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Abstract In this paper, we present some results on the existence of random coinci-
dence points of expansive type completely random operators. Some applications to
random fixed point theorems and random equations are given.
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1 Introduction

Let (€2, F, P) be a probability space, X, Y be separable metric spaces and f : 2 x
X — Y be a random operator in the sense that for each fixed x in X, the mapping
f(,x) o+ f(w,x)ismeasurable. The random operator f is said to be continuous
if for each w in €2, the mapping f(w,.) : x — f(w, x) is continuous. An X-valued
random variable £ is said to be a random fixed point of the random operator f :
Qx X — Xif f(w,§(w)) = &(w) a.s. and an X-valued random variable & is said
to be a random coincidence point of the random operators f, g : @ x X — X if

f, () = g(w, £E(w)) as.
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1610 P. T. Anh

The theory of random fixed points and random coincidence points is an important
topic of the stochastic analysis and has been investigated by various authors (see, e.g.
[2-5,14-18]).

In this paper, we are concerned with mapping @ : L())( () — Lg (£2). Since a
random operator f can be viewed as an action which transforms each deterministic
input x in X into a random output f(x) in L} (w) while ® : L¥(Q) — LI (Q)
can be viewed as an action which transforms each random input u in L(’)( (2) into a
random output ®u, we call ® a completely random operator. In the Sect. 2, we present
some properties of completely random operators. Section 3 deals with the notion of
random coincidence points of completely random operators and gives some conditions
ensuring the existence of a random coincidence point of expansive type completely
random operators. It should be noted that the existence of a random coincidence point
of completely random operators does not follow from the existence of corresponding
deterministic coincidence point theorem as in the case of the random operator. In the
Sect. 4, some applications to random fixed point theorems and random equations are
presented.

2 Some Properties of Completely Random Operators

Let (2, F, P) be a complete probability space and X be a separable Banach space.
A mapping £ : @ — X is called an X-valued random variable if & is (F, B(X))-
measurable, where B(X) denotes the Borel o -algebra of X. The set of all (equivalent
classes) X-valued random variables is denoted by L()f (2) and it is equipped with the
topology of convergence in probability. For each p > 0, the set of X-valued random
variables & such that E||&||” < oo is denoted by L;((Q).

At first, recall that (see, e.g. [22])

Definition 2.1 Let X, Y be two separable Banach spaces.

(1) A mapping f : 2 x X — Y is said to be a random operator if for each fixed x
in X, the mapping  — f(w, x) is measurable.

(2) The random operator f : 2 x X — Y is said to be continuous if for each w in
the mapping x — f(w, x) is continuous.

(3) Let f, g : 2 x X — Y be two random operators. The random operator g is said
to be a modification of f if for each x in X, we have f(w, x) = g(w, x) a.s.
Noting that the exceptional set can depend on x.

The following is the notion of the completely random operator.
Definition 2.2 Let X, Y be two separable Banach spaces.

(1) A mapping ® : Lé{ (Q) — Lg (2) is called a completely random operator.

(2) The completely random operator P is said to be continuous if for each sequence
(un) in L (Q) such that lim u, = u a.s., we have lim ®u,, = du ass.

(3) The completely random operator @ is said to be continuous in probability if
for each sequence (u;) in Lé{ (€2) such that lim u,, = u in probability, we have
lim ®u,, = du in probability.
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(4) The completely random operator @ is said to be an extension of a random operator
f:Qx X — Yifforeachxin X

Px(w) = f(w, x) as.

where for each x in X, x denotes the random variable u in L())( (£2) given by
u(w) =x as.

For later using, we list some following results.

Theorem 2.3 [24, Theorem 2.3] Let f : Q@ x X — Y be a random operator admitting
a continuous modification. Then, there exists a continuous completely random operator
o L())( (2) —> Lg(Q) such that ® is an extension of f.

Proposition 2.4 [24, Proposition 2.4] Let ® : L¥(Q) — L} (Q) be a completely
random operator. Then, the continuity of ® implies the continuity in probability of .

3 Random Coincidence Points of Completely Random Operators

Let f,g : 2 x X — X be random operators. Recall that (see, e.g. [1,3,18]), an
X-valued random variable & is said to be a random fixed point of the random operator

fif
[, () =§w) as.

