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Abstract This paper investigates the existence and multiplicity of solutions for
superlinear p(x)-Laplacian equations with Dirichlet boundary conditions. Under no
Ambrosetti-Rabinowitz’s superquadraticity conditions, we obtain the existence and
multiplicity of solutions using a variant Fountain theorem without Palais-Smale type
assumptions.
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1 Introduction
We consider the following superlinear elliptic problem

—Apyu = f(x,u) +g(x,u), in Q2 (P)
u=20, on 02
and obtain infinitely many solutions, where € is a bounded smooth domain of RY
(N >3)and p € C(Q) with 1 < p(x) < N forall x € Q.

Generally, in order to search the existence of solutions for Dirichlet problems which
is superlinear, it is essential to assume the following superquadraticity condition, which
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is known as Ambrosetti-Rabinowitz type condition [2]:
(AR)AM > 0,7 > p+ suchthat 0 <t F(x,s) < f(x,s)s, |s|> M, x € Q,

where f is nonlinear term such that F(x, t) = fot f(x,s)ds.

There are many papers dealing with superlinear Dirichlet problems involving p(x)-
Laplace operator A ,yu 1= div(|Vu [P =2vy), in which (AR) is the main assump-
tion to get the existence and multiplicity of solutions [8,9]. However, as far as we
are concerned, there are many functions which are superlinear but not satisfy (AR)
[3,17].

It is well known that the main aim of using (AR) is to ensure the boundedness
of the Palais-Smale type sequences of the corresponding functional. In the present
paper, we do not use (AR). Instead, we use a variant Fountain theorem not including
Palais-Smale type assumptions (see Theorem 2.1).

The study of differential equations and variational problems involving p(x)-growth
conditions has attracted a special interest in recent years and a lot of researchers have
devoted their work to thisarea [11, 13,15, 16] since there are some physical phenomena
which can be modeled by such kind of equations. In particular, we may mention
some applications related to the study of elastic mechanics and electrorheological
fluids [1,4,10,14,19]. The appearance of such physical models was facilitated by the
development of variable exponent Lebesgue L”™) and Sobolev spaces W17,

2 Preliminaries

At first, we shall mention some definitions and basic properties of generalized
Lebesgue—Sobolev spaces LP™) (), WHP¥)(Q), and WOl X)) We refer the reader
to [5-7,12] for the fundamental properties of these spaces.
Set
CL(Q) = {p; peC(Q),inf p(X) > 1, Vx € 5}

Let p € C, () and denote

p~ = inf p(x) < p(x) < pT 1= supp(x) < oo.
xeQ xeQ

For any p € C (), we define the variable exponent Lebesgue space by

LPYOQ) =du|u:Q— R ismeasurable, /|u(x)|”(x)dx <ot
Q

then L?™ () endowed with the norm

px)

ux) dx <1y¢,

|u|p(x) =inf{pu >0:/
Q
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becomes a Banach space.
The modular of the L™ (Q) space, which is the mapping p : L?®(Q) — R
defined by

p(u):/lu(x)lp(x)dx, Yu € LYY (Q). (2.1
Q

Proposition 2.1 [6,12] Ifu, u, € LP(X)(Q) (n=1,2,..), we have
@) lulpey <l=L>D e pw <l(=1;>1);
.o - +

(i) lulpy > 1 == lulf oy < @) < Jul]

“ee +
(i) Julpoy <1 = |ulb ) < p@) <l

Proposition 2.2 [6,12] If u, u, € LPY)(Q) (n = 1,2, ...), then the following state-
ments are equivalent:

@ lim |u, —ulpe) =0;
n—oo

@) lim p(u, —u) =0;
n— o0

>iil) u, — u in measure in Q and lim p(u,) = p (u).
n—>00
The variable exponent Sobolev space W 7™ (Q) is defined by
WhPO(Q) = (u e LPY(Q) @ [Vu| € LPY(Q)),
with the norm
el pey = litlpeey + [Vl py, Vi € WHPO ().

Then (WhPO(Q), || - |1, p(x)) becomes a Banach space. The space Wé’p(x)(ﬂ) is
defined as the closure of C§°(£2) in WP (Q) with respect to the norm || - || 1,p(x)-

Foru e W(;’p (X)(Q), we can define an equivalent norm
lull = [Vulpe),
since Poincaré inequality
] piry < CIVutlpiey, Yu € Wy P ()

holds, where C is a positive constant [8].

Proposition 2.3 [6,12] If 1 < p~ and pt < oo, then the spaces LP™ (),
WbLre)(Q), and WOl P (X)(Q) are separable and reflexive Banach spaces.

