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Abstract It is shown that a strong solution of the Degasperis—Procesi equation, ini-
tially decaying exponentially together with its spatial derivative, must be identically
equal to zero if it also decays exponentially at a later time. The decay rate of the
corresponding strong solution at infinity is also given for some kinds of initial data
with exponential decay.
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1 Introduction

Recently, Degasperis and Procesi [20] considered the following family of third order
dispersive conservation laws,

Uy + Cotty + Yityyy — @ty = (cmz + Czui + C3uuxx) , (1.1)
X

where «, y, ¢, c1, ¢2, and c3 are real constants. Within this family, only three equations
that satisfy asymptotic integrability condition up to third order are singled out, namely
the KdV equation,
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334 H. Chen, Z. Guo

U +uy +utty +txyx =0,

the Camassa—Holm equation,
Up — Uyxr + 3ttty = 2UxUyy + Ullyyx,

and a new equation (the Degasperis—Procesi equation, the DP equation, for simplicity)
which can be written as (after rescaling) the dispersionless form [20],

U — Uxyr AUl = SUyllyy + Ullyyy. (1.2)

Itis worth noting thatin [21], both the Camassa—Holm and DP equations are derived
as members of a one-parameter family of asymptotic shallow water approximations to
the Euler equations: this is important because it shows that (after the addition of linear
dispersion terms) both the Camassa—Holm and DP equations are physically relevant,
otherwise the DP equation would be of purely theoretical interest.

When o = ¢ = ¢3 = 01in (1.1), it becomes the well-known KdV equation, which
has been extensively studied by [3,4,26,27,33].

When ¢; = —303/20[2 and ¢ = ¢3/2 in (1.1), we recover the Camassa—Holm
equation derived physically by Camassa and Holm in [7] by approximating directly
the Hamiltonian for Euler’s equations in the shallow water regime, where u(x, t) rep-
resents the free surface above a flat bottom. Recently, the alternative derivations of
the Camassa—Holm equation as a model for water waves, respectively as the equation
for geodesic flow on the diffeomorphism group of the circle were presented by John-
son [25] and respectively by Constantin and Kolev [13]. The geometric interpretation
is important because it can be used to prove that the Least Action Principle holds
for the Camassa—Holm equation, cf. [14]. It is worth to point out that a fundamen-
tal aspect of the Camassa—Holm equation, the fact that it is a completely integrable
system, was shown in [15] for the periodic case and [1,12] for the nonperiodic case.
Some satisfactory results have been obtained for this shallow water equation recently.
Local well-posedness for the initial datum ug(x) € H® with s > 3/2 was proved by
several authors, see [28,31], and global existence was established for some kind of
initial datum in [9, 11]. For the initial data with lower regularity, we refer to Molinet’s
paper [32] and also the recent paper [5]. Moreover, necessary and sufficient condition
for wave breaking is established in [29,30,37,38]. However, in [34], global existence
of weak solutions is proved but uniqueness is obtained only under an a priori assump-
tion that is known to hold only for initial data ug(x) € H ! such that ug — ugyy is a
sign-definite Radon measure (under this condition, global existence and uniqueness
were shown in [16] also). Also it is worth to note that global conservative solutions are
constructed for any initial data in H 1 by Bressan and Constantin [5] recently. In [2]
and [18], it was proved that all solitary waves (peaked when cy = 0 or smooth when
co # 0) are solitons. The stabilities of the solitons are proved in [17] and [18] respec-
tively. Recently, in [22], among others, Himonas, Misiotek, Ponce, and Zhou showed
the infinite propagation speed for the Camassa—Holm equation in the sense that a strong
solution of the Cauchy problem with compact initial profile cannot be compactly sup-

@ Springer



Asymptotic Profile of Solutions 335

ported at any later time unless it is the zero solution, which is an improvement of
previous results in this direction obtained in [10,24].