An X-valued random variable u* is said to be a random coincidence point of two
random operators f, g if

[, u*(w) = g(w, u*(w)) as.

Assume that f, g are continuous. Then, by Theorem 2.3 the mappings &, W :
L () — L¥ () defined respectively by

Pu(w) = f(w, u(w))
Vu(w) = g(w, u(w))

are completely random operators extending f and g, respectively. For each random
fixed point £ of f, we get

P& (w) = &(w) as.
and for each random coincidence point u* of two random operators f, g, we have
du*(w) = Yu*(w) a.s.

This leads us to the following definition.
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1612 P. T. Anh

Definition 3.1 (1) Let ® : LY () — L{ (Q2) be a completely random operator. An
X-valued random variable £ in L())( (€2) is called a random fixed point of & if

E =&

(2) Let &1, ©,, ..., P, : L(}){(Q) — L())((Q) be completely random operators. An
X-valued random variable u* in L())( (2) is called a random coincidence point of
D, Py, ..., D, if

Du* = Pu* = ... = du*. 3.1

In this section, we present some conditions ensuring the existence of a random
coincidence point of completely random operators.

Theorem 3.2 Let ©, ¥, 0O : L())( (2) —> Lg(Q) be continuous in probability com-
pletely random operators, ®, W be surjective and f : [0, co) — [0, 00) be a mapping
such that for each t > 0,

h(t) = inf L&

st s

> 0. 3.2)
Assume that for any random variables u, v in L())( () andt > 0, we have
P (|®u — Y| >¢t) > P (|Ou — Ov| + f (|Ou — Ov])) > 1). (3.3)

Then, ®, ® have a random coincidence point and V, ® have a random coincidence
point if there exist random variables ug, vg in Lé( () and p > 0 such that vy = Ouy
and

M = E||®uvy — Ouyp||? < oo. (3.4)

Proof Suppose that E||®vy — Oug||’ < oo for random variables ug, vg in L(’)( ()
such that ®vy = Oug and p > 0. Because &, ¥ are surjective, there exists a random
variable u in LX () such that ®u; = Oug, u; = vo. Again, there exists a random
variable us in L{ (€2) such that Wu; = ©u;. By induction, there exists a sequence
(un) in LY () such that

Qu; = Oup, Yuy = Ouy, ..., Pusp+1 = Ouoy, Yuopyr = Ouopyy n=1,2, ...
3.5)

We will show that (§,) given by &, = Ou,_1 (n = 1,2, ...) in (3.5) is a Cauchy
sequence in Lé( (R2). Define the function g(z), ¢t > 0 by

g(t)=l+@.

So, we have
f@) =g —1rt.

@ Springer



Points of Expansive Type Completely Random Operators 1613

Since f(t) >0 V¢t > 0,weget g(¢) > 1 Vr > 0. For any random variables u, v in
Lg(Q), we have

P(|Pu — Yv| > 1) > P(||Ou — Ov| + f (|Ou — Bv|)) > 1).
Equivalently,
P(|Qu — Yv| > t) > P(g (|Ou — Ov|)) ||Ou — Ov|| > 1). (3.6)

Fixed t > 0. For each s > ¢t > 0, we have

gls) =1+ @ >1+h@) =q@).

Since g(r) > 1, we get
{g(1Ou — OV|)[|Ou — Ov|| > 1} D {[|Ou — Ov|| > 1}.

Hence,

P([[Pu — Vv > q()1) = P(g(Olu — Ov[)[|Ou — Ov|| > ¢(1)1)
> P(g([|Ou—0v[)[|Ou—0v| > g(t)t, [Ou—Bv]| > 1)
> P(q)®u — ©Ov| > q (1)1, |[Ou — Ov|| > 1)
= P(||Ou — Ovu| > t).

Put g = ¢q(¢), noting that ¢ > 1 since h(z) > 0.
From this, for each n, we obtain

P(&2n41 — &2nll > qt) = P(I|Puzpr1 — Yuzll > gt)
> P([|®Ouzpq1 — Ougy|l > 1)

= P(ll&2n+2 — &2n11ll > 1),
and

P(62n — 2n—1ll > qt) = P(|[WVuzn — Quou—1ll > qt)
> P(l1®uz;, — Ouap_1|| > t)
= P(ll&2n+1 — &ull > ).

