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Abstract Let H be alocally compact group, K be an LCA group, 7 : H — Aut(K)
be a continuous homomorphismand G, = H X, K be the semi-direct product of H and
K with respect to the continuous homomorphism . In this article, we introduce the 7 x
T-time frequency group G x7. We define the T x T-continuous Gabor transform of f €
L?(G,) with respect to a window function u € L2(K) as a function defined on G =
It is also shown that the T x T-continuous Gabor transform satisfies the Plancherel
Theorem and reconstruction formula. This approach is tailored for choosing elements
of L?(G+) as a window function. Finally, we indicate some possible applications of
these methods in the case of some well-known semi-direct product groups.

Keywords Semi-direct product - Time—frequency plane (group) - Short-time
Fourier transform (STFT) - Continuous Gabor transform - Plancherel theorem
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1 Introduction

In [15] Gabor used translations and modulations of the Gaussian signal to represent
one-dimensional signals. The Gabor transform, named after Gabor, is a special case
of the short-time Fourier transform (STFT). It is used to determine the sinusoidal
frequency and phase content of local sections of a signal as it changes over time. The
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780 A. Ghaani Farashahi

function to be transformed is first multiplied by a Gaussian function, which can be
regarded as a window, and the resulting function is then transformed with a Fourier
transform to derive the time—frequency analysis. The window function term means that
the signal near the time being analyzed will have higher weight. The Gabor transform
of a signal x(¢) is precisely defined by

+o00 ) .
G{x}(y,w)=/ x(t)e U gl gy (1.1)

—00

Due to (1.1) the Gabor transform of a signal x (¢) is a function defined on R x R called
the time—frequency plane. There is also standard extension of the continuous Gabor
transform of a signal x (t) on R” which is defined for (y, w) € R” x R" by (see [9, 16])

Gix}(y,w) = / x(t)e TIYIP g 2miwt gy (1.2)
Rn

Since the theory of Gabor analysis based on the structure of translations and mod-
ulations (time—frequency plane), it is also possible to extend concepts of the Gabor
theory to other locally compact abelian (LCA) groups. For more explanation, we refer
the reader to the monograph of Grochenig [17] or complete works of Feichtinger
and Strohmer [8] and also [7] in the case of finite abelian groups. The continuous
Gabor transform for LCA groups is closely related to the Feichtinger—Grochenig the-
ory (coorbit space theory). In view of voice transform and the coorbit space theory,
the continuous Gabor transform for an LCA group G is precisely the voice transform
generated by the Schrodinger representation of the Weyl-Heisenberg group associate
with G (see [4-6,19]).

Many locally compact spaces and locally compact groups which are used in mathe-
matical physics and also various topics of engineering such as the n-dimensional unit
sphere, Heisenberg group, affine group, or Euclidean groups are non-abelian groups
or they are homogeneous spaces of non-abelian groups (see [10,13,21]). Large class
of non-Abelian locally compact groups is the class consist of semi-direct product
group of an LCA group with another locally compact group. The theory of harmonic
analysis for semi-direct product of locally compact groups is a significant tool in the
theory of wavelet analysis (see [1,12,18,23]). We recall that in the classical theory of
harmonic analysis for non-abelian locally compact groups (see [3,10,24,26,27]) we
lose many useful results and basic numerical concepts in abelian harmonic analysis
of LCA groups (see [10,25]), which play important roles in the usual Gabor theory
of LCA groups. If G is a non-abelain locally compact group via a natural approach,
modulation by a character will be replaced by a modulation by an equivalence class
of an irreducible representation of G (see [14]) and the natural candidate for the gen-
eralization of the time frequency plane will be G x G, where G stands for the set of
all equivalence class of irreducible continuous unitary representations of G. It is clear
that this extension will not be appropriate from the numerical computational aspects
and also application viewpoints. Thus, we need a new approach to find an appropriate
generalization of the continuous Gabor transform which be useful and also efficient
in application.
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Continuous Gabor Transform for Semi-Direct Products 781

This article contains 5 sections. Section 2 is devoted to fix notations including
a brief summary about harmonic analysis of semi-direct product of locally compact
groups also standard Fourier analysis and Gabor analysis on LCA groups. In Sect. 3 we
assume that H is a locally compact group and K is an LCA group, t : H — Aut(K)is
a continuous homomorphism and G; = H x; K. We define the T x T-time frequency
group Gz and the T x T-continuous Gabor transform of f € L%(G,) with respect
to a window function u € L%(K). We also prove a Plancherel and inversion formula
for the T x T-continuous Gabor transform. To choose elements of LZ(G,) as window
functions we define the T ®T-time frequency group G ;g7 and also the T ® T-continuous
Gabor transform in Sect. 4. As an application, we study this theory on the affine group,
Weyl-Heisenberg group and the Euclidean groups in Sect. 5.

2 Preliminaries and Notations

Let H and K be locally compact groups with identity elements ey and e , respectively,
and left Haar measures d# and dk respectively, also let T : H — Aut(K) be a
homomorphism such that the map (4, k) — 7, (k) is continuous from H x K onto K.
There is a natural topology, sometimes called Braconnier topology, turning Aut (K)
into a Hausdorff topological group(not necessarily locally compact), which is defined
by the sub-base of identity neighborhoods

B(F,U) = {a € Aut(K) : a(k),a” (k) € Uk Vk € F}, 2.1
where F' € K is compact and U C K is an identity neighborhood. Continuity of
a homomorphism t : H — Aut(K) is equivalent with the continuity of the map
(h, k) — (k) from H x K onto K (see [22]).

