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868 P. Balasubramaniam et al.

1 Introduction

Fractional differential equations (FDEs) are viewed an excellent tool for describing
real-life phenomena, which have memory and hereditary properties. The efficiency of
describing the real-life phenomena by FDE is more accurate than the classical differ-
ential equations. Nowadays, it is the most attracted area of research. The existence
of mild solution and other qualitative and quantitative properties of such FDE mod-
els of real-life phenomena have been studied by many researchers; as a part of it,
several authors have established the existence of mild solutions for differential equa-
tions with fractional order see [3,6,8,10,15,16,20,25,31-34]. FDE are considered
as an alternative model to nonlinear differential equations and can be found many
applications in the areas of turbulence and fluid dynamics, stochastic dynamical sys-
tems, plasma physics and controlled thermonuclear fusion, nonlinear control theory,
image processing, nonlinear biological systems, astrophysics, etc. (for more details,
see [12,19,24]).

Stochastic differential equations play a vital role in mathematical modeling of
real-life phenomena when noises are non-negligible. Besides, noise or stochastic per-
turbation is unavoidable and omnipresent in nature as well as in man-made systems
[18]. Therefore, it is of great significance to import the stochastic effects into the
investigation of fractional differential systems [2,23].

An ordinary differential equation coupled with impulsive effects is considered as
impulsive differential equations, and it was introduced by Milman and Myshkis in
the year 1960. The perturbations such as earthquake, harvesting, shock, etc. can be
well-approximated as instantaneous change of state or impulses, and they can be
modeled by impulsive differential equations. The dynamics of process in which sud-
den discontinuous jumps occurs in the real-world problems can be described by the
impulsive differential equations. Such processes are naturally seen in biology, physics,
engineering, etc. Moreover, a simple impulsive differential equation may exhibit sev-
eral new phenomena such as rhythmical beating, merging of solution, and noncon-
tinuability of solutions; hence, it has developed tremendously for more details see
[4,5,11,13,14,17,21,22].

In [21], Ouahab studied the local and global existence and uniqueness results for
first-order impulsive functional differential equations with multiple delay by means
of the fixed-point theorems due to Schaefer and a nonlinear alternative of Leray—
Schauder. The local and global existence of mild solution for a class of impulsive
fractional semilinear integro-differential equations has been studied by Rashid and
Al-Omari [25]. Very recently Chauhan and Dabas [5] discussed the local and global
existence of mild solution for an impulsive fractional functional integro-differential
equations with nonlocal condition. To the best of authors knowledge, there is no work
still reported on the local and global existence of mild solution for impulsive fractional
semilinear stochastic differential equation with nonlocal condition. Hence, the main
objective of this manuscript is to fill this gap. Further, the existence results obtained
in many works are valid only for % < o < 1; the aim of this manuscript is to provide
the result, which is valid for all values of @ € (0, 1).
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Local and Global Existence of Mild Solution 869

In this paper, we study the local and global existence of mild solution for the follow-
ing impulsive fractional semilinear stochastic differential equation (1) with nonlocal
condition in a Hilbert space using fixed-point technique and solution operator:

CDIx(t) = —Ax(t) + f (t, x) + fé o(t,s, xg)dw(s), teJ:=[0,b], t#t,
Ax (1) = I (x(tk_)), k=1,2,....m, :
h(x) =¢o on[-r, 0],

(D

where “Dfx(t), 0 < o < 1 is the Caputo fractional derivative, —A is sectorial
operator, here x(-) takes the values in a Hilbert space H with inner product (-, -)
and norm || - ||. Let K be another separable Hilbert space with inner product (-, -)x
and norm || - ||x. Suppose w(¢) is K-valued Brownian motion or Wiener process
with a finite trace nuclear covariance operator Q > 0. We employ the same notation
|| - || for the norm of L(K, H), where L(K, H) denotes the space of all bounded
linear operators from K into H. Let the nonlinear maps f : J x PCyp — H and
o: JxJxPCy— L(K, H) be continuous, where PCy = PC([—r, 0], H) and
for any x € PC, = PC([—r, b], H), t € J, we define the element x; of PCy by
x1(0) = x(t+0), 6 € [—r, 0]. The function ¢ € PC}, and the map # is defined from
PC,, into PC,,.