By induction and Chebyshev inequality, we get
P(l§n+1 — &nll > 1) = P(lI5n — En—1ll > g1)
<

<P(l& - &l >q" 'n)
= P(||®u; — Oug|| > ¢""'1)
= P(||®vy — Bupl| > ¢" 1)

1 1
S E“®UO - ®u0”p (q"_l)ptp = M(qn—l)ptp .
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1614 P. T. Anh

Let r be a number in (1, g). Then, » > 1 and (r — 1)(% + rlz + ... + er) + ,,Ln =
1 Vm > 1. Thus, forany t > 0,n > 2 and m in N, we have

1
P(lnim —Eall > 1) < P (||sn+m &> (1 _ r_m) t)

= P(”én—t—m —&ngm—1ll > t(r — 1)/r”’)

+.o+ PUlEnt1 —&nll > 1(r = 1)/)
< M ) + ...+ —rP ]
= [(r — l)t]p (qn+m72)p (qnfl)P

M r? 7\ Pm=1 P 1

e )
© L= DiP (g 1— (g)p
MrP 1

<

P ([J)n—l nz
o[- (]

which tends to 0 as n — oo. It implies that (§,) is a Cauchy sequence in L())( ().
Hence, there exists & in L(}f (£2) such that p-lim &, = &. Because ® is surjective, there
exists ™ in L())( (2) such that du™ = &. So, we have

P (lI§ — &l > qt) = P ([[Pu™ — &2ull > q1)
= P (|Pu™ — Wuzll > qt)
= P (I®uzy — Ou™| + f (Ouzy — Ou™|)) > g1)
> P (|®uz, — ©u*| > 1)
= P (l[&2n+1 — Ou*|| > 1) .

Letn — oo, wereceive P (||& — Ou*|| > t) = 0 implying Ou™ = & a.s. Then, &, ®
have a random coincidence point u*.
By the same argument, ¥, ® have a random coincidence point v*. O

Corollary 3.3 Let O, 0 : Lg(Q) — Lg(Q) be continuous in probability completely
random operators, ® be surjective and f : [0, 00) — [0, 00) be a mapping such that
foreacht > 0,

h(t) = inf L&

s>t s

> 0. (3.7
Assume that for each pair u, v in Lg(Q) and t > 0, we have
P (|Pu — dv|| > 1) > P (|Ou — Ov|| + f (J|Ou — Ouvl|) > 1). (3.8)
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Then @, ® have a random coincidence point if and only if there exist random
variables ug, vy in L())( (2) and p > 0 such that dvy = Ouy

M = E||®vy — Oug||” < oo. (3.9)

Proof Put Wv = ®v, then all the conditions in the Theorem 3.2 are satisfied. O

Corollary 3.4 Let @, © be completely random operators satisfying the conditions
stated in the Corollary 3.3. Assume that there exists a number q > 1 such that

P (|®u — ®v| > t) > P (||Ou — Ov|| > t/q) (3.10)

for all random variables u, v in Lé‘ (Q) and t > 0. Then &, ® have a random coin-
cidence point if and only if there exist random variables u, vy in L())( () andp >0
such that ®vg = Oug and (3.9) holds.

Proof Consider the function f(t) = (¢ — 1)t and h(t) = ¢ — 1 > 0. Then f(¢)
satisfies the conditions stated in the Corollary 3.3. O

Remark The following simple example shows that the random coincidence point of
® and O in the Corollary 3.3 need not be unique.