The semi-direct product G; = H X, K is the locally compact topological group

with the underlying set H x K which is equipped by the product topology and also
the group operation is defined by

(h.k) <o (W' k) = (hW kry (k) and (b, k)™' = (7" ma kY. (22)

If Hi = {(h,ex) : h € H} and K; = {(egy,k) : k € K} then K is a closed

normal subgroup and H is a closed subgroup of G . The left Haar measure of G, is
dug, (h, k) = §(h)dhdk and the modular function Ag, is
Ag,(h, k) =3(h)Ag(h) Ak (k),

where the positive continuous homomorphism § : H — (0, 00) is given by [21]
dk = §(h)d(t, (k). 2.3)
From now on, for all p > 1 we denote by L”(G-) the Banach space L? (G, i, ) and

also L?(K) stands for L” (K, dk). When f € L?(G.), for a.e. h € H the function
fn defined on K via fj,(k) := f(h, k) belongs to L?(K) (see [11]).
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782 A. Ghaani Farashahi

If K is an LCA group all irreducible representations of K are one-dimensional.
Thus, if 7 is an irreducible unitary representation of K we have H, = C and also
according to the Schur’s Lemma there exists a continuous homomorphism w of K into
the circle group T such that for each k € K and z € C we have 7 (k)(z) = w(k)z.
Such homomorphisms are called characters of K and the set of all characters of K
denoted by K.IfK equipped by the topology of compact convergence on K which
coincides with the w*-topology that K inherits as a subset of L*°(K), then K with
respect to the point-wise product of characters is an LCA group which is called the
dual group of K. The linear map Fx : L' (K) — C(I?) defined by v > Fk (v) via

Fx () (@) = () = / v(k)w (k)dk, (2.4)
K

is called the Fourier transform on K. It is a norm-decreasing *-homomorphism from
L'(K) into ACO(K ) with a uniformly dense range in Co(K) (Proposition 4.13 of [10]).
If $ € L' (K), the function defined a.e. on K by

d(x) = /I?¢>(w>w<x)dw, (2.5)

belongs to L°°(K) and also for all f € L'(K) we have the following orthogonality
relation (Parseval formula);

/K F)p(k)dk = /I?f(mmdw. (2.6)

The Fourier transform (2.4) on L' (K)NL%(K) is an isometric transform and it extends
uniquely to a unitary isomorphism from L2(K) onto L2(K) (Theorem 4.25 of [10])
alsoeachv € LY(K) with? € L! (I? ) satisfies the following Fourier inversion formula
(Theorem 4.32 of [10]);

v(k) = /Aﬁ(a))a)(k)dw fora.e. k € K. 2.7)
K

The fundamental operator in standard Gabor theory is the time—frequency shift
operator. If K is an LCA group, the translation (time-shifts) operator is given by
Tsv(k) = v(k —s) forall k, s € K and also the modulation (frequency-shifts) opera-
tor is given by M,v(k) = w(k)v(k) for all w € K,k € K. The time—frequency shift
operator is defined on the time—frequency plane (time—frequency group) K x K by
ok, w) = M, Ty forall (k, ) € K x K.

Given an appropriate window function u € L?>(K) on K, the short time Fourier
transform (STFT) or the continuous Gabor transform of v € L?*(K) is given
by
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Continuous Gabor Transform for Semi-Direct Products 783

V, (s, w) =/ vk — s)wk)dk = (v, o(s, w)u) 2. (2.8)
K

The continuous Gabor transform (2.8) satisfies the following Plancherel formula

| Wavts. ) Psdo =l g 1ol 2.9)
KxK

for all u, v € L*(K) (see [17]). If u,u’ € L*(K) with (u,u')2, # O, then each
v e L2(K ) satisfies the following inversion formula in the weak sense (see [16])

v = (u, u’)zzl(K)/ _Vuvu(k, w)o(k, w)u'dkdw. (2.10)
KxK

If a window function u € L?(K) has Fourier transform # in L' (I? ), then each v €
L%(K) with 7 € L' (K) satisfies the following inversion formula;

v(s) = ||u||222(K) /K - Vuv(k, o)[o(k, w)u](s)dkdw, (2.11)

foralls € K.

3 7 x 7-Continuous Gabor Transform

Throughout this paper, let H be a locally compact group and K be an LCA group
alsolet t : H — Aut(K) be a continuous homomorphism and G, = H X, K.
For simplicity in notations we use k" instead of 7, (k) forall h € H and k € K.
In this section we introduce the T x T-time frequency group and also we define the
7 X T-continuous Gabor transform of f € L?(G,) with respect to a window function
in L%(K).

Define T : H — Aut(K) via h — T, given by

Th(w) '=wp = wo 1,1 (3.1

for all w € K, where w; (k) = o (tj-1(k)) forallk € K. Ifo € K and h € H we
have w;, € K, because for all k, s € K we have

wp(ks) = w o 7,-1(ks)
= w(1),-1(ks))
= w(1,-1(k)T;-1(5))
= o(t-1 (k) (t-1(5)) = wp(k)wp(s).
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784 A. Ghaani Farashahi

According to (3.1) fgr allh € H wehaveT), € Aut(f(\). Because, ifk € Kandh € H
then for all w, n € K we have

Tp(w.n) (k) = (w.n)p (k)
= (w.n) o T,-1(k)
w.n(ty-1(k))
o (ty-1 (k) (-1 (k))
= oy (k)ny (k) = T (@) (k)Th () (k).

Alsoﬁ > Tj, is a homomorphism from H into Aut(f), cause if i, t € H then for all
w € K and k € K we get

Tin(w) (k) = @y (k)
= w(f(m)—l (k)
= w(7,-17,-1(k))
= wp(t-1(k))
= Tp(@) (71 (k) = T [Th (@)](K).

Thus, we can prove the following theorem.

Theorem 3.1 Let H be a locally compact group and K be an LCA group also T :
H — Aut(K) be a continuous homomorphism and let § : H — (0, 00) be the
positive continuous homomorphism satisfying dk = §(h)dk". The semi-direct product
Gy = H x3 Kisa locally compact group with the left Haar measure dpug-(h, w) =
§(h)~'dhdw.