Although, the DP Eq. (1.2) has a similar form to the Camassa—Holm equation and
admits exact peakon solutions analogous to the Camassa—Holm peakons [19], these
two equations are pretty different. The isospectral problem for Eq. (1.2) is

W, — Wy — )»y‘l’ =0,

while it for Camassa—Holm equation is
1
W, — Z\IJ — Ay =0,

where y = u — uy, for both cases. This implies the inside structures of the DP Eq.
(1.2) and the Camassa—Holm equation are truly different. However, we also have some
similar results on the DP equation, see [6,23,36]

Analogous to the Camassa—Holm equation, (1.2) can be written in Hamiltonian
form and have infinitely many conservation laws. Here we list some of the simplest
conserved quantities [19]:

H_j = [gu’dx, Hy= [pydx, Hj= [pyvdx,
Hs = [py'dx, Hy= [ (y2y773 +9y~13)dx,

wherev = (4— 8)%) “1y.So they are different from the invariants of the Camassa—Holm
equation,

E(u) = / (u2 + ui)dx, F(u) = / (u3 + uuz)dx.
R R
SetQ=(1 - 8%), then the operator Q! in R can be expressed by
-1 V[ iy
Q" f=Gxf=5 [ eV f(ydy.
2 Jr
Equation (1.2) can be written as
3 5
U +uuy + 0,G * Eu =0, (1.3)
while the Camassa—Holm equation can be written as
2, 1o
u; +uuy +0,Gx(u —I—EMX =0. (1.4)

Due to the similarity of (1.3) and (1.4), just by following the argument for the
Camassa—Holm equation, it is easy to establish the following well-posedness theorem
for (1.3).
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Theorem 1.1 [35,36] Given u(x,t =0) = ug € H*(R), s > 3/2, then there exists a
T and a unique solution u to (1.2) (also (1.3)) such that

u(x, 1) e C([0,T); H*R) N C([0, T); H~Y(R)).

It should be mentioned that due to the form of (1.3) (no derivative appears in the
convolution term), Coclite and Karlsen [8] established global existence and uniqueness
result for entropy weak solutions belonging to the class L' (R) N BV (R).

2 Unique Continuation

We will formulate decay conditions on a solution, at two distinct times, which guaran-
tee that u = 0 is the unique solution of (1.3). The idea of proving unique continuation
results for nonlinear dispersive equations under decay assumptions of the solution at
two different times was motivated by the recent works on the nonlinear Schrodinger
and the k-generalized Korteweg-de Vries equations.

In order to prove the result, we have the following theorem.

Theorem 2.1 Assume that for some T > 0,ands > 3/2, u € C([0, T]; H*(R))
is a strong solution of the initial value problem associated to Eq. (1.3), and that
up(x) = u(x, 0) satisfies that for some 6 € (0, 1),

o), [9,uo(x)| = O(e™"*) as x 1 oc. 2.1

Then
lu(x,t)|, |oxu(x,t)] = O(efex) as x 1 oo, 2.2)

uniformly in the time interval [0, T].

Notation We shall say that

|f(xX)] = O0(*¥) as x 1 oo if lim ACI . L,
x—>00 eox
and
[ f(x)] =o0(*) as x P oo if lim /)] =0.
x—>00 eox
for some constant L.
Proof We introduce the following notations
35
F(u) = EM 2.3)
and
M = sup [u(®)llns. (2.4)

tel0,T]
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Multiplying Eq. (1.3) by u*?~! with p € Z*, and integrating the result in the x-
variable, one gets

o0 o0 o0
/ u?P~Vy,dx +/ u? P Yy dx +/ uw?P719.Gx Fu)dx =0.  (2.5)

—00 —00 —00
The first term in (2.5) is
00 _— oo 1du2p
/ w? u,dx :/ — dx
—o0 o0 2p dt
1 d [>*, 2p—1dllu(®)ll2
= —— Pdx = lu@) 5P~ ——E£, 2.6
spdr ) lu(®)l3), ” (2.6)
the rest are
o0 0
_ 2
’ || = ‘ [ < ol @0
—0Q —0oQ

and

2p—1

‘/ u?P=19,G % F(u)dx| < lu@®lz, - 19:G* Fau)®)l2p.  (2.8)

—00

From above inequalities, we get

d
g1t Ol2p = llux D lleollu®)l2p + 19: G % F ) (D)2, 2.9

and therefore, by Gronwall’s inequality
t
lu(®ll2p < (Ilu(O)Ilzp +/0 19xG = F(u)(f)llzpdf) M. (2.10)

Since f € L'(R) N L*®(R), implies

lim 1| fllg = Il.f lloo, (2.11)
q—00

taking the limits in (2.10)(note that 3, G € L' and F(u) € L' N L>), from (2.11) we
get

t
lu(®lloo < (IIM(O)IIoo +/0 [9xG * F(u)(f)lloodf) M. (2.12)