Proposition 2.4 [6,12] Assume that 2 is bounded, the boundary of 2 possesses the

cone property and p € C+(Q) . If g € C+(Q) and g (x) < p* (x) 1= NNfIE)(C;) for all

x € Q, then the embedding WP (Q) < LI%) (Q) is compact and continuous.
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1026 Z. Yucedag

From [18], let X be a reflexive and separable Banach space, then there are e; C X
and e;’f C X™* such that

X =spanie;| j=1,2,..}, X" =span {e;f |j=1,2, },
and o
rel={o 124
where (., .) denotes the duality product between X and X*. For convenience, we write

X = span{e;}, Yk=€9]; 1Xjo Zi = @5 X

And let
B ={u € Yy : lull < pi}, Ne={u€ Zg: lull =ri}, for px > ri > 0.
Let consider the C!-functional /) : X — R defined by
Iy (u):=A(w) —ABw), »€[1,2].

Now we give the following variant Fountain theorem (see [20], Theorem 2.2), which
we use in the proof of the main results of the present paper:

Theorem 2.1 (Variant Fountain Theorem) Assume the functional I, satisfies the fol-
lowings:

(T1) I, maps bounded sets to bounded sets uniformly for A € [1, 2].

Moreover, I) (—u) = I, (u) for all (A, u) € [1,2] x X.
(T2) B(u) > 0; B(u) — oo as ||u|| = oo on any finite dimensional subspace of X.
(T3) There exists py > ri > 0 such that

ag(A) = inf L(u) >0>br(A):= max [(u),

UEZg, |lull=pk u€Yy, |lull=rr

forall . € [1, 2] and

dr(A) = inf I, (u) - 0 as k — ocouniformly for A €[1,2].

ueZ,|lull<px
Then there exists A, — 1, u(r,) € Y, such that

I
L,

v, Wn)) =0, L, (u(rn)) = ck € [di(2), bi(1)] as n — oo.

Particularly, if {u(1,)} has a convergent subsequence for every k, then I has infinitely
many nontrivial critical points {ux} € X\ {0} satisfying I} (uy) — 0~ ask — oo.
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3 Main Results

For problem (P), we make the following assumptions

®P) fx,—t)=—f(x,t)and g (x, —t) = —g (x,t) forany x € 2, ¢ € R.

(P2) Assume that f : Q@ x R — R is a Carathéodory function and there exist
l<o<d6<p andc; >0,cr >0, c3 > 0such that

cltl < fx,nr<erltl’ +e30t]°, foraex € Qandr € R.

(P3) Assume that g : © x R — R is a Carathéodory function and p, g € C4 ()
with p(x) < p™ < ¢~ < g(x) < p*(x) such that

le(x, 1) < ¢ (1 T |t|’1<X>*‘) , foraexeQands €R,

and g(x, 1)t > 0, for a.e. x € Q and t € R. Moreover, hrr(l) . 3 = 0 uniformly for

x € Q.
(P4) Assume one of the following conditions holds

g, ) .
1 I ‘ Py = 0 uniformly for x € .
t %oo -
t
(2) | } gl(:f 1) = —oouniformly for x € Q.
tl—>oo

Moreover, f x t) and g (x ) are decreasing in ¢ € R for ¢ large enough.

)t —eG(x,t .
3 hr‘n inf g (x. 1) ] ae &, 1) > ¢ > 0 uniformly for x € Q,
[—)OO

where a > 8§ and € > 0. Moreover, l1m fp(x_t? = oo uniformly for x € €; gp(f_'? is
—> 00

increasing in ¢ € R for ¢ large enough
Theorem 3.1 Assume that (P1)—(P4) hold, then problem (P) has infinitely many

solutions {uy} satisfying

1
c1>(uk):=/m | Vg | PO dx—/G(x,uk)dx—/F(x,uk)dx — 07 as k— oo,
Q Q Q

where © WOl P (x)(Q) — R is the functional corresponding to problem (P) and
G(x, 1) = [y g(x,s)ds, F(x, 1) = [ f(x,s)ds.

Remark 3.1 The conditions (P») and (P3) imply the functional & is well defined and
of class C!. It is well known that the critical points of ® are weak solutions of (P).
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1028 Z. Yucedag

Moreover, the derivative of @ is given by

(®'(u), v) =/|Vu|p(")_2VuVde—/g(x,u)vdx—/f(x,u)udx,
Q Q

Q

foranyu,v € Wol’p(x)(Q).
Let us consider C!-functional ®; : Wé PO Q) 5 R defined by

Dy () = /%IVulp(x)dx—/G(x,u)dx—k/F(x,u)dx
Q P Q Q
= A() — K(u) — AB(u),

where A € [1,2]. Then B(x) > 0 and B(u) — oo as |lu|| — oo on any finite
dimensional subspace, where n > k > 2. To get the proof of Theorem 3.1, we will
apply Theorem 2.1. Therefore, it is enough to obtain the results of Lemma 3.1 and
Lemma 3.2.