This paper is organized as follows: In Sect.2, we give some preliminaries, basic
definitions and results, which will be used throughout this paper. In Sect. 3, the proof
for the local existence of mild solution is provided . In Sect. 4, we prove the global
existence of mild solution. Section5 illustrates our theoretical results by an example.

2 Preliminaries

In this section, some basic definitions, notations, and lemmas are provided that will
be used in the sequel. Let (£2, F, P) be a complete probability space furnished with
a complete family of right continuous increasing sub-o -algebras {F; : ¢t € J} satis-
fying F; C F.Let x(t) : £2 — H be a continuous F;-adapted, H-valued stochastic
process. Let {¢,}7° | be a complete orthonormal basis of K. Suppose that w(r), t > 0,
is a cylindrical K-valued Wiener process with finite trace nuclear covariance oper-
ator Q > 0, denote Tr(Q) = ZZO:I)L,, < oo, which satisfies that Q¢, = A,&,.
Indeed w(r) = > 07 V/Anwa(1)Ey, where {wy, (1)}°° | are mutually independent one-
dimensional standard Wiener processes. Let ¢ € L(K, H), and define

2

ol = Trig 0p*) = > | Vit
n=1

If |¢llo < oo, then ¢ is called Q-Hilbert—Schmidt operator. Let L g (K, H) denote
the space of all Q-Hilbert—Schmidt operators from ¢ : K — H. The completion
Lo(K, H) of L(K, H) with respect to the topology induced by the norm || - |/,
where ||<p||2Q = (@, @) is a Hilbert space with the above norm topology. For more
details of this section, the reader can refer [1,9,18,24].
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870 P. Balasubramaniam et al.

Definition 2.1 [24] The Riemann—Liouville fractional integral of order « > 0 for a
function f : Ry — Rand f € L'(Ry, X) is defined as

1 t
JEf@) = m/o (t—0)* ' f(ydr, a>0, >0,

where I"(-) is the Euler gamma function.

Definition 2.2 [24] The Caputo derivative of fractional order « of a function f :
[0, o0) — R is defined as

1 A2,

(n—a)jo (- t)"‘—n+1df = 1",

‘DY f(t) = 7

forn—1<a<n,neN.

Definition 2.3 [24] The two parameter function of the Mittag—Leffler type is defined
as

- zk 1 ueBek

EO{ = _—-— =
() gl“(aquﬂ) i Jo p —2

du, o, >0, zeC,

. . . . 1
where C is a contour which starts and ends at —oo and encircles the disk || < |z]2
counter clockwise.

The Laplace transform of the Mittag—Leffler function is given by

© kIne—h
/ e‘“t“k’Lﬂ‘lngg (£ar®) dr

1
=——— Re(d) > |a]e.
0 FCE

Definition 2.4 [9] A closed and linear operator A is said to be sectorial if there are
constants w € R, 6 € [Z, 7], M > 0 such that the following conditions are satisfied

@) p(A) C X ={r€C: 1 #o, larglh —o)| <0},

(i) IR, Al = % AED 0w -
Definition 2.5 [31] Let A be a closed and linear operator with the domain D(A)
defined in a Banach space X. Let p(A) be the resolvent set of A. We say that A is the
generator of an «-resolvent family if there exists @ > 0 and a strongly continuous
function S, : Ry — L(X), where £(X) is a Banach space of all bounded linear

operator from X into X and the corresponding norm is denoted by || - || such that
{A* : Re(A) > w} C p(A) and

o0
(A“I — A)ilx =/ e MS,(Hxdt, Re()) > w, x € X,
0
where S, () is called the «-resolvent family generated by A.
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Definition 2.6 [7] Let A be a closed linear operator with the domain D(A) defined in
a Banach space X and o > 0. We say that A is the generator of a solution operator if
there exists @ > 0 and a strongly continuous function 7, : Ry — L£(X) such that
{rA% : Re(A) > w} C p(A) and

o0
)»“71()»“1 — A)ilx =/ e MT,(H)xdt, Re() > w, x € X,
0

where Ty (¢) is called the solution operator generated by A.

