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1 Introduction and Preliminaries

The celebrated Banach contraction mapping principle, also known as Banach fixed
point theorem [9], plays an important role for solving existence problems in many
branches of nonlinear analysis. For instance, it has been used to show the existence of
solutions of nonlinear Volterra integral equations, nonlinear integro-differential equa-
tions in Banach spaces and to show the convergence of algorithms in computational
mathematics. This famous theorem states that every contraction in a complete metric
space has a unique fixed point and that point can be obtained as a limit of repeated
iteration of the mapping at any point of X. It is evident that each contraction is a
continuous function.

In 1997, Alber and Guerre-Delabriere [1] proposed the notion of weak contraction
for single-valued mappings in Hilbert space. A self mapping 7" on a complete metric
space (X, d) is a p-weak contraction if there exists a function ¢ : [0, 400) — [0, 4+-00)
such that ¢ is positive on (0, +00), ¢(0) = 0, and

d(Tx,Ty) <d(x,y) —¢(d(x,y)) (1.1)

for all x, y € X. Subsequently, Rhoades [57] showed that the result which Alber and
Guerre-Delabriere proved in [1] is also valid in the setting of complete metric spaces.

Theorem 1 [57, Theorem 2] Let (X, d) be a non-empty complete metric space and let
T : X — X be a p-weak contraction on X. If ¢ is a continuous and non-decreasing
Junction with ¢(t) > 0 for all t > 0 and ¢(0) = O, then T has a unique fixed point.

It is noticed that Alber and Guerre-Delabriere [1] assumed an additional condition
on ¢ which is lim;_, 1 o, ¢(#) = 400; but Rhoades [57] obtained the result noted in
Theorem 1 without using this particular assumption. If one takes ¢(t) = (1 — k)t,
where k € (0, 1), then (1.1) reduces to contraction, that is, every contraction is a
@-weak contraction. Following this trend, Karapinar in [40] proved the existence and
uniqueness of a fixed point for cyclic mappings (see also, [42]) and in [41] obtained a
fixed point for a ¢p-weak contraction. In fact, weak contractions are closely related to
the mappings of Boyd and Wong’s type [ 16], and Reich’s type [55]. If ¢ is a lower semi-
continuous function from the right, then v (f) = t — ¢(¢) is an upper semi-continuous
function from the right, and moreover, (1.1) turns into d(Tx, Ty) < ¥(d(x,y)).
Therefore, the ¢-weak contraction becomes a Boyd and Wong’s type one. Similarly,
if we define a(t) = % for t > 0 and «(0) = O, then (1.1) is replaced by
d(Tx,Ty) < a(d(x, y))d(x,y). Thus, the ¢p-weak contraction becomes a Reich’s
type one. Following this direction of research, many authors have proved common
fixed point theorems in metric spaces satisfying different contractive conditions, see
[3,7,10,12,15,18-24,26,30,34,37,46-49,51-53,56,60,62-65,67,68,72-75,77].

In 2002, Branciari [17] proved a fixed point result for a single mapping satisfying
an analog of Banach’s contraction principle for an integral type inequality. The authors
[5,25,45,58,59,70,71,78] proved several fixed point results involving more general
integral type contractive conditions. Moreover, in [76], Suzuki showed that a Meir—
Keeler contraction of integral type is still a Meir—Keeler contraction.
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In 2009, Zhang and Song [79] proved a fixed point theorem for two mappings
satisfying a generalized ¢-weak contractive condition in a complete metric space.
Later on, Razani and Yazdi [54] proved a common fixed point theorem for any even
number of self mappings in a complete metric space and generalized the results of
Zhang and Song [79].

In this paper, we prove an integral type common fixed point theorem for four
mappings applying the common limit range property. As an application, we present
fixed point theorems for six mappings and four finite families of mappings in metric
spaces using the notion of the pairwise commuting mappings which is studied by Ali
and Imdad [4]. We conclude with an example that supports the useability of our results
and an application to some functional equations arising in dynamic programming.

The following definitions and results will be needed in the sequel.

Definition 1 Let A, S : X — X be two self mappings of a metric space (X, d). The
mappings A and S are said to be:

(1) commuting if ASx = SAx, forall x € X

(2) weakly commuting if d(ASx, SAx) < d(Ax, Sx), forall x € X, see [61];

(3) compatible if lim,— 40 d(ASx,, SAx,) = 0 for each sequence {x,} in X such
that lim,,—, y oo AXx, = lim,_, 5 Sx,, see [38];

(4) non-compatible if there exists a sequence {x,} in X such that lim,_, ;o Ax, =
lim;,—s 400 Sx,, but lim,— o0 d(ASx,, SAx,) is either nonzero or nonexistent,
see [48];

(5) weakly compatible if they commute at their coincidence points, that is, ASu =
SAu whenever Au = Su, for some u € X, see [39].

