of the calculus on time scales. In 2006, a combined diamond-α dynamic
derivative (resp. integral) was introduced by Sheng, Fadag, Henderson, and Davis,
as a linear combination of the delta and nabla dynamic derivatives (resp. integral)
on time scales [5]. Sheng et al. showed that those diamond-α derivatives offer more
balanced approximations for computational applications. Having inmind that the clas-
sical symmetric derivative is a generalization of the classical derivative and that the
classical symmetric difference quotient is generally a more accurate approximation
for the derivative than the usual one-sided quotient, an important question consists to
define a symmetric derivative on time scales, as a generalization of the diamond-α
derivative [6]. On the other hand, the problem of determining a symmetric integral is
a topic that captured the interest of many important mathematicians along the history,
such as Denjoy, James, Kurzweil, and Jarník. However, it is generally accepted that
the integrals proposed only “invert approximately” the corresponding derivative [7].
Despite this apparent limitation, these integrals have nice properties. For example,
they are useful to solve the coefficient problem for trigonometric series when the con-
ventional integral fails to exist [7]. Our goal here is to define the diamond integral as
an “approximate” symmetric integral on time scales (see Sect. 3).

The text is organized as follows. In Sect. 2, we present some preliminary results and
basic definitions necessary in the sequel. Namely, we briefly present the nabla and the
delta calculus [3,4]. We also recall the notions of diamond-α derivative and integral,
as a linear combination of the delta and nabla derivatives and integral, respectively
[5,8,9]. In Sect. 3, we introduce our diamond integral, derive some of its properties,
and prove some integral inequalities. We end with Sect. 4 of conclusion.

2 Preliminaries

A nonempty closed subset of R is called a time scale and is denoted by T. We assume
that a time scale has the topology inherited from R with the standard topology. Two
jump operators are considered: the forward jump operator σ : T → T, defined
by σ (t) := inf {s ∈ T : s > t} with inf ∅ = supT (i.e., σ (M) = M if T has a
maximum M), and the backward jump operator ρ : T → T defined by ρ (t) :=
sup {s ∈ T : s < t} with sup∅ = inf T (i.e., ρ (m) = m if T has a minimum m). If
supT is finite and left-scattered, then we defineTκ := T\{supT}, otherwiseTκ := T;
if inf T is finite and right-scattered, then Tκ := T \ {inf T}, otherwise Tκ := T. We
set Tκ

κ := Tκ ∩ T
κ .

Definition 1 ([3]) We say that a function f : T → R is delta differentiable at t ∈ T
κ

if there exists a number f � (t) such that, for all ε > 0, there exists a neighborhoodU
of t such that
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∣
∣ f (σ (t)) − f (s) − f � (t) (σ (t) − s)

∣
∣ � ε |σ (t) − s|

for all s ∈ U . We call f � (t) the delta derivative of f at t and we say that f is delta
differentiable if f is delta differentiable for all t ∈ T

κ .

Definition 2 ([3]) We say that a function f : T → R is nabla differentiable at t ∈ Tκ

if there exists a number f ∇ (t) such that, for all ε > 0, there exists a neighborhood V
of t such that

∣
∣
∣ f (ρ (t)) − f (s) − f ∇ (t) (ρ (t) − s)

∣
∣
∣ � ε |ρ (t) − s|

for all s ∈ V . We call f ∇ (t) the nabla derivative of f at t and we say that f is nabla
differentiable if f is nabla differentiable for all t ∈ Tκ .

Remark 1 If T = R, then f � = f ∇ = f ′, where f ′ denotes the usual derivative on
R. If T = Z, then f �(t) = f (t + 1) − f (t) and f ∇(t) = f (t) − f (t − 1), i.e., f �

and f ∇ are, respectively, the usual forward and backward difference operators. For
any time scale T, if f is a constant function, then f � = f ∇ ≡ 0; if f (t) = kt for
some constant k, then f � = f ∇ ≡ k.

Let a, b ∈ T, a < b. In what follows, we denote [a, b]T := {t ∈ T : a ≤ t ≤ b}.
Definition 3 ([3]) A function F : T → R is said to be a delta antiderivative of
f : T → R, provided F� (t) = f (t) for all t ∈ T

κ . For all a, b ∈ T, a < b, the delta
integral of f from a to b (or on [a, b]T) is defined by

∫ b

a
f (t)�t = F (b) − F (a) .

Definition 4 ([3]) A function G : T → R is said to be a nabla antiderivative of
g : T → R, provided G∇ (t) = g (t) for all t ∈ Tk . For all a, b ∈ T, a < b, the nabla
integral of g from a to b (or on [a, b]T) is defined by

∫ b

a
g (t)∇t = G (b) − G (a) .

For the properties of the delta and nabla integrals, we refer the readers to [3,4].