Definition 2.7 An F; adapted stochastic process x : [—r, b] — H is called a mild
solution of (1) if x(¢) = ¥ (¢) on [—r, 0], where ¥ € PCj such that h(yy) = ¢y on
[—r, 0] and satisfies the following conditions:

(i) x(t) is PCp valued and the restrictions of x(-) to (tx, tx+1], k =1, 2,...,m is
continuous.
(i1) Foreacht € J, x(t) satisfies the integral equation

x(1)
TP 0) + fy Salt =) [f (s, x) + [y o (5, 7, x0) dw(@)]ds, 1 €0, 1],
=1 TV O + XL Tu ¢ =) I (x (1)),
+Jo Sat =) [f 5. %) + [y o s, 7 x) dw(D)]ds, 1€ (el k=1,2.....m,
where

3

a 1 At )‘a_l
Ty (t) = anl (—Al ) = % B € mdk

_ 1 1
Sa(f) =% lEa,a (—Ata) = 2_711‘/3? eltmd

’

where ér denotes the Bromwich path, S, (?) is called «-resolvent family, and Ty (¢) is
the solution operator, both are generated by A.

The following assumptions are assumed to establish the main results:

(A1) The function f : J x H — H is continuous, and there exists a constant N
such that E|| f(z, x) — f(t, y)||*> < N{E|lx — y||* forall x, y € H.

(A2) The function g : D x H — L(K, H) is continuous, and there exists a constant
Ny such that [ Ello(t, s, x) —o(t, s, y)||*’ds < NoE||lx — y||* forall x, y €
H,where D =J x J ={(t, s), t, s € J}.

(A3) The nonlinear map i : PC;, — PCy, is such that for any x; and x> in PCp, with
x1 = xpon[—r, 0], h(x1) = h(xp) on [—r, O].

(A4) The functions I : H — H are continuous, and there exists a constant y > 0
suchthat E|| Iy (x)— I (M)||?> < pE|lx—y||*forallx, ye H, k=1,2,...,m.

(As) The functions I : H — H are continuous, and there exists a constant p > 0
such that E|| Iy (x)||?> < pE|x|?forallx e H, k=1, 2,...,m.
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872 P. Balasubramaniam et al.

(Ag¢) The functions f: J x PCo - H, 0 : D xPCy - L(K, H),and I} : H —
H, k=1, 2,..., mare completely continuous.

(A7) The operator family {7, (¢)};>0 and (S« (t)}s=0 are compact, where Su(t)
1175, (1). I A € A% (B0, wo) then [Ty (Dzcx) < Me® and [ So (1) Lix) <
Cewt(l + tail). Let My = SUPo</<p ”Ta(t)”L(X)» Mg = SUPo</<p Ce“ (1 +
1= where L(X) is the Banach space of bounded linear operators from X
into X. So we have || T, (t)|lL(x) < M7 and || So () lL(x) < 1%~ Mg ( for more
details see [32]).

Al

3 Local Existence of Mild Solution

Theorem 3.1 If the conditions (A1)—(As) are satisfied and there exists xo € PCp
such that h(xg) = ¢o on [—r, 0], then for every ¢o € PCy there exists a 19 =

70(¢0), 0 < 19 < b such that the initial value problem (1) has a unique mild solution
x € PC([—r, 0], H).

Proof Since we only consider the local solutions, and hence we may assume that
b < oo.Letsr > 0, R > 0 be such that Bg(xo) = {x : E|x — x0||f, <
R}, Elf(, 03 < Nvand [§ Ello (1, s, x)lI7  )ds < Nafor 0 <7 < ¢ and
x € Bg(xp). Choose 1 > 0 such that E|| Ty ()x0(0) — x0(0)[[%, < & for0 <1 <+’
and E||xo(1) — x0(0) 1% < & for 0 < r <" and we choose

” %—M%pm

To = min { b, t,, t, e
“5 (N1 + N2Te(Q))

set Y = PCyy = PC([—r, 19], H) and Yy = {x : x € ¥, x = xgon[—r, O] and
x(t) € Br(xg)for0 <t < 1p}. Itis clear that Yy is a bounded closed convex subset
of Y.

We define a mapping @ : Yy — Y by

xo(t); tel[-r 0],
(@x)(1) = { Tu@®x0(0) + 2o o, Tu ¢ — 1) I; (x (1)) ,
+ Jo Salt =) [f (5, x) + [y 0 (s, T, xp)dw(n)]ds; 1 €[0, 70].