Proof Continuity of the homomorphism 7 : H — Aut (K) given in (3.1) guaranteed
by Theorem 26.9 of [21]. Hence, the semi-direct product Gz = H X7 Kisa locally
compact group. We also claim that the Plancherel measure dw on K forallh € H

satisfies
dw, = 8(h)dw. (3.2)

Leth € Handv € L'(K). Using (2.3) we have vo 1, € L' (K) with [[vo 1yl 1 gy =
(M lvllL1(k)- Thus, for all o € K we achieve

To (W) = / v o T (ko R)dk
K
= / (kMo (k)dk
K
= [ vt @e
K

= 5(h) / vk (k)dk = 8(h)o(wn).
K
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Continuous Gabor Transform for Semi-Direct Products 785

Now let v € LY(K) N L2(K). Due to the Plancherel theorem (Theorem 4.25 of
[10]) and also preceding calculation, for all & € H we get

/A [0(w) > dewy, = /A [D(wp-1)|*dew
K K

za(h)z/Jvfrh\,l () dw
K
=8(h)2/ [v o 7)1 (k)|>dk
K
=8(h)2/ [v(k)[>dk"
K

= 8(h) / lu(k)[*dk = /A|ﬁ(w>|28(h>dw,
K K

which implies (3.2). Therefore, dug.(h, w) = § (h)~'dhdw is a left Haar measure for
Gz =H xs K. O
Remark 3.2 Dueto (3.1)forallk € K, w € K and h,t € H we have

KM= (k" wnr = (@) (3.3)

Now we are in the position to introduce the T x T-time frequency group. Define
T =1 x7T:H— Aut(K x K) viah — 1,° given by

7k, ) == (T k), Th(w)) = (K", wp), (3.4)

for all (k,w) € K x K. Then, for all 1 € H we have thx € Aut (K x I?). Because
for all (k, w), (k', ') € K x K we have

7 (k. o)(K, o)) = 7, (K, w0
= (k" @a'))
- (" one)
= (K", on) (K™, w}) = 1, (k, )7, (K, o).

Alsot™ =1 x7: H— Aut(K x I?) defined by & + 7,° is a homomorphism,
because for all 4, ¢t € H and all (k, w) € K x K we have

T (ko) = (K", wpr)
= (" @)

=1, (K", ) = 1,7 (k, w).
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786 A. Ghaani Farashahi

In the following proposition we show that G;x7 = H X;x7 (K X K ) is a locally
compact group.

Proposition 3.3 Let H be a locally compact group and K be an LCA group also
T : H — Aut(K) be a continuous homomorphism and let 6 : H — (0, 00) be the
positive continuous homomorphism satisfying dk = 8(h)dk". The semi-direct product
Gixs = H Xex7 (K % 1?) is a locally compact group with the left Haar measure

dpe, - (h, k, w) = dhdkdo. (3.5)

Proof Continuity of the homomorphism t x T : H — Aut(K x K ) given in (3.4)
guaranﬁged by Theorem 26.9 of [21]. Thus, the semi-direct product G;x7 = H X;x7
(K x K) is alocally compact group. Due to (2.3), (3.2) and also (3.4), forall h € H
we have

dr; (k. ) = d (K", )
= dk"dwy,
=5(h)~'dks(h)dw = dkdw = d(k, »),

which implies that G;x7 is a locally compact group with the left Haar measure
dug, - (h, k, w) = dhdkdow. O

We call the semi-direct product G »7 as the T x T-time frequency group associated
to G;. According to (3.4) for each (4, k, w), (W', k', ®') € G;«7 we have

(h,k, ) Xox7 (W, K, o) = (hh/, (k, )T, (K, w/))
= (hh', (k, 0)(th (K), ) = (k' k + k", ww)).

Let u € L*(K) be a window function and f € L*(G;). The T x T-continuous
Gabor transform of f with respect to the window function u is define by

Vuf(h k, ) :=8(h)' 2V, fi(k, w) = ()" fi. 0k, w)u) 12 k). (3.6)

In the following theorem we prove a Plancherel formula for the T x T-continuous
Gabor transform defined in (3.6).

Theorem 3.4 Let H be a locally compact group and K be an LCA group also T :
H — Aut(K) be a continuous homomorphism and let u € L%(K) be a window
function. The T x T-continuous Gabor transform V, : L2(G;) = L*(G.x2) is a
multiple of an isometric transform which maps L*>(G) onto a closed subspace of
L*(Grx?)-

Proof Letu € L?(K) be a window function and also f e L*(G,). Using Fubini’s
Theorem and also Plancherel formula (2.9) we have
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Continuous Gabor Transform for Semi-Direct Products 787

Vaf 1726, =/ WV f (h, k, @) Pdpc, - (h, k, )

Grxt
= / /A WV f(h, k, ®)|>dhdkdw
HJK JK

=/ (/ A|<fh,Q(k,a))u)Lz(K)|2dkda))8(h)dh
H KxK

= llullZ>x) /H 11172 iy SR = Nl o) 1 F 172 -

Therefore, ||u|| Vi : L*(G;) — L*(G; x G=) is an isometric transform with a

-2
L2(K)
closed range in LZ(G, x G7). O
Corollary 3.5 The t x T-continuous Gabor transform defined in (3.6), for all f, g €
L?*(G+) and window functions u,v € L*(K) satisfies the following orthogonality
relation;

Vi, Vo) 12(Gone) = (Vs ) 12(k)(f5 8) 126, (3.7

The T x T-continuous Gabor transform (3.6) satisfies the following inversion for-
mula.