Definition 2 [2] A pair (A, S) of self mappings of a metric space (X, d) is said to
satisfy the property (E.A) if there exists a sequence {x,} in X, for some z € X such
that
lim Ax, = lim Sx, =z. (1.2)
n——+o00 n—-+00
It can be noticed that any pair of non-compatible self mappings of a metric space
(X, d) satisfies the property (E.A) but two mappings satisfying the property (E.A) need
not be non-compatible (see [29, Examplel]). On the other hand, the notions of weak
compatibility and property (E.A) are independent to each other (see [50, Examples
2.1-2.2]). For more reading on the property (E.A), consider [27,28] and the references
therein.

Definition 3 [44] Two pairs (A, S) and (B, T) of self mappings of a metric space
(X, d) are said to satisfy the common property (E.A), if there exist two sequences
{x,} and {y,} in X, and some z € X such that

lim Ax, = lim Sx, = lim By,= lim Ty, =z (1.3)

n— 400 n—-+00 n—-+00 n—-+00

Itis observed that the fixed point results always require the closedness of the under-
lying subspaces for the existence of common fixed points under the property (E.A)
and common property (E.A). In 2011, Sintunavarat and Kumam [69] coined the idea
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of “common limit range property”. Recently, Imdad et al. [33] extended the notion of
common limit range property to two pairs of self mappings which relaxes the require-
ment on closedness of the subspaces. Since then, a number of fixed point theorems
have been established by several researchers in different settings under common limit
range property. For detail description, we refer the reader to [8,32,35,36,43,66].

Definition 4 [69] A pair (A, S) of self mappings of a metric space (X, d) is said to
satisfy the common limit range of S property, (CLRg) property for short, if there
exists a sequence {x,} in X such that

lim Ax, = lim Sx, =z,
n—-+00 n— 400

where z € S(X).

Hence, it is assured that a pair (A, S) satisfying the property (E.A) along with
closedness of the subspace S(X) always enjoys the (C L Rg) property (see [33, Exam-
ples 2.16-2.17]).

Definition 5 Two pairs (A, S) and (B, T') of self mappings of a metric space (X, d)
are said to satisfy the common limit range of S and 7T property, (CLRgst) property
for short, if there exist two sequences {x,} and {y,} in X such that

lim Ax, = lim Sx,= lim By,= lim Ty, =z,
n—+00 n—+o0 n—+o00 n—+oo

where z € S(X) N T(X).
Definition 6 [4] Two families of self mappings {A;}7., and {St};_, are said to be
pairwise commuting if

(1) A,'Aj ZAJ'A,' foralli, j € {1,2,...,m},
2) SiS;=8;S; forallk,l e{1,2,...,n},
3) A;Sy = SkA; foralli € {1,2,...,m}andk € {1,2,...,n}.

2 Main Results
Let ® denote the set of all non-decreasing functions ¢ : [0, +00) — [0, +-00) that

satisfy the following conditions:

(1) ¢ is lower semi-continuous on [0, +00),

(2) ¢(0) =0,
(3) ¢(s) > 0foreachs > 0.

We start with the following Lemma.

Lemmal Ler A, B, S, and T be self mappings of a metric space (X, d). Suppose
that the following hypotheses hold:

(1) the pair (A, S) satisfies the (CLRg) property (or the pair (B, T) satisfies the

(CLR7T) property),
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(2) A(X) C T(X) (or B(X) C S(X)),

3) T(X) (or S(X) ) is a closed subset of X,

(4) {Byn} converges for every sequence {y,} in X whenever {Ty,} converges (or
{Ax,} converges for every sequence {x,} in X whenever {Sx,} converges),

(5) there exists ¢ € O such that

d(Ax,By)
/0 ¢()dt < M(x,y) —o(M(x,y)), (2.1)

forall x,y € X, where

max{d(Ax,Sx),d(By,Ty),d(Sx,Ty),[d(Ax,Ty)+d(By,Sx)]/2}
M(x,y) =/ ¢ (1)dt
and ¢ : [0, +00) — [0, 400) is a Lebesgue-integrable mapping which is sum-
mable and such that

/OE ¢(t)dt > 0, 2.2)

forall e > Q.
Then the pairs (A, S) and (B, T) share the (CLRgT) property.