For x € Yy, t € [0, 19], we have

E|[(®x)(1) —xo(0)I7; <5 [E 17 (1)x0(0) — x0(0) 17 + E llxo(t) — x0(0) |17

2

+E Z To (t — 1) I (x (1))

O<ti<t H

t t
+M§/ (t—S)‘HdS/ t =) EIf (s, x)ll3 ds
0 0
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t t s
M2 / (t — 5)*\ds / (t — ) 'Tr(Q) / Ello (s, 7 x0 12k, drds]
0 0 0

R R M3g® 5
<51—C-+—C-+ 2 (N1 + N2 Tr(Q)) + Mz pm

15 15
E||(@x)(1) = xo®)II3; < R.
Thus @ : Yy — Y, if we choose 79 > 0 such that
2_2a

M
3[M%um+ - (N1+N2Tr(Q))} <1 @)

Now, let x, y € Yy, then

El(@x)(t) — (@)D < 3‘ S E|TG—t) 1 (x (i) = Tu ¢ —t) I (v (1))

O<t; <t

t t
+M§/0 <z—s)“—1ds/0 (= E N (5. x0)— f (5, y)[2ds

t t
+ Mé/ (t— s)”‘_lds/ (t — )@t
0 0

x Tr(Q) /S Elo (s, t, x;) —0o (s, T, y,)llzdrds]
0

M2 20
E[[(@x)(1) — (@y)(D)l3 <3 [M%um + 250 Ny NzTr(Q))} Elx — y|*

o?

It follows from (2) and by Banach contraction mapping principle that there exists
aunique x € Yy such that x is a mild solution of (1) on [—r, 7p]. This completes the
proof. O

Theorem 3.2 Ifthe conditions (As)—(A7) are satisfied and there exists xg € PCy, such
that h(xg) = ¢o on [—r, 0], then for every ¢g € PCyp, there exists a Ty = to(¢p), 0 <
10 < b suchthatthe initial value problem (1) has a mild solution x € PC([—r, 9], H).

Proof We use Schauder’s fixed-point theorem for the proof of this theorem. Let @ :
Yo — Yy be defined as in Theorem 3.1.

Step 1: To show that, @ is continuous from Y into Y. Let {x"} be a sequence in Yy,
suchthatx” — xinYp.Then f(z, x/') — f(t, x,)ando(t, s, xI') — o (t, s, Xy)
asn — 00, because the functions fand o are continuous on J x PCy and D x PCy),
respectively. Now for every ¢ € [0, 9], we can estimate

E[(@x") () = @00}, = 3{MFE |1 (" (7)) = 4 (x (7)) [

t
+M§b/0 (t = 2@ VE | f (s, x") = f (5. x|, ds
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874 P. Balasubramaniam et al.

t
+M3b / (t —s)>@=D
0
§ 2
xTr(Q) |:/ E ||a (s, T, x?) —o (s, T, xf)||Hdti| ds} ,
0
now, we use the fact that,

=)@ VE|f (s, x7) = £ (s, x0) |
<2Ni(t — )@ Ve L' (J, RY),
N
(t — s)z(o‘fl)/ E ||a (s, T, x?) —o (s, T, xf)sztds
0
<2Ny(t — )@V e L! (1, RY),

and by means of Lebesgue dominated convergence theorem, we obtain

t
/ (t —5)?@DE Hf (s, x;’) — f (s, xs)Hilds — 0,
0

t s
/0 (t —s)2(°‘_1)/0 E Ho (s, T, x’;) —o (s, T, xf)”z drds — 0.

Hence, lim,, .o E[|@x" — ®x||2) = 0. Since the functions /i, k =1, 2,....m
are continuous. This means that @ is continuous.