Proposition 3.6 Let H be a locally compact group and K be an LCA group also
let T : H — Aut(K) be a continuous homomorphism and u € L*(K) with @ €
Ll(k\). Every f € L*(G.) with ﬁl S LI(I?) for a.e. h € H, satisfies the following
reconstruction formula;

Fhoky =8~ 2l 3 /K Vul (s, 0o, ulbydsdo.  (33)

Proof Using (2.11) for a.e. h € H we have

=2
Fak) = el 2 /K V(s 0)lo(s, ol (dsdo
_ —1/2y, =2
=800~ il 3 /K Yl (s, @)l @ulddsdo.

m}

We can also define the generalized form of the T x T-continuous Gabor transform.
Let u € L?(K) be a window function and f € L*(G.). The generalized T x T-
continuous Gabor transform of f with respect to the window function u is define
by

Vif(h ko) =82V, fu k", on) = 8 (fu, o K" o)) 25y (3.9)

The generalized t x T-continuous Gabor transform given in (3.9) satisfies the
following Plancherel Theorem.
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Theorem 3.7 Let H be alocally compact group and K be an LCA group alsot : H —
Aut (K) be a continuous homomorphism and let u € L*(K) be a window function.
The generalized T x T-continuous Gabor transform V; : Lz(G,) — L2(G,X?) is
a multiple of an isometric transform which maps L*(G+) onto a closed subspace of
L*(Grx)-

Proof Let u € L*>(K) be a window function and also f € L*(G.). Using Fubini’s
Theorem, Plancherel formula (2.9) and also (2.3), (3.2) we have

Viflza,. . = / Vi f bk, o) Pdpg, - (b, k, o)

Gext
= / /A VI f(h, k, 0)|*dhdkdw
HJK JK

= / (/ N |<f/’l’ Q(kh, wh)l/l>L2(K)|2dkdw) 8(h)dh
H KxK

=/ (/ A|(fh,Q(k,a))u)Lz(K)|2dkh_lda)h_|)8(h)dh
H KxK

_ / (/ Ui o(k, a))u)Lz(K)|2dkda)) 5(h)dh
H \JKxK
= llullZ> 4 /H 11172 iy SR = Nl ) 1 £ 172
Thus, ||u||ZZ2<K)V,I : L>(G;) — L*(G.x?) is an isometric transform with a closed
range in L*(Gyx?). O
Corollary 3.8 The generalized T x T-continuous Gabor transform defined in (3.9),

forall f,g € L*(G.) and window functions u,v € L*(K) satisfies the following
orthogonality relation;

Vi £ VI8) 126, = (0 ) 120600 f2 8) 12(6,)- (3.10)

In the next proposition we prove an inversion formula for the generalized t x T-
continuous Gabor transform given in (3.9).

Proposition 3.9 Let H be a locally compact group and K be an LCA group also
let T : H — Aut(K) be a continuous homomorphism and u € L*(K) with @ €

LY(K). Every f € L*(Gy) with f € L"(K) for a.e. h € H, satisfies the following
reconstruction formula;

f(h, k) = / Vi f(h,s, o)os", opul(k)dsdo (3.11)
KxK
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Continuous Gabor Transform for Semi-Direct Products 789

Proof Using (2.11) for a.e. h € H we have
Jn(k) =/ _Vufu(s, )eo(s, w)u](k)dsdw
KxK

= / (/A Vi fin (s, on)lo(s, wh)u](k)da)h) ds
K K

— 5(h) /E ( /K Vi fi(s, om)lo(s, wh>u](k>ds) do
— 5(h) /A ( / Vi fi (", onlo(s", wh>u1(k>dsh) do
K K

= / - V}If(hv S, a))[Q(sh, a)h)u](k)dsda)
KxK

O

Remark 3.10 Tt is also possible to define different variants of the Gabor transform as
we defined in (3.6) and (3.9), with similar properties. Let transforms A, and B, for
f € L*(G,) be given by

Auf(hk, @) =V fuk" @) B f(h, k, ) = 8(h)Vi fin(k, o). (3.12)

It can be checked that transforms given in (3.12) satisfy the Plancherel theorem and
the following inversion formulas;

Fhk) = 8" / Auf(h k. 0)o(s", @) dsdo,

KxK

f(h, k) =/ _Buf(h, k, w)o(s, wp)](k)dsdw. (3.13)
KxK

4 T ® T-Continuous Gabor Transform

In this section we introduce another Gabor transform which we call it the T ® T-
continuous Gabor transform. In the T ® T-Gabor theory we can choose elements of
L?(G.) as window functions.

Again let H be a locally compact group and K be an LCA group alsolett : H —
Aut (K) be acontinuous homomorphism. Define t® = t®7 : Hx H — Aut(K x I?)
via (h, t) — T(%,z) given by

18 kow) = (). T () = (", o), @.1)

for all (k, w) € K x K. Then, for all (h,t) € H x H we get 7:(%’[) € Aut(K x I?).
Because for all (k, w), (k', @) € K x K we have
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790 A. Ghaani Farashahi

T(%’t) ((k, @) (K, ) = Tf;;,t) k+ k', wa')
= (te+ )", @a'))
= (K + K", o)

= (K", o) (K", ) = 7§ | (k, @)T (K, o).

Aswellast® =t ®7T: H x H — Aut(K x I?) defined by (h,t) — r(‘%’t) isa

homomorphism, because for all (&, t), (W', ') € H x H and also all (k, w) € K x K
we have

® ®
T(h,t)(h’,t’)(k’ a)) = T(hh/,tt’)(k’ w)
= (khh/, W;41)
= ((kh/)h, (a)t/)t)

_ L ® _.® .®
- T(h’[) (k ) (1)[/) - r(h,t) t(/’t’,t’) (kv a))
Hence, we can prove the following interesting theorem.

Theorem 4.1 Let H be a locally compact group and K be an LCA group also let
T:H — Aut(K)bea £0ntinuous homomorphism. The semi-direct product G g7 =
(H x H) X;g7 (K X K) is a locally compact group with the left Haar measure

diG,ge(h, t k, w) = 8(h)8(t)_1dhdtdkda), 4.2)
and also ®© : Gy x Gz — G.g7 given by
(h,k,t,w) > ®(h,k,t,w) := (h,t,k, w) 4.3)

is a topological group isomorphism.

Proof Using Theorem 26.9 of [21], homomorphism t ® T : H x H — Aut(K X
f(\) given in (4.1) is continuous. Therefore, G.g7 = (H X H) X;g7 (K X f(\) is a
locally compact group. Also, duG, - (h, t, k, w) = 8(h)8(t)~'dhdrdkdw is a left Haar
measure for G;gz7. Indeed, due to (2.3) and (3.2) for all (h,t) € H x H we have

defy (k) = dk", wp)
= dk"dw,
= 8(h) " dks(1)dw = §(h) " '8(1)d (k, w).
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Continuous Gabor Transform for Semi-Direct Products 791

The t ® T-group law for all (&, 1, k, w), (W, 1, k', @) € G,g7 is

(hot k) woge (01 K0 = (11, (k07 (K )

= (' 1), e, K™, )
= (Wi, 1tk + k", ww)).