Example 3.5 Define two completely random operators ®, ® : L(’f () — Lg (2) by
Qu = qlu| + 7, Ou = |u]

where 7 is a positive random variable, g > 1.
It is easy to check that ®, ® satisfy all assumptions of Corollary 3.3 with f(r) =
(g — Dt. On the other hand, ® and ® have two random coincidence points u} =

1 * 1
g1y = =7

Theorem 3.6 Let ©, ¥, 0 : L())( (Q) — L())((Q) be continuous in probability com-
pletely random operators, ®, ¥ be surjective and f : [0, 00) — [0, 00) be a contin-
uous, increasing function such that f(0) = 0, lim;_,», f(t) = ccand g > 1. Assume
that for any random variables u, v in Lg (2) and t > 0, we have

P ([|®u — Yol > f(2)) = P (|Ou — Ov|| > f(t/q)). (3.11)
If there exist random variables ug, vo in L(})((Q) and p > 0 such that vy = Oug and

M =supt? P (]|Ovy — Bugll > f(1)) < oo. (3.12)

t>0

Then,

(1) Assume that there exists a number ¢ > 1/q such that

D fe") < oo (3.13)

n=1
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1616 P. T. Anh

Then, the condition (3.12) is sufficient for ®, ® have a random coincidence point
and W, ® have a random coincidence point.
(2) Assume that for eacht,s > 0

f+s)= f()+ f(s). (3.14)

Then, the condition (3.12) is also sufficient for ®, ® have a random coincidence
point and V', ® have a random coincidence point.

Proof Let g = f~! be the inverse function of f. Then, g : [0, 00) — [0, c0) is
increasing with g(0) = 0, lim;_, o, g(¢) = oo. The condition (3.11) is equivalent to
the following

P (g (|Pu —Wol)) > 1) = P (g(|Ou — Ovll) > 1/q). (3.15)

Let up be a random variable in L(}f (€2) such that (3.12) holds. Because &, ¥ are
surjective, there exists a random variable u| in L(})( (2) such that ®u; = Oug, u; = vy.
Again, there exists arandom variable u5 in L())( (2) suchthat Wu» = ®u;.Byinduction,
there exists a sequence (i) in Lé( (R2) by

Pu; = Ougp, Yuy = Ouy, ..., Puzpt1 = Ouoy, Yoy = Quopyr n=1,2, ...

(3.16)
Put&é, = OQu,—1, n=1,2,.... From (3.15), for each n, we obtain
P(g(1&2n+1 — &2ul) > qt) = P(g(|Puzn+1 — Yuonll) > gt)
> P(g(|®uznt+1 — Buanl)) > 1)
= P(g(l&2n+2 — &an+1) > 1),
and
P(g(l1&20 — S2n—11) > q1) = P(g(|Vuan — Pup—1l)) > gt)
> P(g([|®Ouzy — Buzy—1l)) > 1)
= P(g(l&2n+1 — &aull) > 1).
By induction, we obtain for each n
P (g (l&ns1 — &l > 1) < P (s(l&2 — &) > ¢"'1)
= P (g(|®u; — Ougl)) > g"~'1)
= P (g(I®vo — Ougl) > ¢"'1).
Then,
P (g (g1 — &l > 1) < P (1O — Ouol)) > ¢"~'1). (3.17)
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(1) From (3.12), we have

M
P (g([[Pug — Ouoll) > s) = P (| Puo — Ouoll > f(s)) <

7 (3.18)
From (3.17) and (3.18), we get
P (g (g1 —&ul) > 1) < CI(W—DPW. (3.19)
Taking r = ¢", from (3.19), we get
1
P (g &n+1 — &nlD) > C") < Mq('l—l—)pcnp’ (3.20)
i.e.
P ("En-H — &l > f(C”)) =< Mq(n—l—)pcnp 3.21)
Since

ad 1

S P (s =&l > F) < MY~ < oo,

n=1 n=1

by the Borel-Cantelli Lemma, there is a set D with probability one such that for
each w in D there is N (w)

[6n+1(@) —En(@)l < f(c") Vn > N(w).

By (3.13), we conclude that Z;‘;l 1£141 (@) — &, (w)]| < oo forall win D, which
implies that there exists lim &, (w) for all w in D. Consequently, the sequence (&)
converges a.s. to & in L§ ().

Because @ is surjective, there exists u™ in L(’){(Q) such that ®u™ = &. So, we
have

P (lI§ —&nll > f(gt) = P (€20 — Pu*ll > f(q1))
= P ([[Wuz, — ®u™|| > f(q1))
> P (|®uzy — Ou*| > f(1))
> P ([ls2n+1 — Ou™| > f(1)).
Let n — oo, we receive P (||€ — Ou™|| > f(t)) = 0 for all r > 0 implying
Ou* = & a.s. Then, ®, ® have a random coincidence point u*.