Step 2: We show that @ (Yy) = {®x : x € Yy} be an equicontinuous family of
functions. For 79 > 1 > 171 > 0, we have

E [(®x) (1) — (®x) (x) I3
<4 {E Ty (z2) x0(0) — Ty (21) x0(0) 1%

+E Z Ty (ty — 1) I (x (t]:)) - Z Ty (1 — 1) Ik (x (II;))

O<tr<m O<t<71] H
2

+E / Su (2 —5) f (s xp) ds — / Sa (21 —5) f (s, x,) ds
0 0

+E /12 So (12 — ) (/Y o (s, T, xf)dw(t)) ds
0 0
7] s 2
—/ Sq (t1 — 5) (/ o (s, T, X7) dw(t)) ds I
0 0 H

<6 {E 1Ty (12) x0(0) — Ty (x1) x0(0) |1
k
+ D E|(To (= 1) = To (1 =) 1 (x (7)) |

i=1

H
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3

7
+/ ISe (2 = 8) = Sa (t1 = 17 1) ds/ E|lf (s. xo)l* ds
0 0
%) 1% 2
+/ I1Se (z2 — )L dS/ 1S (z2 = )y E NS (55 x5) |y ds
7] T

1

71 71
180 (= = Su =l s [ 00

A
X (/ E o (s, T, xr)II%(K’H)dr) ds
0

19 1]
+ / 10 (22 — )Ly ds / 1Su (72 — )y TH(Q)
T

1 7]

s
x (/ Elo (s, 7. x)l k. 1) dt) ds]
0

6
<6 Jj 3)

where

13

T
= [ 180 (=9 = S =)y ds [ ENF G xlP ds
0 0

J3

IA

1
My [ S (2 = 5) = Su 1 = 9l o
0

and

7]
Js =/ 1Su (22 — ) — Su (21 = )12, ds
0

T] s
x/ Tr(Q) (/ Ello (s, T, x,)||i(K’H)dr) ds
0 0

a1
< Tr(Q)ti Ns / 10 (72 = 5) = Su (21 — )13, ds.
0

Since ||Sy (12 — 5) — Sy(11 — s)||§(H) < 2Mi(ro — 5)*@™D e L'(J, RT) for
s € [0, o] and Sy (12 —5) — Se (71 —5) — 0 as 1y — 1 because Sy (+) is strongly
continuous. This implies that lim¢, ¢, J3 = lim;, ., J5 = 0. Also
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876 P. Balasubramaniam et al.

%) (2
Jq =/ 1Se: (z2 — )l Loy dS/ ISe (22 = ) ey E L f (5. x9)1I7; ds,
71 T

1
M3N, (13 — 7)™
<

= oz2 P

Jy

and

(%) 123
Jo = / I1Se (T2 — )| Lcary ds/ 1S (z2 — ) Ly Tr(Q)
T

1 71

s
X (/0 E|o (s, T, x,)||%(K’H) d‘L’) ds,

S < MEN2TR(Q) (12 — 7)™
6= ) .

o

Hence, lim, ¢, J4 = 0 and lim¢, 4, J¢ = 0. Since T, is strongly continuous,
the continuity of ¢ > || T4 (¢)||1.(x) allows us to conclude that the right-hand side
of (3) is zero as 11 — 12, which implies that @ (Y) is equicontinuous.

Step 3: Now, we prove @; is completely continuous operator on H by adopting
the method used in [32]. Decompose @ by @ = & + P>, where

0; tel[—r 0],

fé Sa(t = $)[f (5. x)+ [y 0 (s, T, x7)dw(v)]ds; 1 €0, 1],
xo(1); t€[-r, 0],

To(Dx0(0) + Do T ¢ — 1) L (x (17)) ;£ €10, w0].

(P1x) (1) = I

(P2x) (1) = I
From the compactness of Sy (-) and (Ag), we can conclude that the set

[Sa(t s [f (s, xs)—i—/scr(s, , xr)dw(r)], t. €0, 1], x € Yo],
0

isrelatively compact in H. Furthermore, using the mean value theorem for Bochner
integral, we can conclude that (@x)(¢) belongs to the set

o+l

conv[Sa(t —5) |:f (s, x5) +/Sa (s, T, xf)dw(r)] ,t, s €[0, 9], x € Yo],
0

o

for all + € [0, 79], where conv(-) denotes the convex hull. Accordingly, the set
{@1x(t) : x € Yp} is relatively compact. Now, for all t € [—r, 0], (P2x)(t) =
xo(t). Since xo(¢) is a fixed function, it follows that {@>x(¢), t € [—r, 0], x € Yy}
is a compact subset of H. But then, for z € [0, 79] and x € Yy,

yx(t) = Tu(Ox0(0) + D Tut — 1) i (x (1)) -

O<ti<t
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Local and Global Existence of Mild Solution 877