Proof Since the pair (A, S) satisfies the (CL Rg) property, there exists a sequence
{x;,} in X such that

lim Ax, = lim Sx, =z,
n—+o00 n—+o0

where z € S(X). By (2), A(X) C T(X) (wherein 7 (X) is a closed subset of X), and
for each {x,} C X, there corresponds a sequence {y,} C X such that Ax, = Ty,.
Therefore,

lim Ty, = lim Ax, =z,
n——+00 n—-+00

where z € S(X) N T(X). Thus, we have Ax, — z, Sx, — zand Ty, — z as
n — +o00. By (4), the sequence {By,} converges and in all we need to show that
By, — z asn — 4o00. Putting x = x,, and y = y, in condition (2.1), we get

d(Axu,Byn)
/o ¢()dt < M(xn, yn) — @ (M (xn, yn)), (2.3)

where

¢ (t)dt.

max{d(Axy,Sx,),d(Byn,Tyn),d(Sxn,Tyn),[d(Axp, T yn)+d(Byn,Sx,)1/2}
M (xn, yn) = /

Let By, — [ (# z) fort > 0 asn — +o00. Then taking limit as n — +oo (lower
limit) in inequality (2.3), we have

d(z,l)
/ ¢()dr < lim M(xn,yn)—fp( lim M(xn,yn)), 24
0 n—-+o00 n— 400
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1090 C. Vetro et al.

where

¢ (1)dt

Iim M(x,, y,) =
n——+00
d(z,0)
= / #()dt.
0

Hence, inequality (2.4) implies

d(z,0) d(z,0) d(z,D)
/ ¢0Mt§/ ¢0Mr—¢(/ ¢am0,
0 0 0

thatis, ¢ (f(;i(z’l) ¢(t)dt) < 0.Thus, ¢ (fod(z’l) ¢)(t)dt) = 0 and by the property of the

function ¢, we have d(z, ) = 0 orequivalently z = [, which contradicts the hypothesis
| # z. Hence, both the pairs (A, S) and (B, T) share the (C L Rgr) property. O

/max{d(z,z),d(l,z),d(z,z),[d(z,z)+a’(l,z)]/2}

In general, the converse of Lemma 1 is not true (see [33, Example 3.5]). Now, we
are ready to state and prove the following theorem.

Theorem 2 Let A, B, S, and T be self mappings of a metric space (X, d) satisfying
the hypothesis (5) of Lemma 1. If the pairs (A, S) and (B, T) share the (CLRgt)
property, then (A, S) and (B, T) have a coincidence point each. Moreover, A, B, S,
and T have a unique common fixed point provided both the pairs (A, S) and (B, T)
are weakly compatible.

Proof 1f the pairs (A, S) and (B, T) share the (C L Rg7) property, then there exist two
sequences {x,} and {y,} in X such that

lim Ax, = lim Sx,= lim Ty, = lim By, =z,
n——+00 n—-+00 n—-+00 n——+00

where z € S(X)NT (X). Since z € S(X), there exists a point # € X such that Su = z.
Putting x = u and y = y, in condition (2.1), we get

d(Au,Byy)
/ ¢ ()dt < M(u, yn) — (M (u, yn)), (2.5)
0
where
max{d(Au,Su),d(Byn,Tyn),d(Su,Tyn),[d(Au,Ty,)+d(Byn,Su)]/2}
May = [ p)dr.
Letting n — 400 (taking the lower limit) in condition (2.5), we have
d(Au,z)
/ ¢)dr < lim M(u, y,) — ¢ ( lim M (u, yn)) , (2.6)
0 n— 400 n— 400
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where

max{d(Au,z),d(z,2),d(z,2),[d(Au,z)+d(z,2)]/2}
/ ¢ (1)dr

ngrfooM(u,yn) =

¢ (t)dt

/max{d(Au,z),d(Au’Z)/z}

0

d(Au,z)
= / ¢ (t)dt.
0

From (2.6), we obtain

d(Au,z) d(Au,z) d(Au,z)
/ ()t < / ¢ (1)di — <p( / ¢>(r)dr)
0 0 0

and it follows easily that Au = z. Therefore, Au = Su = z which shows that u is a
coincidence point of the pair (A, S).

