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Abstract This paper deals with critical exponents for a doubly degenerate nonlin-
ear parabolic system coupled via local sources and with inner absorptions under null
Dirichlet boundary conditions in a smooth bounded domain. The author first estab-
lishes the comparison principle and local existence theorem for the above problem.
Then under appropriate hypotheses, the author proves that the solution either exists
globally or blows up in finite time depends on the initial data and the relations of the
parameters in the system. The critical exponent of the system is simply described via
a characteristic matrix equation introduced.
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1 Introduction and Main Results

In this paper, we consider the following nonlocal doubly degenerate nonlinear par-
abolic system with inner absorptions

up — Ay pu = Pt —au’, (x,1) € Qr,
v — Ay gV = u2vPr —pyS, (x,1) € Qr,
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416 J. Wang

ulx,t) =v(x,t) =0, (x,1) € 02 x (0, T], L1

u(x,0) =ug(x), v(x,0) = vo(x), x e, -1
where for k > 0,y > 2and N > 1, A;,® = V- ([VO,7~2.vek), Vver =
kek-1 (O, ...,0xy), Q C RN (N > 1) is a bounded domain with appropriately
smooth boundary 0Q2; m,n,r,s > 1, p,q > 2,0;, 8 > 0,i =1,2,Q2r = Qx (0, T]
and a, b are positive constants and ug, vo satisfies compatibility and the following
conditions:

(Hyull € C(Q) N Wy (Q), v eC@)nNW,(Q) and Vul -v <0,

va -v < 0 on 082, where v is unit outer normal vector on 9€2.

Parabolic systems like (1.1) arise in many applications in the fields of mechanics,
physics, and biology like, for instance, the description of turbulent filtration in porous
media, the theory of non-Newtonian fluids perturbed by nonlinear terms and forced by
rather irregular period in time excitations, the flow of a gas through a porous medium in
aturbulent regime or the spread of biological (see [1,6,8, 15] and references therein); In
the non-Newtonian fluids theory, the pair (p, ¢) is a characteristic quantity of medium.
When (m,n) > (1,1) and (p,q) > (2, 2), the system models the non-stationary,
polytropic flow of a fluid in a porous medium; it has been intensively studied (see
[2,10,13,16,18] and references therein).

The problems with nonlinear reaction term, absorption term, and nonlinear diffusion
include blow-up and global existence conditions of solutions, blow-up rates and blow-
up sets, etc. This degenerate system exhibiting a doubly nonlinearity generalizes the
porous medium system (p = g = 2) and the parabolic p-Laplace system (m =n = 1),
which has been studied by many authors. For p = ¢ =2, m = n = 1, itis a classical
reaction-diffusion system of Fujita type. Bedjaoui and Souplet [3] considered the
critical blow-up exponents for the following system

ur = Au+vP —bu”, v, = Av+u? — by’ xeQ,t>0. (1.2)

By constructing self-similar weak subsolutions with compact supports, they obtained
the critical exponent: pg = max(r, 1) max(s, 1). Moreover scalar absorption-
diffusion equations of the style u; — Au = —u" have also been widely studied (see
[7,9,11] and references therein).

Zheng and Su [22] considered the quasilinear reaction-diffusion system with non-
local sources and inner absorptions of the form

i =Aum+/ vdx —au”, v = Av"+/ uldx —bv*, xeQ,t>0.
Q Q
(1.3)
They established the critical exponent and the blow-up rate for the system subject to
homogeneous Dirichlet conditions and nonnegative initial data. It was found that the

critical exponent is determined by the interaction among all the six nonlinear exponents
from all the three kinds of the nonlinearities.
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For p-Laplacian systems, Yang and Lu [19] studied the following equations

uy — div(|Vu|P72Vu) = u® P, (x,1) € Q x (0, T,
v — div(|Vu|972 V) = u®0®2,  (x,1) € Q x (0, T}, (1.4)

with the homogeneous Dirichlet boundary value conditions, they derived some esti-
mates near the blow-up point for positive solutions and non-existence of positive
solutions of the relate elliptic systems.

Very recently, Zhang et al. [21] further studied the blow-up properties of positive
solutions for system (1.1) with nonlocal sources

u; — div(|Vul?2Vu) =/ Vdx —u’, (x,1) € Q x (0, T],
Q

vy — div(|V|972Vo) =/ u'dx —v%, (x,1) € Qx(0,T] (1.5)
Q

in a smooth bounded domain R¥. Under appropriate hypotheses, they discussed
the global existence and blow-up of positive weak solutions using a comparison prin-
ciple. For r = s = 0, the system (1.1) is reduced to a local non-Newton polytropic
filtration system without inner absorptions. And the author [16], [17] dealt with it
under local and nonlocal sources. Under appropriate hypotheses, they all establish
local theory of the solutions and prove that the solution either exists globally or blows
up in finite time. More results for the non-Newton polytropic filtration system with
sources can be found in [12,20,23] and the references therein.