It is clear that ® : G; x Gz — Gig7 is a homeomorphism. It is also a group
homomorphism, because for all (4, k, t, w), (W', k', t', ') in G; x G7 we get

D(h, k, t, @) (W, k', 1, )] = ®L(h, k) X (W, k), (t, @) X7 (1, )]
= O[(hh, k + k™), (11, wo))]
= (hi', 11 k + k", ww))
= (h,t,k, w) Xegz (B, 1, K, ).

]

We call the semi-direct product G ;g7 as the T ® T-time frequency group associated
to G, which is precisely G; x Gz. Thus, form now on we use the locally compact
group G; x Gz instead of the semi-direct product G;gz.

Let g € L?(G-) be a window function and f € L?(G.). The T ® T-continuous
Gabor transform of f with respect to the window function g is defined by

Gef(h k1, w) :=8(1)Vy, fi(k, w) = 8)(fi. ok, ®)gn)2k)- 4.4

The t ® T-continuous Gabor transform given in (4.4) satisfies the following
Plancherel Theorem.

Theorem 4.2 Let H be a locally compact group, K be an LCA group and t : H —
Aut (K) be a continuous homomorphism also G; = H X, K and let g € L*(G,) be
a window function. The continuous Gabor transform G, : L*(G;) —» L*(G; x G%)
is a multiple of an isometric transform which maps L*(G) onto a closed subspace of
L*(G; x G%).

Proof Let g € L>(G.) be a window function and also let f € L?>(G-).

19e o, = [ 1Gef thokt, 0)Pdig xco k. 1.0)

G xG7

:/G /;Alggf(h, k’tva))|2dluGT(h,k)d,LLG?(t7a))

=////A|ggf(h’k"»w)|25(h)dhdka(r)*‘dzdw
HJKJH JK
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2// (/ A|<ftaQ(k,w)gh)Lz(K)|2dkdw)8(h)dh8(t)dt
HJH \JKxK

:/H/H||ft||22(K)||gh||iz(K)5(h)dh8(t)dt=||f||iz(GT)||g||i2(Gr)

Thus, ||g||222(G1)gg 1 L2(G,) — L*(G, x G3) is an isometric transform with a closed
range in L%(G; x G?). O

Corollary 4.3 The t x T-continuous Gabor transform defined in (4.4), forall f, f' €
L*(G+) and window functions g, g’ € L*(G-) satisfies the following orthogonality
relation;

<ggf, gg/f/>L2(Gr><G?) = (8/» 8>L2(Gr)<f, f/)LZ(th 4.5)
In the following proposition we also prove an inversion formula.

Proposition 4.4 Let H be a locally compact group and K be an LCA group also
let v : H — Aut(K) be a continuous homomorphism. Every f, g € L*(G,) with
fn. &h € LY(K) for a.e. h € H, satisfy the following reconstruction formula;

) = (8hs 81 g 3! /K Gef (5. 1. @leG, @gnl(Hdsdo,  (46)

fora.e. h,t € H and k € K. In particular, for a.e. h € H we have

F ) = (gh &) g 3! /K _Gef (5. b @eG, @gn(Hdsd. - (&.7)

Proof Using (2.11) for a.e. h,t € H we have

£ = {2y &) 2 g /K Va5 0l @)gnl(dsde

= (8h> &) 12,80 / _Gef(h,s, 1, @0, @)grl(k)dsdo.
KxK
O
Let ¢ € L*(G,) be a window function and f € L?(G,). The generalized Tt ® T-
continuous Gabor transform of f with respect to the window function g is defined
by
Gif(h. k.t ) = 8(h)"26(t)° 2V, fi(k", @)
= 8282 (i o K", w)gn) 12k)- (4.8)

In the next theorem, a Plancherel formula for the generalized t ® T-continuous
Gabor transform defined in (4.8) proved.
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Theorem 4.5 Let H be a locally compact group, K be an LCA group and v : H —
Aut (K) be a continuous homomorphism also G; = H X K and also let g € L*(G,)
be a window function. The generalized continuous Gabor transform g; :L%(Gy) —
L*(G. x Gz) is a multiple of an isometric transform which maps L*(G+) onto a
closed subspace of L2(GT x G7).

Proof Letg € L*(G.) be awindow function and also let f € L?(G-). Using Fubini’s
theorem and also Theorem we achieve

19 Vo, w6 = [ 1617kt )P xgc (k1.0

G xGs

=/G /GA|g;f(h’k’t’w)|2d“Gr(h’k)dMG?(t,a))

:/ / / /A \Gi f (h. k. t, )|*8(h)dhdks(t) ' dtdw

HJk JHJEK

=/ / (/ . |<ft’ Q(kh,a)z)gh)Lz(K)lzdkda)) dh(S(I)zdt
HJH \JKkxK

:/ / (/ A|<ft’g(k’w)gh)L2(K)|2dkhlda)H)th(t)zdt
HJH \JKxEK

:// (/ A|<ft’Q(k,a))gh)Lz(K)|2dkda))8(h)dh5(t)dt
HJH \JKxK

Z/H/H”f’“iz(")”gh”iz(K)a(h)dha(t)dt:”f||i2((;r)||g||iz(gr)

Thus, ||g||222(G )g;]; 1 L2(G,) = L*(G, x G%) is an isometric transform with a closed
range in L%(G; x G?). O
Corollary 4.6 The T x T-continuous Gabor transform defined in (4.8), forall f, f' €

L*(G+) and window functions g, g’ € L*(G-) satisfies the following orthogonality
relation;

Gir. g;/f/)Lz(G,xG?) = (& &) 126 (s ) 12Gay 4.9)

Also, the generalized T ® T-continuous Gabor transform satisfies the following
inversion formula.