Since Ty (¢) is compact for all # € [0, 1¢], it follows that the set G(¢) = {(P2x)(¢) :
t € [—r, 0], x € Yp}isprecompactin H, @, is also compact. Therefore, ® = @1+ P,
is compact. Aswell, theset E = {x € Yy : x = A®x forsome 0 < A < 1}isbounded,
since E C Yp and Yy is closed bounded convex set. By Schauder fixed-point theorem,
we can conclude that @ has a fixed point in Yy and any fixed point of @ is a mild
solution of (1) on [—r, T¢]. O

4 Global Existence of Mild Solution

This section consider the global existence of mild solution for the system (1).

Theorem 4.1 Assume the hypothesis of Theorem 3.2, let f : [—r, b) xPCy — H and
o: [—-r, b) x[—r, b) x PCy - H, 0 < b < 00 are continuous and maps bounded
setsin[—r, b)yxPCqand[—r, b)x[—r, b) xPCy, respectively, into bounded sets in H,
thenforevery ® € PCy the initial value problem (1) has a mild solution x on a maximal
interval of existence [—r, tmax). If tmax < 00 then lim t 1 tmax E||x ()|l g = o0.

Proof By defining x(¢ + 79) = V (), the initial value problem (1) can be translated
into the following form:
CDIV(D) +AV() = F (1, V) + [§ G (t, 5, Vo) dw(s), 1€10,b—10), #1,
AV (i) = (V (%)), k=1,2,..., m, ;
h(V () = o), 1€l-r—10, 0],
4)

where

F(tv V[):f(t—i_r()a Vt)a le[oab_l’o],
G(I,S, VY):U(t+t01S9 ‘/S)s te[O,b_TO]’
AV @)=L (V@) k=12 ..m,
B(t) = x(t +710) .
and 7y = #; — 1. Since the functions F, G are bounded functions, by Theorem 3.2,

there exists a function V € PC([—r — 19, b — 19], H) such that V is a mild solution
of (4) on [—r — 19, 71] for some 0 < 71 < b — 70 and given by

vy < [TOVO+ Zoga T (=) B (V (1))
a + Jo Sat =) [F (s, Vo) + [5 G (s, 7, Vo)dw(r)]ds, €0, 7],

h(V () =¢(r), tel—r—1,0].
Then

~ | x@®, tel-r w0l
x(t)_[V(l—TO)v t €19, 0+ 11],
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878 P. Balasubramaniam et al.

is a mild solution of (1) on [—r, 79 + 71]. Since x(z + 19) = V(¢) thus for ¢t €
[0, T0 + 71], we have

Ty (t — 10) x (T0) + Zro<tk<t To (1 — 1) Ii (X (tk_)) ’

Vi) = = [ Ly Salt =) [ f 6w 4 [0 (s 7o) du(D)]

We can extend the solution of (1) to the maximal interval [—7, fmax) by continuing
in this way. Now, we can prove, if f,x < 00, then E||x(t)||%l — 00 ast — Imax
by proving 1 — fmax implies ﬁ,_),maxEHx(t)H%i = o00. Indeed, if t 1 tpmax and
Tim, 4y, Ellx(t)[13, < oo, we may assume that || T, (1) || () < M7 and E||x(1)]|3; <
ki for 0 <t < tmax where M7 and k are constants. Now, if 0 < R <t < t < tmaxs
then
E|lx(t) — x|}

’ 2
<7 {E T )x0(0) = Tux00) ||

+ 3 £l (=) n ]

t<ti<t

+ 2

O<t; <t

t
+f
0
)
+f
t
t
+f
0
l/ , [/
+/ St —s)H ds/
t L(H) t

, 2
E Hx(t )—x(z‘)HH <7 [E

n(i =)= ma—w| Bl @)

Sa(t' —5) = Syt —5)

2 t
ds [ E|f (s, x)lFd
s ® [ NS G50l s

’

Sut — ”Hum ds /1
t

t s
Sa(t/—s)—Sa(t—s)Hi(H) ds/o Tr(0) (/0 Elo (s, T, xr)||%,dr> ds

St =9, Tr(Q) (/0 Ello (s, 7. xo)ll dr) ds} :