However, as far as we know, there is little literature on the blow-up properties for
problems (1.1) with the concentrated source and inner absorptions. Motivated by the
above works, in this paper, we investigate the blow-up properties of solutions of the
problem (1.1) and extend the results of [3,16,20,21,23] to more generalized cases.
Due to the nonlinear diffusion terms and doubly degeneration for u = v = 0 and
|[Vu| = |Vv| = 0, we have some new difficulties to be overcome. Noticing that the
system (1.1) includes the Newtonian filtration system (p = ¢ = 2) and the non-
Newtonian filtration system (m = n = 1) formally, so the method for it should be
synthetic. In fact, we can use the methods for the above two systems to deal with it. In
order to apply monotonicity, we establish the comparison principle for system (1.1) by
choosing suitable test function and Gronwall’s inequality. Then by the first eigenvalue
and its corresponding eigenfunctions to the eigenvalue problem for the non-Newtonian
filtration system, we construct a pair of well-ordered positive supersolution and subso-
lution. Using comparison principle, we achieve our purpose and obtain the global exis-
tence and blow-up of solutions to the problem. We will show that the critical exponent is
determined by the interaction among all the nonlinear exponents from all the three non-
linearities. Correspondingly, two kinds of characteristic algebraic systems are intro-
duced to get simple descriptions for the critical exponent and the blow-up considered.

In order to state our results, we introduce some useful symbols. Throughout this
paper, we let {(x) and ¥ (x) be the unique solution of the following elliptic equation
(see [4,23]),
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(1.6)

_Am,pg = 19 X € 97 _An,qﬂ = l, X € Q,
¢ =0, x €0, ¥ =0, x € 9Q.

Before starting the main results, we introduce a pair of parameters (i1, (2) solving
the following characteristic algebraic system

(2 5 6)=0)

__htm et
Braz — pipa’ Broo — w12

namely,

with
wir =max{m(p — 1) —ay,r —ar}, up =max{n(qg — 1) — pa, s — B2}

It is obvious that 1/t and 1/6 share the same signs. We claim that the critical
exponent of problem (1.1) should be (1/7, 1/8) = (0, 0), described by the following
theorems.

Theorem 1.1 Assume that (1/t,1/60) < (0,0), then there exist solutions of (1.1)
being globally bounded.

Theorem 1.2 Assume that (1/t,1/6) > (0, 0), then the nonnegative solution of (1.1)
blows up in finite time for sufficiently large initial values and exists globally for suffi-
ciently small initial values.

Theorem 1.3 Assume that (1/7,1/0) = (0,0), {(x) and ¥ (x) are defined in (1.6),

respectively.

(i) Suppose thatr > m(p — 1) and s > n(q — 1). If
a®p > 1,
then the solutions are globally bounded for small initial data; if
NV at’”"M e > bﬂs—ﬂz’

then the solutions blow-up in finite time for large data.
(ii) Suppose thatr <m(p — 1) ands <n(q — 1). If

L) 4+ n(g—1)
;n(q—l)—ﬂz Brgna-D-F <1,

then the solutions are globally bounded for small initial data; if

;‘1119/31 > 1, é-ﬁtzzgﬁz > 1,
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then the solutions blow-up in finite time for large data.
(iii) Suppose thatr <m(p — 1) ands > n(q — 1). If

o+ P2 (;;?32)

¢ <b,

then the solutions are globally bounded for small initial data; if
cU9P > 1, 0% > pys TP

then the solutions blow-up in finite time for large data.
(iv) Suppose thatr > m(p — 1) ands < n(qg — 1). If

ar(r=p1)
0a1+7ﬁ2

S a’
then the solutions are globally bounded for small initial data; if
P~ al’"o, ;“219’32 > 1,

then the solutions blow-up in finite time for sufficiently large data.

The rest of this paper is organized as follows. In Sect. 2, we shall establish the
comparison principle and local existence theorem for problem (1.1). Theorems 1.1
and 1.2 will be proved in Sects. 3 and 4, respectively. Finally, we will give the proof
of Theorem 1.3 in Sect. 5.

2 Preliminaries

In order to study the globally existing and blowing-up solutions to problem (1.1), we
need to firstly prove the comparison principle for the weak solution of the system
(1.1). It worth to mention, this statement plays a crucial role in the investigation.
Additions, the existence of local-in-time weak solutions of (1.1) under appropriate
hypotheses is also studied in this section. From a physical point of view, we need only
to consider the non-negative solutions. Moreover, if we assume that uo(x), vo(x) > 0
in ©, by Lemma 2.1 (see it below), we can obtain that (u(x, t), v(x, 1)) > (0, 0) a.e.
in (2 x (0, T)) x (2 x (0, T)). Thus, we only consider the non-negative solutions in
later sections.

As it is well known that doubly degenerate equations need not have classical
solutions, we give a precise definition of a weak solution for problem (1.1). Let
Qr=2x(0,T], ST =02 x[0,T],T >0.

Definition 2.1 A pair of functions (u, v) is called a solution of the problem (1.1)
on Q7 x Qr if and only if u”(x,t) € C(0,T; L®()) N LP(0, T; W(}”’(sz)),
Vi(x, 1) € C(0, T; L¥(Q)NLIO, T; Wy (Q)), @™), € L20, T; LX(Q)), ("), €
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L%(0, T; L*(R)), u(x, 0) = up(x), v(x, 0) = vo(x) and the equalities

r
/ u(x, )y (x, tp)dx —/ u(x, t))v(x, t)dx = /2/ uridxde
Q Q nJQ

n n
—// |Vu’"|P*2w’"-v1p1dxdt+a// V1 G, D@ P — au”)dxde, (2.1)
1JQ 1JQ
5]
/v(x,tz)wz(x,tz)dx—/v(x,t1)¢2(x,t1)dX=/ /w/fzrdxdt
Q Q 1 Q
n n
—// |Vv”|"_2Vv"~V1ﬂzdxdt+b// Yo (x, )0 — bv*)dxdr  (2.2)
1 JQ 1 JQ

hold for all 0 < 1, < 1» < T, where ¥ (x,1), ¥2(x,1) € CH1(Qr) such that
Y1(x, T) =vY2(x,T) =0and ¢y (x,t) = Yo(x,t) = 0on S7.