As 7 € T(X), there exists a point v € X such that Tv = z. Putting x = x,, and
y = v in condition (2.1), we have

d(Ax,,Bv)
/ o ®)dt < M(xp,v) — (M (xy, v)), 2.7
0
where
max{d(Ax,,Sx,),d(Bv,Tv),d(Sx,,Tv),[d(Ax,,Tv)+d(Bv,Sx,)]/2}
M (o, ) = / B,
0
Letting n — 400 (taking the lower limit) in condition (2.7), we get
d(z,Bv)
/ b()dr < Tim M(x,, v) —<p(lim M(x,,,v)), (2.8)
0 n—oo n— 00
where
max{d(z,z),d(Bv,z),d(z,2),[d(z,2)+d (Bv,z)]/2}
lim M (x,, v) =/ ¢ (t)dt
n—oo 0
max{d(Bv,z),d(Bv,z)/2}
= / ¢ (t)dt
0
d(z,Bv)
= / ¢ (t)dt.
0

Hence, inequality (2.8) implies

d(z,Bv) d(z,Bv) d(z,Bv)
/ (dt < / $(di — g ( / ¢(t)dt)
0 0 0
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and so z = Bv. Thus, Bv = Tv = z which shows that v is a coincidence point of the
pair (B, T).

Since the pairs (A, S) and (B, T') are weakly compatible, Au = Su and Bv = T'v,
therefore Az = ASu = SAu = Szand Bz = BTv =T Bv = Tz. Putting x = z and
y = v in condition (2.1), we have

d(Az,z) d(Az,Bv)
/ ¢ (t)dt =/ ¢()dt < M(z,v) — p(M(z,v)), (2.9
0 0

where

¢ (t)dt

max{d(Az.52).d(Bv,Tv).d(Sz,Tv).[d(Az, Tv)+d(Bv,52)]/2}
M(z,v) = /

0
/maX{d(Az,Az),d(z,z),d(Az,z), [d(Az,2)+d(z,Az2)]/2}

¢ (t)dt

0

d(Az,z)
= / ¢ (t)dt.
0

From (2.9), we get

d(Az,2) d(Az,2) d(Az,2)
/ (1)t < / $(di — ¢ ( / ¢<r)dt).
0 0 0

It follows that z = Az = Sz, and therefore z is a common fixed point of the pair
(A, S). Putting x = u and y = z in condition (2.1), we have

d(z,Bz) d(Au,Bz)
/ ¢()dt = / ¢(t)dt < M(u,z) — o(M(u, 2)), (2.10)
0 0

where

o (1)dt

/max{d(Au,Su),d(Bz, Tz),d(Su,Tz),[d(Au,Tz)+d(Bz,5u)]/2}

M(u,z) =
0
/max{d(z,z),d(Bz,Bz)»d(z,Bz),ld(z‘Bz)+d(Bz,z)]/2}

¢ (t)dt

0

d(z,Bz)
= / ¢ (t)dr.
0

From (2.10), we obtain

d(z,Bz) d(z,Bz) d(z,Bz7)
/ ¢ (t)dt S/ ¢ (1)dt —90(/ ¢(t)dt)
0 0 0
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and then z = Bz. Therefore, Bz = Tz = z and we can conclude that z is a common
fixed point of A, B, S and T. The uniqueness of the common fixed point is an easy
consequence of condition (2.1) and so, to avoid repetition, we omit the details. O

Theorem 3 Let A, B, S, and T be self mappings of a metric space (X, d) satisfying
all the hypotheses of Lemma 1. Then A, B, S, and T have a unique common fixed
point provided both the pairs (A, S) and (B, T) are weakly compatible.

Proof By Lemma 1, it is assured that the pairs (A, S) and (B, T) share the (CLRsT)
property, then there exist two sequences {x,} and {y,} in X such that

lim Ax, = lim Sx, = lim Ty, = lim By, =z,
n—-+00 n—-+00 n—-+00 n—-+00

where z € S(X) N T(X). The rest of the proof runs on the lines of the proof of
Theorem 2, therefore the details are avoided. O

By choosing A, B, S, and T suitably, we can deduce some corollaries for a pair as
well as for a triode of self mappings. Here, as a sample, we give the following natural
result for a pair of self mappings.

Corollary 1 Let A and S be self mappings of a metric space (X, d). Suppose that

(1) the pair (A, S) satisfies the (CLRg) property,
(2) there exists ¢ € @ such that

d(Ax,Ay)
/0 ¢()dt = M(x,y) —p(M(x, y)), (2.11)

forall x,y € X, where

M(x,y) = ¢ (t)dr,

/max{d(Ax,Sx),d(Ay, Sy),d(Sx,Sy),[d(Ax,Sy)+d(Ay,Sx)]/2}

and ¢ : [0, +00) — [0, 400) is a Lebesgue-integrable mapping which is sum-
mable and such that (2.2) holds.