Lemma 3.1 Under the assumptions of Theorem 3.1, there exist A, — 1, u,(\) € Yy,
such that

@)y, Wa(A) =0, 3, (uy (1) = cx € [dr(2), br ()] as n — oo.
Proof First, we prove that for some r¢ € (0, px) such that

bry(A) ;= max D, (u) <0,

ueYy lull=r¢

for A € [1,2],u € Y. The norms ||, and ||-|| are equivalent on the finite dimensional
subspace Y. Therefore, there is a constant ¢ > 0 such that

luly > cllull, Yu € Y.

Moreover, by (P3), for any ¢ > 0 there exists C, > 0 such that |G(x, u)| <
elul?” + Ce u|9%). Then, by (P) and Proposition 2.1, we have

1 _
D) (u) < = lull” — K(u) — 2B(u)

1 _ B
< — |lull? —8/|u|” dx—cs/|u|q<x>dx—)\c1/|u|“dx

p
Q Q Q
1 P T at _ oy
<—llull® —ec” |ul” —Celul? —cq llull®.
P
Sinceo < p~ < g7, for ||lu|| small enough we get by (A) := max Dy (u) <0
ueYy, llull=r
forallu € Y. O
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Existence of Solutions for p(x) Laplacian Equations 1029

Second, we shall show that for some 0 < r; < pr such that

ag(\) = inf O, (u) >0

ueZy |lull=px

forA €[1,2],and u € Z;.

Let
Be(q(x)) = sup ulyey, Be(p™):= sup  |ul,—,
ueZy,|lull=1 ueZy,|lull=1
B (8 := sup uls, Br(o):= sup |ul,.
ueZy,llull=1 ueZy,llull=1

Then Br(g(x)) — 0, Br(p™) — 0, Br(8) — 0 and Bx(oc) — 0 as k — oo see, [9].
Therefore, by (P») and Proposition 2.1, we have

@5 (u) = A(u) — K(u) — )»B(u)>—||u||p — K(u) — 2B(u)

> —||u||p —8/|u|p dx—C5/|u|q(x)dx—kc2/|u| dx
—XC3/|u|”dx
> — ull” = clulh” —clull ) — clul} —clul
. . _ - B
2p—+||uI|” — Bl ) ull? =Bl (@) lulld — eBP(d) llull®

= cBy (o) llull®

where ¢ = max {e, C¢, 2¢2, 2¢c3}. Let g € Zy, ||l = 1and 0 < t < 1, then it follows

D, (1)

%

1 _ _ — _
p—+t”+— B (p)? — Bl (qo — Bl 8)® — BT (0)t°

v

| R - , -
1 =B @t = (e8] (7)) +BL) + e @) 7

sinceo <8 < p~ < pt < g~ for sufficiently large k, by choosing cﬂ,‘f—(q ) <
2[7%, we get

1 _ _
CD,\(NP)ZzI?t” — (B (P7) + B (8) + cBY (0))1°. (3.1
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1030 Z. Yucedag

1
Put py := (2cp+ﬁ,f (p7) +2cpTBAS) + 2cpt BT (o)) 777, then, for sufficiently
large k, pr < 1. When t = pg, ¢ € Z; with ||¢]| = 1, we have &, (t¢) > 0. So, for

sufficiently large k, we obtain a;(}) := inf D, (u) > 0.
u€Zy \ull=pk

Finally, we prove
dr(\) = inf D, (u) —> 0

u€Zi |lull <px

as k — oo uniformly. Indeed, since Y; N Z; # & and ry < pg, we have

dr(L) = inf D, (u) <by(A):= max D,(u) <0.

ueZy lull<pk ueYy lull=ry

By (3.1),for ¢ € Zg, |lell = 1,0 <t < pr and u = t¢ it follows that

() = @ (tg) = 2}%#" — (B! P +Bl® + Bl (@) 17
= — (Bl () +BL®) + Bl (@) 7
= —(cBl (P + B + B (@) ¢
> — (B (07 + cBL®) + Bl ().

therefore, di (1) — 0 as k — oo. Hence, by Theorem 2.1, we can find A, — 1 and
u,(A) € Y, desired as the claim. The proof is completed. O

Lemma 3.2 {u,(A)}>2, is bounded in Wy"™ ().