By the same argument, ¥, ® have a random coincidence point v*.
(2) Itis easy to see that for each #, s > 0

gls+1) < g()+g(s).
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1618 P. T. Anh

Hence, fora > > | s;, we have

P (g(&ntm —&nl) >a) = P (g (Z:nzl 1En+i — Enti—1 ||) > a)
< P (X0 gUEnti — Enrial) > 20y 5i)
= Z:nzl P (gUlén+i — Envi-1l) > si) .

From (3.12), we have
Mq(n+i—l)p
P (g (Isn+i — Enti—1lD) > si) < — 7 (3.22)

i

Put 7 be a number in (1, ¢) and s; = s(r — 1)/r’. An argument similar to that in
the forward proof yields

lim P(g([[Entm —&nl) > 5) =0 Vs >0,
n—oo

)
nlggo P(|&n+m — &nll > f(s)) =0 Vs > 0.
Thus, we obtain

lim P(|&4m —&nll >1t) =0 Vi >0.
n—o00

Consequently, the sequence (£,,) converges in probability to £ in L(’f (£2). Because
® is surjective, there exists u* in Lé((Q) such that ®u* = &. So, we have

P (1§ =&l > f(g1) = P (20 — Pu™|| > f(q1))
= P ([Wuzn — ®u™| > flg1)
= P (|Ouzy — Ou*|| > f(1))
= P (52041 — Ou™l| > f(1).

Let n — oo, we receive P (||§ — Ou*|| > f(t)) = O for all ¥ > 0 implying
Ou* = & a.s. Then, ®, ® have a random coincidence point u*.
By the same argument, ¥, ® have a random coincidence point v*. O

Corollary 3.7 Let ©,0 : Lg (Q) — L())( (R2) be continuous in probability completely
random operators, ® be surjective and f : [0,00) — [0, 00) be a continuous,
increasing function such that f(0) = 0,lim;_, f(t) = co and q > 1. Assume that
forany u, v in L())((Q) andt > 0, we have

P ([|®u — Qv > f(1)) = P (||Ou — Ov|| > f(1/q)) . (3.23)
If there exist random variables ug, vo in L())((Q) and p > 0 such that vy = Oug and

M =supt?’ P (]|Ovy — Bugll > f(1)) < oo. (3.24)

t>0
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Then,

(1) Assume that there exists a number ¢ > 1/q such that
o0
Z f(c") < . (3.25)
n=1

Then, the condition (3.24) is sufficient for ®, © to have a random coincidence
point.
(2) Assume that for each t,s > 0

f+s)= f@)+ f(s). (3.26)

Then, the condition (3.24) is also sufficient for ®, ® to have a random coincidence
point.

Proof 1Tt is easy to receive the corollary when we take Wv = ®v in Theorem 3.6. O

4 Applications to Random Fixed Point Theorems and Random Equations

In this section, we present some applications to random fixed point theorems and
random equations.

Theorem 4.1 Let @ L())( (Q) — L())( (2) be surjective, continuous in probability
completely random operator and f : [0, 0c0) — [0, 00) be a continuous, increasing
function such that f(0) = 0,lim;— o f(t) = 00 and g > 1. Assume that for each
pair u, v in Lg(Q)

P (||Pu — @v| > f(#)) = P (lu — vl > f(t/q)). 4.1)

If there exist random variables v in Lg (2) and p > 0 such that

M = supt? P (| ®vy — voll > f(1)) < oo. 4.2)

t>0

Then

(1) Assume that there exists a number ¢ > 1/q such that
o
> fe") < oo 7))
n=1

Then, the condition (4.2) is sufficient for ® to have a unique random fixed point.
(2) Assume that for eacht,s > 0

f+s) = f()+ f(s). 4.4)
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1620 P. T. Anh

Then, the condition (4.2) is also sufficient for ® to have a unique random fixed
point.

Proof Consider the completely random operator ® given by ®u = u. By Corollary
3.7, ® and ® have a random coincidence point & which is exactly the random fixed
point of ®.