70O~ T, o) +o

- BN
Solt' =), ENS 5. 501 ds

’ 2
To (V' =) ~Tu 1=1)

L(H)
T ’ 2 N ! S ! S ’ d
— I =9 =0l
+p z 0‘( ’) )L(H) h mdx/o al & ol S)HL(H) *
t<tj<t
Nl ([’ _ t)z"‘Mf t , 2
T —— + NZTI‘(Q)tmax/O St —5) = Sa(t = S)HL(H) ds
Tr(Q)N2 M2(t — 1)
N af . 5

Since for arbitrary + > R > 0, in the uniform operator topology for r > R >
0, Ty(t), Sy (¢) are continuous, which implies that the right-hand side of (5) tends to
zero as f, ¢ tends to max- Therefore, it proves that lim; 4, x(#) = X (fmax) exists
and the solution x can be extended beyond #,x. Therefore, by assumption, fp,x < 00
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implies that lim, 4, E||x(?)|] 2 = 00. Now the proof of the theorem can be concluded
by showinglimy,. Ellx(?)|7; = oo.Ifitis nottrue, then there is asequence T, 1 fmax
and a constant k; such that E||x(t,) ||%, < k for all n. Let

Br=sup{ENIf (. x)l: 0=t = tnass Bl = M Gy + D}

N
B2 = sup [/ Elo(s. 7. x)|5dr: 0 <1 < tmax, Ellx(0)II3; < M7 (ki + 1)] :
0

1-6k
and choose p; such that p; < Wml‘

Since t — E||x(t)||%1 is continuous and lim,T,maXEHx(t)H%_[ = 00, we can find
the sequence {1, } with the following properties: A, — O asn — oo, E ||x(t)||%1 <
M2 (ky + 1) for T, <t < 7y + Ay and E||x(t, + Ay) |13, = M7 (k; + 1). On the other
hand, we have

M3 (ky 4+ 1) = E ||x (ta + ) 1%

< ENT O x @i+ D I Ta @otra—103 ) E | I (x (60) |,

Ty <t <tp+in

5 Tn+in 1 Tnt+An 1 5
+MS/ (T + Ay — )4~ ds/ (th +2n —)* T E|f (s, x5)ll5; ds
T, n

n

T+An Tn+An
+M§/ (Tp + Ay — )27 ds/ (T + Ay — )27
Tn n

X (Tr(Q)/O Ello (s, T. x| k.19 dr) ds],

220 220
<4 [M%Enxn%, + MpmpEx|lyy + M35 B+ Mgﬁmg)ﬁz]
24 2a

) AMA;,
= 4Mrky (1 +mpy) + — 3 {B1 + Tr(Q)p2)}

1 — 6k
§4M%k1 |:1+m< 1)] ashi, — 0

8k1m
2 1
< M7 k1+§ ,

which is absurd as A, — 0. Therefore, we have lim;_,; . Ellx(#)||z = oo. This
completes the proof. O

5 Example

To illustrate our theoretical results, consider the following impulsive fractional semi-
linear stochastic differential equation with nonlocal conditions
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L 2 t , t t—s
32M(f; x) " 0“u(t, x) =/ R le(s, )l ds+/ e dw(s),
0 0

91z dx? 25 + [lu(s, )|l 4+ flu(s, x)||
(6)
1
reJ=[0.1, xeOm), 1#5, O<as<l,
u(t, 0) =u(, r)=0, >0, @)
Aul - =sin(~ u (L ®)
ut:.T—_sm 7u 2,x s
1 0
—/ eZu(s, x)ds = up(x), 0<x <. 9)
TJ—1

Let H = L?[0, 7], w(t) is standard cylindrical Wiener process defined on a sto-
chastic basis (£2, F, {F;};=0; P) and A : D(A) C H — H be defined by Az = 7
with the domain D(A) = {z € H z, 7 are absolutely continuous 7 € H, z(0) =
z(m) = 0} then

o0
Az=>"n*(z, )z, 2z € D(A),

n=1

where z,(x) = \/g sin(nx), n € N is the orthonormal set of eigenvectors of A. It is
well known that A generates an analytic semigroup {7 (¢)};>0 and

T(t)z—ze n (z, Zn) zZn, z € H.