Proposition 4.7 Let H be a locally compact group and K be an LCA group also
let v : H — Aut(K) be a continuous homomorphism. Every f, g € L*(G,) with
fn.gn € LY(K) for a.e. h,t € H, satisfy the following reconstruction formula;

£t =g 1) 0501 [

K x

_Gif s, 1, 0)e(K", @) gnl(k)dsdo,
K

(4.10)
fora.e. h,t € H and k € K. In particular for a.e. h € H we have

F k) = (gns 80 a2 )3 ()" /K Eg;'f(h, 5. b, )lo(s", o) gnl(k)dsdo.
4.11)
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Proof Using (2.11) for a.e. h,t € H we have

fi(k) = (gh,gh)Zzl(K)/K ]?Vghfz(s,w)[@(s,w)gh](k)dsdw
= (ghﬂ gh)z;(K) /I; /[/(\ Vgh ff(sv Cl))[Q(S, w)gh](k)dwds
= (g/’lv gh)Z;(K)/ (/,\ Vghff(sv wt)[Q(s9 a)l‘)g/’t](k)dwl) dS
K K
= (ghs 81 ;25,3 ©) /1? ( /K Vg, fi(s", w)lo(s", w,)gh](k)dsh) do
= (8hs 8n) 2,0 (W 18 (1) /1? ( /K Ve, f1 (5™, wp)lo(s”, wt)gh](k)dS) do

= (g 80 2 05O |G f s e o0 mil0dsdo

]

5 Examples and Applications
5.1 The Affine Group ax + b

Let H = R} = (0, +o0) and K = R. The affine group ax + b is the semi-direct
product H x, K with respect to the homomorphism t : H — Aut(K) given by
a — t,, where 7,(x) = ax for all x € R. Hence, the underlying manifold of the
affine group is (0, oo) x R and also the group law is

(a,x) % (@, x") = (ad’, x + ax’). (5.1)

The continuous homomorphism § : H — (0, 00) is given by é(a) = a1 and so that
the left Haar measure isinfactdug,(a,x) =a ~2dadx. Due to Theorem 4.5 of [10]
we can identify R with R via w(x) = (x, w) = ¥riex for each w € R and so we can
consider the continuous homomorphism 7 : H — Aut (K) given by a — T, via

(x, wa) = (x, Ta(w))

- iwa—!
= <Ta*] (x), CU) = <a lx’ CU) — emea x'

Thus, Gz has the underlying manifold (0, co) x R, with the group law given by
(a,®) xz (@, @) = (ad', ww)), (52)

Due to Theorem 3.1 the left Haar measure dug-(a, ) is precisely dadw. The T X7T-

time frequency group G.xz has the underlying manifold (0, co) x R x R and the

group law is
(a,x,0) Xoxz (@, X', 0) = (ad', x + ax’, ww)), (5.3)
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with the left Haar measure dug,,-(a, x, w) = a~'dadxdw. The geometry of this
locally compact group and also the wave packet approaches of this locally compact

group was studied in [2,20]. If u € L?(R) is a window function and also f € L%(G).
According to (3.6) we have

Vuf(a,x,w) = 8@)'?V, falx, ®)

=a " (fa, 0(x, @)u) 2R

_ a—l/Z/ fa, oG, o)ul(y)dy
_ afl/Z/ fa, y)u(y — x)w(y)dy
—g /Oo fa, y)u(y — x)e 2miovdy.

Using Theorem 3.4, if [lul| 2R, = 1 we get

00 o0 00 2 00 00 2
/ / / Waf(@ > OF 4 vde = / / @O j04r. (5.4)
0 J—ooJ-00 a 0 J-oo a

Due to the reconstruction formula (3.8) if for a.e. a € (0, co) we have ﬁ e L'(R),
then for a.e. x € R we get

oo oo
fla,x) = 8@~ Pllull 7, / / Vuf(a,y. )lo(y, @)ul(x)dydo
o oo _
= czl/z||u||zz2 Vof(a,y, oulx — y)e*™*dydo.
K J_ o Jono

As well as according to (3.9) we have

Vifa, x, o) = 8@V, fa(x, wa)

=a " (fa, 0(x, wo)u) 2Ry

_ a—1/2/ f(a, Nle(x®, w)ul(y)dy
_ afl/z/ fa, Yi(y — ax)ma (y)dy
—g 2 /OO fla, Yu(y — ax)e_zmwai]ydy.

Using Theorem 3.7, if [lul| .2y = 1 we get

00 oo poo (VT 2 00 o0 2
/ / / Wufla, x, @ | i de = / / Mdadx. (5.5)
0 J—ooJ—00 a 0 J-oo a
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Due to the reconstruction formula (3.11) if fora.e.a € (0, c0) we have fa e LY(R),
then for x € R we achieve

rax=[ [ Vi@ yoleot e
= /oo /00 Vifa,y, oux — ay)ezni“’”_lxdyda).

Example 5.1 Let N > 0 and also uy = x[—n,n] be a window function with compact
support and |un|l 2y = 2N. Then, for all f € L%(G,) and (a, x, ®) € Grx7 We
have

Vi f @, x,0) = a2 / Fa yun(y — Do0)dy
= a_l/zm/ fla,y+xuyyo(y)dy
R N R
— 250 / fla.y + Dady
N

N
— a—l/Ze—Znia)x/ f(a, y +x)e—2niwydy'
-N

If we set x = 0, then we get

N
VuNf((l, 0, w) :a_1/2/ f(a’y)e—meydy'
-N

Similarly, for the generalized T x T-continuous Gabor transform we have

) o
VJNf(a, X, Cl)) :a_1/2/ f(a7y)uN(y_ax)e—27lea ydy
—00
. o0 X 71
= a—1/26—2mwx/ fla,y +ax)uN(y)e—2mwa Ydy
—0oQ0

N
Za—1/26—2mwx/ f(a’y_i_ax)e—mea 1},dy.
—N

and also if we set x = 0, then we get
- N -
V;Nf(a, 0’ CL)) = a_1/2/N f(a, y)e—Zﬂla)a ydy