Let &, n be two random fixed points of ®. Then, for each ¢ > 0, we have

P (& =nll > f(gn) = P (P& = Pyl > f(g1)) = P (1§ = nll > f()).

By induction, it follows that

P (& =nll > f(®) < P (I —nll > f(g")) Vn.

Since lim,,, oo f(g"t) = 400, we conclude that P (||€ — n|| > f(¢"t)) = 0 for each
t > 0. Hence, g(||§ — nl) =0 a.s., with g is the inverse function of f. So, we have
& =n a.s. as claimed. O

Theorem 4.2 Let ©, 0 : L())((Q) — Lg(Q) be continuous in probability completely
random operators, ® be surjective and f : [0, 0c0) — [0, c0) be a mapping such that
foreacht > 0,

h(t) = inf 2

s>t 8

> 0. 4.5)
Assume that for each pair u, v in L())((Q) andt > 0, we have

P (|Qu — ®v|| > 1) = P (||Ou — Ov|| + f (]|Ou — Ov|)) > 1). (4.6)
If ®, © commute i.e. POu = ODu for any random variable u in L(})( (2) then ® and
W have a unique common random fixed point if there exist random variables ug, vy in
L(})((Q) and p > 0 such that vy = Qug and

M = E||®uvy — Oug||” < oo. 4.7

Proof Suppose that (4.7) holds. By Corollary 3.3, there exists u* such that du* =
Ou* = &.Fort > 0, we have

P(||®& — &l > gqt) = P(|| P& — Pu™| > g1)
P(|©& — Ou™| > 1)
P(|©Qu” —&| > 1)
= P(|®Ou* — &|| > 1)

= P(|[®§ - &l > 1).

v

By induction, it follows that P (|| P& —&|| > t) < P(||®& —&| > ¢"t) foranyn € N.
Letn — oo, we have P(||®& — &|| > ¢) =0 forany ¢ > 0. Thus, P& =£ie. £isa
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Points of Expansive Type Completely Random Operators 1621

random fixed point of ®. We have O¢ = Odu* = dOu* = ®& = £. So & is also a
random fixed point of ®.

Let &1 and & be two common random fixed points of ® and ®. For each r > 0, we
have

P& — & > ¢"1) = P(| D& — D& > ¢"1)
> P(|©& — 0&| > ¢" 1)
P& — &l > ¢" ')

v

= P& — &l > ).
Letn — oo, we have P(||§; — & || > t) =0 forall ¢+ > 0. Hence, & = &;. O
Corollary 4.3 Let O : L())( Q) — L())( () be a surjective, continuous in probability

and probabilistic q-expansive completely random operator in the sense that there
exists a number q > 1 such that

P (|Pu — || >1) = P (lu—vll >1/q) (4.8)

for all random variables u, v in L())( () andt > 0. Then, ® has a unique random fixed
point if there exists a random variable vy in Lé( () and p > 0 such that

E ||®vg — vgll? < 0. 4.9)

Proof Consider ® : L () — L{ (Q) givenby ®u = u, the function f (1) = (1—q)t
andh(t) = 1—q > 0. Then @, ® and f (¢) satisfy the conditions stated in the Theorem
4.2 and @, ® commute. Thus, ® and ® have a common random fixed point £ i.e.
has a random fixed point &.

Theorem 4.4 Let ©, 0 : Lg (Q) — L())( () be continuous in probability completely
random operators, ® be surjective and

P (|Pu — Qv|| > f(1)) = P (|Ou — Ov|| > f(t/q)) (4.10)
forall u,v in L()){(Q), t > 0and f :10,00) — [0, 00) be a continuous, increasing

function such that f(0) = 0, lim;— o f(t) = o0 satisfying either (4.3) or (4.4) and
q > 1. Consider random equation of the form

Su— 20u = 1, @.11)

where A is a real number and n is a random variable in L())( (2).