Similarly, to define a subsolution (u(x,t), v(x, t)) we need only to require that
Yi(x, 1) = 0,92(x,2) = 0, (u(x,0),v(x,0)) < (uo(x),vo(x)) on £ x €2,
(u(x, 1), v(x, 1)) <(0,0) on St x ST and the equalities in (2.1) and (2.2) are replaced
by <. A supersolution can be defined similarly.

Definition 2.2 We say the solution (i, v) of the problem (1.1) blows up in finite time
if there exists a positive constant 7* < oo, such that

lim (lu(, 1)|reo@) + [v(, D)o @) = +00.
t—>T*
We say the solution (u, v) exists globally if

sup  (lu(-, | + [v(-, Do) < +oo.
1€(0,400)

By a modification of the method given in [16—18], we obtain the following results.

Theorem 2.1 Suppose that (ug, vo) > (0, 0) and satisfies the conditions (H), then
there exists a constant Ty > 0 such that the problem (1.1) admits a unique solu-

tion (u,v) € Qg x Op, u™ € C(0,T; L¥(Q)) N LPO,T; Wy (Q)), v" €
C(0. T L®(R) N LI(0, T; Wy ().
Proof of Theorem 2.1 Consider the following approximate problems for the problem
(1.1):
) . m2 N2 omy _ar B r
wip — div((|Vui' | + &) 2 Vu') = u; v, —auj, (x,1) € Qr,
=)

vie — div(((VO P + 0T Vo) = u®> —b?, (x,1) € Qr,

uij(x, 1) =&, vi(x,t) = o, (x,1) € St,

ui(x,0) = uoe,; (x) + &, vi(x, 0) = voo; (x) + 07, x € Q2. (2.3)
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Here ¢;, o; are strictly decreasing sequences, 0 < &;,0; < 1,and &; — 0T, 0; —
0t asi — +oo. UQs;» V0g; € Cgo (€2) are approximation functions for the initial
data uo(x) and vo(x), respectively. |M08,- + & |LOO(Q) < |ug+ 1|L00(Q), |Vugl£i |Loo(g2) <

|Vu6" [0 (), forall &;, and (uoe, +&)" — u6" strongly in Wol’p (2); |vog; +0il L) <
[vo+ 1|1 (9), |Vv(’)’m [L(@) < IVvglr=(q),forall o;, and (voo, +07)" — vy strongly
in W, ().

(2.3) is a non-degenerate problem for each fixed ¢; and oy; it is easy to prove that
it admits a unique classic solution (u;, v;) using the Schauder’s fixed point theorem
and (u;, v;) > (&;,0;) > (0,0) by the classical theory for parabolic equations(see
[10]). To find limit function u(x, t) and v(x, #) of the sequence {(u;, v;)}, we need
some priori estimates for the nonnegative approximate solutions by carefully choosing
special test functions and a scaling argument. The left arguments are as same as those
of Theorem 1 in [16], so we omit them. We complete the existence part by a standard
limiting process.

The uniqueness of the solution is obvious. In fact, assume that (u1, v1), (u2, v2)
are two non-negative solutions of (1.1), using Lemma 2.1 repeatedly, we can get
Uy =us, vy = vy ae. in Q x [0, Tp]. |

We first give a comparison lemma for the non-degenerate parabolic system, which
plays a crucial role in the proof of our results.

Proposition 2.1 (Comparison Principle) Suppose that (u(x, tL v(x ,_t)) and (u(x, t),
U(x, 1)) are the lower and upper solution of problem (1.1) on Qr x Qr, respectively.
Then (u(x,t),v(x, 1)) < (u(x,t),v(x, 1)) a.e. on QLr x Q.

Proof of Proposition 2.1 For small 0 > 0, set ¥, (§) = min{1, max{{ /o, 0}}, & € R.
Then v, (§) is a piecewise differentiable function. Let ¥y = ¥, (™ — u™), ¥ =

Yo (V" — V™), it is easy to verify that ¥| and Y, are admissible test functions in (2.1)
and (2.2).

Since (u,v) and (u, v) are subsolution and supersolution of (1.1), let #{ = t,

h=t+hth>0t+h<Tandw=u—-u,z=v—v,w =u"—u",

z1 = v" — V", then we obtain
/ wx, T +h)Y(x, T+ h)dx — / w(x, 7)Y (x, 7)dx
Q Q
T+h T+h
=/ /wwl,dxds—/ /(|Vg’"|l’*2v2m — V@™ |P72va™) - Vi dxds
T Q T Q
T+h
- / / Y10 [ — a5 — a@’ — 7)) dxds, 2.4)
T Q
/ z(x, T + MYn(x, T+ h)dx —/ z(x, T)Ya(x, T)dx
Q Q
T+h T+h
=/ / zyodxds —/ /(|Vg”|q_2Vy” — VT |972VT") - Viadxds
T Q T Q