Example 5.2 Let u(x) = e 7 x? be the one-dimensional Gaussian window function
with @ = u and ||u|| 2@y = 27 /%, Then, for all f € L*(G-) and (a,x,®) € Grxz
we have
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00 .
Vuf(x, a,w) = a_1/2/ fla, uly — X)€_2mwydy
—00

00 ) .
:a—l/z/ f(a’y)e—n(y—x) e—anwydy'
—0o0
If f fora.e. a € (0, co) satisfies ]’C; € L1 (R), then we can reconstruct f via

Fla,x) = / / VS (@, y. oulx — )T dydo

0 00 g
= / / V. fa,y,wye T % dydw.
—00 J —00

As well as, we can compute the generalized T x T-continuous Gabor transform by

00 o
V;f(x, a,w) = a_l/z/ fla, uly — ax)e—mea Iydy
—00

oo
— a71/2/ f(d, y)efn(yfax)z872niwa’1ydy.
—0o0
If f fora.e. a € (0, co) satisfies ﬁ e LY (R), then we can reconstruct f via

00 o0 I
fla.x) = / / Vi f @y, oux —ay)e e *dydw
—00 J —00

o0 o0 2 i _1
=/ / Vifla, y, w)e WO 20T qyde,
—00 J =00

The T ® ?—Eme frequency group G.g7 has the underlying manifold (0, co) x
(0, 00) x R x R and the group law is

(a,b,x,0) Xcgz (@', b, x'", &) = (ad’, bV, x + ax’, ww),), (5.6)

with the left Haar measure dugr%?(a, b, x,w) = a~*dadbdxdw. If g € L>(G,) is a

window function and also f € L“(G-). According to (4.4) we have

Gofla,x,b,w) =38b)Vg, fr(x,w)
= b fp. 0(x, ©)ga) 12()

_ / F(b, VoG @gal0)dy

S .
= b_l/ f(b, ),y — x)e 'V dy.
—0oQ0

@ Springer



798 A. Ghaani Farashahi

Using Theorem 4.2, if [|gl,2(g,) = 1 we get

o0 00 00O o) J X, b, 2 o0 oo , 2
/ / / / G /(@ a OV dadbdrde = / / /(@ 0P 2x)| dadx.
0 0 —o00 J —00 a 0 —00 a

5.7

Using the reconstruction formula (4.7), if for a.e. a € (0, o0) we have ]";, &u €
L'(R), then for x € R we can write

b, ) =bligall 2 g / / Gef (@, v, b, o0y, ®)ga)(x)dyde

o o
= b||ga||222(R)/ / Gofla, y, b, w)gla, x — y)e " “*dydw,
—00 J —00

and also in particular we get

00 oo )
fan =algliie [ [ Gf@ya o - ne o
-0 J —00

As well as according to (4.8) we have

Gl f(a, x. b, w) = 8(a)”"8(b)° 2V, fi(x*, wp)
_ al/2b—3/2<

for0(x?, wp)ga) 2(R)
_ a1/2b73/2/ f b, Me(x®, wp)gal(y)dy
_ a1/2b—3/2/ fb, g,y —ax)wp(y)dy

oo . —
- “1/2”3/2/ F(b. y)8(a,y — ax)e 2P Vdy,
—0o0

Using Theorem 4.5, if [|gll,2(g,) = 1 we get

00 0O OO 00 T 2 00 00 2
/ / / / 'ggf(a’);’b"”)l dadbdxda):/ / —|f(“’2x)| dadx.
0 0 —o0 J -0 a 0 —00 a
(5.8)

Due to the reconstruction formula (4.7) if for a.e. a € (0, o) we have ﬁ e L'(R),
then for all x € R and a.e. a, b € (0, c0) we get

fb.0) =8@ " 8(0) 7 lgall 2 g / / Gif(a, g, b, w)o(g", wp)gal(x)dgde

o0 o0
_ I
= a1/2b1/2||g“”L22(R)/ / g;:f(a, g, b,w)gla, x — ag)ezmb “dgdaw,
—00 J —o0

@ Springer



Continuous Gabor Transform for Semi-Direct Products 799

and also in particular we have

fla,x) = aligall 2, / / Gif(a g0, ®)le(g", wa)gal(x)dgde

o o0
- : 1
= a”gaHLZZ(R) / / gz:f(a’ 8,4, w)g(a, X = ag)ezj.”a wdgd(l)
—00 J —00

Example 5.3 Let N > 0 and also gy (a, x) = x[1/n,N|x[-N,N](a, X) be a window
function which has a compact support. Then, for all f € LZ(GT) and (a, x, b, w) €
Gt we have

o
gng(a7 X, b1 C()) = b_l / f(bv Y)gN(a’ y - x)e—ZTUCUydy
—00
= b_lX[l/N,N](a)e_zmwx/ f(b,y +x)e 2T dy,
-N
If we set x = 0 and a = 1 we achieve
N .
Gen f(1,0,b,0) = b_l/ f(b, y)e_2”"”«"dy. 5.9
-N
Also, for (a, x, b, w) we have
. o0 o
Gjy faxb.0) =a 72 [ gty — ave iy
—0Q
172 2 2riowb™! N 2riowb™!
= a2 @ O [ b yrane e bay,
—-N
If we set x = 0 and a = 1 then

N
G, f(1,0,b, w) =b‘3/2/ F(b, y)e 2Tiob~ vy, (5.10)
—N

Example 5.4 Let g(a,x) = ae™ (@+¥) pe the Gaussian type window function in
L*(Go) with [[gll;2,) = 27" Fora.e.a € (0, 00) wehave g, = g, and [[gal.1(r) =

ae=™ also lgall2r)y = 2~ 1/4ae=79" Ttis also separable i.e. g(a, x) = au(a)u(x).
Then, for all f € L%(G,) and also (a, x, b, w) € G g7 we have

ggf(a,x,b,a)):b_l/ f(b, y)g(a’y_x)e—ZJTiwydy

o0
= b_lae_”az/ f(b, y)e_”(y_x)ze_zmwydy.
—00
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Using the reconstruction formula if ]/‘; e LY(R) fora.e. a € (0, o) we have

o0 o0
fla,x) = a||ga||222(R)/ / Gefla,y,a,w)gla,x — YT dydew
—00 J —00
o o
= 21/2a*]e’”’2/ / Gof(a,y,a, ®)u(x — y)eFT ¥ dydw
—0o0 J —00