Assume that
r(#)

f

0 < |A] < inf : (4.12)
t>0
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where q¢' > 1. Then the equation (4.11) has a unique random solution if there exists
a random variable vg in Lé( () and a number p > 0 such that

M = supt? P (|®vg — AOvg — | > |A|f (¢)) < oo. 4.13)

t>0

Proof Suppose that the condition (4.13) holds. Define a completely random operator
v by

Ddu —
Yy = “ 77'
A

From (4.13) it follows that

M = supt? P (||Wvg — Ougp|l > f(t)) < oo. (4.14)

t>0

Letg = f ~! be the inverse function of f.Then, g : [0, c0) — [0, c0) is continuous,
increasing with g(0) = 0, lim;_, o, g(r) = 00. For each ¢t > 0, there exists ¢’ so that
f@) = A f@)ie. ' = g(rlf(1)). So, we have

P([Wu —Wo| > £ ) = P (|Pu— dv|l > [Alf (1))
=P ([|®u — dv| > f (1))
> P (|Ou — 0vl| > £ (t'/q))
—P (||®u — v > f (qu—;))

From (4.12), we receive |A| f (1) < f (%r). Then, we deduce g (A1 f (1)) < &1.

1>
So, t' < 4t and L& < 1. Hence,
q qt

t q't’
q' qt

P (II@u —Qv|| > f( )) > P (|Ou—0v| > f(t/q".))

which implies
P (Wu — Vol > £ (1) = P (1Ou—Ov| > f(t/q)).

Consequently, ® and W satisfy the conditions stated in the Corollary 3.7. Hence, ®
and ¥ has a random coincidence point £ i.e. the equation (4.11) has a random solution

§. m]

Corollary 4.5 Let © : Lg () — Lé" () be a surjective, continuous in probability
completely random operator satisfying the following condition

P (|Pu — dv| > f(1)) = P (lu—vll > f(z/q)) (4.15)
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forallu,vin L(})((Q), t >0, where f : [0, 00) — [0, 00) is a continuous, increasing
function such that f(0) = 0, lim,_, o f(t) = oo satisfying either (4.3) or (4.4) and
q > 1. Consider random equation of the form

Qu — Au =, (4.16)

where A is a real number and n is a random variable in L())( ().

Assume that
(&)
0 < |A| <inf ,
>0 f (1)

where q' > 1. Then the equation (4.16) has a unique random solution if and only if
there exists a random variable vy in L())( () and a number p > 0 such that

(4.17)

M = supt? P (]| ®vg — Avg — 1|l > |A|f (1)) < oo. (4.18)

t>0

Proof Applying the Theorem 4.4 for the completely random operator ® given by
Ou = u. O

Corollary 4.6 Let ©, 0 : Lg(Q) — L(}f(Q) be continuous in probability completely
random operators, ® be surjective satisfying the following condition

P (|ou — ®v|| > t) > P (||Ou — Ov|| > t/q) (4.19)
forallu,vin L())( (2) and a number q > 1. Consider the random equation
du — ABu = n, (4.20)
where A is a real number and 1 is a random variable in L[}f(Q), p > 0.
Assume that 0 < || < q. Then, the random equation (4.20) has a solution if there
exists a random variable vy in Lg (2) such that
E||®vy — AOu||? < oo. 4.21)
Proof Suppose that there exists a random variable uq in L())( (€2) such that (4.10) holds.

So, ® and O satisfy (4.15) where f(t) = t. Take |A| < s < ¢, theng’ = g/s > 1
and

0<<s=<L

q' [

Moreover, for each t > 0

E||®vyg — AOvy — n||?
7P (| Do — 2O — 1l > [A[r) < NPV o o—nl” _ (4.22)
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since
E(|®ug — ABup — n||”) < CLE(|Pup — ABuq||”) + CHE|nll” < oo,

where C), is a constant. Hence, the condition (4.13) is satisfied. By Theorem 4.4, we
conclude that the equation (4.20) has a random solution. O

Taking the completely random operator ® given by ®u = u, we obtain

Corollary 4.7 Let © : L(}f (2) — L())( (R2) be a surjective, continuous in probability
completely random operator satisfying the following condition

P([[®u—Dv|| >1t) = P (lu—vll>1t/q) (4.23)
forallu,vin L())( (R2) and a number q > 1. Consider the random equation
du — Au =, (4.24)

where A is a real number satisfying 0 < |A| < q and n is a random variable in Lif (),
p > 0. Then, the random equation (4.24) has a unique random solution if there exists
a random variable vg in L())( (2) such that

E||®vy — Avg||? < oo. (4.25)
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