Remark 2 If T = R, then
∫ b
a f (t)�t = ∫ b

a f (t)∇t = ∫ b
a f (t) dt , where the last

integral is the usual Riemman integral. If T = hZ, for some h > 0, and a, b ∈ T, a <

b, then
∫ b

a
f (t)�t =

∑ b
h −1

k= a
h

h f (kh) and
∫ b

a
f (t)∇t = ∑ b

h
k= a

h +1 h f (kh).

To provide a shorthand notation, for a function f : T → Rwe let f σ (t) := f (σ (t))
and f ρ(t) := f (ρ(t)).
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Definition 5 ([8]) Let t, s ∈ T and define μts := σ (t) − s and ηts := ρ (t) − s. We
say that a function f : T → R is diamond-α differentiable at t ∈ T

κ
κ if there exists a

number f ♦α (t) such that, for all ε > 0, there exists a neighborhood U of t such that,
for all s ∈ U ,

∣
∣
∣α

[

f σ (t) − f (s)
]

ηts + (1 − α)
[

f ρ (t) − f (s)
]

μts − f ♦α (t) μtsηts

∣
∣
∣

� ε |μtsηts | .

A function f is said to be diamond-α differentiable provided f ♦α (t) exists for all
t ∈ T

κ
κ .

Theorem 1 ([8]) Let 0 � α � 1 and let f be both nabla and delta differentiable at
t ∈ T

κ
κ . Then f is diamond-α differentiable at t and

f ♦α (t) = α f � (t) + (1 − α) f ∇ (t) . (1)

Remark 3 If α = 1, then the diamond-α derivative reduces to the delta derivative; if
α = 0, then the diamond-α derivative coincides with the nabla derivative.

Remark 4 The equality (1) is given as the definition of the diamond-α derivative in
[5].

Definition 6 ([8]) Let a, b ∈ T, a < b, h : T → R and α ∈ [0, 1]. The diamond-α
integral (or ♦α-integral) of h from a to b (or on [a, b]T) is defined by

∫ b

a
h (t)♦αt = α

∫ b

a
h (t)�t + (1 − α)

∫ b

a
h (t)∇t,

provided h is delta and nabla integrable on [a, b]T.

For properties, results, and integral inequalities concerning the diamond-α integral,
we refer the reader to [10–13] and references therein.

3 The Diamond Integral

In the classical calculus, one can find several attempts to define a symmetric integral—
see e.g., [7,14]. However, those integrals invert only “approximately” the symmetric
derivatives [14]. In the quantum setting, symmetric integrals are available, namely
the q-symmetric integral—see e.g., [15,16]—and the Hahn symmetric integral, that
inverts the Hahn symmetric derivative [17]. In the more general setting of time scales,
the problem of determining a symmetric integral is an interesting open question. In
particular, such integral would be new, and of great interest, even in the classical case
T = R. Given the similarities and the advantages of the recent symmetric derivative
with respect to the diamond-α derivative [6], we claim that the diamond integral here
introduced brings us closer to the construction of a genuine symmetric integral on
time scales.
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We borrow from [6] the real function

γ (t) := lim
s→t

σ (t) − s

σ (t) + 2t − 2s − ρ (t)
,

which plays an important role in the definition of our diamond integral (Definition 7).
Note that γ is well defined, 0 � γ (t) � 1 for all t ∈ T, and

γ (t) =
{

1
2 if t is dense,

σ (t)−t
σ(t)−ρ(t) if t is not dense.

Definition 7 (diamond integral) Let f : T → R and a, b ∈ T, a < b. The diamond
integral (or ♦-integral) of f from a to b (or on [a, b]T) is given by

∫ b

a
f (t)♦t :=

∫ b

a
γ (t) f (t)�t +

∫ b

a
(1 − γ (t)) f (t)∇t,

provided γ f is delta integrable and (1 − γ ) f is nabla integrable on [a, b]T. We say
that the function f is diamond integrable (or ♦- integrable) if it is ♦-integrable on
[a, b]T for all a, b ∈ T.

Remark 5 The ♦-integral coincides with the ♦α-integral when the function γ is con-
stant and equal to α. There are several important time scales where this happens. For
instance, when T = R or T = hZ, h > 0, the ♦-integral is equal to the ♦ 1

2
-integral.

Since the fundamental theorem of calculus is not valid for the ♦α-integral (see [5]), it
is clear that the fundamental theorem of calculus is also not valid for the ♦-integral.
Hence, the diamond integral is not a genuine symmetric integral on time scales.Despite
this limitation, we show that the new integral satisfies some important properties.