T+h
+ / / Yo (x, 1) [0 — w2vP?) — b(v* — v%)] dxds, (2.5)
T Q
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Dividing (2.4) and (2.5) by & and integrating t over (0, t) gives
t
/ %/ (wx, T+ h)Y1(x,t+h) —wx, )Y (x, 7))dxdr
0 Q
tq T+h
:/ —/ / wir dxdsdr
0 h T Q
1 T+h
—/ —/ /(|Vg’"|p72V£m — |Vﬁm|p*2Vﬁm) - Vyrdxdsdr
0 h T Q
t 1 T+h
+/ —/ / Y1 (x, D[ v — 719 — a(u” — w")]dxdsdr,
0o hJe Q

t
/ l/z(x,t+h)Wz(x,t+h)dx—/z(x,t)wz(x,f)dxdt
o hJg Q

t 1 T+h
:/ —/ /zlﬂg,dxdsdr
0o hJ: Q
t 1 T+h
—/ E/ / (|Vg”|q_2Vy" - |Vim|‘1_2VE”)~V1/fzdxdsdr
0 T Q

1 T+h
+/ E/ / Ya(x, t) [(Edzgﬁz — w2y — pv* — vs)] dxedsdr.
0 T Q

By the properties of Steklov’s averages ([5], Lemma 1.3.2), we get

T+h
/ / /wl/q,dxdsdt—>/ / wr dxds ash — 0T,
T+h
/ —/ /ZI//ztdxdsdr—>/ /Zl/fztdxds ash — 0T,
0o hJe Q 0 Ja

t 1 T+h
/ —/ /(lngV’_ngm — V@™ |P72vE™) - Vi dxdsdrt

_>/ /(|Vu [P72Vu™ — |Va"|PTAVa™) - Virdxds as h — 07,

T+h
/ —/ /(|Vgn|q_2Vy" — |V§m|q_2V§") - Virpdxdsdr
o hJ: Q

t
— / /(|Vy"|q_2Vy" — |[VT"972VT") - Vypdxds as h — 07,
0 JQ

1 T+h
/ ﬁ/ / Y1 (x, D[Pt — 7P — a(u” — w")]dxdsde
0 T Q

t
—>/ / U1, D[0P — 74Py — a” — w)]dxds as h — 07,
0 JQ

t 1 T+h
/ m / / Yo (x, D[0P — u*20P2) — b(v* — v*)]dxdsdr,
0 T Q

t
— / / Yo (x, D[ — 7*25%) — b(v* — 7°)]dxds as h — 07,
0 JQ
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Now, we claim that

t
/ %/(w(x,r—i—h)t/q(x,r+h)—w(x,r)1//1(x,r))dxdf
0 Q
—>/(w(x,t)lpl(x,t)—w(x,O)wl(x,O))dx, (2.13)
Q
t
/ l/z(x,t+h)wQ(x,t+h)dx—/z(x,t)lpg(x,t)dxdr
o hJa Q

e/z(x,t)wg(x,t)dx—/z(x,O)wz(x,O)dx. (2.14)
Q Q

By (2.4)—(2.14), we obtain

t
/w(x,rm(w](x,r))dxs/w(x,owa(w](x,ondw/ / Wy (w1)wisdxds
Q Q 0 Q
t
— / / (VW™ |P=2Vu™ — |V |P72Va") - Vo (u™ — w")dxds
0 JQ
t
4 / / Yo (wi (e NP — 7571 — a(u’ — )]dxds, 2.15)
0 JQ
t
/z(x,t)%(m(x,t))dxS/z(x,O)%(m(x,O))der/ /Zlﬁé(a)zmdxds
Q Q 0 Q
t
- / / (V" [42V" — (VT[4 2VT") - Vi (o — 0")dxds
0 JQ

t
+ / / Vo (21 (x, [0 — 72572 — b(v* — 7%)]dxds. (2.16)
0 JQ

Now, we deal with the terms in (2.15) and (2.16). First, we have

t
/ / Yo (wi (x, N[ 0P — 7P —a@” —u")ldxds
0 Q

t t
gﬁlM;’”Mfl‘l/ /(y—v)+dx+a1M;““M§1/ /(g—ﬁ)erxds
0 JQ 0 JQ

t
—i—aerr*l/O /Q(E—E)erxds,

t
/ / Vo (21 (x, N[22 — u2vP2) — b(v* — v*)]dxds
0 JQ
t t
gasz’Z‘lez/ /(g—ﬁ)+dx+ ﬂzMj“Mfz‘]/ /(y—i)+dxds
0 JQ 0 JQ

t
+bsM;—1/ /(Q—E)+dxds
0 JQ
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for some positive constants M1, M5, and as 0 — 0T,

t t
/ / Wi, (wy)wisdeds| < / / w7, ()| Jwis |dxds
0 Q 0 Q

1 o
= —/ / w4 |wig|dxds — 0,
o Jo JQ
t t
/ / WL () zsdeds| < / / o W (@) |21 dxds
0 Q 0 Q