Then the pair (A, S) has a coincidence point. Moreover, if (A, S) is weakly compatible
then it has a unique common fixed point in X.

Remark 1 Corollary 1 generalizes the results of Zhang and Song [79, Theorem 2.1]
without any requirement on completeness of the space.

Now, we utilize Definition 6 to prove a common fixed point theorem for six map-
pings in a metric space.

Theorem 4 Let A, B, H, R, S, and T be self mappings of a metric space (X, d).
Suppose that

(1) the pairs (A, SR) and (B, T H) share the (CLR(sgry(T H)) property

@ Springer



1094 C. Vetro et al.

(2) there exists ¢ € ® such that

d(Ax,By)
/0 ¢()dt < M(x,y) —o(M(x,y)), (2.12)

forall x,y € X, where

M(x,y) = ¢ (1)dt,

/max{d(Ax,SRx),d(By,THy),d(SRx,THy),[d(Ax,THy)+d(By,SRx)]/2}

and ¢ : [0, +00) — [0, 400) is a Lebesgue-integrable mapping which is sum-
mable and such that (2.2) holds.

Then (A, SR) and (B, T H) have a coincidence point each. Moreover, A, B, H, R, S,
and T have a unique common fixed point provided both the pairs (A, SR) and (B, T H)
commute pairwise, that is, AS = SA, AR = RA, SR =RS, BT =TB, BH = HB,
and TH = HT.

Proof Since the pairs (A, SR) and (B, T H) are commuting pairwise, obviously both
the pairs are weakly compatible. By Theorem 2, A, B, SR, and T H have a unique
common fixed point z in X. Now, we show that z is the unique common fixed point
of the self mappings A, B, H, R, S, and T. Putting x = Rz and y = z in condition
(2.12), we get

d(Rz,2) d(A(Rz),Bz)
/ b (r)dr =/ ¢()dr < M(x,y) —9(M(Rz,2)),  (2.13)
0 0

where

M(Rz, z)
/max{d(A(Rz), SR(Rz)),d(Bz,THz),d(SR(Rz),THz),[d(A(Rz), T Hz)+d(Bz,SR(Rz))]/2}

o (1)dt

0
max{d(Rz,Rz),d(z,z),d(Rz,z),[d(Rz,z)+d(z,R2)]/2}
= / ¢ ()dt
0

d(Rz,2)
= / ¢ (t)dr.
0

From (2.13), we obtain

d(Rz,z) d(Rz,z) d(Rz,z)
/ $(Ndr < / p()dr — ¢ ( / ¢<t)dr)
0 0 0

and then we have Rz = z, which implies S(Rz) = Sz = z. Similarly, one can prove
that z = Hz, thatis, T(Hz) =Tz =z.Hencez = Az = Bz =S8Sz=Rz =Tz =
Hz, and z is the unique common fixed point of A, B, H, R, S and T'. O
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Remark 2 Theorem 4 generalizes the results of Ciri¢ et al. [23, Theorems 5-6] in the
framework of integral settings as one never requires any condition on completeness
(or closedness) of the underlying space (or subspaces), containment of ranges amongst
involved mappings, and continuity of one or more mappings.

Corollary 2 Let {A;},, {B}'_,, {Sk}i_,, and {Ty}]_, be four finite families of
self mappings of a metric space (X,d) with A = A1A>...Ayu, B = B1By--- By,
S=818...85p, and T =TT, - - - T satisfying hypothesis (5) of Lemma 1 such that
the pairs (A, S) and (B, T) satisfy the (CLRgt) property, then (A, S) and (B, T)
have a point of coincidence each.

Moreover, {A;}i" |, {B/}'_,, {Sk},le, and {T;,}Z:1 have a unique common fixed
point if the pairs of families ({A;}, {Sk}) and ({B,}, {Ti}) commute pairwise wherein
ie{l,2,....myke{l,2,...,pL,re{l,2,....,n},and h € {1,2,...,q}.

Corollary 3 Let A, B, S, and T be self mappings of a metric space (X, d). Suppose
that

(1) the pairs (A™, SP) and (B", T?) share the (CLRsrTa) property,
(2) there exists ¢ € ® such that

d(A™x, B"y)
/0 $(di < M(x. y) — p(M(x, y)), 2.14)

forallx,y € X and

M(x,y) = ¢ (t)dr,

/max{d(A”’x,S”x),d(B"y,Tq y),d(SPx,T9y),[d(A"x,Ty)+d(B"y,SPx)]/2}

0

where m, n, p, q are fixed positive integers and ¢ : [0, +00) — [0, +00) is a
Lebesgue-integrable mapping which is summable and such that (2.2) holds.