We shall now repeat the above arguments using the weight

1, x <0,
on(x) = {e%,  x € (0,N), (2.13)
eeN, x >N,
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where N € Z*. Observe that for all N we have
0< (p;\,(x) <pn(x) ae. x eR. (2.14)
Using notation in (2.3), from Eq. (1.3) we obtain
(upn)r + (upn)ux + on oG * F(u) = 0. (2.15)

Hence, as in the weightless case (2.12), we get

t
lu@®enlleo < (”M(O)(PN”oo +/o llon0xG * F(u)(f)lloodf) M. (216

A simple calculation shows that there exists Cyp > 0 depending only on 6 € (0, 1)
such that for any N € Z™,

2
—(PN(X)/ —hl y)dy <Co=14 2.17)

Thus, for any appropriate function f one sees that

1 o0
londxG * f2(x)] = ‘—mx) / sgn(x — y)e"‘y'fz(y)dy‘

IA

1
SN / ol )¢N<y>f<y)f(y>dy

N () / eyl d)
5( 2 [ 8 ) len el

= Collgn fllooll flloo- (2.18)

Combining (2.16), we get

13Cy
lu@®enlloo < e ( luopnlloo + A T”‘pNM”oo”u”oodT

13Cy
<eM (||M0¢N||oo +/ TMH(/)NMIIoodT)
0
t
< (nuwNHOO +/ ||¢Nu||oodr),
0

where C; = C1(M; T,) > 0. By Gronwall’s inequality, there exists a constant C =
C(M; T) forany N € Z*, and any t € [0, T] such that

lonulloo < Clluogn lloo < Cllug - max(1, &%)l . (2.19)
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Finally, taking the limit as N goes to infinity in (2.19) we find that for any ¢ € [0, T']
Ju(x, e™] < Cllug - max(1, e™)|co- (2220)

From (2.1), we get |u(x, )| = O(e™) as x 1 oo.
Next, differentiating (1.3) in the x-variable produces the equation

2 2 3 2
Uyt +uttyy +uy + 0;G * Eu =0. (2.21)

1

Again, multiplying Eq. (2.21) by u2p , (p € Z7T), integrating the result in the x-

variable, and using integration by parts,

00 . 00 (Mx)Zp 1 o0 5
/ Uty (U )P~ dx =/ U———dx = —— uy(uy)"Pdx, (2.22)
00 00 2p 2p Joo

one gets the inequality

d
a”ux(t)”h) < 2ur (D)oo lux Dll2p + 107G * F @)(@)2p, (2.23)

and therefore as before
t
lux(ll2p < (Ilux(O)Ilzp +/0 182G * F(u)(f)llzpdt) e?Mr, (2.24)

Since 8§G = G — §, we can use (2.11) and pass to the limit in (2.24) to obtain

t
lux ()l < (||ux<0>||oo + /0 182G * F(u)(r)ﬂoodr) e?M! (2.25)
from (2.21) we get
O (uxpn) + ity ey + (uxon)uyx + @nd2G % F(u) = 0. (2.26)

We need to eliminate the second derivatives in the second term in (2.26 ). Thus,
combining integration by parts and (2.14), we find

o0
‘/ utty o (Uxon )P dx

—00

_ ' / Utz )P O (o) — @y )dx

2 00
'/ ((Mx(pN) P)dx _/ MMX(P;V(MXQON)ZpildX
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2p 0o
‘/ ((uwa) )dx‘ + ‘/ it (uxpn)* " dx
—00

= (lu@®lloo + [[9xu(®)loo) Ilaxmpzvlliﬁ- (2.27)

Since BEG = G — §, the argument in (2.18) also shows that

o33 % f2()] < Collpn fllooll £ lloo- (2.28)

Similarly, we get

t
lux(Denlloo < C2 (”ux(o)(pN”oo +/0 ||u(f)<ﬂN||oodf) ,

where Co = Co(M; T)
Then taking the limit as N goes to infinity, we find that for any ¢ € [0, T']

t
luy (1)e?| < Cy (||ux<0)e9)‘||oo + /0 ||u(r>e“’"||oodr).