1 o
= —/ / Z+]z15/dxds — 0.
g Jo Q

Second, by Lemma 1.4.4 in [5], we get

(VU™ P~2Vu™ — |Va™|P72Va™) - Vi W™ —w™) > min {0, y1 V@™ —a™) 4|7},
(IVY"|[972Vu" — [VT"[972V") - Vi (0" — ") > min {0, 12| V(0" — 0")4|7}
for some y1, y» > 0.
Finally, we have [o w(x, 0)/, (w1 (x,0))dx = 0, [oz(x,0)¥s (z1(x,0))dx =0

and ¥/ > 0 ae. in R, wy (w1)wis, 2, (z1)z15 increase and tend to w4, z4 as
o — 0T, respectively. Hence, we may let o — 07 in (2.15) and (2.16) to yield

t t
/ w4t (x, )dx < C1/ / w4 (x, s)dxds + C2/ / Z4+(x, s)dxds,
Q 0 Ja 0 JQ

t t
/ Z4(x,)dx < C3/ / w4 (x, s)dxds + C4/ / Z4(x, s)dxds.
Q 0 JQ 0 JQ

Hence,
t
/ (WG, 1) + 24 (x. 0)dx < C / / (w4 (x, 5) + 24 (x, 5))dxds.
Q 0 Ja

By the Gronwall’s inequality, we obtain fQ(w+(x, 1)+ z4(x,1))dx =0,i.e. u <u,
v <7,a.e.on 57. This completes the proof. O

3 Proof of Theorem 1.1
In this section, we investigate the global existence property of the solutions to Prob-
lem (1.1) and prove Theorem 1.1. The main method is constructing a globally upper
solution and using comparison principle to achieve our purpose.

In order to study the globally existing solutions to Problem (1.1), we need to study
the following elliptic system

N, O=1,x€Q, =1, x €09, 3.1

where Ay ,, O is defined in (1.1), and we obtain the following lemma.
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Lemma 3.1 problem (3.1) has a unique solution ©(x), and satisfies the following
relations,
Ox)>1inQ2, VO-v <00nd, sup® =M < 400,

xeQ

where M is a positive constant.
Proof of this lemma is similar to that given in [23], we omit it here.

Proof of Theorem 1.1 Let ¢(x) and ¥ (x) be the unique solution of the following
elliptic problem

—Am,p(P:L x € Q, _An,qw:L x € Q,

o=1, x € 092, v =1, x € 092. (3-2)
Then from Lemma 3.1, we obtain the following relations
), ¥(x)>1inQ, Ve -v,Vy¥-v <0ona, 3.3)

M| = min{inf ¢, inf ¥} < +o00, My = max{sup ¢, sup ¥} < 400, 3.4
xeQ xeQ xeQ xeQ

where M1, M> > 0 is a positive constant.
Notice that (1/7, 1/6) < (0, 0) implies

Braz < pipr =max{m(p — 1) — oy, r —ajymax{n(qg — 1) — B2, s — Ba}.

We will prove Theorem 1.1 in four subcases.
(a) For u1 = r — oy, up = s — Bo, we then have oo < (r — a1)(s — B2). Let
(#,v) = (A1, A2), where A1 > maxup(x), A2 > max vg(x) will be determined

. . XEQ xe
later. After a simple computation, we have

ﬁ[ - Am,Pﬁ - ﬁa]ﬁﬁl + aﬁr = aA'i - AT] Agl ’

Ty — Ay U — 002 + b7 = bAS — AL AL
So, (#,v) = (A1, A2) is a time-independent supersolution of problem (1.1) if
aN|™™ > Ag‘ and bAZ_ﬁ2 > A},

ie.

e R SR
AT < A= A, (D).

(b) For uy =m(p — 1) —ay, uo = n(g — 1)— B, we then have Biay < mn(p — 1)
(g —1).Let (u,v) = (A1p(x), A (x)), where Ay, Ay > 0 will be determined
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later. Then with a direct computation we obtain

i — A pll — TP +aw = ATPTD — AP AL MSTH

Ty — Ap gt — B0 + 57 > ATV — AP AR MG
So, (u(x, t), v(x,t)) is an upper solution of problem (1.1), if

m(p—1) B +8 n(g—1) B2 3 so2t+B
A > ATV A MG A > AP Ay M,
u(x,t) lage= 0, v(x,1) lae=> 0, u(x,0) =up(x), v(x,0) =vo(x). (3.5

Then (3.5) holds if we choose A1, Aj large enough such that

1
(x2+B2)B1 a2
a1+B1+ 50— m(p=D—e| - =55
A > max { max uo(x),(M2 n(g—1—p n(g=D—p ,

x€Q

1
(a1+fi1)a2 —012/3
Bt e \"0 P mpen ey
A > max ymax vo(x), { M,

xeQ2

(¢) Foruy =r—ay,u2 = n(g—1)—p2, wethenhave 1oy < (r—ag)[n(g—1)—pB21].
Choose A > max ug(x) and Ay > max vo(x) satisfy
xeQ xeQ

| 1
(AL M) < Ay < (aA} ™ My )T

Let (u,v) = (A1, Ay (x)) with 1 (x) defined by (3.2). By direct computation,
we arrive at

i — Ay il — BT 4 aii” > an} — A A ME >0,
Ty — Ap g0 — 1202 40" > ASTD AP MP 0. (36
(d) For u1 = m(p — 1) — a1, ua = s — P2, we then have Bran < [m(p — 1) —

ar](s — B2). Let (i, v) = (A1¢(x), A) with ¢(x) defined by (3.2), where A| >

max uo(x) and Ay > max vg(x). Then, (3.6) hold if
xe xe

1 1
(AS'MP)TPIR < Ay < (A5 My )
The proof of Theorem 1.1 is complete. O
4 Proof of Theorem 1.2
In this section, we investigate the blow-up property of the solutions to problem (1.1)

and prove Theorem 1.2. The main method is constructing a blowing-up lower solution
and using the comparison principle to achieve our purpose.
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Proof of Theorem 1.2 Observe that (1/7, 1/6) > (0, 0) implies

Braz > pipr = max{m(p — 1) — oy, r —aj}ymax{n(qg — 1) — B2, s — B2}.