Then A, B, S, and T have a unique common fixed point provided AS = SA and
BT =TB.

Remark 3 Corollaries 2 and 3 improve the results of Razani and Yazdi [54, Theo-
rems 2.5-2.7] for any finite number of mappings.

The conclusions of Lemma 1, Theorems 2—4, and Corollaries 1-3 remain true for
¢ (¢) = 1. In this case, the listing of possible corollaries are not presented here but, for
a sample, we state the following theorem:

Theorem 5 Let A, B, S and T be self mappings of a metric space (X, d). Suppose
that

(1) the pairs (A, S) and (B, T) share the (CLRgt) property,
(2) there exists ¢ € ® such that

d(Ax, By) = M(x,y) — ¢(M(x, y)), (2.15)
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1096 C. Vetro et al.

forall x,y € X, where
M (x, y)=max {d(Ax, Sx),d(By,Ty),d(Sx, Ty), [d(Ax, Ty)+d(By, Sx)] /2}.

Then (A, S) and (B, T) have a coincidence point each. Moreover, if the pairs (A, S)
and (B, T) are weakly compatible then A, B, S, and T have a unique common fixed
point in X.

Remark 4 Results similar to Theorem 3, Corollaries 2 and 3 can be outlined in view
of Theorem 5. Once again to avoid repetition, the details of possible corollaries are
not included here.

Remark 5 Theorem 5 improves the results of Zhang and Song [79] and Razani and
Yazdi [54].

We note that the main theorem of Altun et al. [6] is a consequence of Theorem 2
by taking ¥ (t) =t — ¢(¢).

Corollary 4 [6]Let A, B, S, and T be self mappings of a metric space (X, d). Suppose
that the following hypotheses hold:

(1) A(X) c T(X), B(X) C S(X),
(2) there exists a right continuous function  : [0, 00) — [0, o) with ¥ (0) = 0 and
W(s) < s forall s > 0 such that

d(Ax,By) M(x,y)
/ pmdt < ¢ (/ ¢(t)dt), (2.16)
0 0

forall x,y € X, where

M(x,y) = ¢ (1)dr

/max{a’(Ax,Sx),d(By,Ty),d(Sx, Ty),[d(Ax,Ty)+d(By,Sx)]/2}

and ¢ : [0, +00) — [0, +00) is a Lebesgue-integrable mapping which is sum-
mable and such that (2.2) holds.

If one of A(X), B(X), S(X) or T (X) is a complete subspace of X, then

(a) A and S have a coincidence point, or
(b) B and T have a coincidence point.

Further, if S and A as well as T and B are weakly compatible, then

(¢) A, B, S, and T have a unique common fixed point.

Remark 6 Corollary 4 is a generalization of the main theorem of [17], Theorem 2 of
[58], and Theorem 2 of [78].
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3 Example and Application
3.1 Illustrative Example

Here we support our result by the following example.

Example I Let X ={0,1,2,...}andd : X x X — X be given by

0 ifx =y;

me=[ D

x+y ifx #y.

Also, define the mappings A, B, S, T : X — X by

Ax — 0 %x 0; Bx — 0 %x 0;
x+1 ifx #0; x+2 ifx #0;
_]o ifx =0; Ty — 0 ifx =0;
l2x 42 ifx #0; lax+1 ifx 0.

Consider two functions ¢, ¢ : [0, +00) — [0, +00) given by ¢(f) = 2¢ and
@(t) = +/t. We will show that all the hypotheses of Theorem 2 are satisfied.

Proof The following facts are clear:

(1) (X, d) is a metric space;

2) ¢ € P;

(3) ¢ is a Lebesgue-integrable mapping which is summable and non-negative such
that (2.2) holds;

(4) the pairs (A, S) and (B, T') share the (CL RsT) property.

Consequently, we have only to show that condition (2.1) holds. Then let x,y € X
with y < x and divide the proof into the following cases:

Case 1 Assume y = x = 0. In this case, condition (2.1) holds trivially since Ax =
By=Sx=Ty=0.