Example 1 Let f : Z → R be defined by f (t) = t2. Then,

∫ 2

0
f (t)♦t = 1

2

∫ 2

0
f (t)�t + 1

2

∫ 2

0
f (t)∇t = 1

2

1
∑

t=0

f (t) + 1

2

2
∑

t=1

f (t)

= 1

2
(0 + 1) + 1

2
(1 + 4) = 3.

Example 2 Let f : [0, 1] ∪ {2, 4} → R be defined by f (t) = 1. Then,

∫ 4

0
f (t)♦t =

∫ 1

0
1dt +

∫ 2

1
γ (t)�t +

∫ 4

2
γ (t)�t

+
∫ 2

1
(1 − γ (t))∇t +

∫ 4

2
(1 − γ (t))∇t

= 1 + γ (1) + 2 · γ (2) + (1 − γ (2)) + 2 · (1 − γ (4)) = 17

3
.
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Note that, in this example, and independently of the value of α, our diamond integral
is different from the diamond-α integral:

∫ 4

0
f (t)♦αt =

∫ 1

0
f (t)♦t + α

∫ 4

1
1�t + (1 − α)

∫ 4

1
1∇t

= 1 + 3α + (1 − α) 3 = 4 �= 17

3
.

The ♦-integral has the following properties.

Theorem 2 Let f, g : T → R be ♦-integrable on [a, b]T. Let c ∈ [a, b]T and λ ∈ R.
Then,

1.
∫ a

a
f (t)♦t = 0;

2.
∫ b

a
f (t)♦t =

∫ c

a
f (t)♦t +

∫ b

c
f (t)♦t;

3.
∫ b

a
f (t)♦t = −

∫ a

b
f (t)♦t;

4. f + g is ♦-integrable on [a, b]T and
∫ b

a
( f + g) (t)♦t =

∫ b

a
f (t)♦t +

∫ b

a
g (t)♦t;

5. λ f is ♦-integrable on [a, b]T and
∫ b

a
λ f (t)♦t = λ

∫ b

a
f (t)♦t;

6. f g is ♦-integrable on [a, b]T;
7. for p > 0, | f |p is ♦-integrable on [a, b]T;

8. if f (t) � g (t) for all t ∈ [a, b]T, then
∫ b

a
f (t)♦t �

∫ b

a
g (t)♦t;

9. | f | is ♦-integrable on [a, b]T and

∣
∣
∣
∣

∫ b

a
f (t)♦t

∣
∣
∣
∣
�

∫ b

a
| f (t)| ♦t .

Proof The results follow straightforwardly from the analogous properties of the nabla
and delta integrals. 
�

Next we extend to the diamond integral some results obtained in [10,11] for the
♦α-integral.

Theorem 3 (Mean value theorem for the diamond integral) Let f, g : T → R be
boundedand♦-integrable functions on [a, b]T, and let g benonnegative or nonpositive
on [a, b]T. Let m and M be the infimum and supremum, respectively, of function f .
Then, there exists a real number K satisfying the inequalities m � K � M such that

∫ b

a
( f g) (t)♦t = K

∫ b

a
g (t)♦t.
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Proof Without loss of generality, we suppose that g is nonnegative on [a, b]T. Since,
for all t ∈ [a, b]T ,m � f (t) � M and g (t) � 0, thenmg (t) � f (t) g (t) � Mg (t)
for all t ∈ [a, b]T. Each of the functions mg, f g, and Mg is ♦-integrable from a to b
and, by Theorem 2, one has

m
∫ b

a
g (t)♦t �

∫ b

a
f (t) g (t)♦t � M

∫ b

a
g (t)♦t.

If
∫ b
a g (t)♦t = 0, then

∫ b
a f (t) g (t)♦t = 0 and we can choose any K ∈ [m, M].

If
∫ b
a g (t)♦t > 0, then m �

∫ b
a f (t) g (t)♦t
∫ b
a g (t)♦t

� M , and we choose K :=
∫ b
a f (t) g (t)♦t
∫ b
a g (t)♦t

. 
�

We now present ♦-versions of Hölder’s, Cauchy–Schwarz’s, and Minkowski’s
inequalities.

Theorem 4 (Hölder’s inequality for the diamond integral) If f, g : T → R are
♦-integrable on [a, b]T, then

∫ b

a
| f (t) g (t)| ♦t �

(∫ b

a
| f (t)|p ♦t

) 1
p
(∫ b

a
|g (t)|q ♦t

) 1
q

,

where p > 1 and q = p

p − 1
.

Proof For λ, β ∈ R
+
0 and p, q such that p > 1 and 1

p + 1
q = 1, the following

inequality holds (Young’s inequality):

λ
1
p β

1
q � λ

p
+ β

q
.