For 1 =r — a1, o = s — B2. Choosing

1 1 _t A1 s—F2 1
A = E (—)WAzr_% + b@Azwz , Ay = (a“Zbr—al)m ’
a

then (,v) = (A1, Ap) is a global supersolution for problem (1.1) provided that

A1 > maxug(x) and Ay > max vo(x).
xeR xeR

Forpi =m(p —1) —ai, ua =n(g — 1) — po. Let (u, v) = (A1¢(x), Aoy (%)),
where ¢(x) and v (x) satisfying (3.2), respectively. Choosing

a1+ B _aptphy  nlg=D—p

_ m(p—1)—ay m(p—1)—a) ay ay
Ay = (M2 A +M, 2 A, )

1

(a1 +Bap C2YN
Ay = (Mzotz+ﬂ2+,,,(pl)al )n(qbﬂzm(pl)al ’

therefore, (u,v) is a global supersolution for system (1.1) if A; > maxuo(x) and
x€Q
Ao > max vp(x).
xeQ
For other cases, the solutions of (1.1) should be global due to the above discussion.

Next, we begin to prove our blow-up conclusion under large enough initial data. Due
to the requirement of the comparison principle, we will construct blow-up subsolutions
in some subdomain of €2 in which u#, v > 0. We use an idea from Souplet [14] and
apply it to degenerate equations. Since problem (1.1) does not make sense for negative
values of (u, v), we actually consider the following problem

Pu(x,1) = uy — Ay pt — uofrlvi' +au’, xeQ,t>0,

Qu(x,t) = v — Apgv — u‘fvﬁz —}—bvi, xe,t>0,

ulx,t) =v(x,t) =0, x €0, >0,
u(x,0) = up(x), v(x,0)=vo(x), x €Q,
where u; = max{0, u}, vy = max{0, v}. Let @w(x) be a nontrivial nonnegative

continuous function and vanish on 2. Without loss of generality, we may assume
that 0 € © and @ (0) > 0. We shall construct a self-similar blow-up subsolution to
complete our proof.
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Set

A 52 1/m
ulx, 1) = =0V, § =Ixl(t =7, Vi(§) = ( t7- ﬂ) ;

1/n

A 7
D= —=—0""Van),n= -7V, = - - — ,
vx, 1) = —1)""?Vam),n=|x|(r — 1) 2(n) ( ) 2A)
where y;,0; > 0G0 = 1,2), A > 1 and 0 < 7 < 1 are parameters to be determined.
It is easy to see that u(x, t), v(x, ) blow-up at time 7, so it is enough to prove that
(u(x,t),v(x,t)) is a lower solution of problem (1.1). If we choose t small enough
such that

suppu(-, t) = B(0, R(r —1)°1) C B(0, Rt%") C Q,
suppv(-, 1) = B(0, R(r —1)??) C B(0, Rt?) C €,

where R = (A2 + A))'/2, then u(x, 1) |3o= 0, v(x, 1) |sgo= 0. Next if we choose
the initial data large enough such that

x| |x]
up(x) > —Vl(—) vo(x) > — 2(—)

then (u(x, t), v(x, 1)) is alower solution of problem (1.1) if for any (x, #) € Q2 x (0, 7],

u, — Ap,pt < ago‘lgﬁl, 4.1)
v, — Apgv < buvP. “.2)

After a direct computation, we obtain

yiVi€) + o1EV{(€) m x m N
u, = = =
- (r—nn+tl 7T T A@ e TE T A — 2o
= r2V2(n) +0277V2,(77)7 V= , =AY = N )
=t (t — t)VZ‘H = At — t)nyz+2<rz = At — t)nyz+2oz
“4.3)
— A pu = V" P72 AU + (p — 2>|Vum|"—4<w">r - (He (™) - Vu™
™ 3*u™ du™
Vu" P72 Au" 2)|Vu P4 — 4.4
= |Vu" P72 Au™ + (p — 2)|Vu"| Zzax, Taax; x (44)
j=li=1
— Apgv = |VV"[172 A" + (g — 2>|Vv"|q‘4<w"f - (He(v") - V"
vl 82 Ju"t
e gt S S - “5)

9
imli= ]8)6,' 3x,‘ax]' ax]'

where H, (u™), H,(v") denote the Hessian matrix of u” (x, 1), v" (x, t), respectively.
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Use the notation d (2) = diam(£2), then from (4.4) and (4.5), we obtain

N N d(Q) P2
m Pl SH T 2o \ (7 = pymn+2on

d(Q) =4 d(R) 2 N

_ Np—-DE®)r?
T A(r — )mn+200(p-1)"

(4.6)

Similarly, from (4.4) and (4.5) we obtain

|A

d(Q) )4‘2

v
4= = TA(r — t)an-‘thTz ((-L- _ t)n}/2+2<72

PID) =4 d(R) : N

_ N(g—D(d()1?
T A(T — 1)mnt200)(@-D

4.7

Next, we compute the local term of (4.1)