Case 2 Assume y = Oand x > 0. Then we have Ax =x+1, By =0, Sx =2x +2,
and Ty = 0. Consequently, we obtain

d(Ax,By) =d(x+1,0) =x+1
and

max{d(Ax, Sx),d(By, Ty),d(Sx, Ty), [d(Ax,Ty) +d(By, Sx)]/2}
= max{d(x + 1,2x + 2),d (B0, T0),d(2x + 2, 0),
[dx +1,0)4+d(0,2x 4+ 2)]/2}
= max{3x + 3, 0, 2x + 2, [3x + 3]/2}
=3x +3.
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It follows that
d(Ax,By) x+1 3x+3
/ 2tdt :/ 2tdt = (x + 1), M(x, y) :/ 2tdt = 3x + 3)?,
0 0 0

and (M (x, y)) = 3x + 3.
Since (x + 1)2 < (3x + 3)2 — (3x + 3), then condition (2.1) holds.

Case 3 Assume x > y > (0. We need to consider two subcases:

Subcase 1. If x = y + 1, or equivalently y = x — 1, then we have
d(Ax,By) =d(Ax,Bx — 1)) =d(x+1,x+1)=0.

Therefore, condition (2.1) holds trivially again.

Subcase 2. If x > y + 1, then we have Ax =x+ 1, By =y + 2, Sx = 2x + 2, and
Ty =2y+1.
Now, if x = 2y, then

d(Ax, By) =d(AQ2y),By) =dQ2y+1,y+2)=3y+3
and

max{d(A2y), S(2y)),d(By, Ty),d(S(2y), Ty),
[d(AQ2y), Ty) +d(By, S2y))1/2}
=max{d2y+ 1,4y +2),d(y+2,2y+ 1),d(4y + 2,2y + 1),
[dQy+1,2y+ 1) +d(y+2,4y +2)]/2}
= max{6y + 3,3y + 3, [9y + 6]/2}
=6y + 3.

Therefore, we get

d(Ax,By) 3y+3 6y+3
/ 2tdt:/ 2tdr=(3y+3)%, M(x, y):/ 2tdt = (6y + 3)°
0 0 0

and (M (x, y)) = 6y + 3.
Since (3y + 3)% < (6y + 3)% — (6y + 3), then condition (2.1) holds.
On the other hand, if x < 2y then

d(Ax,By) =d(x+1,y+2)=x+y+3
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and

max{d(Ax, Sx),d(By, Ty),d(Sx,Ty),[d(Ax,Ty) +d(By, Sx)]/2}
=max{d(x + 1,2x +2),d(y +2,2y + 1),d2x + 2,2y + 1),
[dx+ 1,2y 4+ 1) +d(y+2,2x +2)]/2}
= max{3x + 3,3y + 3,2x + 2y + 3, [3x + 3y + 6]/2}
=2x+2y+3.

It follows that

d(Ax,By) x+y+3
/ 2tdt = / 2tdt = (x + y + 3),
0 0

2x+2y+3
M(x,y) =/ 2tdt = (2x + 2y + 3)2
0

and p(M(x,y)) = 2x + 2y + 3.

Since (x + y +3)% < (2x + 2y + 3)% — (2x + 2y + 3), then condition
(2.1) holds.

Finally, if x > 2y, then

d(Ax,By) =d(x+1,y+2)=x+y+3

and

max{d(Ax, Sx),d(By, Ty),d(Sx, Ty), [d(Ax, Ty) + d(By, Sx)]/2}
=max{d(x +1,2x +2),d(y +2,2y + 1),d2x + 2,2y + 1),
[dix+ 1,2y + 1) +d(y+2,2x +2)]/2}
= max{3x + 3,3y + 3,2x + 2y + 3, [3x + 3y + 6]/2}
=3x 4 3.

Therefore, we have
d(Ax,By) x+y+3
/ 2tdt = / 2tdt = (x + y + 3),
0 0
3x+3
M(x,y) = / 2tdt = 3x +3)2,
0

and (M (x,y)) = 3x + 3.
Since y < x — 1, then ()c—i—y—|—3)2 <(2x+2)?%< (3)6—1—3)2 —(Bx+3)
and therefore condition (2.1) holds.
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Case 4 Assume x = y > (. Consequently, we get
d(Ax,Bx) =d(x+1,x+2)=2x+3
and

max{d(Ax, Sx),d(Bx, Tx),d(Sx, Tx), [d(Ax, Tx) + d(Bx, Sx)]/2}
=max{d(x + 1,2x +2),d(x +2,2x + 1),d2x +2,2x + 1),
[dix+1,2x + 1) +d(x +2,2x + 2)]/2}
= max{3x + 3, 4x + 3, [6x + 6]/2}
=4x +3.

Therefore, we have

d(Ax,Bx) 2x+3 4x+3
/ 2tdt:/ 2tdt=2x +3)%, M(x,x) = / 2tdt = (4x + 3)?
0 0 0

and (M (x, x)) = 4x + 3.
Since (2x 4 3)? < (4x + 3)2 — (4x + 3), then condition (2.1) holds.