Proof Since CDQW ly, (u (Ap)) = 0, then we have
D) (u (M) = A" (u (k) — K" (u (hn)) — Ay B" (u (h)) = o(1) lu (k)| ,

or, by Proposition 2.1,

1—0(1)=hx, f(xa u (Ap))u ()»n)dx +/ g(x’ ol (A‘n)dx

J p (u (An)) p (u (An))
S)\n/ f(x,u(kn))ui(kn)der/g(x,u(kn))ufkn)dx
2 llw )1 Il )17

where p (u(Xr,)) is defined as in (2.1). Passing to a subsequence, if necessary,
llu(Xy)|| — oo as n — oo, and using (P>) it follows

o) S/g(x,u(xn»ugxn)dx’
lu Gl

where o(1) — 0 as n — oo. This is a contradiction providing that (P4) (1) holds. O
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Let {w,} C WO"P("’(Q) and put w, = % Since ||w,| = 1, up to subse-
quences, from Proposition 2.4 we get

o, = o in WY @),
wy = @ in L7Y(Q), p(x) < y(x) < p*x),

wp(x) > w(x) ae. x € Q.

Then the main concern is that either {w, } C WO1 P (£2) vanish or it does not vanish.
We shall prove that none of these alternatives can occur and this contradiction will
prove that {w,} C W(}’p ) (R2) is bounded.

If w # 0, from Proposition 2.1, Fatou’s Lemma, (P,) , (P3) and for n large enough,
we have

) (u (M) = A (@ On)) = K" (4 (k) = 2 B" (t Gn)) = 0 (1) llu o) |l

or
—f(x, u(hp))u(rn) / —g(x, u(rn))u(rp)
—1 1) =Ai, d d
o Q/ pwGay PGy
an/ —f(x,U(/\n))?(?»n)dx+/ —g(x,u(/\n))lf(?»n)dx
lu )P lun)lI?
Q
Using ‘ llirn Igl(;c—iu’)l = —oo in (P4) (2), we get

1 4o 2/—g(x,u()»n))?()»n)dx =/ —g(x,u(kn))jt(/\n)lwn|p—dx
() lIP lu(An)lP

— A A _
el SO UG U)o
)P

{w#0}N{|u(hn)|=c}

which is a contradiction. Moreover, we can get the similar resultif lim GV,

u|— o0 lulP™ 1
in (P4)(3).
If w = 0, we can define a sequence t,, C R as in see, [17] such that

q:)kn (tyu(ry)) == tIeI%(E)Di] q))»,, (tu(ry)).
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1032 Z. Yucedag

a
Let @, := 2p*c)?” w, with ¢ > 0. Then for n large enough, we have

q)kn (thuy) > (ID)W (wn)

> A ((2p+c)pl-wn) -K (<2p+c)v'-wn) — B ((2p+c>pl-wn)

pLJF(ZI7 c)A(@n) — K(@n) — Ay B(@n) = 2¢ — K(@p) — An B(@y)
>c

iy 21

v

which implies that lim @, (f,u,) — oo by the fact ¢ > 0 can be large arbitrarily.
n— oo

Noting that ®;, (0) = 0 and ®;,(#,) — ¢, 500 < #, < 1 when n large enough.
Hence we have (CIDQW (tau(Xp)), tyu(ry,)) = 0. Thus, it follows

n]Ln;o |:q>k,1 (tau(Ay)) — _L“D;u (tau(Xp)), lnu()\n)t>:| — 00,

In

where p, = % Therefore,

nlgrc}o [(A(tnu()\n)) — K(tqau(hp)) — Ay B(thu(hy))

——(A (tatt(An ))+LK (tntt(An)) + An = L (taut(Xp ))}

th In In

that is,

lim [An_LB/(tnu()\n)) — A B(tqau(Ap)) + _LK/(lnM()‘n)) - K(tnu()\n))i| — 0

n—00 P, P,

Moreover, if (P4)(2) holds, we have

1 1
—f (x,su)su — F (x,su) + —g (x,su)su — G (x, su) <c,
ptn ptn

forall s > 0 and u € R, so we get a contradiction.

If (P4) (3) holds, by (P»), we get

€2 5 L,
00 < 3 [u(An)|°dx + ﬁ_K () — K@(An)).

n

Thus,
LK U0m)) = K () — o0, (32)

n
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Existence of Solutions for p(x) Laplacian Equations 1033

Furthermore, using the property of u (A,,) (see Lemma 3.1), it follows that

1 1
b (1) = An (ﬁ—B’(u(kn)) - B(u()»n))) + =K' () — K@)

n

Pn \ Py

Pn
> 2 (_iK’(uan»—K(u(An))) _a / G Pdx
p Pn A

zcﬁix/(uan» ~ KOw) —c,

n

which contradicts (3.2). Therefore, (1) is bounded. The proof is completed.
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