1 | x| x|
ap, B o] B
wre = (t — Hyriei+rh Vi ((T — [)01) V2 ((1; o2 )’

1 x| x|
o, By o B2
e = (t — t)yrie2tnb Vi ((-[ — t)Ul) Va ((-L— ;)Uz) (4.8)

If0 <& n <A thenl < Vi(§) < (1+A4/2Y" 1< Va(n) <1+ A/2)"" and
V/(&) <0, V;(n) < 0. Combining the above inequalities, we obtain

na+HUm N DE@)? a(l+ 47"
Pu(x,r) <
= (t —yn+l A(t — t)myi+200)(p=1) (t —t)n
1
N (t — pynatrnpi’ (4.9)
LonAE D N - hE@ b+
Qu(x, 1) = (t — t)yz-i-l At — ;)(n)/z+202)(q—1) (t — 1)
1
(4.10)

N (t — t)ynwtrnpy’
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If&,n > A, since m,n > 1, we obtain Vi(§) < 1, Vo(n) < 1 and V{(E) < —1/m,
Vz/(n) < —1/n. Combining the above inequalities (4.3)—(4.8), we obtain

1 -2
Y1 — 5014 N(p — D)(d(Q))? a
Pux, 1) = (t —eyn+l  A(r — p)mni+200(p=D (¢ — )y’ @10
1 _ -2
Qu(x,1) < 20 | Ng = DAE)” b (4.12)

(t =)t AT —)nt200G=D (¢ — )2’

If0 <& < Aandn > A, we have that (4.9) and (4.12) hold. If ¢ > Aand0 <n < A,
we have that (4.10) and (4.11) hold.

So, from the above discussions, (4.1) hold if the right-hand sides of (4.9)—(4.12)
are nonpositive.

Since 1/7, 1/0 < 0, we see that S1op > wqu2. In addition, it is clear that

w1 ax+1  uy Br+1
— < — <

. (4.13)
B B+l o o+l
For p11/81 < (@2 + 1)/(B1 + 1), we choose y; and y» such that
M1 V2 Lo+ 1 o
— < — < min{ , —1,
B n Br+1 w2
1
w -+ g < + 7 - min{ 7,31V2+061)/1}' @.14)
71 Yir —1) 71

Recall that 1 = max{m(p — 1) — a1, r — a1} and up = max{n(g — 1) — B2, s — B2},
then (4.14) implies

Biva +oaryr > ry, Bryva +aryr > m(p — Dy, Bryve +aiyr >y + 1 > ryy,
Bayz +azyr > sy2, Bave +aryr > n(g — Dya, Boyve +a2y1 > y2 + 1 > sy,

Next, we can choose positive constants oy, o> sufficiently small such that

Biva+aiyi —yi—1 Biya+aryr —m(p — Dy

)

0120‘2<min[

2N ’ 2IN+p—1)
Biro+aiyi—ryr vi+14+mp—Dy1 Boyo+ayi—y2—1
2N ’ 20p—1) ’ 2N ’
Bova +aoyr —n(g — Dy2 foyp+ooyi —sy2 o+ 14+n(qg— Dy
2(N+qg—1) ’ 2N ’ 20g — 1) ’
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consequently, we have

Biy2 + a1y1 > max {y1 + 1, (my1 +201)(p — 1), ”J’l}v
Boy2 + anyr > max {Vz + 1, (ny2 +202)(g = 1), Wz}’
y1 + 1 > max {ryl, (my1 +201)(p — 1)]»

v + 1 > max {syz, (mys + 202)(q — 1)}. (4.15)

For wa/ay < (B1 + 1) /(a2 + 1), we fix y| and y» to satisfy

K2 Y . Br+1 B
— < — < min{ , —1
a Y a+ 1"
1
Br + 2 < ——2 < min e, (4.16)
(s —1) V2

then we can also select o1, oo small enough such that (4.15) holds.

Furthermore, if we choose A > max{l, my; /o1, ny>/o2}, then for t > 0 suffi-
ciently small, the right-hand sides of (4.9)—(4.12) are nonpositive, so (4.1) and (4.2)
holds, and we obtain Theorem 1.2. O

5 Proof of Theorem 1.3
Proof of Theorem 1.3 In the critical case of (1/7, 1/6) = (0, 0), we have
Bioa = pipy = max{m(p — 1) —ay,r —aj}max{n(q — 1) — B2, s — B2}

(i) Forr > m(p —1),s > n(g — 1), we know Biaa = (r — «1)(s — B2). Thanks to
a®2p" =% > 1, we can choose A1 and A, sufficiently large such that A; > max ug(x),
xeQ
Ay > max vg(x) and
xeQ

A1 1 1 s—F 1
Ay (=) < Ay < AP b
a

Clearly, (z, v) = (A1, A»2) is a supersolution of problem (1.1), then by comparison
principle, the solution of (1.1) should be global.

Next, we begin to prove our blow-up conclusion.