Thus, the mappings A, B, S, and T satisfy all the hypotheses of Theorem 2. Here O is
the common fixed point of A, B, S, and T'. O

3.2 Application to Functional Equation

Let U and V be Banach spaces, W C U be a state space and D C V be a decision
space. Now, using the fixed point theorems obtained in the previous Section, we study

the solvability of the following functional equation arising in dynamic programming
(see [11,13,14]):

Ox) = Sug{f(x, y)+ K, y, O((x, )}, xeW, (3.1)
ye

wheret : WxD—> W, f:WxD—->RK:WxDxR-—>R.

Let B(W) denote the space of all bounded real-valued functions on W. Clearly, this
space endowed with the metric given by

d(h,k) = sup |h(x) —k(x)|, forall h,k € B(W)
xeWw

is a complete metric space.
We will prove the following theorem.
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Theorem 6 Let K : Wx DxR — Rand f : Wx D — Rbetwo bounded functions
and let A : B(W) — B(W) be defined by

Ah(x)==sug{f(x,y)+-K(x,y,h(r(x,y)D}, (3.2)
ye

forallh € B(W) and x € W. Assume that the following condition holds:

IK (x,y,h(x))—K (x,y,k(x))]|
/ ¢ (t)dt < pM(Ah, Ak), (3.3)
0
where
max{d(Ah(x),h(x)),d(Ak(x)k(x)),d(h(x),k(x)),[d(Ah(x),k(x)Hd (Ak(x),h(x))]/2}
M(Ah, Ak) :/ ¢ (t)dt,
0

h,ke BWW),xe W,ye D,pe(0,1),and¢ : [0, +00) — [0, +00) is a Lebesgue-
integrable mapping which is summable and such that (2.2) holds. Then the functional
equation (3.1) has a unique bounded solution.

Proof Since f and K are bounded, there exists a positive number A such that
sup{[f(x, I, IK(x, y,2)]: (x,y,2) € W x D xR} < A.

Now, by using a property of the integration theory ([31], Theorem 12.34) and the
properties of ¢, we conclude that for each positive number ¢, there exists a positive
number § (&) such that

/ d(t)dr < e, forall @ C[0,2A] with m(Q) < 8(e), (3.4)
Q

where m(2) is the Lebesgue measure of 2.
Letx € W and hy, hp, € B(W), then there exist y;, y» € D such that

Ahi(x) < f(x, y1) + K(x, y1, hi(z(x, y1))) + 8(¢), (3.5)
Aha(x) < f(x, y2) + K(x, y2, hao(t(x, y2))) + 3(e), (3.6)
Ah1(x) = f(x,y2) + K(x, y2, hi(t(x, y2))), (3.7
Ahy(x) = f(x, y1) + K(x, y1, ha(t(x, y1))). (3.8)

Then from (3.5) and (3.8), it follows easily that

Ah1(x) — Aha(x) < K(x, y1, hi(z(x, y1))) — K(x, y1, ha(z(x, y1))) +8(¢)
< |K(x, y1, hi(t(x, y1))) — K(x, y1, ha(z(x, y1))[ + 8(e).
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Hence, we get

Ahy(x) — Aha(x) < |[K(x, y1, hi(z(x, y1))) — K(x, y1, ha(z(x, y1)))| + 8(e).
3.9
Similarly, from (3.6) and (3.7) we obtain

Ahy(x) — Ah1(x) < |K(x, y2, hi(t(x, y2))) — K(x, y2, ha(T(x, y2)))| + 8 (e).
(3.10)
Therefore, from (3.9) and (3.10) we have

[Ahi(x) — Aha(x)] < Sug [K(x,y, hi(t(x,y)) — K(x,y, ha(t(x, )| + 5(e).
ye
3.11)

In view of (3.3), (3.4), and (3.11), it follows easily that

d(Ah) (), Ah2 (x))
/ #(1)dt < pM(Ahy, Ahy) + .

0

Since the above inequality is true for any x € W and ¢ > 0 is taken arbitrary, then we
conclude immediately that

d(Ah1(x). Aha(x)
/ ¢()dr < pM(Ahy, Ah).

0

Thus, all the hypotheses of the Corollary 1 are satisfied with § = Ip(w), the identity
mapping on B(W) and ¢ : [0, 4+00) — [0, +00) given by ¢(t) = (1 — p)t for all
t > 0. Therefore, there is a unique bounded solution of the functional equation (3.1).

O
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