It follows from the above expression that {7'(¢) };>0 is a uniformly bounded compact
semigroup, so that R(A%, A) = (A*I—A)~!isacompactoperator forall 1 € p(A).In
order to define the operator Q : H — H, we choose a sequence {§,}, set Oz, = &,2n
and assume that

Tr(Q) = Z\/En < 0.0718.

n=1

If we put r — s = —6 in the first and second term on the RHS of (6), and take
u(t, x) = u(t)x, we get

0
/[e(’z“) lluts, N 4 :/ I AQIC) a0,
0 25 4 [luts, x)|i 254 lu (0) ()|

and

t el 0 efG
/ _dw(s) :/ = _dw),
o 4+ lluls, 0l —r 4+ llu 0)x||
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then (6) takes the following abstract form
1 t
D/ u(t)x + Au(t)x = f (¢, uy) (x) +/ o (t, s, us) (x)dw(s),
0

where f : [0, 1] x PCy — H ando : [0, 1] x [0, 1] x PCy — Lo(K, H) given by

I R (T3]
raow=[
0 e—@
o(t, s, ¢)(x) = /7t mdw(@)

I (u) = Sin(%llull), k=1, h(u)(0) = o(u) foru € PCy, 0 € [-7, 0], ¢(0) =
ug for 6 € [—1, 0], where o : PC; — L2([0, 7]) is such that

1o,
o(u) = —/ e“u(s, x)ds.

L

Then (6)—(9) can be written in the abstract form of (1). For (¢, ¢), (s, ¥) € [0, 1]x
PCp, we have

2

[T

0 0
_ N R Y16 R LN S ()16)
L o= 6 w"”‘”/te Bre@m /f 25+vO) )

<2/_Sﬂe_9 900
S 25+ ¢0)()
0
+2/ me™?

H
@ @)() Y(0)()
(1+ebjt—s? 2rE! -1 5
<2r + Ell¢ — ¥lipc,

H

2

de
H

25+60)) 25+ vO)()
625 625

(1+e)t—s|> 2me—1) )
2 Ell¢— .
s T ey LI Ve

Similarly,

7e?Tr(Q)|t — s|?
Elo(t, . ¢) —o(s. 7. WL k.m) s

TTr(Q)E|d — ¥ li3c,
X ,

e . (1
sin (7u(t)) — sin (7v(t))

and

2
E [ I (u(0) = Iw)|3y = E

H
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1
< —Elu(®) —v®)|pc,. u.vePC,

49

1
< EE||u||l%cl, u € PCy for tel0,1].

Furthermore, for a defined i, we find n(r) = Z—S € PC; on [, 0] with k*
% Jo € *ds # 0 such that

1 /9 1
h(n) (@) =o(n) = ;/ e” (k—*uo) ds = up = ¢ (6).

We have /(1) = ¢. Thus, (A)~(A7) are satisfied with Ny = Z0+ and N, =

2me?

T,,u:%,m:l, Mr =1, Mg = :%.Further

1
—_—,
r

3 [M%Mm + (% + %) Mgfga}
L1 2t 2me?(4)Tr(Q) o
49 " 6251 (1) 161 (1)2 '

Therefore by Theorem (3.1) the problem (6)—(9) has a unique mild solution on
[0, 1].

6 Conclusion

In this manuscript, we have studied the local and global existence of mild solutions for
impulsive fractional semilinear stochastic differential equations with nonlocal condi-
tion in a Hilbert space. The local and global existence of mild solutions is proved,
respectively, using the Banach contraction principle and Schauder fixed-point the-
orem. The fixed-point technique and solution operator are employed to obtain the
results, and the obtained result is valid for all « € (0, 1). To validate the obtained
theoretical results, one numerical example is analyzed. The FDE are very efficient to
describe the real-life phenomena; thus, it is essential to extend the present study to
establish the other qualitative and quantitative properties such as stability and control-
lability. In future, we can extend this work with Poisson jump and study the existence,
uniqueness, and stability properties as discussed in [26,28], and we could establish
the asymptotic stability as discussed in [27,29,30]. The fractional Brownian motion is
a generalization of the Brownian motion. Hence in our future work, we are interested
to implement fractional Brownian motion to get more interesting results.
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