Since |u(x, )| = 0(e™%*) x 4 oo and (2.1), we get
|0,u(x)] = 0@ %) x4 oo.
O

Theorem 2.2 Assume that for some T > 0, and s > 3/2, u € C([0, T]; H*(R)) is
a strong solution of the initial value problem associated to Eq. (1.3). Ifug(x) = u(x, 0)
satisfies that for some o € (1/2, 1)

lup(x)| = o(e™), |dyuo(x)| = O(™) as x 1 oo, (2.29)
and there exists t; € (0, T] such that

lu(x, 1) ~o(e™) as x 1 oo. (2.30)

Then u = 0.

Proof Integrating Eq. (1.3) over the time interval [0, 1], we get

f n 3
u(x,tl)—u(x,O)—i-/ un,(x, r)dr—i—/ axG*(Euz)(x,r)dr =0. (2.31)
0 0

By hypothesis (2.29) and (2.30), we have

u(x,t1) —u(x,0) =o0(e™) asx 1 oo. (2.32)
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From (2.29) and Theorem 2.1, it follows that
1
/ uiy(x, 7)dt = 0(e™2*) as x 1 oo, (2.33)
0

and so "
/ uuy(x, 7)dt = o(e™™) as x 1 oo. (2.34)
0

We shall show that if u # 0, then the last term in (2.31) is O(e™) but not o(e ™).
Thus, we have

I3 3 11 3
/ 9, G * (Ezﬂ) (x,7)dt = 3,G */ Eu%lr = 3,G * p(x), (2.35)
0 0

where by (2.29) and Theorem 2.1

0<px)=0(@E %), sothat p(x) =o( ) as x 1 oo. (2.36)
Therefore,
1 * 1 ©
0:G * p(x) = ——e_"/ e’p(y)dy + —e)‘/ e Yp(y)dy. (2.37)
27 ) 27,

From (2.36) it follows that

e’ /OO e Vp(y)dy = o(1)e" /OO e 2dy = o(1)e ™ = o(e™),

and if p # 0, one has that

X
/ e’p(y)thaty > ¢y > 0, for x> 1. (2.38)

—0o0

Hence the last term in (2.35) and (2.37) satisfies
I _
0,G x p(x) < —ze Y, for x> 1, (2.39)

which combined with (2.31)—(2.34) yields a contradiction.
Thus, p(x) = 0 and consequently u = 0, see (2.35). O

Remark 2.1 Theorem 2.2 holds with the corresponding decay hypothesis in (2.29)—
(2.30) stated for x < 0.

The following result establishes the optimality of Theorem 2.2 and tells us that a
strong non-trivial solution of (1.3) corresponding to data with fast decay at infinity
will immediately behave asymptotically, in the x-variable at infinity.
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Theorem 2.3 Assume that for some T > 0, ands > 3/2, u € C([0,T]; H*(R)) is
a strong solution of the initial value problem associated to Eq. (1.3) and that up(x) =
u(x, 0) satisfies that for some o € (1/2, 1),

lup(x)| = O(e™), [dcup(x)] = O(e™*") as x 1 oo.
Then
lu(x, )| = O@€™™) as x 1 oo,
uniformly in the time interval [0, T].
Proof This proof is similar to the argument above, and therefore it will be omitted. O

From the result of Theorem 2.1, we will know that, as long as it exists, the solution
u(x, t) corresponding to compactly supported initial data ug(x) is positive at infinity
and negative at minus infinity regardless of the profile of a fast-decaying data ug # O.
We would like to list it as follows (We can see its proof in [22]).

Theorem 2.4 Assume that for some T > Qands > 5/2, u € C([0,T]; H*(R)) is a
strong solution of the initial value problem associated to Eq. (1.3).

(@) Ifup(x) = u(x,0) has compact support, then for any t € (0, T],

t)e f
. 1) = c+(e™,  forx >, 1), (2.40)
c_(t)e", for x < n(a,r)
(b) If for some u > 0,
dlug~ 0@ I as x| 100 j=0,1,2, (2.41)
then for any t € (0, T1],
h(x, 1) = u(x, 1) — uee(x, 1) ~ 0@ as x| 4 oo, (2.42)
and
lim e™u(x,t) = ca(2), (2.43)

x—+o0

where in (2.40), (2.43), c+(-) and c_(-) denote continuous non-vanishing functions,
with ¢4+ (t) > 0 and c_(t) < 0 fort € (0,T). Furthermore, c4+(-) is a strictly
increasing function, while c_(-) is strictly decreasing.

Remark 2.2 Here n = n(x, t) is the flow of u, that is

dn(x, t
[ ”(dxt ) w0, xeR,
nx,t=0)=ux, x € R.
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