Since Biar = w1m2, we can choose constants /1, [, > 1 such that

n(q—l)—ﬂ2—1<s—,32=l_1= Bi - s—pr—1 5.1)
r—op —1 o L r—oa mp—-1)—a —1 '

According to Proposition 2.1, we only need to construct a suitable blow-up subso-
lution of problem (1.1) on Q7 x Q7. Let y () be the solution of the following ordinary
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differential equation

Y @) =c1y —ey®?, y0) =y >0, >0,

where

_ [cmwb —ag” g“wﬁz_bw] H 11 }
Cc] = min , o ,C) =max{—, —¢,
2

I
S =min{l1(r — D)+ 1, (s — Dl + 1},

& =max{[m(p—1) —1]1 +1,[n(g—1) — 1]l +1}.
Since 9#1 > al" % and ¢%? > b®S~B2 we have c1 > 0. On the other hand, by

virtue of (5.1), it is easy to see that §; > J>. Then, it is obvious that there exists a
constant 0 < T* < 400 such that

lim y(t) = +o0.
t—>T*
Construct

(x, ), v(x, 1) = ("), Y200 (x)),

where ¢ (x), ¢ (x) satisfying (1.6). Moreover, by the assumptions on initial data, we
can take small enough constant )y such that

up(x) > yi' My and vo(x) > y?M, forall x € Q, (5.2)

where M| = max ¢(x), My = max ¥ (x).
xeQ xe

Now, we begin 1 to verﬁy that (u(x, 1), v(x,t)) is a blow-up subsolution of the
problem (1.1) on Q7 x Q7, T < T*. In fact, V(x,t) € Qr x (0,T), a series of
computations show

Pu(x.t) = u, — A pu — u™ 0P + au’

= llé',yll—ly/(t) + ym([’—l)ll _ ,}/l10l1+12/31 é.al l?ﬂl + ayrllé_r (53)

=ly! (J/(t) 4Ly mo-h-ht M—_Wyh(rl)ﬂ)
h¢ ¢

<0.

Similarly, we also have
Qu(x, 1) = v, — Ay qv — u™0™ + by’ <0. (5.4)
On the other hand, Vr € [0, T'|, we have

u(x, Hlresn = Y1 OCX)resn =0, v(x, Nlresn = ¥ (O (X)|renn = 0. (5.5)
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Combining now (5.2)-(5.5), we see that (u, v) is a subsolution of (1.1) and (i, v) <
(u, v) on Qr x Qr by comparison principle, thus (#, v) must blow-up in finite time
since (u, v) does.

(i) Forr <m(p—1),s < n(g—1),weknow Biar = [m(p—1)—ay][n(g—1)—p2].
Under the assumption (;“219/32)]/[”(‘1")’/32] (¢ ph )1//31 < 1, wecan choose Aq, As
such that

% mp=—aj
AJTOTE (g Py T < Ay < A, P @MRP) T
Then (u, v) = (A1, A») is a global supersolution of (1.1).
Since Biar = [m(p — 1) —a1][n(g — 1) — B2], we can choose constants [1, [, > 1
such that

s—1 ng-—bH—-p L _ A1 nig—1-1
< =— = < . (5.6)
m(p—1)—1 o L mp—1)—a r—1

Next, we consider the following ordinary differential equation
Y (@) =1y — ey, y(0) =y >0, t > 0,

where

agr—l bs—1
L b }
Sp=min{[m(p —1) =111 + 1, [n(g — 1) = 1]l + 1},

8 = max{l{(r — 1)+ 1, (s — Dl + 1}

c1 = min{c¥ 9P — 1, c29P — 1}, ¢ = max[

Since {“'19/31 > 1, {“219/32 > 1, we have ¢; > 0. On the other hand, in light of
(5.6), it is easy to show that §; > 8. Then, it is clear that y (¢) will become infinite in
a finite time 7* < +00.

Let

w(x, ), v(x, 1) = (YO ), Y200 (x)),

where ¢ (x), ¥ (x) satisfying (1.6). Similar to the arguments for the case r > m(p —1),
s > n(q — 1), we can prove that (u(x, t), v(x, t)) is a blow-up subsolution of the
problem (1.1) on Q7 x Q7, T < T*. Then, the solution (u, v) of (1.1) blows up in
finite time.

(iii) Forr <m(p —1),s > n(q — 1), we know oz = [m(p — 1) — a1]ls — B2].
Since (£*?)(¢“! Y6=B2)/B1 < b we can choose A, As, such that

m(p—1)—a

1 2 1 _1
PTERA @) TR s A Ay T @)L

We can check (u, v) = (A1¢, A») is a global supersolution of (1.1).
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Thanks to Biaa = [m(p — 1) — a1][s — B2], we can choose constants I1, [ > 1
such that

ng=-D-F _s=—F I _ B Bi

= = < .
o o) L mp-1D—a r—a

Let
(e, 1), v, 0) = ¢ OF ), Y2 O (),
where ¢ (x), U (x) are defined in (1.6), and I" (¢) satisfies the following Cauchy problem
') =cry® — ey, y(© =y >0, 1 >0,

where

azﬁﬁz — by’ r—1 1
¢] = min {"‘11951—1,(— , cp = max at ,— 1,
Ly I Y

min{[m(p — 1) — 1ll1 + 1, (s — D2 + 1},
max {{i(r =)+ 1,[n(g — 1) — 11l + 1}.

d
)

Then, the left arguments are the same as those for the case r > m(p — 1), s >
n(g — 1), so we omit them.

(iv) The proof of this case is parallel to (iii). The proof of Theorem 1.3 is complete.

O
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