Without loss of generality, let us suppose that
(∫ b

a | f (t)|p ♦t
) (∫ b

a |g (t)|q ♦t
)

�= 0

(note that both integrals exist by Theorem 2). Define

λ (t) := | f (t)|p
∫ b
a | f (τ )|p ♦τ

and β (t) := |g (t)|q
∫ b
a |g (τ )|q ♦τ

.

Since both functions λ and β are ♦-integrable on [a, b]T, then

∫ b

a

| f (t)|
(∫ b

a | f (τ )|p ♦τ
) 1

p

|g (t)|
(∫ b

a |g (τ )|q ♦τ
) 1

q

♦t =
∫ b

a
(λ (t))

1
p (β (t))

1
q ♦t

123



1460 A. M. C. Brito da Cruz et al.

�
∫ b

a

(
λ (t)

p
+ β (t)

q

)

♦t

= 1

p

∫ b

a

(

| f (t)|p
∫ b
a | f (τ )|p ♦τ

)

♦t

+ 1

q

∫ b

a

(

|g (t)|q
∫ b
a |g (τ )|q ♦τ

)

♦t

= 1

p
+ 1

q
= 1,

proving the intended result. 
�
Corollary 1 (Cauchy–Schwarz’s inequality for the diamond integral) If f, g : T → R

are ♦-integrable on [a, b]T, then

∫ b

a
| f (t) g (t)| ♦t �

√
(∫ b

a
| f (t)|2 ♦t

)(∫ b

a
|g (t)|2 ♦t

)

.

Proof This is a particular case of Theorem 4 where p = 2 = q. 
�
Theorem 5 (Minkowski’s inequality for the diamond integral) If f, g : T → R is
♦-integrable on [a, b]T and p > 1, then

(∫ b

a
| f (t) + g (t)|p ♦t

) 1
p

�
(∫ b

a
| f (t)|p ♦t

) 1
p

+
(∫ b

a
|g (t)|p ♦t

) 1
p

.

Proof If
∫ b
a | f (t) + g (t)|p ♦t = 0, then the result is trivial. Suppose that

∫ b
a | f (t) + g (t)|p ♦t �= 0. Since

∫ b

a
| f (t) + g (t)|p ♦t =

∫ b

a
| f (t) + g (t)|p−1 | f (t) + g (t)| ♦t

�
∫ b

a
| f (t)| | f (t) + g (t)|p−1 ♦t

+
∫ b

a
|g (t)| | f (t) + g (t)|p−1 ♦t,

then, by Hölder’s inequality (Theorem 4) with q = p

p − 1
, we obtain that

∫ b

a
| f (t) + g (t)|p ♦t �

⎡

⎣

(∫ b

a
| f (t)|p ♦t

) 1
p

+
(∫ b

a
|g (t)|p ♦t

) 1
p

⎤

⎦

×
(∫ b

a
| f (t) + g (t)|(p−1)q ♦t

) 1
q

.
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Dividing both sides by
(∫ b

a | f (t) + g (t)|p ♦t
) 1

q
, we arrive to the intended inequality:

(∫ b

a
| f (t) + g (t)|p ♦t

) 1
p

�
(∫ b

a
| f (t)|p ♦t

) 1
p

+
(∫ b

a
|g (t)|p ♦t

) 1
p

.


�

4 Conclusion

Combined delta and nabla derivatives, as well as combined integrals, are increas-
ingly getting more attention in approximating functions and solutions of differential
equations. The recent symmetric derivative on time scales [6] unifies the symmetric
derivatives of classical analysis and quantum calculus. Moreover, it is a generalization
of the delta and nabla derivatives on time scales. It is important to note that the sym-
metric derivative on time scales is different from the delta and nabla derivatives: for
example, the absolute value function is neither delta nor nabla differentiable but it is
symmetric differentiable. When a function is simultaneously delta and nabla differen-
tiable, the symmetric derivative can then be written as a time-dependent combination
of those derivatives. In this paper, we introduce a new type of integral on time scales,
the diamond integral, based on the definition of the symmetric derivative [6]. Instead
of a constant parameter, like in the definition of the diamond-α integral [5,8], we
propose a new version of the diamond integral with a time-dependent parameter. The
diamond integral is the Riemman integral when the time scale is T = R and is an
arithmetic average of the delta and nabla integrals when the time scale isT = Z or any
other time scale with the forward graininess functionμ(t) := σ(t)− t or the backward
graininess function ν(t) := t −ρ(t) constant. We prove that this new integral satisfies
important properties such as the mean value theorem and Hölder and Minkowski type
inequalities. It is well known that integral inequalities on time scales play a major
role in the development of other areas of mathematics. For example, in the calculus
of variations, Hölder and Minkowski type inequalities can be used to find explicitly
the extremizers for some classes of variational problems on time scales [18]. We trust
that our diamond integral on time scales is interesting and useful, and will lead to
subsequent investigations with important applications.
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