2 o0 o0 5 X
— 21/2a—l€ﬂa / / ggf((l, y, a, w)e—n(x—y) e2mwxdydw.
—00 J —00
As well as, for all (a, x, b, w) € G;g7 we have

& . —
ggf(él, X, b, a)) = a1/2b73/2/ f(b’ y)g(a7 y — ax)ef2mcub lydy
—00

o0
_ e—na2a3/2b—3/2/ £ (b, y)e—ﬂ(y—ax)ze—Zniwh’lydy'
—0Q
Due to the reconstruction formula if fa e L'(R) for a.e. a € (0, c0) we have

o0 o0
_ —oxia-!
f(av-x) Za”ga”LZz(R)/ / g;f(aa y7aaa))g(av-x_ay)e 2mia wdydw
—00 J —00
o o0
= 21/2a716”“2/ / g;f(a, v, a, w)u(x — ay)efzm"fl‘“dyda)
—o00 J —00

o0 o0
= 21/2(1_16””2/ / g;,rf(a, y,a, a))e_”(x_ay)ze_zma 1“’dyda).
—00 J =00

In the sequel we compute T x 7-time frequency group G;x7 and T ® T-time
frequency group G ;g7 associate to other semi-direct products.

5.2 The Weyl-Heisenberg Group

Let K be an LCA group with the Haar measure dk and K be the dual group of K with
the Haar measure dw also T be the circle group and let the continuous homomorphism
7:K — Aut(l? x T) via s + 74 be given by 75(w, z) = (w, z - w(s)). The semi-
direct product G; = K X, (I/(\ x T) is called the Weyl-Heisenberg group associated
with K. The group operation for all (k, w, 7), (kK', @', 7') € K X; (K x T)is

k,w,2) X (K, 0, 7)) = (k+ K, 0o, 270 (k)). (5.11)

If dz is the Haar measure of the circle group, then dkdwdz is a Haar measure for the
Weyl-Heisenberg group and also the continuous homomorphism é : K — (0, 00)
given in (2.3) is the constant function 1. Thus, using Theorem 4.5, Proposition 4.6
of [10] and also Proposition 3.1 we can obtain the continuous homomorphism T :
K — Aut(K x Z) via s — T,, where T; is given by T, (k, n) = (k, n) o 7,-1 for all
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(k,n) € K x Z and s € K. Due to Theorem 4.5 of [10], for each (k, n) € K x Z and
also for all (w, z) € K x T we have

= (@, 2), Ts(k, n))
= (t,-1(, 2), (k, n))
= (0, z0(5)), (k. n))
= (w, k) (zo(s), n)

= w(k)z"mn

=wlk —ns)7"

((w,2), (k,n)s)

= (w, k —ns)(z,n) = ((w, 2), (k — ns, n)).

Thus, (k,n); = (k — ns,n) for all k,s € K and n € 7. Therefore, G7 has the
underlying set K x K x Z with the following group operation;

(s, k,n) xz (s K ,n)y = (s +5, (k, )T (k',n))
= (s +5, (k,n)(K' —n's, n’))
=(+s, k+k —n's,n+n).

The G «+-time frequency group has the underlying set K x K x T x K x Z with the
group law

k,w,z,5,n) Xoxz (K, 0,2, 5", n') = (k+ k', 0o, 270 (k), (5.12)
s+s —n'k,n+n).

and the left Haar measure is dug, . (k, ®, z, 5, n) = dkdwdzdsdn.
The G g7-time frequency group has the underlying set K x K x K x T x K X Z
with group operation

(rk w,z,s,n) Xege (' K, 0 25" 0y = (r+ 7' k+ k' 0o, 27/ (r),
s—i—s’—n’k,n—i—n’), (5.13)

and also the left Haar measure is dug. 4 (1, k, ®, z, 5, n) = drdkdwdzdsdn.

5.3 Euclidean Groups

Let E(n) be the group of rigid motions of R", the group generated by rotations and
translations. If we put H = SO(n) and also K = R”, then E(n) is the semi-direct
product of H and K with respect to the continuous homomorphism 7 : SO(n) —
Aut(R™) given by o0 — 1, via 7,(x) = ox for all x € R”. The group operation for
E(n) is

(0,%) X (6/,X) = (60, x+ 1, (X)) = (60’,x + 0X). (5.14)
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Identifying K with R", the continuous homomorphism T : SO(n) — Aut(R") is
given by o — T, via

(X, 7o (W) = (X, W)
=(1,-1(X), W)

(]
1 e 2mwi(o x,w)’

={(c7'X,w) =
where (., .) stands for the standard inner product of R". Since H is compact we have
6 = 1 and therefore do dx is aleft Haar measure for E (n). Thus, G has the underlying
manifold SO(n) x R” with the group operation

(o, w) Xz (o', W) = (oo’ w+w)). (5.15)

According to Theorem 3.1 the left Haar measure djig- (o, w) is precisely dodw. The
T X T-time frequency group G;x7 has the underlying manifold SO(n) x R" x R”
with the group law

(0,%, W) Xex7 (0, X', W) = (00’ ,x +ox', W+ W)). (5.16)

Due to Proposition 3.3 and also compactness of H, dug,,-(0, X, w) = dodxdw is a
Haar measure for G;xz. The T ® T-time frequency group G.gz7 has the underlying
manifold SO(n) x SO(n) x R" x R" equipped with the group law

(Ua 0, X, W) Xt®T (0/7 Q/’ X/’ W/) = (UOJ, QQ’? X+ UX/’ w+ W;)a

and also the Haar measure is ditG, g (0, 0, X, W) = dododxdw.
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